
BellB2

Notations

Traditional name

Bell polynomial

Traditional notation

BnHzL
Mathematica StandardForm notation

BellB@n, zD

Primary definition
05.15.02.0001.01

BnHzL � n! I@tn D ãHãt-1L zM �; n Î N

Specific values

Specialized values

For fixed n

05.15.03.0001.01

BnH0L � 0 �; n Î N+

05.15.03.0002.01

BnH1L � Bn

For fixed z

05.15.03.0003.01

B0HzL � 1

05.15.03.0004.01

B1HzL � z

05.15.03.0005.01

BnH2L � z2 + z

05.15.03.0006.01

B3HzL � z3 + 3 z2 + z



05.15.03.0007.01

B4HzL � z4 + 6 z3 + 7 z2 + z

05.15.03.0008.01

B5HzL � z5 + 10 z4 + 25 z3 + 15 z2 + z

05.15.03.0009.01

B6HzL � z6 + 15 z5 + 65 z4 + 90 z3 + 31 z2 + z

05.15.03.0010.01

B7HzL � z7 + 21 z6 + 140 z5 + 350 z4 + 301 z3 + 63 z2 + z

05.15.03.0011.01

B8HzL � z8 + 28 z7 + 266 z6 + 1050 z5 + 1701 z4 + 966 z3 + 127 z2 + z

05.15.03.0012.01

B9HzL � z9 + 36 z8 + 462 z7 + 2646 z6 + 6951 z5 + 7770 z4 + 3025 z3 + 255 z2 + z

05.15.03.0013.01

B10HzL � z10 + 45 z9 + 750 z8 + 5880 z7 + 22 827 z6 + 42 525 z5 + 34 105 z4 + 9330 z3 + 511 z2 + z

General characteristics

Domain and analyticity

BnHzL is a polynomial of z and as such an analytical function of z. BnHzL is defined in the whole complex z -plane and

for n Î N.

05.15.04.0001.01Hn * zL �BnHzL � HZ Ä CL �C

Symmetries and periodicities

Mirror symmetry

05.15.04.0002.01

BnHz�L � BnHzL
Periodicity

No periodicity

Poles and essential singularities

With respect to z

The function BnHzL has a pole of order n at z � ¥� .

05.15.04.0003.01

SingzHBnHzLL � 88¥� , n<<
Branch points

With respect to z
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The function BnHzL does not have branch points.

05.15.04.0004.01

BPzHBnHzLL � 8<
Branch cuts

With respect to z

The function BnHzL does not have branch cuts.

05.15.04.0005.01

BCzHBnHzLL � 8<
Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

05.15.06.0001.01

BnHzL µ BnHz0L + â
j=0

n-1 H j + 1L Sn
H j+1L z0

j Hz - z0L +
1

2
â
j=0

n-2 H j + 1L H j + 2L Sn
H j+2L z0

j Hz - z0L2
+ ¼ �; Hz ® z0L

05.15.06.0002.01

BnHzL µ BnHz0L +
1

z0

 Bn+1Hz0L - BnHz0L Hz - z0L +
1

2
BnHz0L -

2 z + 1

z2
Bn+1Hz0L +

1

z2
 Bn+2Hz0L Hz - z0L2 + OIHz - z0L3M �; Hz ® z0L

05.15.06.0003.01

BnHzL � â
k=0

¥ 1

k !
 â
j=0

n-k

Sn
H j+kL H j + 1Lk z0

j Hz - z0Lk

05.15.06.0004.01

BnHzL µ BnHz0L H1 + OHz - z0LL
Expansions at z � 0

For the function itself

05.15.06.0005.01

BnHzL µ Sn
H0L + Sn

H1L z + Sn
H2L z2 + ¼ �; Hz ® 0L

05.15.06.0006.01

BnHzL µ Sn
H0L + Sn

H1L z + Sn
H2L z2 + OIz3M

05.15.06.0007.01

BnHzL � â
k=0

n

Sn
HkL zk
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05.15.06.0008.01

BnHzL µ z H1 + OHzLL �; n Î N+

05.15.06.0009.01

BnHzL µ
1 n � 0

z True
�; Hz ® 0L

Asymptotic series expansions

05.15.06.0010.01

BnHzL µ zn â
k=0

n

Sn
Hn-kL z-k �; H z¤ ® ¥L

05.15.06.0011.01

BnHzL µ zn 1 + O
1

z

05.15.06.0012.01

BnHzL µ zn 1 +
n Hn - 1L

2 z
+ O

1

z2

05.15.06.0013.01

BnHzL µ zn �; H z¤ ® ¥L
Other series representations

05.15.06.0014.01

BnHzL � ã-z â
k=0

¥ kn zk

k !
�; n Î N

Generating functions
05.15.11.0001.01

BnHzL � n! I@tn D ãHãt-1L zM �; n Î N

Transformations

Addition formulas

05.15.16.0001.01

BnHw + zL � â
k=0

n n

k
BkHzL Bn-kHwL �; n Î N

Identities

Functional identities

05.15.17.0001.01

Bn+1HzL � z â
k=0

n

BkHzL n

k
�; n Î N
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Complex characteristics

Real part

05.15.19.0001.01

ReHBnHx + ä yLL �
1

2
Bn -

y2

x2
x + x + Bn x - x -

y2

x2

Imaginary part

05.15.19.0002.01

ImHBnHx + ä yLL �
x

2 y
 -

y2

x2
Bn x - x -

y2

x2
- Bn -

y2

x2
x + x

Absolute value

05.15.19.0003.01

 BnHx + ä yL¤ � Bn x - x -
y2

x2
Bn -

y2

x2
x + x

Argument

05.15.19.0004.01

argHBnHx + ä yLL � tan-1
1

2
Bn -

y2

x2
x + x + Bn x - x -

y2

x2
,

x

2 y
 -

y2

x2
Bn x - x -

y2

x2
- Bn -

y2

x2
x + x

Conjugate value

05.15.19.0005.01

BnHx + ä yL �
1

2
Bn -

y2

x2
x + x + Bn x - x -

y2

x2
-

ä x

2 y
 -

y2

x2
Bn x - x -

y2

x2
- Bn -

y2

x2
x + x

Signum value

05.15.19.0006.01

sgnHBnHx + ä yLL �

ä x

y
 -

y2

x2
Bn x - x -

y2

x2
- Bn -

y2

x2
x + x + Bn -

y2

x2
x + x + Bn x - x -

y2

x2

2 Bn x - x -
y2

x2
Bn -

y2

x2
x + x

Differentiation
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Low-order differentiation

05.15.20.0001.01

¶BnHzL
¶z

�
1

z
 Bn+1HzL - BnHzL

05.15.20.0002.01

¶2 BnHzL
¶z2

�n HzL -
2 z + 1

z2
 Bn+1HzL +

1

z2
 Bn+2HzL

Symbolic differentiation 

05.15.20.0003.01

¶m BnHzL
¶zm

� â
k=0

n-m

Sn
Hk+mL Hk + 1Lm zk �; m Î N

Fractional integro-differentiation

05.15.20.0004.01

¶Α BnHzL
¶zΑ

� â
k=0

n Sn
HkL k ! zk-Α

GHk - Α + 1L

Summation

Finite summation

05.15.23.0001.01

â
k=0

n n

k
BkHzL �

1

z
 Bn+1HzL

Infinite summation

05.15.23.0002.01

â
k=0

¥ BkHzL tk

k !
� ãHãt-1L z

Representations through more general functions

Through other functions

05.15.26.0001.01

BnHzL � â
k=0

n

Sn
HkL zk �; n Î N

Zeros

For each n Î N+ the equation BnHzL � 0 has exactly n different nonpositive real roots.
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05.15.30.0001.01

BnHzL � ã-z â
k=0

¥ kn zk

k !
�; n Î N
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involving the special functions of mathematics. For a key to the notations used here, see 

http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for 

example: 

http://functions.wolfram.com/Constants/E/

To refer to a particular formula, cite functions.wolfram.com followed by the citation number.

e.g.:  http://functions.wolfram.com/01.03.03.0001.01

This document is currently in a preliminary form. If you have comments or suggestions, please email 
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