
Abs

Notations

Traditional name

Absolute value function

Traditional notation

 z¤
Mathematica StandardForm notation

Abs@zD

Primary definition
12.01.02.0001.01 x¤ � x �; x Î R ß x ³ 0

12.01.02.0002.01 x¤ � -x �; x Î R ß x < 0

12.01.02.0003.01

 z¤ � ReHzL2 + ImHzL2

|z| is the absolute value of z. The absolute value (or modulus) of a complex number z is the Euclidean distance from

z to the origin.

Specific values

Specialized values

12.01.03.0001.01 x¤ � sgnHxL x �; x Î R

12.01.03.0002.01 ä x¤ � x �; x Î R ß x ³ 0

12.01.03.0003.01 ä x¤ � -x �; x Î R ß x < 0

12.01.03.0004.01

 x + ä y¤ � x2 + y2 �; x Î R ì y Î R



Values at fixed points

12.01.03.0005.01 0¤ � 0

12.01.03.0006.01 1¤ � 1

12.01.03.0007.01 -1¤ � 1

12.01.03.0008.01 ä¤ � 1

12.01.03.0009.01 -ä¤ � 1

12.01.03.0021.01 1 + ä¤ � 2

12.01.03.0022.01 -1 + ä¤ � 2

12.01.03.0023.01 -1 - ä¤ � 2

12.01.03.0024.01 1 - ä¤ � 2

12.01.03.0025.01¡ 3 + ä¥ � 2

12.01.03.0026.01¡1 + ä 3 ¥ � 2

12.01.03.0027.01¡-1 + ä 3 ¥ � 2

12.01.03.0028.01¡- 3 + ä¥ � 2

12.01.03.0029.01¡- 3 - ä¥ � 2

12.01.03.0030.01¡-1 - ä 3 ¥ � 2

12.01.03.0031.01¡1 - ä 3 ¥ � 2

12.01.03.0032.01¡ 3 - ä¥ � 2

12.01.03.0010.01 2¤ � 2

12.01.03.0011.01 -2¤ � 2
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12.01.03.0012.01 Π¤ � Π

12.01.03.0013.01 3 ä¤ � 3

12.01.03.0014.01 -2 ä¤ � 2

12.01.03.0015.01

 2 + ä¤ � 5

Values at infinities

12.01.03.0016.01 ¥¤ � ¥

12.01.03.0017.01 -¥¤ � ¥

12.01.03.0018.01 ä ¥¤ � ¥

12.01.03.0019.01 -ä ¥¤ � ¥

12.01.03.0020.01 ¥� ¤ � ¥

General characteristics

Domain and analyticity

 z¤ is nonanalytical function; it is a real-analytic function of the variable z for z ¹ 0.

12.01.04.0001.01

z�  z¤ � C�R

Symmetries and periodicities

Parity

 z¤ is an even function.

12.01.04.0002.01 -z¤ �  z¤
Mirror symmetry

12.01.04.0003.01 z�¤ �  z¤
Periodicity

No periodicity
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Homogeneity

12.01.04.0004.01 a z¤ �  a¤  z¤
Scale symmetry

12.01.04.0005.01 za¤ �  z¤a �; a Î R

Sets of discontinuity

The function  z¤ is continuous function in C.

12.01.04.0006.01

DSzH z¤L � 8<
Series representations

Other series representations

12.01.06.0001.01

 x¤ �
4

Π
 â
k=1

¥ H-1Lk-1

4 k2 - 1
T2 kHxL +

2

Π
�; x Î R ß -1 < x < 1

12.01.06.0002.01

 x¤ � â
k=0

¥ H-1Lk

Hk + 1L !
 2 k +

1

2
-

1

2 k
P2 kHxL �; x Î R ß -1 < x < 1

12.01.06.0003.01

 x¤ �
1

Π
 â
k=0

¥ H-1Lk

H2 kL !
 -

1

2 k
H2 kHxL �; x Î R ß -1 < x < 1

Limit representations
12.01.09.0001.01

 x¤ � lim
n®¥

x 
pnHxL - pnH-xL
pnH-xL + pnHxL �; n Î N í -1 < x < 1 í pnHxL � ä

k=0

n-1

x + ã
-

k

n

Differential equations

Ordinary linear differential equations and wronskians

In a distributional sense:

12.01.13.0001.01

w¢HxL � ΘHxL - ΘH-xL �; wHxL �  x¤
Transformations
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Transformations and argument simplifications

Argument involving basic arithmetic operations

12.01.16.0001.01 -z¤ �  z¤
12.01.16.0002.01 a z¤ � a  z¤ �; a Î R ß a > 0

12.01.16.0003.01 ä z¤ �  z¤
12.01.16.0004.01 -ä z¤ �  z¤
12.01.16.0005.01 z�¤ �  z¤
12.01.16.0006.01

1

z
�

1

 z¤
Addition formulas

12.01.16.0007.01

 x + ä y¤ � x2 + y2 �; x Î R ì y Î R

12.01.16.0008.01 z1 + z2¤ �   z1¤ -  z2¤¤ +  z1¤ +  z2¤ -  z1 - z2¤
Multiple arguments

12.01.16.0010.01 a z¤ � a  z¤ �; a Î R ß a > 0

12.01.16.0011.01 ä z¤ �  z¤
12.01.16.0012.01 -ä z¤ �  z¤
12.01.16.0013.01

ä
k=1

n

zk � ä
k=1

n  zk¤
12.01.16.0014.01 z1 z2¤ �  z1¤  z2¤
12.01.16.0015.01

z1

z2

�
 z1¤
 z2¤

Power of arguments

12.01.16.0016.01 xa¤ � xReHaL �; x Î R ß x > 0
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12.01.16.0017.01 za¤ �  z¤a �; a Î R

12.01.16.0018.01 za¤ � expHä a ImHlogHzLLL �; ä a Î R

12.01.16.0019.01 za¤ � expHä a argHzLL �; ä a Î R

12.01.16.0020.01 za¤ � expHReHa logHzLLL
12.01.16.0021.01 za¤ � expHReHaL logH z¤L - ImHaL argHzLL
12.01.16.0022.01 za¤ �  z¤ReHaL expI-ImHaL tan-1HReHzL, ImHzLLM
12.01.16.0023.01 za¤ �  z¤ReHaL expH-ImHaL argHzLL

Exponent of arguments

12.01.16.0027.01¡ãx+ä y¥ � ãx

12.01.16.0028.01 ãz¤ � ãReHzL
12.01.16.0029.01¡ãä z¥ � ã-ImHzL

Products, sums, and powers of the direct function

Products of the direct function

12.01.16.0024.01 z1¤  z2¤ �  z1 z2¤
Powers of the direct function

12.01.16.0025.01 z¤a �  za¤ �; a Î R

Sums of powers of the direct function

12.01.16.0026.01

 z1¤2 +  z2¤2 �
1

2
 I z1 - z2¤2 +  z1 + z2¤2M

Complex characteristics

Real part

12.01.19.0001.01

ReH x + ä y¤L � x2 + y2
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12.01.19.0002.01

ReH z¤L �  z¤
Imaginary part

12.01.19.0003.01

ImH x + ä y¤L � 0

12.01.19.0004.01

ImH z¤L � 0

Absolute value

12.01.19.0005.01

  x + ä y¤¤ � x2 + y2

12.01.19.0006.01  z¤¤ �  z¤
Argument

12.01.19.0007.01

argH x + ä y¤L � 0

12.01.19.0008.01

argH z¤L � 0

Conjugate value

12.01.19.0009.01

 x + ä y¤ � x2 + y2

12.01.19.0010.01 z¤ �  z¤
Signum value

12.01.19.0011.01

sgnH x + ä y¤L � 1 �; x + ä y ¹ 0

12.01.19.0012.01

sgnH z¤L � 1 �; z ¹ 0

Differentiation

Low-order differentiation

In a distributional sense, for x Î R :

12.01.20.0001.01

¶  x¤
¶ x

� sgnHxL

http://functions.wolfram.com 7



12.01.20.0002.01

¶2  x¤
¶ x2

� 2 ∆HxL
Fractional integro-differentiation

12.01.20.0003.01

¶Α  x¤
¶ xΑ

�
 x¤ x-Α

GH2 - ΑL
Integration

Indefinite integration

Involving only one direct function

For x Î R:

12.01.21.0001.01

à  x¤ â x �
x  x¤

2

Definite integration

For the direct function itself

12.01.21.0002.01

à
-1

1 t¤ â t � 1

12.01.21.0003.01

à
-a

a t¤ â t � a ImHaL2 + ReHaL2

12.01.21.0004.01

à
-a

a

tk  t¤ â t �
I1 + H-1LkM ak+2

k + 2
�; a Î R ì a > 0 ì ReHkL > -2

Involving the direct function

12.01.21.0005.01

à
-¥

¥

ã- t¤ â t � 2

12.01.21.0006.01

à
-¥

¥ cosHtL
 t¤  â t � 2 Π

12.01.21.0007.01

à
-¥

¥ sinHtL
 t¤  â t � 0

Contour integration
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12.01.21.0008.01

à
C

zm-1

 z - w¤2 Hn+1L  â z �

2 Π ä ΘH w¤ - ΡL â
k=0

n
k + n

k

m + n

n - k

Ρ2 Hk+mL
wm I w¤2 - Ρ2Mk+n+1

+ ΘHΡ -  w¤L â
k=0

n
k + n

k

m + n

n - k

wm  w¤2 k

IΡ2 -  w¤2Mk+n+1
�;

n Î N ì m Î N ì w ¹ 0 ì  w¤ ¹ Ρ

In the last formula C is a positively oriented circle around the origin with radius Ρ.

Integral transforms

Fourier exp transforms

12.01.22.0001.01

Ft@ t¤D HxL � -
2

Π
 

1

x2

12.01.22.0006.01

FtB 1

 t¤ F HxL �
1

 x¤
12.01.22.0007.01

Ft@ t¤ΑD HxL � -
2

Π
 x¤-Α-1 GHΑ + 1L sin

Π Α

2
�; ReHΑL > -1

12.01.22.0008.01

Ft@ t¤Α sgnHtLD HxL � ä
2

Π
 x¤-Α-1 cos

Π Α

2
GHΑ + 1L sgnHxL �; ReHΑL > -1

Inverse Fourier exp transforms

12.01.22.0002.01

Ft
-1@ t¤D HzL � -

2

Π
 
1

z2

Fourier cos transforms

12.01.22.0003.01

Fct@ t¤D HzL � -
2

Π
 
1

z2

Fourier sin transforms

12.01.22.0004.01

Fst@ t¤D HzL � -
Π

2
∆¢HzL

Laplace transforms
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12.01.22.0005.01

Lt@ t¤D HzL �
1

z2

Representations through more general functions

Through Meijer G

Classical cases involving cosh

12.01.26.0001.01

 1 - x¤Ν cosh Ν tanh-1 
2 x

x + 1
�

Π

G H-ΝL  G Ν +
1

2
 G2,2

1,1 x
Ν + 1, Ν + 1

2

0, 1

2

�; x > 0

12.01.26.0002.01

 1 - x¤Ν cosh Ν coth-1 
1 + x

x
�

Π

G H-ΝL  G Ν +
1

2
 G2,2

1,1 x
Ν + 1, Ν + 1

2

0, 1

2

�; x > 0

Classical cases involving sinh

12.01.26.0003.01

 1 - x¤Ν sinh Ν tanh-1 
2 x

x + 1
� -

Π

G H-ΝL  G Ν +
1

2
G2,2

1,1 x
Ν + 1

2
, Ν + 1

1

2
, 0

�; x > 0

12.01.26.0004.01

 1 - x¤Ν sinh Ν coth-1 
1 + x

x
� -

Π

G H-ΝL  G Ν +
1

2
G2,2

1,1 x
Ν + 1

2
, Ν + 1

1

2
, 0

�; x > 0

Generalized cases for powers of Abs

12.01.26.0005.01

 1 - x¤Ν �
Π

G H-ΝL  sec 
Ν Π

2
G2,2

1,1 x
Ν + 1, Ν+1

2

0, Ν+1

2

�; x > 0

Representations through equivalent functions

With related functions

With Re

12.01.27.0008.01

 z¤ � 2 z ReHzL - z2

With Im

12.01.27.0009.01

 z¤ � z2 - 2 ä z ImHzL
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12.01.27.0007.01

 z¤ � ReHzL2 + ImHzL2

With Arg

12.01.27.0001.01 z¤ � z ã-ä argHzL
12.01.27.0002.01 z¤ � z HcosHargHzLL - ä sinHargHzLLL
12.01.27.0003.01

 z¤ �
ReHzL

cosHargHzLL
12.01.27.0004.01

 z¤ �
ImHzL

sinHargHzLL
With Conjugate

12.01.27.0005.01

 z¤ � z z�

With Sign

12.01.27.0006.01

 z¤ �
z

sgnHzL �; z ¹ 0

Inequalities
12.01.29.0001.01 z1 + z2¤ £  z1¤ +  z2¤
12.01.29.0002.01 z1 - z2¤ ³   z1¤ -  z2¤¤
12.01.29.0003.01 ReHzL¤ £  z¤
12.01.29.0004.01 ImHzL¤ £  z¤
12.01.29.0005.01 argHzL¤ £ Π

12.01.29.0006.01 sgnHzL¤ £ 1

12.01.29.0007.01 z1¤ -  z2¤ £  z1 + z2¤ £  z1¤ +  z2¤
Triangle inequality
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12.01.29.0008.01

â
k=1

n

zk £ â
k=1

n  zk¤
Triangle inequality

Zeros
12.01.30.0001.01 z¤ � 0 �; z � 0

History

– J. R. Argand (1806, 1814) introduced the word "module" for absolute value

– K. Weierstrass (1841) introduced the notation ÈxÈ
Abs is encountered in mathematics and the natural sciences.
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