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Notations

Download the

Traditional name

Airy function Bi

Traditional notation
Bi(2)
Mathematica StandardForm notation

A ryBi [z]

Primary definition
03.06.02.0001.01
2 B z 4 A
Fafs = = |+ — V38 oF4i = —
w55 i 5:5)

3

Bi(2) =
Var(3)
Specific values

Values at fixed points

03.06.03.0001.01

Bi(0) ==

var(3)

Values at infinities

03.06.03.0002.01
lim Bi(X) == oo
X—00

03.06.03.0003.01
lim Bi(x)==0

X——00

General characteristics

Domain and analyticity
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Bi(2) isan entire analytical function of z, which is defined in the whole complex z-plane.

03.06.04.0001.01
z—Bi(2::C—C

Symmetries and periodicities

Mirror symmetry

03.06.04.0002.01
Bi(2) == Bi(2)

Periodicity

No periodicity

Poles and essential singularities

The function Bi(2) has only one singular point at z = co. Itisan essential singular point.
03.06.04.0003.01
Sing (Bi(2) == {{&, co}}
Branch points

The function Bi(2) does not have branch points.

03.06.04.0004.01
BP,(Bi(2) = {}

Branch cuts

The function Bi(2) does not have branch cuts.

03.06.04.0005.01
BCABi(2) = {}

Series representations

Generalized power series

Expansions at generic point z == z

For the function itself
03.06.06.0031.01
Bi(2) o Bi(zo) + Bi'(2) (z— 20) + 220 Bi(zo) (220 + ... /; (Z— %)
03.06.06.0032.01

1
Bi(2) o« Bi(20) + Bi'(2) (z— 20) + 5 2Bi20) 2~ 2)? +0((z- 2)°)
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03.06.06.0033.01
Biz < 1[z*[x sS_l(_1)j+s—1i(—i+s—1)!(—3i+3$—1)(—3j—k+35+1)k(_%)s[ é]i

Bi(2) = — +Zk—! - ZZZ

ko 0720120 i!j!(s-j)z(s—Zi)z(g)i(g—s)i

(s s (CDFTH(s=D!(=3]+35+ D) (-3] —k+ 35+ 24 (3),
;g{;‘ i!j!(s—j)!(s—2i)!(%) (g—s)i [

2 ;1:202 i!jz(s—j)z(—zi+s-1)!(§)i(§—s)i 9

el I H(—1)J'+H(—i+s—1>!<—31'+3S+1><—3i—k+35+2)k—1(§)s[ Zé]i
|-

k
Bi'(20) | (2~ %0)"
;é; itjts-pt-2i+s-11(3) (5-9) I

s o1 (DS (—i+s—1)1(=3]—k+3s+1), (—%)S [ 2

03.06.06.0034.01

Bi(z)__is‘gzak 32/3r(l) [1 1Kok K z +r(2) [z 27k KAk A .
£ 337 3 3T 39| W 3 3 39

03.06.06.0035.01
Bi(2) « Bi(z) (1+ Oz~ 2))

Expansionsat z==0

For the function itself

03.06.06.0001.02

_ 1 [ A B ] V3 z[ AP )

Bi(2) « 1+ —4+ —+ .. |+ 1+ —+—+...1/;(2-0)
%r(g) 6 180 F(%) 12 504
03.06.06.0036.01

B P V3 A

Bi(2) « [1+—+—+O(zg)]+ \/_12[1+—+—+O(29))
\7? F(%) 6 180 F(g)
03.06.06.0002.01

10 1 (B V3 oo 1 (B

Bi(2) == - —| + 1 ZZ " —
ﬁr(g) k—o(—) kr 9 F(E) k:o(g)kk' 9
03.06.06.0003.01

Bi(2) =
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03.06.06.0037.01

k+_l ;27 (k+1)
B = — () =57 (%z)k
V3 7 k0 k!
03.06.06.0004.02
6,
Bi(Z)oc\/§Z+ ! +0(2)
3 Var()
03.06.06.0038.01
Bi(2) = F(2) /,
1o B wmea (B) 1 [z3
Fn(2) = + =Bi(2) - —
G e me(),)

V3 z za”*lFl_ , 7.23/\ \

(5o (),

Summed form of the truncated series expansion.

Asymptotic series expansions

Expansionsinside Stokes sectors

In exponential form ||| In exponential form

03.06.06.0017.01
2732

. e 5 385 1 n
Bi(2) [1+ + + O(—)] /i larg@)l < = /\ (12 - o0)
Va vz \ 4822 46087 \22 3

03.06.06.0018.01

2792 1\ (5

e 3 ”(é)k(é)k 3\
+ O

Va7l ko laze

03.06.06.0019.01

282 1) (s
. e 3 had (g)k(g)k 3 K s
Bi(2) « [ ] /i larg@l < = /\ (12 - o)
Vr vz i Kb \az? 3

Bi(2)

Ve
] /i |arg(z)|<§/\(|z|eoo>/\neN

3(n+1)
7z 2

n+1l
5 ] 1F2[

5 A

In+2,n+—; —
3

o)
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03.06.06.0039.01

s [ @B ELEL LSS [ . ]
Bi(2) « o
48Vr 71 |ico (g)kkz 20+
e% n ((f_z)k(llz)k(%)k(%)k)(%)k 1 _
A= (), +of | 0 <2 o A
= ), K

03.06.06.0005.01

. 1 2 72 15 3 Vs
Bi(2) e zFo[—, ey ]/; gl < INCETS))

Vi vz 66 47%
03.06.06.0006.01
. 1 2 42 1 T
Bi(2) o e (1+ 0(—]] i larg@l < = /\ (12 - o)
V2 22 3

In trigonometric form ||| In trigonometric form

03.06.06.0020.01

1 [ {2 el n] 385 37182145 1
Bi(-2) « CO! + — [1— + +O[—])+
Vi vz 3 4 46087 12740198472 \2

5 (282 g 17017 1078282205 1 2n
sm[ + —J[ - + +O(—]) /; larg(2)| < —/\(|z| — 00)
48 72 3 4 138247 1274019847 3
03.06.06.0021.01
) 1 {223/2 ﬂ] n (%)k(%)k(é)k(%)k[ 9 ]k [ 1 ]
Bi(-2) « co + — -——1 +0 +
Vi iz 3 4)|& (%)kk! 47 £m3
5 (287 gn\|Q& (Z_z)k(%)k(g)k(%)k 9 \ 1 2n
e T i e
03.06.06.0022.01
] 1 272 m\& (%)k(%)k(%)k(%)k 9 \
Bi(-2) « cos[ +_]Z (__) +
ey L E e (e 0 e?
5 (222 n\& (f‘z)k(%)k(%)k(%)k 9 \ 27
4823/23m[ . ZJ;; (E)kk! [_E] /; larg(2)] < ?/\(IZI—wo)
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03.06.06.0007.01
Bi(-2) o

3 4 12'12' 12" 12' 2" 47

Va vz
2n
g2l < — /\ (2~ )

03.06.06.0008.01

1 [{223/2 bl
Bi(-2) o co + —

1 5 272 g 1
(l+ O[—]]+ sin[ + — [1+O[—))
VA vz 3 4 2)) a2 | 3 4 2
03.06.06.0009.01

i 1 iz [2 272 1 T 1 5 7 111 9
Bi(@3 Z)oc es — |sin - —ilog(2 + — 4F1[—, — =, — —;——]—
Jz n 3 2 4 12 12 12 12 2 473

5 5[223/2 1 loa(2 ﬂ] 7 11 13 17 3 9
co: ——iOQ()+—41[ o
4872

3 2 4
03.06.06.0010.01

[ 1 i [2( (22?2 1 by
B|(e3 Z]oc es — |sin - —ilog(2) + —
\4/; T 3 2

2r
9@l < — INCEYS

12'12'12' 12 2" 473

03.06.06.0011.01

(T 1 = |2 (. 272 1 T 1 5 7 111 9
Bl(@z 3 Z)oc e ¢ — |sin +—ilog?)+ —|4F| —) —) —, —; = ——— |-
\4/; b 3 2 4 12 12 12 12 2 4R

5 272 1 n 7 11 13 17 3 9
co + —ilog(2) + — | 4F1 )
48732 2

4
03.06.06.0012.01
_ri 1 i [2 272 1 n 1 5 272 1
Bi(e 3 Z]oc e s — |sin + —ilog2) + — [1+O[—))— co + —ilog(2) +
Jz Pl 3 2 4 2 48 A2 3 2

2n
g2l < — /\ 2> )

12'12'12'12' 2" 48

Expansionsfor any zin exponential form

Using exponential function with branch cut-containing arguments

03.06.06.0023.01

_B/) o 1 1 5i 385 1
Bi(2) « (_1)5/1265(72)5\/; R PR | . +O[—] -
2\/7 \3'/? 48 [_23 460823 29/2
2. ] 5i 385 1
(—1)712 p3" -z (\3/_1 \3/ -7 +z] 1- ! + +O[—) /1 (12 = o0)
s 46082\

1 222 g 1 5 7 111 9 5 7 11 13 17 3 9
co! + = |4F| — — —, — = —— |+ JF|— — — —; = —— s
872 \12'12' 12 12" 2" 43

1 5 2727 1 b
(l+0(—])— Cco: - —ilog2) + —
4 23 48 732 3 2 4

2r
Jilarg(2)] < — /\ 12 - )

2n
Fil—= = = == -— )] J;larg(@)l < — INGEYS

/s

[+4)

2n
Fi| =0 = —, — — —— )] J: g2 < — INCED)

A3



http: //functions.wolfram.com

03.06.06.0024.01

1

Bi(2) (-2

1 . 1
(-1 435(_2)“/;[ V-2 + z]

2Vn

(—1)7/12e3 = (\/j\/;+z)

o

03.06.06.0025.01

252 1 o (5 3 )
- L
BiD) o ot |12 o5 DIV [—\7 R ) _
2V V-1 o KU 4
Ei\/j 3 3 > (%)k(g)k 3i ‘
(=1)7*2 g3 («/—1 vV -z +Z)Z - /(12 = )
0 K 44 -7
03.06.06.0013.01
1 _ 2 [T 1 15 3i
Bi(2) o (-2) 2| 1512, ‘/_23[ J_2 +Z]2|: =2 L
2Vx V-1 66 47
_ 3i
(—1)7/12€3 [V -1 V —Z3 +Z)2F0[g E . : /; (12 - o0)
4y -2
03.06.06.0040.01

A 02 ot )12 L Y7 105

[n (s)k@)k(z—z)k(%)k(i]go( .
47 s

T T 8 T (o ]

[i(;)k(ii)k(ii)k(il)k( 0

k 1
) 5
k=0 k! (g)k 47 B3

Bi(2)

/;(Z > 0)AneN
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03.06.06.0041.01

A 02 o )1 )i L Y7 105

Bi(2)

i(%)k(%)k(%)k(%)k( 9 ]k+ 5 [M_gﬁ((_ﬂﬁ)f/_*ﬂﬂﬁ)z)_

k=0 k!(%)k E 48+ -2

7 (weva 2 e ieva)d)

k=0 k! (g)k

47

/: (12 = o0)

EMEMELEL oy
22

03.06.06.0042.01

(v [[ SN

Bi(2) «

e e 3 ((i+\/§)z+(—i+\/§)\3/;)”@2;\/7(—(”\/?)ﬁ—(—ﬂ\/?)z))

4Fl(i S 1L )+48\/5_723[ie?ﬁ((—i+\/§)\s/;+(i+\/§)z)—

T WL EATN

12'12'12' 12" 2" 42

(12 = e0)

03.06.06.0014.01

(-
Bi(2)
2V
2 1 3 1 2i - 3 3 1
(-7 = vz V-2 +z [1+O[—]]—(—1)7/12«e3 = (\/j\l -z +z)[1+0[—]] /; (12 > o0)
\B/T 23/2 23/2

Using exponential function with branch cut-free arguments
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03.06.06.0043.01

(-2 [ﬁ [ 22

Bi(2)

2 "T((1+\/§)\3/;z3/2+(—1+\/§)25/2+(1+\/§)\/;z+( 1+\/—)( )5/6)

8Vr

272

e 3 ((1+\/_)\/723/2 (- 1+\/§)z5/2_(1+\/§)\/;Z_(_l+\/§)(_23)5/s)]

[ 1 385 37182145 5849680962125 ( 1 ]]
+ +

+ + +
46087 1274019847 17612050268162° b

272

24\/5?23[@3 ((1+\/—)\/_23/2 (1+\/§)z5/2 1+\/_)\/_z32+ 1+\/_) )5/6]

272

5 (Va2 220 E) 2 e e V)2 2o 1) 2

17017 1078282205 253541886272 675
[1 + + + ] /; (12 = o0)
138247 1274019847 1761205026816 z9 z12

03.06.06.0044.01
_23)-5/12 NG
8vr | 27

Bi(2)

[ezzjz((1+\/—)\/;23/2+(—1+\/§)25/2+(1+\/§)‘/;“( 1+\/—)( )5/6)

2532

I (O N e e R NS R
0 (2) (BB B oy (1
: 2]

1 ey 3
=0 k!(i)k 47 B

[ezzjz((l+\/§)3—23 23/2+(—1+\/§)25/2+(1+\/§)\/§z+( 1+\/—)( )5/6)

5
+
242 A

e_%(—(l+\/§) V-2 23/2—(—1+\/§)25/2+(1+\/§)\/;z+(—1+\/§)(—z3)5/6]]

Z —|+0 /(2 = o) AneN
47

k=0 k! (g)k

0 (B (B (BB oy (1
| 2o
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03.06.06.0045.01
-5/12

xa i RE2

8vn | 27

Bi(2)

["ﬁ((lﬂLﬁ) V -7 23/2+(—1+\/§)25/2+(1+\/§)\/;z+(—1+\/§)(—z3)5/6)+

e2233/2((1+\/§)\3/;23/2+(—1+\/§)25/2—(1+\/§)\/;z—(—l+\/§)(—z3)5/6)]

(&), (3),

)
k=0

12
k!(

B oy s
22

—|
2 42) V2 A
k

[@3% ((1+\/§)\3/;23/2+(—1+\/§)25/2+(1+\/§)\/;z+(—1+\/§)(—z3)5/6)+

e2233/2(—(1+ﬁ)ﬁf/z—(—l+\/§)zs/z+(l+\/§)\/;z+(—1+\/§)(—z3)5/6)]

(2).(2),

13 17

)
k=0

03.06.06.0046.01
(_ 23)*5/12 \/?
[ 23/2

12
k!(

Bi(2) «

8Vr

B oy
2

3 /1 (|Z| CO)
_)
2 )k

47

[ezzj/z((1+\/§) V-2 23/2+(—1+\/§)25/2+(1+\/§)\/;z+(—1+\/§)(—z3)5/6)+

e_#((l+\/§) J_2 23/2+(—1+\/§)25/2—(1+\/§)\/;z—(—l+\/§)(_z3)5/6)]

1 5 7 111 9 5
Ak — — —

+
242 B

[eﬁ((l+\/§) V -2 23/2+(—1+\/§)25/2+(1+\/§)\/;z+(—1+\/§)(—z3)5/6)+

e_#(—(l+\/§)\3/;23/2—(—1+\/§)25/2+(1+\/§)\/;z+(—1+\/§)(—z3)5/6)]

12'12' 12" 12" 2" 43

7 11 13 17 3 9
4':1(— — T T T —] /112 - o0)
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03.06.06.0047.01

(_23)—5/12 [\/?

Bi(2)
2

= [eﬁ((l+\/§) V -7 23/2+(—1+\/§)25/2+(1+\/§)\/;z+(—1+\/§)(—z3)5/6)+
8Vr

(BN 2B VI 2 (20vE) 2 100f 2]
24«/5723

2532

@‘T(_(1+\/§)523/2_(_1+\/§)25/2+<1+\/§)\/;z+(_1+\/§)(_23)5/6)][1+

1:)

03.06.06.0048.01

[ezﬁs/z ((1+ﬁ)ﬁzg/2+(—l+\/?)25/2+(1+\/§)\/§2+(—1+\/§)(—z3)5/6)+

/:(12 - o0)

222 222
i 3 3
- + = arg(z)s—%’r
NT Nz NaT Nz
2732 22312
i 3 3
e —2?”<arg(z)50
By NF ¥z VR iz i
(2 V32 Va2 /3 (12 = o)
i 3 3
=+ = O<arg < %"
r iz vr iz
2732 2732
i 3 3
e + = True
N7 Nz eNT vz

Expansionsfor any zin trigonometric form

Using trigonometric functions with branch cut-containing arguments

03.06.06.0026.01
1

2\/7(_23)5/12

(V= - )COS[Z\/S—_ZS+%

5
48+ -2

17017 1078282205 1
1+ + + )
138247 1274019847

Bi(2) «

385 37182145 1
1 + + O —) +

—— +
4 460878 12740198475 2

+\/§(3 -z +z)cos[7r 2\/;
3

4 3

(3_23_)003[3_2 - _@(ﬁu)m{zﬁﬂ

Pad

/(14 = o)
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Using trigonometric functions with branch cut-free arguments

03.06.06.0049.01

—f -5/12
Bi(2) «
4\n
2 s 272 s 272
[g[zg/z((l+\/§)\/—z3 +(—1+\/§)z)cosh[ - )+\/—z3 ((—1+\/§)\/—23 +(1+v§)z]gnh[ - ])
385 37182145 5849680962125 1 5
1+ + + + (—]J+

46087 1274019847 1761205026816 )] a2 R

Ao 17 a0 3] 7 15

17017 1078282205 253541886272675 1
1+ + + + [—)] /1 (12 = o0)
138247 1274019847 1761205026816 2 Fad
03.06.06.0050.01
_A -5/12
Bi(2)
4Nn
V2

22

o )7 el

5
+
242 B

(LU, oy s
2 PR ES

(), e e

S R R e e R e CRC R R |

12
k=0 k

/;(|2d > 0)AneN
47

(LML oy
% ey e 4

O
! (g)k ZAn+3

k=0
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03.06.06.0051.01

_23 -5/12
Bi(2) ( )

4Vrn

S e T () sl

22

M oy
o)

1 223/2]
+
! )k 42) 242 A

[23/2((1+\/—)\/—7+(—1+\/§)z)sinh[ .

\/3((—1+\/§)\3/;+(1+\/§)z)cosh(223/2)]i( ) (11) (E) (E)k (i)k]/; (12 - o0)

— !(5)k 47

=

03.06.06.0052.01

_23 -5/12
Bi(2) «
avn
[g[za/z((bﬂ/?)ﬁ+(_l+\/§)z)003h[2j/2) +‘/;((_Pf‘/?)\7;+(1+\/§)2)Sinh[2§/2])

(157111 9]

2232
+
12 12 12 12 2 473 ]

V7 [23/2((1+\/§)\3/;+(—1+\/§)2)sinh[ 3

5((—1+\/§)\3/§+(1+\/?)z)cosh{zjz)] F(l n=rs’ J]/ (12~ c0)

12'12' 12" 12" 2" 42

03.06.06.0053.01

_23 -5/12
Bi(2)
aVn
[g[ﬁz(@% W2 + 1o V@) goot{ 2] = (2032 + 1V Jan{ 22

[1+o[%]]+ 24\/5723 [z3/2((1+ V3 \3/;+(—1+ V3) z)sjnh[%za/z] +

72 332 el )

1, (12 = o)
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03.06.06.0054.01

_ % (cosh(%) +i sinh(%)) arg(2) < —%’r
_V_;((1+2Iz)cosh(%)—(1—2n‘)sinh(%)) -~ cag2) =0
) 2Vr vz .
B« —\/jr((1—2u')cosh(%)—(1+2¢)sinh(%)) O<aga <% (= )
2Vr Vz
L (eot(257) —s5nn(257) True
2n Vz

Residue representations

03.06.06.0015.01
2

V3

Bi(2) =

(et M N . IR

[ﬁior&‘s[r(wé)r(s+z>r<z-s>r(§-s>”5)] [r(s+g>r(s+§>r<z—s>re-

03.06.06.0016.01

: 5 : 5
T s 5 y
S Vi TR T A S T TR

Integral representations

On the real axis

Of thedirect function

03.06.07.0001.01
3

. 1= (B 2t
Bi(z ::—f snl —+zt|+e” 3 |dt/;z<0
nJo 3

Involving related functions

03.06.07.0002.01
1 0o ] 3
Ai?+BiX? = — | — "z dt

732 Jo T

Contour integral representations

03.06.07.0003.01

i i

1 e 3 e 1 o 3 e
Bi(z)::—f e dtt — o3 dt
27T —0c0 27T —o0

03.06.07.0004.01
reT(s+)(3%4

Bi(2) == L
NEY fflr(s+ %)F(s+ g) r(g —s) r(% —s)

i
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03.06.07.0005.01

A re A\ @8 re 2)"
R Pl e [EJ o e I (3] *
3 F(s+ 2)r(3 S) F( S) F(S+ )F( )F( )

2

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

03.06.13.0001.01

6
W'(2) - 2w(@ = 0/, W2 = Bi(2) /\ w(0) == - A\ w© = £::
V3 r(3) r(3)

03.06.13.0002.01
W’(2) —zwW(2) == 0 /; w(2) == Ai(2) ¢; + ¢, Bi(2)

03.06.13.0003.01

1
W;(Ai(2), Bi(2) = —
T

03.06.13.0008.01
Jd@OW@-9'@W (@ -92 g@° W2 =0/; W2 = ¢, Ai(g(2) + ¢, Bi(g(2)

03.06.13.0009.01

,

W(Ai(9(2), Bi(9(2)) =

w
03.06.13.0010.01
9@ h@*W' @ -Q2g@N@+h@ g @) h@W@ +
(9@ h@’g@°+2h@° g @ -h@h" @ 9@ +h@ W@ g’ @)W = 0/; W@ = ¢, h@) Ai(g2) + ¢; h(2) Bi(g(2)

03.06.13.0011.01

_ _ h@°g(
W,(h(2) Ai(g(2), h(2) Bi(g(2))) =

03.06.13.0012.01
ZW'(2) +z(1-1-29W@ + (-2 2"+ +r)W@ = 0/; W2 = ¢, ZAi@aZ) +c, ZBi(az)

03.06.13.0013.01

ar Zr+2$l
Wy(Z Ai(aZ), ZBi(az)) ==

/s
03.06.13.0014.01
W’ (2) - (log(r) + 2log(9) W (2) + (—-a° log?(r) r3% + log’(s) + log(r) log(s)) W(2) = 0/; W(2) = ¢, S"Ai(ar?) + ¢, & Bi(ar?

03.06.13.0015.01

arzs?Zlog(r)
W,(s* Ai(ar?), Bi(ar?))= ———
n

Involving related functions
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03.06.13.0004.01
W3 (2) —4zW (2 - 2W(2) == 0 /; W(2) == ¢; Ai(2)° + ¢, Bi(2) Ai(2) + C3 Bi(2)?

03.06.13.0005.01
W3 (2) - 42w (2) - 2W(2) == 0 /; W(2) = W1 (2) Wo(2) A WY (2) — ZW4(2) = 0 A W5 (2) — ZWy(2) == 0

03.06.13.0006.01
2
W,(Ai(2)%, Ai(2) Bi(2), Bi(7) = -
T
Ordinary nonlinear differential equations

03.06.13.0007.01
Bi' (2 + ¢, Ai’ (2)

Bi (2 + ¢ Ai (2

W22 -z+W (2 =0/, W2 =

Riccati form of differential equation

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.06.16.0001.01

1 dzm)™
Bi(c(d )™ == 5[\@ [1- @z

dmzmn

@z

dmzmn

]Ai(cd”‘z”‘”)+( +1]Bi(cdmzm”)J/;3meZ

03.06.16.0002.01
Bi(f/;) = ;[\/? [1- E]Ai(z)+ [@ + 1] Bi(z)]
z 4

03.06.16.0003.01

1
Bi(-1%2) = . (~i+V3)(BAIE@ +iBi@)

03.06.16.0004.01

Bi(—( V-1 z)) = 2([‘4— V3 @3RI - iBi@)

Identities

Functional identities
03.06.17.0001.01

2ni miy 2w i
Bi(2 +e 3 Bi(Ze3J+e 3 Bi(Z@ 3)::0

Complex characteristics
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Real part

03.06.19.0001.01

1
ReBi(x+iYy)) == — | Bi|x—x —i + Bi| X+ x —i
2 \j X2 \J X2

Imaginary part

03.06.19.0002.01

Im(Bi(x+iy))==i —i Bi|x—x —i - Bi|x+x —i
2y X2 X2 X2

Absolute value

03.06.19.0003.01

Bi(x+iy) = [Bifx-x —f Bi| x+ x —i
\J X2 \I X2

Argument

03.06.19.0004.01

1 X
arg(Bi(x+iy))==tan‘l —[Bi|x-x —i + Bi[ X+ X —i , — —i Bi| x—x —i - Bilx+ X —i
2 X2 X2 2y X2 X2 X2

Conjugate value

03.06.19.0005.01

— 1] ¥ . Vol ix | Y % , %
Bix+iy)=—|Bi|x-x | —— [+Bilx+Xx |-— ||-— .| —— |Bi|x-x_ | —— [-Bi|x+Xx [ ——
2 x? X2 2y X2 x? x?

Signum value

03.06.19.0006.01

A AT Ao
T

sSN(Bi(x+ i y)) ==

Differentiation

Low-order differentiation
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03.06.20.0001.01
0Bi(2

0z

=Bi'(2)

03.06.20.0002.01
0iz2yAiryBi[z] = zAiryBi[Zz]

Symbolic differentiation

03.06.20.0005.01

Nk kel (DI Cid k-1 (-3i+3k=1)(=3j+3k- n+1)n( )k

anBl(z) _ EBI(Z) 5ot —z‘" ZZZ

k=0 j=0 i=0

Nk K (—1)j+k‘1(k—i)!(—3j+3k+1)(—3j+3k—n+2)n71(%)k

k=0 j=0 i=0

injrk-pric-20t () (3-K)

i!j!(k—j)!(k—Zi)!(g)i(g— )i

:

n ok ok (G i k=11 (=3 +3k+ 1) (=3 ] + 3k— n+2)nl( )

k

Bi(2) +

—Zl‘ 2.2.2,

k=0 j=0 i=0

0 koea (D i k=1 (=3 + 3k—n+ 1), (-]

2,22, i1t k- Dt =21+ k=13 (3-K)

k=0 j=0i=0

03.06.20.0003.02

Fractional integro-differentiation

03.06.20.0004.01

8”Bi(2) vt 1y (1 1l-a 2-a a 2 2\ .
=3 s7° 32/3r(—)2|=3 - — —1-—; — +ZF(—)2F3
oz 3 3 3 3 39 3
Integration
Indefinite integration
Involving only one direct function
03.06.21.0001.01
2 1
. aF(E)ZZ 2 4 5 3887 F(E)Z 1
fBI(aZ)clz:: 7451& 5; 3 5; Y + 1F2 5;
6
3er(3)1(3) VR I(F)r(3)
03.06.21.0002.01
. z 1242 3B 2 2 452
fBI(Z)dez 1Fo| = = = — |+ — 2T —)1F2 I ——
I3 (2 333 09) 4rn 3 33309

e (3 64
A

6”B|(z) e 1y (1 1-n 2-n n 22
=3 5z"(3% F(—]zFa =1 — —1-= = +zl"(
3 3 3

4y

) Bi'(2 /;neN

3’

3

9
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Involving one direct function and elementary functions

Involving power function

Involving power

Linear arguments

03.06.21.0003.01

r(%)za (a 2 «a atz ar(%+§)zl+l (a 1 4 a 4 a7
szBi(aZ)dz:: Pzl o+ — [+ —————— iR ot oo ot o —
393 3 3 9 3356 3 333 3 9
03.06.21.0004.01
pad ay _(a 2 «a z a+1)y _(a+1l 4 a+4 B
fz‘"l Bi(@dz== —— 32/31"(—)1F2 — = =41 — +zl"[ )1F2 — -
3356 3 33’3 79 3 3'3 3 9

03.06.21.0005.01

fz“+3 Bi(2dz=—-(n+2)Z"!'Bi@@+ Z"?Bi’'(2) + N+ 1) (N+2) fz” Bi(z)dz/;neN

03.06.21.0006.01

szi(z)dz:: Bi'(2)

03.06.21.0007.01

fzz Bi(2) dz==2zBi’'(2) - Bi(2)

03.06.21.0008.01
272 123727
f\/? Bi(2dz= 71F2[—; - = —]+
6
svar(l) 2329 3
Power arguments

03.06.21.0009.01

pad r+ay _(r+a 4 1l/a 1 ay _(a 2 « 1
fz“‘lBi(az’)aZz: [al‘( )1F2( ;—,—(—+4);— 323r)z'+32/31“(—)1F2(—; —,—+1;—a3z3’))
33%6 ¢ 3r 3r 3 3\r 9 3r 3r 3 3r 9

Involving exponential function
Involving exp

Linear argument

03.06.21.0010.01

2@y z |23B 12151 IPATIE ¥ 54571 o

f@ :°7 Bi@zdz= pe (2) 2P| = =i = o (D @DV [+ —oFg| =, =i o = - (- (@)Y
=

3
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03.06.21.0011.01
2 a2 z |23 12154 az 54574
fea(aZ) Bi(@azdz= ——oF| = =i = = @DV [+ ——2Fa =, = -, = - @2 ¥
2 35/6 r(E) 6 3333 r(z_t) 6 3333
3 3
Power arguments
03.06.21.0012.01
2z 1
fe 3 Bi(aZ)dz=
36 (r+1) r(g) r(‘—;)
2 52 255 21 o 4 121 2 1 o
z al“( )ZFZ ——t— = —+ — —(-d @Z)¥ z’+32/3(r+1)r(—)2|:2(—, — = 1+ — —(—4)(az’)/)
3 6'3 3r 33 3r 3 3 6 3r 3 3r 3
03.06.21.0013.01
g(azr)s/z VA
fe3 Bi(aZ)dz==
35/6(r+1)r(§)r( )
2 52 255 2 4 4 1 2 1 2 4
ar(—)ze - =t ——, —+ —; —(@Z)¥? z'+32/3(r+l)r( JZFZ( — = 1+ —; —(az’)3/2]
3 6'3 3r 33 3r 3 3 6 3r 3 3r 3
Involving exponential function and a power function
Involving exp and power
Linear arguments
03.06.21.0014.01
“Zag¥ . 1
fz‘"le 3 Bi(@az)dz==
35/5a(a+1)r(§)r(‘3-‘)
4 1 2a 1 2a 1 2 522 2522 51
vl 32/3(a+1)F[ )ZFZ(— — = — 41— (- 4)(az)3/2)+a2al"( )ZFZ - —+— = —+—, — (-4 (@2*?
3 6 33 3 3 3 6 3 33 3 3
03.06.21.0015.01
L@y . “Zazy¥? _. 1 (-2 @2
f\/?ﬁ AI(aZ)dZ::f\/;e 3 Bi@)dz==————|2¢3
15a2«/?r(§)
a3z3r(g)

2 2 2 2
3a? Bl(az)r( )22+\/_Vaz azl4( 3/223/2)F(—)(a3/223/2)2/3+\3/§e§(a (P S 4(—a3/223/2)
3 3 ( 32 Z3/2)2/3 “3\3

03.06.21.0016.01

2 2232 pad
fz“’l e3%? Biagdz=

By (a+1) r(g) r(g)

4 1 20 1 2« 4 2 520 25 2a 5 4
[32/3 (a+1)F(—)2F2(—, — -, —+1 —(az)3/2)+azar( )2F2 - — = = —+ —(az)”])
3 6 3 3 3 3 3 6 3 33 3 33
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03.06.21.0017.01

2 2232 1
f\/? e3%? Biaz)dz= -

1582z r(g)
2 1(3)

2 3 2
@ 4[_ a3/223/2) -
(aa/z Z3/2)2/3 ~3\3

2 _ap 2 2
2|V3 Vaz |ae:®? zl4(— a3/2f/z)r[g)(a3/223/2)2/3+\3/§+

3

2 3 2
382027 2Bi@2 F(g)

Power arguments

03.06.21.0018.01
2 3/2
-=@7 .
fz“‘le 1@ BiaZ)dz=

1 2 5 2a 25 2a 51 2
N 4 [Z’(aal‘(g) (E 33ty —(-H@2)P?|Z+3(r+a)
;
30 (r +a) r(—) r(g)
(4) (1 20 1 2« a2
> )2F ————+1—(4>(a> )
3)2 %6 3r' 3 3r D
03.06.21.0019.01
1 2@ . , z
fz” 3 Bl(az")dz:z . "
I (r+a) r(g) r(g)
2 52(1252&54 4 1 2a 1 2a 4
(aar( ]ZFZ[_ 3 3 _'_+—?—(aZr)e’/z)Z’+32/3(r+a)F(—)2F2(—, - —.—+1;—(az’)3/2]]
3 6 3r 33 3r 33 3 6 3r 3 3r 3

Involving hyperbolic functions
Involving sinh

Linear argument
03.06.21.0020.01
2
fsinh[g(az)"'/z) Bi(az)dz=

1 4 12154 4 12151
7[2[232/%(—)2!:2( ————— (.';12)3/2)—232/3 ( )ze[ ————— (-4 (@a2®?|+
435/6r(3)r(‘—‘) 3 6 3333 3 6 3333

3 3

2 5 4 5 7 4 5 4 5 7 1
azl“[—) [ ( ————— (az)3/2) - 2F2[ ————— (-4 (az)3/2))]]
3 63333 63333
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03.06.21.0021.01

2
fsinh[g @z2°%? + b) Bi(az)dz=

1 4 12154 4 12151
7[8_b2(232/362bf(—)2F2[ ————— (az)3/2]—232/3r( )ZFZ[— — =, = — (=% (@2¥?|-
435/61~(§)1~(4) 3 6 3333 3 6 3333

2 54571 54574
azr(g)[ (g 5 5 5 5(—4) (az)s/z] szFz[—, et et (3-2)3/2))]]

Power arguments

03.06.21.0022.01

2 1
fsinh[g(azr)w) Bi(@Z)dz=-

e nrr(]

235/
2 52 25 5 2 32 5 2 2 55 2 4 32

[z[aF[—)[ze(—, o ot — —( 4) (@) ]—ze[ S22 2 e ]]Z,_

3 6 3 3r 3 3 3r 6 3 3r'3'3 3r' 3

2 1 2 2 1

[ 2t 2 e eon(Cell 2 b 2 o)

Br+1T f) F(E — =1+
22 ’
3 6 3r 3 3r 3

03.06.21.0023.01

2 1
fsinh[5 @z)¥+ b) Bi(aZ)dz=

2356 (1 + 1) r(g) (-)

2 5 2 2 5 5 2 1 52 25 5 2 4
(@bz(—ar(—)( Fz[— —t—io o — = 4)(azf)”) P Fz[— —t— =, —— (az’)3’2)]z'+32/3
3 63 3r 33 3r3 63 3r 33 3r
12 2 4 121 2
2b(r+1)1"( )ZFZ - — =1+ (az‘)3/2) 32/3(r+1)1"(—)2F2(— — —;—(—4)(az’)3/2)]]
6 3r 3r’ 3 6 3r 3  3r3

Involving cosh

Linear argument
03.06.21.0024.01
fcosh[g (a 2)3/2) Bi(az) dz==
1 2 1 5 4 1 2 1 5 1

1 4 4
7(2[232/%(—)2;:2( ————— (az)3/2)+232/3 ( )ZFZ[ ————— (-4) (a2¥? |+
435/6r(§)r(‘§‘) 3 6 3333 3 6 3333

r(z)[ (5 457 4( )3/2) F[s 457 1( N )3/2))]]
azl|—||.F| =, = =, = = a2)¥? |+ ,F,| =, = = = — (- a
3 63333 226333 3
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03.06.21.0025.01

2
fcom[g(az)3/2+b) Bi(az)dz=
1 4 12154 4 12151
- e‘bZ(ZSZ/SeZbF(—)ZFZ ————— (az)3/2]+232/3r( )ze — == = —(-H @22+
435/6r(§)1~(‘_1) 3 6 3333 3 6 3333
3 3

2 5 4 57 4 5 4 5 7 1
azl‘[—)[eszF (— - = = —(az)3/2)+2F2[ ————— (—4)(az)3/2))]]
3 63333 6 3333

Power arguments

03.06.21.0026.01

2 1
fcosh[g (azr)S/Z) Bi(@aZ)dz=

23 r+r(2)r(3)
2 52 255
33
3 6'3 3r'3 3
12
32/3(r+1)F( )ZFZ( 3—

03.06.21.0027.01

2
fcosh(g @z)¥?+ b) Bi(aZ)dz==

2 4 5 2

2 55 21
(ai)3/2)+ze( = —t— = (=) (az')3/2]]z' +
63 3r 33 3r3
2 4y (121 21
—; —@7 3/2) 3B(r 1r( ) F(— — =1+ — - (-H @7 3/2)])
Y 3( SRS UI)e 5r g g 3 0P ED)

1
356 (1 + 1) r(g) r(f)

3

2
2 52 25 5 2 4 5 2
ez aF(—) P, = = — =, —+ — (az’)3/2 +oFy| =, —
3 63 333 3r 6 3

2
T
4 121 2
(r+1)1“( )ZFZ( l+—;—(az')3/2)+32/3(r+1)1"[ )
3 6’ 3r 3’7 3r'3

TS
1
3’

52
33

5

g 4) (azr)3/2))zr+32/3 2b
1 2 1 2
[ b —( 4) (az’)3’2)]]
6 3r 3r

Involving hyperbolic functions and a power function
Involving sinh and power

Linear argument

03.06.21.0028.01
2 1
f 1 sinh(— (a 2)3/2) Bi(@z)dz== -
3 235/6a(a+1)r(3)r(§)
4 1 2a/ 1 2« 1 a/ 1 2a 1
(z“(—32/3(0'+ 1)r( )ZFZ(— — -, —+1 —(az)3/2] 3B (a+ 1)r( ) (— — - —+1;—(—4)(az)3/2)+
3 6 3 3 3 6 3 3 3 3

2 52a/252a51 52a/252a54
azar[) Po| = —+ oo —+ o (D @DV R -, —+ o - —+ - - (@2¥?
3 6 3 33 3 3'3 6 3 33 3 33
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03.06.21.0029.01

2
ff‘l th(g @z2°%? + b) Bi(az)dz=

(2) (;) [e"b z [32/3 P @+1) r(:) ZFZ[

23 g @+ 1T 315

1

1 2& 1 2a 4
- — -, —+1, —(az
6 3'3 3 3

)3/2) _

4 1 2a 1 2a
32/3(a+l)F( )ZFZ( — - —+1 —( 4)(az)3/2)
3 6 33 3
2 52(1/252(1/51 52a252a54
azar[—) Fo|l = — 4= =, —+ = = (- @2 |-e®P,Fy| =, — + =, =, — + —; —(@2*?
3 63 33 3 33 6 3 33 3 33
Power arguments
03.06.21.0030.01
(2 ). 1
fﬂ‘lsnh(—(ai) / )Bl(az’)dz:—
3 230 (r+a)T(2)1(5)
2 52a252a51 o 52a252a54 o
z“(acxl"(—) P = — 4= = —+ —; —( 4@y |-F -, —+ - =, — —(@z)¥
3 6 3r 33 3r 3 6 3r 333 33
4 1 2a 1 2« 4 1 201 1 2a
32/3(r+a)F[ )2F2(— — -, —+1 = (az’)3/2)+32/3(r+a)r( JZFZ(— — -, —+1 —( 4)(az‘)3/2)])
3 6 3r 3 3r 3 6 3r 3 3r
03.06.21.0031.01
2 o 1
fz‘”lsinh(g(az’)/+b)Bi(az’)dz:: —
5/6 = s
23 a(r+a)F(3)F(3)
2 52&252&51 52a252&54
e —aaF[—) Fo| =, —+— =, —+ = —( 4 @z) |- Fy| =, — + -, -, — +—; —@Z)¥?||Z
3 6 3r 333 3 63 333 33
4 1 2& 1 2a
32/3e2b(r+a)r( )ZFZ(— — = —+1 = (az’)”)—
3 6 3r 3 3r
4 1 2a 1 2«
32/3(r+a)F[ )ze(— — = —+1 —( 4)(az')3/2))]
3 6 3r 3 3r
Involving cosh and power
Linear argument
03.06.21.0032.01
2 _ 1
f pa cosh(— (a 2)3/2) Bi(az)dz=
3 235/6a(a+1)r(§)r(‘5‘)
4 1 2a/ 1 2a 4 1 a/ 1 2a 1
z“[32/3(a/+1)1"( )ZFZ(— — -, —+1 —(az)3/2) 3B (a+ 1)r( ) (— — -, —+1 —(—4)(az)3/2)+
3 6 33 3 3 6 33 3 3
2 52a252a54 52a25a51
azal“(—) ool = —+— = —+ = (az)3/2)+2F2 - — ==, — 4= — (= 4)(az)3/2)
3 63 33 3 33 63 33 3 33
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03.06.21.0033.01
2
fz“‘l cosh(g @2°%?+ b) Bi(az)dz=

1

1 2@ 1 2a 4 )3/2)

4
[e"bz“[32/3e2b(a+l)l"[ )ZFZ[— —i o —+L @z
235/60,(0,4_1) r(%) r(%) 3 6 3 3 3 3

4 1 2a 1 2a 1
32/3(a+1)r( )ZFZ(— — -, —+1 —(—4)(az)3/2)+
3 6 33 3 3
2 52a252a54 52a252a51
azaF[—)(eszFz(— — - —,—+—;—(az)3/2)+2F2[— — == — 4 — —( 4)(az)3/2]]]]
3 63 33 3 33 63 33 3 3
Power arguments
03.06.21.0034.01
2 22) 1
fz"‘lcosh(g(az')/)Bl(az’)dz: —
280 a(r+a)T(3)1(3)

2 52a252a54 52a252a51
[z“[acxl"(—)[ Fz(— — - — (az')3/)+ F(— — -, — + —( 4)(az’)3/2]]
3 6 3r 333 3 6 3r 33 3r 3

4 1 2a 1 2« 4 1 2& 1 2a
32/3(r+a)F[ )2F2(— — = —+1; - (az’)3/2)+32/3(r+a)r( JZFZ(— — = —+ 1 —( 4)(az’)3/2)])
3 6 3r 3 3r 3 6 3r 3 3r

03.06.21.0035.01

2 1
fz”’l cosh(g @z)¥? + b) Bi(aZ)dz=

280 ar+a)r(2)r(3)

2 52&2520154 22 52&252&51 3
[@bz"[aaf(—](eszFz[— — -, — (az’)/]+2F2[— — = -, — 4 —(—4)(az’)/))z'+
3 6 3r 333 33 6 3r 33 3r 33
4 1 20 1 2«
32/3e2b(r+a)r[ )ZFZ(— R —— —(az')”)
3 6 3r 3 3r
4 1 2a 1 2«
32/3(r+a)F[ )2F2(— — = —+1 —( 4)(az')3/2))]
3 6 3r 3 3r

Involving functions of the direct function

Involving elementary functions of the direct function
Involving powers of the direct function

Linear arguments

03.06.21.0036.01
. 2
Bi'(a2)

fBi(az)Z dz= zBi(az)2 -

Power arguments
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03.06.21.0037.01

2Vm z 3 2 1 5 1 5

: 2 g $ 11 22/3 1 1_5'5 z 3.1 22/3 1 1_5’5
fBl(az') dz= 3r G2:4 (5) aZ', g 1 2 + 3—G2:4 (5) aZ', g 1 2 1
3035 75 222273 2y 03535 3

Involving products of the direct function

Linear arguments

03.06.21.0038.01

3 3 5
. . 2 [ az 1 1 a21(3) 543511 1
fB|(—aZ) B|(aZ)d’Z:: v Gl’5 y g 1 1 5 0 11— ﬁﬂ:‘l g, g, E, 5, E, —aaeze
' 3 1 51z Uy o
darn V2 323 6’2" 6 3 81F(§)F(§)F(E)
Power arguments
03.06.21.0039.01
fBi(—az’)Bi(az’)dz::
11 3= Vrmz 1
z Gt az E -5 B * Gl az E -5
26 ’ 1121 1 15 ’ 2 11 1
4233 2 (N2 @8 ®| 05355 g 3r vz 0] 5065 5
Involving functions of the direct function and elementary functions
Involving elementary functions of the direct function and elementary functions
Involving powers of the direct function and a power function
Linear arguments
03.06.21.0040.01
fz“‘l Bi(az’ dz=
5
1 a+ly (1 a+1l 2 4 a+4 483F) 3vV233 (223 1| 1-3.¢
— 16azl"( )2F3 -, T == ; + G, (—) az, —
36 3 2 3 33 3 9 732 310,35 -2

03.06.21.0041.01

2 1 2 2
szi(az) dz= —(aZZZBi(aZ) +Bi'@2 Bi(az)—azBi’(az))
3a?

03.06.21.0042.01

1
fzz Bi@z)’dz= — ((a°Z - 1)Bi(a2’ + 2azBi'@2 Bi@a - & 2 Bi'(a2)’)
5a
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03.06.21.0043.01

fz3 Bi(az’dz== (a4 Bi(az’Z +3a%Bi(az) Bi'(an 2 - (@72 +3 Bi'(az)z)

7a

Power arguments

03.06.21.0044.01

fz‘”lBi(az')zdlz::

2
2Nn 70 9 3 5\23 1| 1-&.8 " 5\23 1| 1-&8
1.1 3r’ 6 31 3r’ 6
' ay(E) az =z = &Y az =
3r “I\3 3|12 _2 3 “I\3 3|lplz2_a
303 Tar) 2223 %%y '3 3 3

Involving products of the direct function and a power function

Linear arguments

03.06.21.0045.01

fz‘"l Bi(—-az) Bi(az)dz=

648 %2
az 1 1-3 @+4\ _(a+4 4 3 5 a+10
z 27\3/732/3(3%; = 121 —4a4712241“( )1 4( T Ty T~
¥ (2
\3/?32/36 0,5‘5731—5 6 3 23 6
Power arguments
03.06.21.0046.01
fz‘”lBi(—az')Bi(az’)dz::
a 1 1_£
o a7 o1 1-55 L a7 1 or
s 362:637‘6 112 1 8”26‘1:5 N '6l2gll _a
122233 732y V2 328 0, 5335 "ar V2 323 T
Involving direct function and Bessel-type functions
Involving Bessel functions
Involving Bessel |
Linear argument
03.06.21.0047.01
1 v _y
2 23" Vr (@2%?)  [2¢® 1] Fil-31-351
flv(—(az)3/2)Bi(az)dz== (e (—) az—|, ,, 3 5
3 a “(\3 313,521, 2-v,2-y, -2
332" 3 '3 2
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Power arguments

03.06.21.0048.01

a2 T 1 1 v 1 1 2

| 2 p 32 Biar) d e 2+33 6\/;2((azr)3/2)v GZ’S 2 2/3 4 1 6(1—31/), 6(4—3V),—E—§+1, '3
vg(a ) i@z)dz== ] 5715 @ 15 ol l21_ 3w
'3'6'3"3 v 6r

Involving Bessel | and power

Linear argument

03.06.21.0049.01

2
fz‘"l IV(§ (az)3/2) Bi(@az)dz=

1 1 1 12

2 7 21\23 1| z(1-3v), z(4-3v), = (-2a¢-3v+6), 7,

27537 Vn 7 (@2¥?) GE3 (—] az - | ° L 16 - ° L o3
3 3 0, 35 3 g(—20—3V), 377V

03.06.21.0050.01

1 1 1 1 2
2 2 7 y 2323 1| 2(1-3v), =(1-3v), 2 (4-3v), %,
fzmlv(—(az)?’/z) Bi@agdz=2"33" sV 22 (@2¥?) G&3 (—) az, = | ° ® e
g 11 2 1 1
3 3 3] 0112 3y-5 1y

03.06.21.0051.01

2 7
27337V (@2¥?)  [(2y28
Gy ( ) az,

2
f 792 IV(— (az)3/2) Bi(@agdz==
3 Vz

Power arguments

03.06.21.0052.01

2
fz‘”l |V(§(azf)3/2) Bi(@aZ)dz=

2 7
273375 Vn 2 (@2)¥?)

r

1 1 1 2
(2)2/351 1| 53w, 34-3v), - 7+1, 5, %

Involving Bessel K

Linear argument
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03.06.21.0053.01

2
va(g (az)3/2) Bi(az)dz==

23 v+l v+2 v+2 1
1 ,oL v 23 1 R 1 .
— |mescrn) | 27372V (@2%?) " GE3 (—) az. |, ,, ~, " . ,|-23
2a 3 33 5,1, VvVt vtg
2 1| F1-31-3351
3/2\V ~2,3 2 2 2’ 2
ﬁ((az)/) G5'7[[§) az,g 1211 X ,
373003V
03.06.21.0054.01
2
f Ko(g (a 2)3/2) Bi(@z)dz=
1
1 3 PACE | 151 2
- \/7[(—Iog(az)—Iog((az)e'/z))Ggé[(—) az,—| , , 2 Lol r————
3 6 ! : Z £ 3
V23 a 2 3 3155053 V3 oaxey3 s
22 1] 311 1 22 1] 31
Gg’g (—) az — + 451’3 (_] az, —
~I\3 3111229 03 3 {3 3|12
3733 3 2223+/3 1 3'3' 3

03.06.21.0055.01

2
le[g (az)S/Z) Bi(az)dz==

1
V2 V3 a

03.06.21.0056.01

2
fKZ(E (az)3/2] Bi(az) dz==

3 32\ 21 23 1
Vr (Elog(az)—log((az) )]6315 (5) az,g

Alw

1 3 23 1
SE— RV (—Iog(az)—log((az)s/z)) Gae (—) az —
V2 V3 a 2 3 3

2% 1 211 1
Gg’g (_) az -1 21 a5 YT L
“1\3 3| -%,-5,3,20 23 3
3’ 333 22283+/3 1

Power arguments

1
20233 73

1
7
0,

Ae Mlw

)
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03.06.21.0057.01

2
va(g(az')s/z)Bi(az’)dz:

1 1 v 1
R R — 2y 23 1| @-3v,5(4-3v), -5-5+1L 5.3
32 32 v 32,2V 23 r
-—|2 33 8a%z(@2)’*) csenv) |4 ((@Z)F) Gsy (—) az, - 121 -
r 3 3 0,3, %, 5,5V, —v,———
3633 6r
223 q | i-L41i@v+1), i@v+a), L2
gc2d(2) az 2|2 F 6 6 6' 3
*'I\3 '3 0112, 1302
’3'6'3’V’V 3’ 6r
03.06.21.0058.01
2
fKo(g(azf)”)Bi(az’)dz::
1 2 1
1 e q| :Z1-2
——— |7 Gis [5) az’,g ® 31 ) 3rl +n%|2n(3log@z) - 2log((az)*?))
6V2 V3 12 0.0.3 3 ~5
1 2 1 1 2 1 2 1 1 5
62'3(2)2/3azr 1| &#31-353 +G43(2)2/3az' 1| 33l -5 -%5
57| 2 "2 1,112 1 57| 2 "2 11 1 5 1
3 310, 5107 5'3'3' " 3r 3 3100, 33 T 12 ar

03.06.21.0059.01

2
le(g(azr)M)Bi(az’)dz::

1 2

1 2 1 2 7
1 32 (2 1 saltaas
= 72 271(2Iog((az’)/)—?,Iog(az’))GE-,’7 [5) az',5 Ls 1 1297 1|t
3, 6 !

6V2 V3 72y > 5 "3 "8 38 3
1 2 1 1 5 1 2 1
e I R ee

I3 3|1 _ 115 15 1 3 3|1 _ 115 1
2 6’26 127 12 3r 2 6’2’6 3r
03.06.21.0060.01
2
sz(g(az')S/z)Bi(az')dz:
1 2 1
1 % 1l eyplog
—|7|G32 (—) a7z, — ® : 43r . +n%|2n(3logaz) - 2log((az)*?))
5 3 e ' 3-1,-21,2 -2
6V2 V3 ndler 13T 3 3r
1 2 1 7 5 1 2 1 1 5
28 (2V° L1 ewltaes B2 L1 saltaTwon
Gyl =] a7, - +GHl[=| a7, -
\\8 311,4-1,-2 12 2 3 3|-1,-21,% -2, 2 =
3 3’6’ 3 3r 3 3 127 12 3r

Involving Bessel K and power

Linear argument
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03.06.21.0061.01

2
ff‘l KV(§ (a 2)3/2) Bi(az)dz==

1 1 1 1
I o , 2,23 1| 2@-3v),2(4-3v), 2 (-2a-3v+6), ,
~277337 5 1R 2 (@2%?) " esclnv) |4 ((az)3/2)2 GZ3 (—) az, —| ° L 16 - ® . ®
3 3 0152 2a-3), v v

az —

1 1 1 1 2
L 23 2 23 1 6(3V+ 1), 6(3V+4), g(—2(1’+31/+6), 5 3
9 G2 .

3 04

1 2 1 1
5 3 v, V+ 3 E(SV—ZQ)
03.06.21.0062.01

2
f 7t Ko(5 (a 2)3/2] Bi(az) dz=

1 2% 1|5 1-a3 3
— |~ 27r3(3log(az)—2log((az)3/2))Gi’§ (—) az — L. +Gys
3 6, ! !
6V2 V3 n2 ¥ 305055
1 2 a 1 2 a 1 5
2 1] §3l-z G201 eyl
[—) az, — +72 Gey (—) az, -
3 ool _¢ ’ 3|00l _1 5 @
v 3 3! 3 r 3 3! 127 12’ 3
03.06.21.0063.01
2
fz‘"l Kl(g(az)?’/z) Bi(az)dz==
2\?® 1 g,l—a, %%
- |~ 27r3(3log(az)—2Iog((az)3/2))Gi§ (—) az -, . . . -
3 6 " [0
6V2 V3 152 3 S T T Tt 1
12 o 12 @« 1 5
23 124 ¢ 23 124 a _1 5
G4’3 E az E 6’ 3’ 1 3 +7r2G4'3 E az 1 6’ 3’ 1 3’ 127 12
3153 ’ 1 115 a 5’73 "g|_1_115 _1 5 _«
e e s e e @ n s
03.06.21.0064.01
2
ff‘l Kz(g (a 2)3/2) Bi(az)dz==
1 2
1 2,23 1 1-4 2,2
—  |# 27r3(3log(az)—2log((az)3/2))G§’é (—) az — S
NN "I\3 3|14 92 _¢
6\/?‘/§7T/ v 30 1 T3 T3
43 2\%R 1 %' g’l_% 2 ~43 2\%B 1 %’ g’l_%'_%'%
Gss [") S P M ("] 853l L 2,4 15 a
-3 L3 —3L3 -5 53

wIinN
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03.06.21.0065.01

2
fz3/2 Kz(g (az)3/2) Bi(az) dz==

: o 1| bb
— 72| 273 (3log(a2) - 2log((a2)*?)) Gié (5) az,g . -
6vV2 V3 %2 1, 5,—1:—57—5

11 2 112 1 5
43 [Z)Z/Baz 1 56 3 o2 Gh (Z)Z/Baz 1 563 1D
35[| o ' 2 2 .4 5 57\ 2 ' 2 2,4 5 1
3 3 —1,—511, 3 7% 3 3 —1,—511, 3 TR
03.06.21.0066.01
2 _ 1 20l (2
fz‘?’/z Kz(— (az)3/2) Bi(az) dz== 273 (2log((@2*?) - 3log(a2) G, (—) az
3 6 !
3 6V2 V3 192Vz
2 7 2 7 1 5
T P B e (B, L v TR
2.4 g az,§ 1 _E 1 ﬂ + 7T 4.6 g az,g 1 _2 1 ‘_1 _l i
T3 T3 T3y TR R
Power arguments
03.06.21.0067.01
2
fz*l KV(g (azr)3/2)Bi(az')dz==
2 7
1 237 37% \/72“((&2()3/2)_V (2 2/3 1 —% + % +1, %(3v+ 1), %(3v+4), %,
—mCSC(mv) Goll = aZ, -
2 r >3 3 oltil2y_ a1
"376'3°2 3 T3

2
5,7 _ 2a+3rvy

61

2 7
y+s L a v 2
273370 V7 7 (@2)¥?) ’s [2)2/3 1] 3-8, 24-3n,-=-2+1,3,2

11 1
r 0, 36 ,E—V,—V,

wIinN

03.06.21.0068.01

2
fz‘”l Ko(g (azr)3/2)Bi(az')d’z::

1 2123 1] :21-2
——|7|G3: [—) az,-| ° 31 ) R 2n(3log@az) - 2log((az)*?))
62 V3 121 3 310055 -5
1 2 a 1 2 1 2 1%
e EEEE | g b

Rlo glr
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03.06.21.0069.01

2
fz“‘l Kl(g (az')3/2)Bi(az')dz==

1 2 @ 3 3/2
i o I e“’g(z)mai 1 eels 27/(3 logaz) - log((@Z)*?))
= 35|\ 2 "2 1 115 of”
PR 6r°r (13 335 ze 3
1 2 2 7 1 2 1 5
W27 L1 sl 7 G2 1 syltwmomom
B SERE
N3 3|15 1 127 of gpp I3 3|1 115 15
2’6 2 6’ 3" 6 3r 2 6’ 2’ 6 127 12
03.06.21.0070.01
2
fz”’l Kz(g (azr)?’/z)Bi(az')clz::
12 a 3 _ 32
1 - 2 64’3[2)2/3&12r 1 1i1-2 +22"(2Iog(az') log((az) ))
35
3 ’ 2 4 a
V2 V3 6x°r 3|-1-3 15 -5 3r
1 2 a 7 5 1 2 a 5
GZS(Z)Z/Baz' 1 exlaes | 7 G4,3[2)2/3a2, 1 3l mmn
57\ 2 " 4 275 ol g 5\l "2 2,4 1 5
3 3 115,—1,—5, 83" 3r 6rr 3 3 —1,—511, 3T 1
Involving other Airy functions
Involving Ai
Linear arguments
03.06.21.0071.01
_ _ 1 . az 1 1
fAl(az)Bl(—az)dz: Gi’s rol11145
4\7332/3&1”3/2 \3/332/3 61532756

03.06.21.0072.01
Ai'(az)Bi'(a2)
fAi(az) Bi(azdz==zAi(azBi(az) - —

03.06.21.0073.01

1 Bi(2)
f% _ dz::nlog[—_ ]
Ai(2) Bi(2) Ai(2

03.06.21.0086.01

Bi(2)" n (Bi@\"™*
f dz= [ - ] ineN
Ai(z)”*z n+1\Ai(2

03.06.21.0087.01

1 Bi(2)
fi dz= ﬂ'tanl[.—]
A2 +Bi(2? Ai(2)

(2

3r
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35

03.06.21.0088.01

1 Bi(2) Bi(2
f f[_—]dZ:”F(_—)ﬂ F'() =1
Ai(Z)Z Ai(2) Ai(2)

03.06.21.0089.01

1 Ai(2) Ai(2)
f f[_—]dz: -n F[—] /i F'@) = 1)
Bi(z)2 Bi(2) Bi(2)

03.06.21.0074.01
f Ai(2) Bi(2) T Ai(2)?
—dz=
(Ai@* + Bi(z)2)2 2(Ai@@” +Bi(2?)

Power arguments

03.06.21.0075.01

1 1
_ _ z ol aZ 1 1-=.-3
fAl(az')Bl(—az’)dz::— Gyg , = 1192 1 1
3 ! 3
122853 2 \V2 38 8|05 5555
03.06.21.0076.01
i ; z 32| (2 e 1 g’ 1- % %
fAl(az’)Bl(az')dz: — G35 (—) az, —
; 5|3 3lgt21_1
62233 n¥2r 13733 3r
Involving Ai and power
Linear arguments
03.06.21.0077.01
o z o az 1] 1-%
fz“’lAl(az)Bl(—az)dz:: Gis , — 119 .
1225V3 2 Yz 805355 %
03.06.21.0078.01
fz"‘l Ai(az) Bi(azdz= G2 (—) az, — .
3 " (2
6223V3 12 (3 310553

03.06.21.0079.01

1
szi(az) Bi(az)dz= (Aia2) (2a®Bi(az) Z + Bi'(a2) + Ai'(a2) (Bi(a2) - 2azBi'(a2))

6a2
03.06.21.0080.01

1
— (Ai(az)((a®>Z - 1)Bi(az) +azBi'(a2) +azAi'(a2) (Bi(a2) - azBi'(a2))
5a

fzzAi(az) Bi(az)dz==

03.06.21.0081.01

1
fz3 Ai@zBi@zdz= — (Aia2) (2a*Bi(az 7' + 3aBi'(a2) ) + Ai'(a2) (3a® Z Bi(az) - 2(a® 2 + 3) Bi'(a2))
144

Power arguments
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03.06.21.0082.01

1
- az 1 1- il Y
fz‘”lAi(az')Bi(—az’)d/z:— Git - ‘2” 13 ]
3 ! 3 43
12223V3 2r (V2 @8 8053355
03.06.21.0083.01
5 a 1
ra 3 1| 5l-33
7 1Ai@7)Bi@@z)dz= —— &2 2| az,=| °© 3r’ 3
3 35 3 3 0 1 2 1 @
6223+/3 792r 3133 T3

Definite integration

For thedirect function itself

03.06.21.0084.01

0
f Bi(t)dt==0

Involving direct function and Bessel-type functions

03.06.21.0090.01

o 1 1
[ ax=x-V3)
0 (Ai(X) — i Bi(x)? 4
03.06.21.0091.01
o Ai(X) Bi(x)

X= —

O (i + Bi?)

Multipleintegration

03.06.21.0085.01

X X X
ffBi(t)dtdx::Bi'(O)—Bi’(x)+xf Bi(t) dt
0 JO 0

Integral transforms

Fourier exp transforms

03.06.22.0001.01

i 4 27 2 1 4 11 B
B @)= ———— 40F[——)1F2 1 —, = ——]—332/3z4r(—)1|:2 1L - — - (z—\/?sgn(z))
602 3 32 3 36 36 3 36 36
Inverse Fourier exp transforms
03.06.22.0002.01
i 1 4 11 B 4 27 2
FUBIMM] () = ————— 332/3z4r[—)1F2 1 - —-— —401"[——)1F2 1 - - - (z—\/ Z sgn(z))
602 I3 £32 3 3 6 36 3 36 36

Laplace transforms
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03.06.22.0003.01
B

A e (R TR

2n

03.06.22.0004.01

R (E R O T e

3 3

Li[Bi(-1)] (2 =
217

Representations through more general functions

Through hypergeometric functions

Involving oF 1

03.06.26.0001.01

Bi(2) ==

Var(f)
Through Meijer G

Classical casesfor the direct function itself

1
i +2Gp9 i 2
9|0 L1 “lo|o -1
2 3’2
03.06.26.0026.01

z i bis
— % /,—§<arg(z)_§

03.06.26.0002.01

FGi

Wk N

s
Bi(2) == —
35/6

Bi(2 = 27 — G5

Wik olk
ol wIN

V3
Classical casesinvolving exp

03.06.26.0027.01

1 1 472 3,2 2 2
_z /2 ’ T T
e 527 )Bi(z)z Ggé 6231J/;——<arg(z)s—
. :
283 \r 3 J053 3 3
03.06.26.0028.01
1 5
222 V32 Vi 5, 4792 3'3s 2n 2m
e 3 Bi(2= Gy3 ) 1 /i —? <arg(2 < ?
. S
V3 033
03.06.26.0029.01
5 1
3\? 1 53
S B pe——rey
. :
2 283 \r 0353
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03.06.26.0030.01

1 5
3%\ VZVr .
& Bi[(_) 22/3) =—— G2z °°
. :
2 V3 0.3 3
Classical casesinvolving oF;
03.06.26.0003.01

1
_ ) 2 Vrrm (47| 54-3D57-3D. 5. 5)
Bi (2) oF4|; b; 5 ==6—G4j5 o L1 o . /;—§<arg(z)s
V3 035 551-b3-b
03.06.26.0022.01

1 1 12
22 5(4-3b), (7-3b), 5, 3

1
5 Vr (b
67 G4,6

B|(32/3'\3/;)0F1(, b,Z == 11 2 4
V3 03531-bh3-b

Classical casesinvolving oF1

03.06.26.0004.01

1
_ PV (48| 5@-3b 57-3b, 5 5} x
BI(Z)OF]_,b,g == 6—64:6 ? 11 2 A /;—§<arg(z)s§
V3 055 51-b3-b
03.06.26.0023.01
hl 1 1 12
_ 27\ £ (4-3Db), 2 (7-3Db), %, 3
Bi(32/3\3/?)0F1(; b= Gz © L
; ,
V3 0355 51-b3-b

Generalized casesfor the direct function itself

03.06.26.0005.01

1 2
2n 1 '3
Bi(d= — G933z = %
. ,
V3 310553
Generalized casesinvolving exp
03.06.26.0006.01
5 1
1 [2V2z 2| 53

2
exp (—— z3/2) Bi (2) == 53 , — ) 1
3 283 yx | ¥ 30353

03.06.26.0007.01

3

V2 Vn 2
Go9| 3723 2% 2, 3

2 1
V3 033

15
3’6

2
exp(§ 23/2) Bi (2) ==

Generalized casesinvolving cosh

03.06.26.0008.02

1 2

277 [2 2\23 1 ' 138 3
. 22 12’ 12’ 6’ 3

cosh[ 3 ]B|(z)_ 6 3 nGyg (5] Z’E 011125

wl N



http: //functions.wolfram.com

39

03.06.26.0031.01

3,23 2 1 s n1z
A1 3| _ - 2,2 - 12’ 12’ 6’ 3
Cogq(z)B'((z] z ]_\/6 3 "o g1z
36’236
Generalized casesinvolving sinh
03.06.26.0009.02
2772 2 28 1| o 5E s
sinhl — [Bi@ = - = = G2 [—) z, -
3 37 \3 3| 15212
2’6 6’ 3" 3

03.06.26.0032.01
5 1 2
3,23 2 1 2'12'6'3
sinh(2) Bi (—) 2R|=-8 - 7G|z -
[2 3° 721802
2’ 6 6’ 3" 3

Generalized casesfor powersof Bi

03.06.26.0010.01

5 1 5 1 2
2 2y 1| ol 2 1| 553
s =g vrlel(s) 2|, E, [veil(S) ao| SV
3 V8 8% %031 310,322
3’3 2 376" 3
Generalized casesinvolving Ai
03.06.26.0011.01
5
o 1 (22 1] &
Ai(29Bi(9 = ———G[;3 (—) zZ, — -
22233 732 3 31033

Generalized casesinvolving Ai’

03.06.26.0012.01
2/3 1
A’ (2)Bi (2 ::—ieﬁ (E) Sl I
4 ' 3 % ;,o 2n

03.06.26.0013.01

LN 2 1] 53 L2 1| 3t
A" (29Bi(2) = —3/262:4 [5) z, 3| 2921 -2Gy, (—) z, 3|1 )
4r -3 0, 33 571, 0,5
03.06.26.0033.01
1 » o] 51 1
Ai'(Z) B|(Z) = —3/2 Gg:i (g) Z, 5 1 2 - i 5
4 33 01 \/?I“(g) I’(g)
Generalized casesinvolving Bi’
03.06.26.0014.01
1 1
3 2 2/3 1 = 2 2/3 1 1, =
Bi () Bi' () = G39 [—) z-| ¥, |+2vx G (—) z-|,,°
47%2 T(\3 3|0, 33 Y 3 33 0,

Generalized casesinvolving oF;
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03.06.26.0015.01

_ 2
Bi (2) oF4|; b; 5=

V3

03.06.26.0034.01

Bi(32’3 \3/?) oFiG b2 =

1
P EVI T w22

4,6

bl
2737 I'(b)
6,

V3

Generalized casesinvolving oF;

03.06.26.0016.01

L ra
Bi (2) oF4|; b; Y I

03.06.26.0035.01

b
2
Bi(32/3 \3/?) oF1(b;2) =
V3

1

2
2,2
Cas (5)

2/3

Generalized casesinvolving Bessel |

03.06.26.0017.01

282\ 23\x 77 (27
Bi(2) IV[ ] =

V3

03.06.26.0024.01

3,23 22/3\/_
(o) e

V3

Generalized casesinvolving Bessel K

03.06.26.0018.01

csc(mv)

272\ 32
Bi(z)KV( 3 ]::

V2 V3

€

2

)

Z,

2/3

1
S e

1|5
3

1
Gyg| 2%° vz, 3

1
z, —
3

1 1 1 2
l@-3p,t7-3p), %2

11 2 4
01 51 gv §yl_b1§_b

£ (4-3b), £(7-3b), ¢, g]

11 2 4
Oy 51 gi Eal_byg_b

(4-3b), £ (7-3b), £, g]

ol

112 4
01 51 gx §1l_b1§_b

e [2)2/32 1 5 2 2@v+D), 2 Bv+4)
46| 5 "
3 312, 2(3v+2, -5 22-3), s Bv+1), : Bv+4)
2o 2 i i@V+D, s BV
Gye| 27, =
’ 3] 2,2Bv+2), -2, 22-3), :@Bv+1), : Bv+4)
o2V 1 % 2,%(1—3%3(4—31/)
(3 i
3/ 3|-122-3v),% :Bv+2,2(1-3y),:(4-3v)

1 21 1
5 3 €(3V+l), g(3V+4)

2n 2n
fi-— <ag@) < —
3 3

v 1 v 1 1 1
E, g(3V+2), —5, 5(2—31/), E(3V+ 1), E(3V+4)
03.06.26.0025.01
32 72 G () 1 5 2 5(1-39),:(4-3y)
Bi[(—) 22/3]KV(Z):=7 Gié I V] 1 1 v o1 -
2 \3/7\6/3 2 —5,6(2—31’),5(1—3"),6(4—3)/), §’€(3V+2)
o 1 5 2 2@v+D), $Bv+a
Gyslz, —
7 2] 2 L@ye2), -1 L 2-3v), L@v+1), L@v+4)
2' 6 "T2' 6 "6 ’

Through other functions

|
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Involving Bessel functions

03.06.26.0019.01

z 2 2
Bi(d= [-- (J 1(—(—2)3/2]—J1(—(—2)3/2)) /iRe(2) <0
vV 353 3\3

03.06.26.0020.01
_ vz ( (223/2)
Bi(z2)== — |11

VERS 3

+|1
T3

277
o

03.06.26.0021.01

1 27%92) , 2732 1
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Representations through equivalent functions

With related functions
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Onthereal axis, Bi(2) has an infinite number of zeros, al of which are negative.
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The equation Bi(x) == 0 has only negative real solutions and solutionsin the sector g < [Arg(¥)| < g

Theorems

The general solution of the time-independent Schrddinger equation

The genera solution to the time-independent Schrédinger equation of a particle in a constant potential
— () = Fxy(x) = sy(x) isgivenby ¢ (x) = ¢; Ai (F23 (6 + F X)) + G BI(F 2+ Fx) ).
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History

—G. B. Airy (1838), H. Jeffreys (1928, 1942)
—J. C. P. Miller (1946) suggested the notations Ai, Bi.

Applications of Bi include quantum mechanics of linear potential, electrodynamics, combinatorics, anaysis of the
complexity of algorithms, optical theory of the rainbow, solid state physics, and semiconductorsin electric fields.
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