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Notations

Traditional name

Modified Bessel function of thefirst kind

Traditional notation

(2

Mathematica StandardForm notation

Bessel | [v, z]

Primary definition

03.02.02.0001.01

2 i ; (E)ka

o T(k+v+ 1)kt \2

Specific values

Specialized values

For fixed v

03.02.03.0001.01
1,0=0/;Re(v) >0VveZ

03.02.03.0002.01
1,0 =&/, Re(y) <0AveZ

03.02.03.0003.01
1,(0)==¢ /; Re(») =0Av £ 0

For fixed z

Explicit rational v
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03.02.03.0015.01

1 s 92 3\%3 3)%3
| w(@=—-—— [1760\/2 [924/3(— + 1] v3 Ai[(—) 22/3] - Bi[(—) 22/3]) -
3 81 35/6 214/3 110 2 2

enc) ki O (6 e B e |

14080 88

03.02.03.0016.01

2 (2 +452 +105) cosh(z) - 5z(27 + 21) sinh(2)
I == —_
_2 (z - o2

03.02.03.0017.01

1 6 97 3,23 3,283
| 15(2) = ———— | 1120223 /3 2B — +1]||3AV (_) 23|++3 Bi' (_) 25| _
3 273506 7133 80 2 2
817 + 3024 7 + 4480 3\%3 3,23
LR R
22402 2 2

03.02.03.0018.01

1 3
| u(2 ==—7[80\/7
ey 27 35/6 211/3
3,23 3,23 V3 (92 +32 3,23 3,23
() 22/3)—Bi[(—) 22/3)] g, B2 [\/? Bi’[(—) 22/3]—3Ai’[(—) 22/3]]
2 2 4923 2 2

[ [922 ]
9[—+1
160
2 z(Z+15)sinh(z) - 3(22 + 5) cosh(2)
| 7(2) == -
I \ »

03.02.03.0019.01
Z7/2

V3 Ai

03.02.03.0020.01
|_£(Z) ==

3
56 223 97
V3 2R3 = +1
112

9 35/ 6 Z10/3

3AJ V3 Ai

(2]2/3 22/3] VI Bi’[[g)% 22/3J] ~ 9722\;2_14

(2)2/3 22/3J . Bi[(g)% 22/3]]]
03.02.03.0021.01

S e P XS TV A O

3

-3Ai

5223

03.02.03.0022.01
2 (22 +3)cosh(z) - 3zsinh(2)

| 5(2) = -
- x 512
03.02.03.0023.01
422/3 . 2/3 3 2/3 922 16 3 2/3 3 2/3
I 7(2) = — 2R 3Ai’[ ) Z3|+V3 B (—) ]| V3 Ai [—) 23| +Bi (—) 2R
: 3356 73 2 8v2 2 2



http: //functions.wolfram.com

03.02.03.0024.01

P H N Y o2 e e e

03.02.03.0025.01

2 zsinh(2) — cosh(2)
| s@=,- ——————
-2 . A2

03.02.03.0026.01

1 6
| 4@ == 7[«/§ 283

3 2/3 3 2/3 3 2/3 3 2/3
() 22/3]+«/§Bi’[(—) zzxs)]_zz/s[ﬁAi[[_) 22/3]+Bi[(_) 22/3]]]
3 \3/?35/5 24/3 2 2 2 2
03.02.03.0010.01

o ()

V2 V3 28

03.02.03.0005.01

/2 cosh(2)
I l(Z) == —
-3 . \/;

03.02.03.0008.01

3AY

e b ol

03.02.03.0007.01
1 3 2/3 3 2/3
11(2) = —[«/? Bi[[—) 22/3]-3Ai[(—] z2/3]
3 22/3\3/?\3/? 2 2

03.02.03.0004.01

l2 sinh(2)
|1(Z) == -
2 T \z

03.02.03.0009.01
1 3 2/3 3 2/3
PR S FEN o T o)
R PR R 2 ?
03.02.03.0027.01
1

7 0 0

03.02.03.0028.01

2 zcosh(z) — sinh(2)
L@=,- ——————
2 Fis 22

03.02.03.0029.01

1
ls(z) == ————— {9 Ak
3 3 22/3 35/6 Z5/3

2/3

[«6/? (\/? Bi’[(g) 23 V3 Ai

-3AI

3= =)

fees

Iﬁ(z) ==

V3 Al [2)2/3 22/3)+Bi[(g)2/3 22/3]]—4«7?«6/? 3AV

o))
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03.02.03.0030.01
I 7 (Z) ==
3

4 V3 (V3B (5)2/322/3 - 3AV (3)2/322/3 2P 4 23 %H
3356 7113 2 2 16

03.02.03.0031.01
2 (Z+3)sinh(2) - 3zcosh(2)

V3 Ai

ol )

|5(Z) = —
2 n 22
03.02.03.0032.01
l6(2) = — 5
3 936 A3
3 2/3 3 2/3 922 3 2/3 3 2/3
[9z“/3 x/?Ai[(-) 22/3]+Bi[(—] z2/3])-4\3/?\6/§[—+1] 3AY (—) 22/3]+\/?Bi’((-) 22/3]]]
2 2 40 2 2
03.02.03.0033.01
l10(2) == 6 22/3
3 935/6 Z10/3

E e I R L N B |
03.02.03.0034.01

2 z(Z2+15)cosh(z) - 3(22 +5)sinh(2)
|7(Z) = -
3 N =

7112

03.02.03.0035.01

1 3
|11(Z) = —
3 27 35/6 211/3
97 3\? 3\ s— o— (97 3\ 3\?
[924/3[—+1] [«/? Ai (—) 22/3]+Bi((—) 22/3]]-4x/?x/§[—+1) [SAi’[(—) 22/3]+x/§|3i'[(—) 22/3]]]
160 2 2 32 2 2
03.02.03.0036.01
1 o— (97 3\ 33
l13(2) == — ——— 1120 2%° [«/?[—H](«/? Bi’[(—) 23| _3A¥ (_) 22/3]]22/3+
3 27 35/6 213/3 80 2 2
812 272 3\ 3\
zz/s[_+_+1][mi[(_) zz/s]_si[[_) zz)]]
4480 40 2 2
03.02.03.0037.01
2 (2 +457 +105)sinh(z) - 52(22 + 21) cosh(2)
|§(Z) == ; 29/2
03.02.03.0038.01
1 s 92 3\%3 3\%3
ly(2) == —————— 1760\/?[924/3(— + 1] «/?Ai[(—) 22/3]+ Bi[(—) 22/3])—
B 81356 7143 110 2 2
o 6 8124 2772 3\ 3\%3
45@[—+ — +1|[3AV (—) z2/3)+\/§si’[[—) 22/3]]]
14080 88 2 2
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Symbolic rational v

03.02.03.0006.01

2|v|-1 1
1 i1 2 i (1 { 4 J (|v|+2k—5)!
,(2)==———e2 () |2 sinh[—(——v)—z) Z +
vz n 212 pary (2k)!(|v|—2k—%)!(22)2k

|.2|v|—3

mi(l 4 J(|V|+2k+%)!(22)—2k—1 L
COSh(_(__V)_Z) Z iv—-—€Z
0 (k+1)! (vl -2k=3)! 2

03.02.03.0011.01
IV(Z ==

2\v|—§ -y F(— %)

)y |

3 2/3
NERZE [«/? Bi’[(—) 22/3]—3sgn(v)Ai’
2 o k! (|v| —2k- g)v(g)k 1- Dy

3@ -v)

k

223 [Sgn(v) ﬁAi[(Z)% 22/3] - Bi[(g)% 22/3]] IZ; (M _k_ %)' [_ i] [; vl = % ez

okt (vi-2k=2)1(3) a-pp L 4

03.02.03.0012.01

7
sgn(» 2”75 2 (-2}
IV(Z) ==

33T -|v)

-3 (M-k-2)r 2\

(5)2/3 22/3]+ ) Bi[[g)m 22/3)] 23 {——] ~4V2 V3
2 2 o k! (v-2k=3)1(3) @-p 4

02 [@ A

2

32 3 W\ (m-k-3): 2\ 2
R (s
[3A| [(2) ]+ 3 sgn(v) Bi (2) é k!(|y|—2k— %)z(g)k(l—M)k /vl 3 ez

Values at fixed points
03.02.03.0013.01
lo(0) ==
Values at infinities
03.02.03.0014.01

lim 1,(X) == o0
X—00

03.02.03.0039.01
lim 1,0 = (1) co
X—=—00

03.02.03.0040.01

. 0 N=2
(e co) = =z /;1m@Q) =0
& True
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03.02.03.0041.01
I(ico) =0

03.02.03.0042.01
I(=ico) =0

General characteristics

Domain and analyticity
I,(2) isan analytical function of v and z, which is defined in C2.
03.02.04.0001.01
vx2)—1,(2:: (CRC)—C
Symmetries and periodicities

Parity

03.02.04.0002.01
L(=2=(-2"2"1,(2

03.02.04.0003.01
ILln@=1n@/ineZ

Mirror symmetry

03.02.04.0004.01
;@ =1,3 /; z¢ (-, 0)

Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed v, the function |,(2) has an essential singularity at z== co. At the same time, the point z== & is a branch

point for generic v.

03.02.04.0005.01
Sing (1,(2)) == {{c, o))

With respect to v
For fixed z, the function I,(2) has only one singular point at v = co. It isan essential singular point.
03.02.04.0006.01
Sing, (1,(2)) = {0, co}}
Branch points

With respect to z
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For fixed noninteger v, the function 1,(2) has two branch paints. z==0, z== c0. At the same time, the point z== c is an
essential singularity.

03.02.04.0007.01
BP1,(2) =10, %} [;v¢ Z

03.02.04.0008.01
B8P, () ={}svez

03.02.04.0009.01
R.(1,(2),0)=log/; v € Q

03.02.04.0010.01
RZ(Iga), o)::q/; peZAq-1eN Aged(p, g =1
q
03.02.04.0011.01
R1,(2), ) =log/;v¢Q
03.02.04.0012.01

RZ(IE(Z), o”o)::q/; peZANq-1eN*" Aged(p, g =1
q

With respect tov
For fixed z, the function |,(2) does not have branch points.

03.02.04.0013.01
BP,(1,(2) = {}

Branch cuts
With respect to z

When v is an integer, 1,(2) is an entire function of z. For fixed noninteger v, it has one infinitely long branch cut. For fixed
noninteger v, the function 1,(2) isasingle-valued function on the z-plane cut along the interval (—co, 0), whereit is continu-
ous from above.
03.02.04.0014.01
BCA1(2) = {{(=00, 0), —=i}} ;v &£ Z
03.02.04.0015.01

BC,(L(2)={}iveZ

03.02.04.0016.01

IimO l,(x+ie)==1,(x)/; xeRAx<0
€+

03.02.04.0017.01
lim I, (x—i€) =e 2 1,(x) /; xcRAXx<0
e~+0
With respect tov
For fixed z, the function |,(z) is an entire function of v and does not have branch cuts.

03.02.04.0018.01
'BCV(I v(2) =1{}
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Series representations

Generalized power series

Expansionsat v == +n

03.02.06.0021.01

L2 o 1n(@) + [ (D" Kn(2) +

(-1"n! (z)—n o -k

Zn\k
- Ik(Z)(—) v-n+../;v->mAneN
“(n-kk! 2

2

03.02.06.0022.01

n!, zy-nt=l o (—k Z\k
L@@+ — (-] Y on W@(5) - ki@

k=0

2

1 1)kl n k- 1) (Z)ZK—n 1 (Z)n no1
2

E - I i +1|+1— v+nNn)+ - /\
2 i ’ ¥ P O e e | |EN

n! i

1
k=0
Expansions at generic point z== z

For the function itself

03.02.06.0023.01

arg(zf ) arg|z—
1 [JJ [ g(zf’)J y y1(20) 20+ 1(Z0) (v = D v + B) ,
ly(z)oc(— Z, lv(zo)+[—|V<zo>+ly+l<zo>]<z—zo>+ (z-20%+...|/;
2 2 22
(z- 2)
03.02.06.0024.01
1,(2)
a (zf ) arg|z—;
1 [—Z"J [ g(z,f‘))J y L@ % @) (- DyB) .
[—) 7 1,(20) + [— 1,(20) + Im(zO)J z-2)+ (Z-20)* + O((z- 29)°)
Z 24 22%

03.02.06.0025.01

i | O L S
|y(z)=[%]vl gﬁ"’jzo[ gzn%Jélsokk)#(z—zO)k

03.02.06.0026.01

arg(zfzo)
2n

e

j” JiZOkZKIEHlVll k11 k+2 12(2) k
v+ L - (v-k+ D), - (v-k+2),v+1 —|(z-2)
K LR R 2 4]

L,@=Vx Tv+1) (%)V [%]V[

03.02.06.0027.01
Ly rfg(Z-zO) rfg(HoJ ok

2n 2n JN
20

j v k
L, (2= [_] Z
4| k=0 <! j20

k
( j )Iz i-kv(2Z0) (2= 20)
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03.02.06.0028.01

L V[arg(zfzo)j vrrg(z—zo]J - z(;k
Iv(z)=[—] TR
Z o k!
Kem m (=) 22—y oy ) [ 29 1R i-j-1! :
Z( () , 2 o
(m-i)! 2 ]=0]'(I—2]—1)'( i—v+1DjMja | 4

i=0

1,(Z0) |z~ zo)"

i (- [ 3

jzzoj!(i—Zj)!(—i—v+l)j(v)j 4

03.02.06.0029.01

)| e
= _
1,(2) o Zo 7 1,(20) (1 + Oz - 29))

Expansions on branch cuts

For the function itself

03.02.06.0030.01

2v7r£{wJ v X2 + (V_ 1) V) IV(X) - |v+1(X) X
1,(2) < e 2r Iv(x)+[—Iv(x)+lv+1(x)](z—x)+ (z—x)2+... /i(@Z->X)AXxeRAXx<0
4 2x2
03.02.06.0031.01
2vmi| 22| v O+ =D)L, = 110 x
1,(2) < e 2r Iv(x)+[—Iv(x)+ly+l(x)](z—x)+ Z-%?+0(z-%°)|/i xeRAX<0
4 22
03.02.06.0032.01
qawen| @ (4] 1 ¥\ 2 @z-xk
|V(z)=2-2V«/7r(v+1)e2V”ﬂ 2n JxVZZFg[V K+1 —(v+1 K), —(v+2 K), v+ 1; —] z-%
k=0 2 4 ka!
XeRAXx<O0
03.02.06.0033.01
Zwurrgsz 0 27 k .
L@ = e (e @0k xR AX<0
k=0 ' j=0
03.02.06.0034.01
arg(z—x) o —k
|y(z)_€2"’r {TJ X_
o k!
K m i-1 92i-m i—1 L 2\]
k (=D 227 (=) iy V)i [ % (i-j-D! X
_1 k+m( ) _ m _ _ |v— X) —
;0( " )Y em 2, m—i! J;j!(i—Zj—l)!(—i—v+1)j M | 4 10
i (i) Y -
Zj!(i-2j)!(-i-v+1)j(v)j > L |@z-% ;i xeRAXx<0

i=0

03.02.06.0035.01
{arg(z—x)J

L@« ™ LX) (1+0z=-X) /; XeERAX<0
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Expansionsat z==0

For the function itself

General case

03.02.06.0001.02
z

v 72 z
(—) 1+ +
Tv+1\2 4v+1) 3R2W+DHv+2)

1,(2)

03.02.06.0036.01

1,(2)

PN 2 z
(—) [1+ +
rv+1)\2 4v+1) 3Rr+1LH(y+2

03.02.06.0002.01

Ll 1 Z\2k+v
=D, Tk+v+1)k! (5)

k=0

03.02.06.0037.01

Zyv &2 22k
1@ = (5) Y
T+ \2) 4w+ 1 k!
03.02.06.0038.01
| ! Y Fql: 1; z
2= T +1) (5) i Y

03.02.06.0003.01

(2 = G)Voﬁl[; v+1, ;]

03.02.06.0004.02

(g)v +0(2*3) [, -v ¢ N*

1,(2)

rv+1)
03.02.06.0039.01
z\2k+v
[[ . (z)
L@ =Fu@ W /;|[Faz v =) ———— =
I'k+v+1)k!

k=0

Summed form of the truncated series expansion.

Special cases

03.02.06.0040.01

1,(2) o

Z\—V b z
(—) 1+ +
ra-vy\2 4(1-v) 32A-v)(2-v)

03.02.06.0041.01

1,(2)

Z\—V b z
(—) 1+ +
ra-vy\2 4(1-v) 32A-v)(2-v)

+...]/;(z—>0)

+ O(ze)]

2—2 n-y-2 Z2 n+v+2

22]] ]
(2 - 1FlLn+2,n+v+2, — /\neN
I'n+v+2)(n+1)! 4

+...]/; Z->0A-veN*

+O(ZG)] i(z->0A-veN'
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03.02.06.0042.01

& 1 Z\2k-v
1,(2 ==27(—) /i —veN*
Hrk-v+Dk! \2
03.02.06.0043.01
% 1 7\ 2k+]v]
-3t (2 ez
o T(k+ v+ k! \2
03.02.06.0044.01
1 A 2k
1,(2) = (—) 27/; —-veN*
FA-»\2) {341 -v)k!

03.02.06.0045.01

| ! an Fu; 1 z
W(2) = - ;1—v, —|/i-veN*
@ F(l—v)(z) oF1 v 2 /i-ve

03.02.06.0046.01
Z\v 2
1,(2) = (5) oFil; 1-v; 7 /i —veN*

03.02.06.0005.02

I ! Y o(Z™) /; N*
V(Z)OCF(l—v)(_E) +0(Z7) ) -ve

Generic formulas for main term

03.02.06.0047.01

1 zZ\~V
r1-v) (5) -veN
1,(2)

= (g)v True

/i (z—-0)

T'(v+1)
For small integer powers of the function
For the second power

03.02.06.0048.01

1,(2)?

+

272y 2V [1 2 B+2v2
+
2+2v  16(1+v)?(2+V)

I'(v+1)»?

03.02.06.0049.01

|‘,(Z)2 o

+

272y 2V [1 2 B+2v2
+
2+2v 161+ v)2(2+v)

I'(v+1)%?
03.02.06.0050.01
ZZV

Iv(22 ==
22V (v + 1) é v+ D 2v + D) k!

(v + %)k P

+...]/;(z—>0)

+ O(ze)]
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03.02.06.0051.01

2 1
SE— 1F2(V+ —v+1, 2v+1; 22)
22V (v + 1) 2

03.02.06.0052.01

) secrv)Vr 27 1
1,(2)? == 715(” E;v+1, 2v+1; 22)

1
F(E - V)
03.02.06.0053.01

7 (1o2)

1,(2)? «

(v +1)7?
03.02.06.0054.01
1 Kk
ZZV n (V + E)k 22

1,(2)% == Foo(zV) /; || Fn(z, v) ==
22Ty +1)% 1o (v + D v + 1) k!

22”+2V+21"(n+v+ g) 3
1,(2)?% - 2F3(1,n+v+—;n+2,n+v+2,n+2v+2;22] /\neN
Va T+v+2)T+2v+2) (n+ 1! 2

Summed form of the truncated series expansion.

Asymptotic series expansions

Expansionsinside Stokes sectors
Expansions containing z - oo

In exponential form ||| In exponential form

03.02.06.0055.01
1-4v? 16v*-40v2+9 ) 1-4y? 16v*-40v2+9
e“|1+ +.. je 7|1 - +.. |/

+ A-ie +
8z 128 2 8z 128 7

1,(2) «

2nz
v/
- <ag(2) < E /\ (12 - o0)

03.02.06.0056.01

1-4v2 9-40v?+16v* ) 1-4y?2 9-40v2+16v*
|1+ +. |+ - + +..|/

+ L
8z 128 7 8z 128 7

1,(2)
V2nz
w

- <9 R IAXCETD)
03.02.06.0057.01

1 n (42 (E ) 1 1 (a3 G 1y 1
PR O T VR IO L L T e

2nz k=0 k! Zmt

- <ag(z) < g/\ (12 - o0)
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03.02.06.0058.01

PN L L YRR DOV SO L L YEEY SOV

V2nz k=0 k!

e

_E <arg(z)<7r/\(|z| - 00)

03.02.06.0059.01

11 1 ) 11 1 bis
1,(2) o (@ZZFO[V+ = ==V —) —ie‘z‘“’ngO(v+ - == ——D fi-m<ag< - /\(|z| - 00)
527 2'2 22 2' 2 22 2
03.02.06.0060.01
11 1 , 11 1 s
1,2 o (eZZFO[v+ — ==V —) + e””‘zn'zFo(v+ Sl ——)] [;——<ag2 < 71'/\(|Z| - 00)
Vanz 2'2 2z 2' 2 2z 2
03.02.06.0006.01
e’ 1 g
L@ (1+ 0(—)] /i larg@l < = /\ (12 - o)
2nz z 2
03.02.06.0061.01
1 ) 1 b§
1,(2) « (ez (1 + O(—)) —ie FtY (1 + O(—])) /i —n<ag2< — /\ (|12 = o0)
Varz z z 2
03.02.06.0062.01
1 ) 1 b8
1,(2) < (ez (1 + O(—)) + e“”Hu‘(1+ O(—])) /i ——<ag(2 < 7r/\ (12 = o0)
Varz z 27 2

In hyperbolic form ||| In hyperbolic form

03.02.06.0063.01

1,(2)

mi(2v+1)
V2 e Tiv+1) 16v4—40v2+9 2568 — 53761° + 315844 — 51664 v2 + 11025
_ COSh(Z+ J 1+ + +.. |+

Vrz 4 1282 983042
1-4y?2 ] ni(2v+1) 16v* — 13612 + 225
smh(z+ ] 1+ +
8z 384 7
25618 — 104966 + 137824 v* — 656 784 v2 + 893025

)]/ @<= N\ (2> )
+.. ||/ —r<ag@< - 7> oo
4915202 2
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03.02.06.0064.01

2 riew ni(2v+1)
1,(2) o e 4 cosh(z+ 7)
nz 4
1 1 1 1
n (Z(l—ZV))k(Z(S—ZV))k(Z(2V+1))k(z(21/+3))k 1\ 1 1-4y2 ri(2v+1)
Z (—] +O[ ) + sinh[z+ —)
k=0 (%)k k! 2 22 8z 4
" (%(3—2v))k(%(5—2v))k(%(2v+3))k(%(2v+5))k 1 1 i
(—] +O{ 2) /;—7r<arg(z)<—/\(|z|—>oo)
pary (g)kk! z Zm 2
03.02.06.0065.01
1 { _mi@vD [ 1
1,2 V2 e s cosh(z+ —riQRv+ 1))
nz 4
1 1 1 1 11 1-442 1
4F1[—(l—2v), -B-2v),—2v+1), -2v+3); —; —]+ sinh(z+ —mf(2v+1))
4 4 4 4 2 2 82 4

1 1 1 1 31 n
4F1[—(3—2v), ~(5-2v), ~(2v+3), ~(2v+5); = —]]] fi—n<ag@ < = [\ (14> o)
4 4 4 4 2' 2 2

03.02.06.0066.01
iyl

V2 e ( mi2v+1) 1) 1-4» mi(2v+1) 1
1, () ¢« ———M8 cosh(z+ 7)[1+O[—)J+ smh(z+ —)[1+O[—J] /;
Vaz 4 2 8z 4 2

T
~m<agd < /\ (12> )

Expansions containing z - —oo

In exponential form ||| In exponentia form

03.02.06.0067.01

1,(2)

1
(2722 (2, 1-4v? 16v*-40v?+9 LI 1-4v? 16v*-40v?+9
—|e ¢ 1+ + +..|+e 1- + + .../
V2 8z 128 7 8z 128 7
v/
a9+ /\ (12~ o)
03.02.06.0068.01

e ) e o)

v2n V-2 k=0 k!

T
> <arg2 sn/\(|z| — 00)
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03.02.06.0069.01

(u'Z)_V_% z e%(ZWDKHZ iw( ! ]k+0[ ! ) +

k! zn+1

1,(2)
2n k=0

1 | (V+%)k(%_v)k 1y 1 T
6_4_(2V+1)m—z 27(__) +O(ﬁ] [, arg(2 + 5 /\(|z| - 00)

o k! 2z

03.02.06.0007.01

ot ir2v+1) 11 1 inv+1) 11 1
(iz7"22 (exp(z+ 7)2F0(v+ - ==V —)+exp(—z— 7)2F0(v+ - ==V ]) /;
4 2 2 2z 4 2 2

IV(Z) o« -
2z

vVar
largi 2l < A (12 » o)
03.02.06.0070.01

(@ z)‘“% 2 (2om 1 L 1 7
I,,(Z)oc—(e P (1+0(—)]+e a "t (1+o(—)))/; arg(Z):#—/\(|Z|—>oo)
m z z 2

In hyperbolic form ||| In hyperbolic form

03.02.06.0071.01

1,(2) «
V2 (272 ri(Rv+1) 16v4—40v2+9 2568 — 537616 + 315844 — 5166412 + 11025
_— COSh(Z+ ) 1+ + +.. |+
Nriz 4 128 2 98304 7
1-4v2 Ti(2v+1) 16v* - 1362 + 225
smh[z+ ) 1+ +
8z 3847
25618 — 1049615 + 137824 v* — 656 784 v2 + 893025

)]/ @~ \(d- o
+.. |/ ag@+ - 7 -
4915207 2

03.02.06.0072.01

V2 (272 7iv+1)
_— COSh(Z+ 7)

1,(2)

Vriz 4

o (3@-29) (F6-2v) (F@v+) (F@v+3) 1y 13| 1-42 Ri@v+1)
Z (1) (;) O[zz 2) o smh(z+—4 )
k=0 Ekk! n+

N (‘l‘(3_2v))k(%(5_zv))k(%(zv+3))1((%(2V+5))k 1\ 1 bis

g A A )

- 3 K

03.02.06.0073.01
V2 (272 ri(2v+1) 1 1 1 1 11
L@ ——— cosh(z+7)4F1 —(1-2v), = (3=2v), = (2v+1), —(2v+3); - — |+
Tiz 4 4 4 4 4 2" 2
1-4y?
8z

ri@v+1)y (1 1 1 1 31 n
sjnh(z+ 7)45[— (3-2v), =(5-2v), = (2v+3), = (2v+5); ; —]] fiag@ # = /\ (2 - )
4 4 4 4 4 2 2 2
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03.02.06.0074.01

2 1 [ 7i(2Qv+1) 1 1-4y? 7i(2v+1) 1
W@e | G277 cosh(z+7)(1+o(—]]+ Sinh(z+ )(1+o[—]) /i
n 4 i 8z 4 2

T
a9 # /\ (2 - )

03.02.06.0008.01

|2 ot in(2v+1) 1
L@« | — (G2 227 cosh(z+ T] (1+ O(—)] /ilagi@z)| <a A2 - o)
n z

Expansionsfor any zin exponential form

Using exponential function with branch cut-containing arguments

03.02.06.0009.01

1 . i (1— 42 _ 2 4 164
B =
‘3 8y -2 1287
i[\/;—i(zwl)n) i(1—4"2) 9-40v2 + 164
e 4 1- + +...01/; (124 = o)
a2 1282
03.02.06.0075.01
1 (1 \/_22 n (V+ %) (% - V) i “ 1
L@x —— 2 (i | o2 yo=— = +o[ ) +
2n k=0 k! 2+ -2 7t
1)\ (1 k
(2 0 (3G 1
e—s[z(2v+1)7r—\/?) Z 2 )k '2 k [_ i . O[—l] (12— o)
k=0 k! 2V -7 z
03.02.06.0010.01
1 2l 2 1 1 1 ;
1,(2) zZ(-2) * exp(zz’(u—\/—z2 ))2Fo V4= — =V ! +
Vor 4 2’2

/i (12 - o0)

Gl L R

03.02.06.0011.01

e ) B2 Yool oo 27 ol

4 4

V2nr
(12 - o)

Using exponential function with branch cut-free arguments
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03.02.06.0076.01

V=1 G272 1-4y2 9-40v2+16+*
e“|1+ +... |+

1,(2) +

2niz 8z 128 72

@—Z

i\ 2 -1+4v?2 9-40y2+16v*
! cos(r v) — Sin(r v) [1+ Y + ’ ’ +] /; (12 = o0)
z 8z 128 72

03.02.06.0077.01

V=1 G227 n (V+%)k(%_v)k 1\ 1
n () Az
k!

2niz k=0

iV 2 cosnv) ]

———— —d8n(v)
zZ

e—Z

03.02.06.0078.01

V=1 G272 n (V+%)k(%_v)k 1\ 1
2 () o))
k!

V2niz k=0

e*Z

1 1
. n \v+35) |5V
E—“ZZCOS(”V)_sin(m)] ) M(_i)zo(i] /; (12 > o)
. 71

03.02.06.0079.01

1
2 (—22)5<_2V_1) [ [ z
(D) o« ——— |ef|1-

Vir

Pavlyk 0. (2006)

03.02.06.0013.02

V=1 G272 1 i 2 1
1, (2) 6 ———— | ¢ (1 + O(—)) +e? cos(n v) — Sin(zr v) (1 + O(—)] /(12 = o0)
V2riz z z z
03.02.06.0080.01
eZ—j e ZiTY arg(z) - g

Var vz

eZ4i V2

1,(2) \/;‘/?

iel™ v727?z+21nv

Var vz

Expansionsfor any zin trigonometric form

—3<AYD =3 /; (17 > =)

True
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Using trigonometric functions with branch cut-containing arguments

03.02.06.0014.01

\/? _2v+1
(Do« — 2 (-7) *

T

+

7(2v+1) 9-40v2+16v* 11025-51664v2 + 31584 v* — 5376 + 25618
cos(\j— - )1+ +... ]+
128 72 98304 7

1-4y? sin(\/—i— Jr(2v+1))
gy -2 4

+

225-136v2 + 16v* 893025 — 656 784 v2 + 137824 v* — 10496 v° + 2568
14 RIACEYS
38472 4915207

03.02.06.0081.01
VT2 () s
Vi

1,(2) <

COS(\/_*_n(Zv+l)) Z“:(%(1‘2V))k(%(3‘2"))k(%(2"+1))k(%(2V+3))k [i)k+o[ 1 ] 14
s e

siﬂ(\/—_ ﬂ<2v+l)) Zn:( (3_2V))k(‘_l‘(S_ZV))k(%(2V+3))k(%(2”5))k[1 K

k=0 (g)kk!

03.02.06.0015.01

Zv+1

AD«——{J_Z T
\/—

7(2v+1) 1-2v 3-2v 2v+1 2v+3 1 1
(7 T i S 2t 23 L)

p 4 4 4 2 2 2

1-4y2 3-2v 5-2v 2v+3 2v+5 31 — nv+1
aF [ 4 4 4 a4 2 zz)sn( 7z ]]]/;(lzlﬁoo)
8y -2

03.02.06.0016.01

e \/—z—[ g[\/— 71(2v+l))( o(;))Jr 1-42 sin(\/———ﬂ(2:+l))[l+0[§]]]/;

gy -2

(12 - o0)

Using trigonometric functions with branch cut-free arguments

1
—] +O[ ] /3 (14 - o)
Z2 Z2n+2
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03.02.06.0082.01

iz 72 1 1 \/;
Vor |\|Viz

[1 9-40v?+16v* 11025-51664v? + 31584 v* - 53765 + 2562 ]
+ + .|+

+
in2v+1)
smh(z_ —)]
4

128 72 983047
225-136v2 +16v* 893025 — 656784 v2 + 137824 v* — 10496 v + 25618
14 .| 12 o)

NEY

z

in2v+1) e
)+
4

1,(2) « cosh[z + +1

in(2v+1)
cosh(z— —]]

z 4

-z

e

. Vz

z

in2v+1) ey
)+
4

sinh(z+ +1

1-4+2 1
4

8z |Viz

-iz

+
3847 4915207

03.02.06.0083.01

IV(Z)oc(iZ)_VZV - 1—\/; coSh(Z+M(2V+1))+ < \/;+1 cosh(z_w)
m iz z 4 iz Z 4
n 1-2v 3-2v 1+2v 3+2v
() E LR
kZ:(; ( kvz2k +O(22”+2] "
- ”'”(2“1)] e (V2 ) _h( m(2y+1))
8z \/— 4 + — . +1{sin z-T
v 3+2v 5+2v
Z ) ( ) ZZk)k( 4 )k +o[22:+2] /(12 > o0)
k=0 Ekk'

03.02.06.0084.01

iz 72 1
IV(Z) o« 1
van [[ \/l_Z

1-2y 3-2v 1+2v 3+2v11
“(4’ 4 4 4 222)

vz

z

in(2v+1 iny 2 in(2v+1
cosh[z+M( v ))+ ¢ [\/7+1]cosh(z——”r( v ))]
4 7 z 4

-1

NE)

z

NE
sinh

z

1- +1

in2v+1) e
(Z+ )+

8z | Viz

1-4y2 1
—iz

in(2v+1)
s-nh(z_i)]
4

3-2v 5-2v 3+2y 5+2v 3 1
4F1 /1 (12 = o0)

2 a4 a4 22
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03.02.06.0085.01

1,(2)
i™7 1 V2 in2v+1) ey in2v+1) 1 1-44?
1- cosh(z+ ]+ +1 cosh(z——) [1+O[—)]+
m \/L_Z z 4 iz z 4 VA 8z
1 e it(2v+1 inv 4 2 in(2v+1 1
1- sinh[z+M( ’ ))+ ¢ +1 sinh(z— w} (1+O(—]) /1 (12 = o0)
viz| 7 4 iz | 2 2
03.02.06.0086.01
p¥y2. 1. x
ey cosh(z+Zm(2v+1)) ag?=-3
1,(2) %cosh(z— %in(2v+l)) —g <arg(2) < % /(12 = o)
3inv
(—1)3/4\/?f 2 1.
T COSh(Z+ Zim 2v+ l)) True

Residue representations

03.02.06.0017.01
2 -S
(%)

r(s+ %) rl+v-9 r(% —s)

L2 =n2" zVZr&g I |(-))

j=0

03.02.06.0018.01

(o]
Zreg
i=0

03.02.06.0019.01

-5

r(1+2-9

N2

(=2 (-7)

(2 = ress
@=r), =

03.02.06.0020.01

L@ =2 2" ) res]

=0

Integral representations

On the real axis

Of thedirect function

03.02.07.0001.01

1 T
f 2% gt
0

(2 = —
7
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03.02.07.0002.01

1 pm
lo(2) == — f 7200 gt
0

/e

03.02.07.0003.01

1
lo(2) = — f cosh(zcos(t)) dt
T Jo

03.02.07.0004.01

21—v Vid 1 v—l 1

() == ———— f (1-t?) zcosh(zt)dt/; Re(v) > ——

Va v+ ) Jo 2
03.02.07.0005.01

2 -1 vl 1
1(2) == ——— sz (1-t3) 27 dt/;Re(r) > — =
n F(v + %) -1 2

03.02.07.0006.01

2 7 1
(D) == —8— 7 f 2720 g 27 (t) dt /; Re(v) > — —
\/; F(v + %) 0 2

03.02.07.0007.01

1 T
1,(2) ==—f €20 cos(vt)dt /; ve Z ARe(z) > 0
T Jo

Contour integral representations

03.02.07.0008.01

21 (s 2\°
L= ——-7 f —| ds
i ﬁr(s+ %)F(%—S)F(—s+v+l) 4
03.02.07.0009.01

l(2) = ZV(_ZZ)_éf s+ 3) [_i]_sds
LT

2ri (1+2-9\ 4

03.02.07.0010.01

1 I(s+3) Z\-2s

IV(Z) == —f (—) dS
2i LF(% +S)F(1+ : —S)F(ﬂ —s) 2
03.02.07.0011.01

2@ p [(s+3) (izy?s
1,(2) == f [—) ds
2ni L]‘(1+ % —s) 2

Limit representations

03.02.09.0001.01

z
I,(2) = lim ¥ P;V(cosh(—))
A—=00 A
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03.02.09.0002.01

1,(2) = (g)v r|1im i L;[_i]

o Y 4n

03.02.09.0003.01
z ) zZ
I, (7)== — lim {Fy|a; v+ 1, —
22T(v+1) a e 4a

03.02.09.0004.01

1 zyv Z
1,(2) = (—) lim lim 5Fqfm, n;v+1, —
I'(v+1) \2/ noeo moeo 4mn

Generating functions

03.02.11.0001.02

. oot ({1 1)
X) t“ = exp| — x|t + —
k p2 ”

k=—co

03.02.11.0002.01

)

Z I((2) € K9 = 750

k=—c0

P. Abbott

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

03.02.13.0001.01
ZW'(2)+2zW (2 - (Z + v} )W2) =0/, W2) = ¢, 1,(2) + ¢ K,(2)

03.02.13.0002.01
1
We(1,(2), Ky(2) == — ;
03.02.13.0003.01
W@Z+W@z-(Z+V)WD =0/,WD) = c. LD+ I,@DAveZ

03.02.13.0004.01
2sin(rv)

Wy(l,(2), 1-,(2) == -
nz

03.02.13.0005.01

2\/_ n+2 2\/_ n+2
W2 -aZ'w@2 =0/ W® ==\/7[C1I1[ a ZT)+ K 1 [ 2 ZT]]

n+2 2l N+2

n+2 n+2

03.02.13.0006.01

WZ[\/?I 1 [2\/? z%], Vz K, [2\/3 zn;—z]):_ﬂ_]_

n+2 n+2 2

n+2 n+2
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03.02.13.0007.01

2va n 2va n 1
W’(z)—az”w(z):o/;w(z)::x/?[clI1[ azsz)+62|1[ azg)]/\—él

03.02.13.0008.01

o )22

2l N+ 2 Tzl n+2

03.02.13.0009.01

W’ (2 - (mz + ; (vz - %)] W2 =0/ W2=¢Vz Iv(m z) +cVz KV(\/? z)

03.02.13.0010.01
o 7 s o <

03.02.13.0011.01
1
V2 —

ZZZ]W(Z ::0/;w(z)==cl\/7lv(\/gz)+¢2‘/?|—v(‘/¥2)/\yeEZ

W’ (2) — | m? +

03.02.13.0012.01

Wz(x/? |(\/¥ z), vz |(\/¥ z)) __2sn@y)

T

03.02.13.0013.01

W’(Z)—(ﬁ+ VZ:)W(Z) =0/, W2 == clx/?lv(ﬁ \/?]+ CZV?KV(\/?\/?)
4

4z

03.02.13.0014.01
WZ(\/?I(\/? \/?) \/?K(\/? x/?)) —%

03.02.13.0015.01

W’(Z)—(ﬁ+ V4;21)W(2) =0/, W2 = cn/?lv(m \/7)+C2\/7I_y[\/¥ ﬁ)/\vel

4z

03.02.13.0016.01 |
WZ(\/? Iv(\/? \/?) vz |_V(\/§ \/7)) _ _strv)

03.02.13.0017.01

2v-1
W @2 - —— W@ -W2m =0/, W2 =c, 2 |,(Mm2) + ¢, Z K,(m2)
z
03.02.13.0018.01
Wy(2'1,(m2), Z'K,(m2) = -2
03.02.13.0019.01

2v-1
W@ ——W@-WDM =0/ w2=c,Z l,(m)+c, Z I_,(M)Ave¢Z
z

03.02.13.0020.01

2
W,(Z' 1,(m2), 2 |_,(m2)) = — — 2" L sin(xv)
T



http: //functions.wolfram.com

03.02.13.0021.01
W@Z+R2z+DW (@) z2+(2-V*)W2) =0/, W2) = Cr e *1,(2) + ¢ e *K,(2)
03.02.13.0022.01

£—22
Wy(e™?1,(2), e ?K,(2)) = —

03.02.13.0023.01
W@Z+QRz+ YW@ 2+ (2-V)W2) =0/, W2 =Cre 21, + e * |, A\v¢Z

03.02.13.0024.01
2
Wo(e?1,(2), €71,(2) = = — e ??sin(x v)
nz
03.02.13.0025.01
W(@Z+(1-22W (@ z- (Y’ +2)W2) =0/, W2) = ¢1 £*1,(2) + C €° K, (2)
03.02.13.0026.01

eZz
Wo(e?1,(2), €K, (2) == ——
z

03.02.13.0027.01
W@Z+(1-29W@z-(V+2W2) =0/;W2) = ¢, e’ |,(D+ G e’ |, A\v&Z
03.02.13.0028.01
2
Wy(€? 1,(2), €*1_,(2)) == — — €?Zsin(rr v)
nz
03.02.13.0029.01
W@Z+1-2pW @) z+ (- o? 29+ p* —v* ) W(2) == 0/; W(D) = ¢, 2 I,(MZ) + ¢, 2° |_,(mZ)
03.02.13.0030.01
2q
Wy(2° 1,(m2Y), 2 I_,(mZ%)) = — — 2P Ldin(rv)
v/
03.02.13.0031.01
W (2) - (e** P +v?)W(2) = 0/; W(2) = ¢ |_,(me?) + ¢, |,(me?)

03.02.13.0032.01
2sin(v)

Wy(l,(me?), 1, (me?)) = —
bid

03.02.13.0033.01
d1,(2 0K, (2

(22+v2)\/\/’(z)22+(22+3v2)w’(z)z—(22—vz+(22+v2)2)w(z)==0/;w(z)==cl +6C p
z
03.02.13.0034.01
nt*
w9 (2) - = W2 ==0/; W(2) =¢; z(l2(2m\/?) - J2(2m\/?)) +
nt* 22 nt* 22
czz(|2(2m\/?)+32(2mx/?))+ cgegﬁ[? 013, g]ﬁuczlegi[T 230 1]

03.02.13.0039.01
g’@ dJ©@
g@ 92

V2
w’(2) - ( ]W 2~ [—2 + 1] g@°w@ =0/;w@ = ¢, 1,(9(2) +cK,(9(2)

9@
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03.02.13.0040.01

4

Wo(1,(9(2)), K\ (9(2) == -

92
03.02.13.0041.01
g@ 2h@ g"(Z)) ( V2 ] , "@g@ hohvo-20r* Nog9'®
+ + wW@-[|—+1|19@" + + - w2 =0/
92 hd Jo 9(2? 92h@ h(2)? h(2g'(2
W(2) = ¢1 h(2) 1,(9(2)) + ¢, h(2)K,(9(2)

03.02.13.0042.01

w’(z

h@’ g2
92

W;(h(2) 1,(9(2)), h(2) Ky (9 (D)) = -

03.02.13.0043.01
ZW@+z(1-29W @+ (S -r* (&2 2" +V?))w@ =0/; W2 = ¢; Z1,(aZ) +c, K, (aZ)

03.02.13.0044.01
W, (Z 1, (aZ), 2K, (aZ)) = -r 251!

03.02.13.0045.01
W (2) - 2log(9) W (2) — ((a® r?? + v?) log?(r) - Iogz(s)) W2 =0/, W2 =c¢; $l(ard) +c, K (ar?
03.02.13.0046.01

Wy( 1, (ar?), &K, (ar?) = —s*log(r)

Involving related functions

03.02.13.0035.01

[

k=1 k=1 z

2
WwW(2) + (y2 _ ﬂ w(z) 47 [[1_[[ ]J W2 +2wW2) +3 ZV\/(Z)J 0/;

k=1
W@ = 1,0 1,2 +c L@ K2+ 1, K, (2 + ¢4 K2 K, (2
03.02.13.0036.01
4 d 2 d 2
l_[[z —) W(2) — 2 (12 + V) 1_[[2 —) W)+ (V2 - p 2 ) w2 -472 l_[[ ] W(2) + 2W(2) + 3zW (2)| =0/
kil dz kil dz k=1
w2 =¢ 1,1L,@ +cl ,@,@+cl,@D,@+csl (D2

03.02.13.0037.01

3 d 0
[l_[ [z d_)] W2 - 4(Z +V?)z \;V(Z) —422W@) =0/, W@ =, ,(2? + , K, (D 1,(2) + ¢z K,(2)?
z z

k=1

03.02.13.0038.01
2wI@) -z(4Z + 4 - YW@ + (42 - YW@ =0/, W2 = ¢, 2 1,(2* + ¢, ZK\(2) 1,(D + C32K,(2)?

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations
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03.02.16.0001.01

\4

Iv(_z) ==

1,(2)

ZV

03.02.16.0002.01
) iz)”
Iv(ll 2=——1J3(
Pl

03.02.16.0003.01
(-i2)
l(=i2) =

3,

03.02.16.0004.01
Iy(@) = ny (ZZ)V/Z Iy(z)

03.02.16.0005.01
o cd)my

LecdZN)) = —I,(cd"Z"™ /; 2meZ
(cdmzZmny

Addition formulas

03.02.16.0006.01

<l\/veZ

had Z
um—@:§y4wmmm@mg
1

k=—co

03.02.16.0007.01

Wa+z)= ) L@@ veZ
k=—co
Multiple arguments

03.02.16.0008.01
= (Z-

v - 2
@2 =262"7 (22" @z ) @) (5
k=0
03.02.16.0009.01
S (Z- 1)k Zp\k
W(z12) =7 é - l,_k(Z) (5) LZ-1 < 1\/ veZ

Identities

Recurrence identities

Consecutive neighbors

03.02.17.0001.01

2(v+1

1,(2) == f |v+l(Z) + |v+2(z)
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03.02.17.0002.01
2(v-1
(@ =1,22-

lv—l(z)

Distant neighbors

Increasing
03.02.17.0003.01
[gJ n-Kk)! ZZ k
L@=2" 7"(v+ 1), 2(n+v)z ( A [——] Iney(2) +
k-2 (—n-y v+ | 4
=] (N—k-1)! [ zz)k
ZZ ——| lhys1@|/;neN
S KIN-2k-D!(-n-v+ D v+ 1 ( 4

03.02.17.0015.01
1-n n
L@=2"1Z"(v+1), (Z(n +v) 3F4(l, - E; 1,-n -n-v,v+1; 22] Iniv(2) +

n n
z 3F4(1, - 1- E; 1,1-n-n—-v+1lv+1; 22) |n+v+1(z)) sineN

03.02.17.0007.01
(Z+40+D(+2) 2@ +22(v+ 1) 1,432

ra

1,(2) =

03.02.17.0008.01
Av+2(Z+200+ D (v +3) 1132+ Z(Z+40+ D) (v +2)) 1,142

z

IV(Z) ==

03.02.17.0009.01

1
(2 = ” (Z+120+20(v+3)Z2+16(v+ D+ (v + ) (v + D) |,,4@D +42(v + 2) (Z+2(v + D) (v + 3)) 1,45(2)

03.02.17.0010.01

1
I,(2) = ;(2(v+3) (3Z+16(v+2(v+HZ+16(r+ 1 (v+D(V+DH (v +5) 1,52 +

Z(Z+120+Q(+3Z+16(r+ D v+ (v +3) (v + D)) 1,.6(2)

03.02.17.0016.01
1,(2) = Cn(v, 2 l,4n(D + Cn_1 (v, D i1 (@ 1
2v+1)

2(N+v)
Cov, 2 =1/\Ca0v, 2 = A\ Catv, 2= a1, 2+ Coal, 2 J\nen

z

03.02.17.0017.01
1-n

n
1,(2) == Cn(V, 2 ly4n(@ + Cno1(Vy D i@ /;Cn(v, 2 =2"Z" (v + 1), ZFS(T’ - E; v+1,-n -n-v; 7

Decreasing

)/\neN+
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03.02.17.0004.01

n-1
1z (n—k-1)! 2\
L@ =2" 7" (-] ) ——| 1@+
S (n-2k-1)! A-vy (v -n+1 | 4
2] (n-K! ( 22]k
2(n-v) ——| h-n@]/ineN
Sk (n-2K)! A-vy (v - | 4

03.02.17.0018.01
1-n n
L@ =2"1z"(1-v), (7—("‘ -v) 3':4(1, — " E; 1, -nl-v,v—n; 22) ly_n(@ +

1-n n
z 3F4(1, - 1- E; 1,1-n1-v,v—n+1; zz)lv_n_l(z))/; neN
03.02.17.0011.01
(Z+40-2(-D)1,@-22(r-1)1,52

(2 =
zZ

03.02.17.0012.01
2(Z+40-2(v-D)L,.4a@-4(Z+2(r-3) (v-D)) (v= 2,5

Pl

Iv(z =

03.02.17.0013.01

1
1,(2) = ” (Z+1200-3)(v=-2Z+16(v=D(v-3) (V-2 (v- D) |,.4@ -42(Z +2(v =) (v - 1)) (v -2 |, _5(2))

03.02.17.0014.01

1
l,(2) = . (z2(Z+1200-3)(v=2Z+16(v-DH (V-3 (v=2 (v= D) |,_6(2) -

283Z2+16(v-H (-2 +16(v-5(-H (-2 (v-1) (-3 1,.52)

03.02.17.0019.01
1(2) = Cn(v, 2) lyn(2) + Cn_1(v, 2) |, _n-1(D) /;
2(v-1)

2(-n+v)
Cov, =1 /\Catv, 2= - NG, 9= - ——Cos(, D+ Cro(v, 2 [\neN
z

z

03.02.17.0020.01

1-n n
1,(2) = Cn(V, D lyn(2 + Cn1(V, D 1@ /;Ca(v, 2= (=2"Z" (1 -), ZFS[T’ - E; 1-v,-n,v-n; —22) /\ neN*

Functional identities

Relations between contiguous functions

03.02.17.0005.01
Z(I v—l(z) - |v+1(z))

2v

IVZ ==

Relations of special kind

03.02.17.0006.01

2sin(rv)
L@@ =L@, 1(2 =

nz
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Differentiation

Low-order differentiation

With respect tov

03.02.20.0001.01
Yk+v+1) (z)2k+v

110z) =1, (z)log( ) ikvr(k+1/+1)

k=0

03.02.20.0002.01

L 1ey 2 2
119(2) == 1,(2) (10g(2) — 10g(2) — (v + 1)) - OXM[ Ll 1+

Z\V+2
v+ DTV +2) (5) 2051 2,24y 24v; 4’ 4

03.02.20.0003.01

_1yn _nn=1(_1)K
110(2) == %n! (E) le(g)k-q-(—l)"‘l Kn@/ineN

2) & (n-kk!
03.02.20.0018.01
1 z\y-net -1k zZ\k
149G = —nt(-] - W@ (5] - 0K+
2 U 2) -k T\2

Rl (n—k-1! z2kn 1 zn M1 zZ
(_) +—(—) ZTle i+ n+1, —|/;neN*
‘o k! 2 nt\2 = 4

03.02.20.0019.01
1

H2222 " L2,
|<1°)() Ch 2@ Z (Zk 1)(—2k+2n—1)!
2

T

1

(-)"222™"2

3 1
[cosh(z) (zﬁ(k + —) - w(k -n+ —]) — cosh(2) Chi(2 2) + sinh(z) Shi(2 z)) 24
2 2 nvVr

1 1
222“( )(Zn 2k)! ((w(k— n+ 5)—zp(k+ E)]sjnh(z) + Chi(22) sinh(z) — cosh(2) Shi(22))22k/; neN

Brychkov Yu.A. (2005)
03.02.20.0020.01

(- 1)”2(22)2 Z

Z (Zk 1)(—2k+2n—1)!

199, (@) = ———
2 nvr o ko

1

)22 "2

3 1
[—(¢{k+ —) - zp(k -n+ —)) sinh(z) — Chi(2 2) sinh(2) + cosh(z) Shi(2 z)) 2k
2 2 ntvVr

1 1
Zz”( )(Zn 2k)'(cosh(z)(¢//( 2) w[k—n+E))+cosh(z)Chi(22)—sinh(z)Shi(Zz))z”/;neN
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Brychkov Yu.A. (2005)

With respect to z

0
21,2

0z

3.02.20.0004.01

v
ly_.12 - - 1L(2
Z

03.02.20.0005.01

a1, (2
0z

4
- lv(z) + |v+1(z)
4

03.02.20.0006.01

al,(2)
0z

! | I
5 ( v—l(z) + v+1(z))

03.02.20.0007.01

03.02.20.0008.01

' 1,(2)

0z

=27'1,4(2

03.02.20.0009.01

o 1,(2)

0z

=7"1,10

03.02.20.0010.01

Pl 1

b

Z (IV72(Z) +2 lv(z) + Iv+2(z))

Symbolic differentiation

With respect to v

03.02.20.0011.02

| ’(/ITI,O) (Z) ==

k=0

With respect to z

03.02.20.0012.01

100 (0) == 0 /; neN+/\[vez/\|v| >n\/

03.02.20.0013.01

10N Q) ==

2"n!

© 1 ,z\2k M (%)V _
ZF(E) ﬁr(k+v+l)/’

F(%(n—v+2))1"(%(n+v+2))

meN

2

/;neN"/\

n-v-1
EN]

n-v

2

eZ/\Msn
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03.02.20.0021.01

"y (2 n n m (=D 22K (— )y g (Vi
=7 _1rmn( )_ g
— r;)( il [ v)nmk; —
7kl (K—j—-1)! 2 k (K= ! 2y
—Z. , J (——) Iv—l(z)_z_ , J [——) L@|/ineN
291 k-2j-D1A-k=-); M | 4 Sitk-2p1a-k-n;m; 4
03.02.20.0014.02
M, (zZ _(v+1 v+2 1-n+v 2-n+ 7
()::Z"ZV\/;ZV”F(V+1)2F3[V ,v : v, V,v+l; —]/;neN
97" 2 2 2 2 4
03.02.20.0015.02
(2 n Dn :
Py =2 Z(k)|2k—n+v(z)/v neN

k=0

Fractional integro-differentiation

With respect to z

03.02.20.0016.01

2°1,(2) (v+1 v+2 1 1 z
=22 \[x 27°T(v+1),E4 , - (—a+v+1), —(—a+v+2), v+l — |/ —veNt
0z 2 2 2 2 4
03.02.20.0017.01
8%1_n(2) _(n+1 n+2 n-a+1 n—-a+2 Z
2020\ 2 T(n+ 1) ,F, , : , ,n+1 —|/ineNt
0z 2 2 2 2 4
Integration

Indefinite integration

Involving only one direct function

03.02.21.0001.01

v+1
flv(az) dz=2""z(a2) F(T) W

(v+1. v+3 azzz]

03.02.21.0002.01

v 1y _ (v 1 v 3 Z
flv(z)dz: 2’”’12”11“(—4- —) Fol—+—v+l, -+ —
2 2 2 2 2 2 4

03.02.21.0003.01
1
f'o(Z)le: EZGO(Z) (L@ +2) - 711(2) Lo(2)

03.02.21.0004.01

fll(z) dz=1o(2)

Involving one direct function and elementary functions
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Involving power func

Involving power

Linear arguments

tion

03.02.21.0005.01

f 2, (@adz=2""1% (a2’ r(

03.02.21.0006.01

1 1 02 v
fzd_ IV(Z)dZ== 2_V_ ZQ+VF(E+E)1F2

03.02.21.0007.01

fz"‘ll (Ddz= i F [
0 12
@ 2

a a
s

03.02.21.0008.01

f 2 ,@dz=2"1,.12)

03.02.21.0009.01

—V

13
fz‘v l,(odz= Fol = = v+l —
rv+1 2 2 4

03.02.21.0010.01

fzw 2 dze 22 T(v+2)

v+D)I'(v+1)

03.02.21.0011.01

f 27,@ dz= 2" 1,12

03.02.21.0012.01

2—v22v+l
fzvlv(z)clz:i Folv+ = v+, v+ —;, —
2 2 4

Qv+ DIvr+1) " -

03.02.21.0013.01

leo(z)dz:: z141(2

03.02.21.0014.01

|0(Z) 1

13

z

Power arguments

2
= lef-S
2

1
21000

03.02.21.0015.01

fz"‘llv(az')dz:

27V @)

@+r)Tw+1)

1, —+1, —
2

oo
;
%)

1F

Z

1

g

a

2r

a+Vv
—_—v
12

v

|

1 a2
+1, E(a+v+2); —

—+ v+l —+-+1 —
2 2 2 4

a v 22]

QR+l +12l,.52)

327

vV

2 2r

v 1
—+—;—+—+1,v+1;—a222’)

s
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Involving exponential function
Involving exp

Linear arguments

03.02.21.0016.01

27V z(azY 1
fe‘azlv(az)dz: - 2F2(v+ —v+1Lv+2 2v+1; —2az)
v+)I'(v+1 2

03.02.21.0017.01

27V z(@z 1
feazlv(az)afz:: _ 2Fg(V+ —v+Lv+22v+1; 2az]
v+D)I'(v+1) 2

Power arguments

03.02.21.0018.01

S 27 z@z) 1 1 1
fe‘a l,(aZ)dz= ze(v+—,v+—;v+—+1,2v+1; —2az')
ryvTv+1D)+T(v+1) r r
03.02.21.0019.01
S 27Vz@Z) 1 1 1
fea lL(@z)dz= ZFz(v+—,v+—;v+—+l,2v+l;2az’]
ryITv+ 1) +T(v+1) r r

Involving exponential function and a power function
Involving exp and power

Linear arguments

03.02.21.0020.01

27V 2% (az)Y 1
fz“‘le‘azlv(az)dz: @2 ( + z)

—F|lv+ - e+v,a+v+1, 2v+1 -2a
(a+V)T(v+1) 2

03.02.21.0021.01

27V e—az TV
fz‘V e, (andz== — (2e** (a2’ - 2"az(,1(@2 + 1,(@a2) ' (v))
av-1)I'(v)
03.02.21.0022.01
e2z Zv+1
fzv e, (agdz==— (I,(a2) +1,,1(22)
2v+1

03.02.21.0023.01

1 oaz 27V (azY 1
fz" el (@ dz= 2( z)

— Rl v+—,a+via+v+1,2v+1; 2a
(a+V)T(v+1) 2

03.02.21.0024.01
27y
fz’v el (@adddz= — (2"ae**z(l,.1(a2 - 1,(@a2) T'(v) - 2(a2)")
av-1)TI)
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03.02.21.0025.01

azzv+1
fzveazlv(az)dz: o1 (I,(@2 -1,,1(a2)

Power arguments

03.02.21.0026.01
» 27V % @z) 1 a a
fz"—le—a I(@Z)dz= 72F2(v+ - —+V, —+v+12v+ 1 —2az')
(@+rv)I'(v+1) 2 r r
03.02.21.0027.01
27V @)y 1l a a
fza—leaf l(@Z)dz= ———,F (v+ — —+V, —+v+1,2v+ 1 2az‘]
(a+rv)I'(v+1) 2 r r
Involving hyperbolic functions
Involving sinh
Linear arguments
03.02.21.0028.01
) 27 z(az2)’*! v 3 v vy 53 v 3
fsnh(az)lv(az)dz:: — R - - =1, -+ — -, 42 v+ L v+ — @27
V+2T(v+1) 2 42 2 422 2

03.02.21.0029.01
fsinh(b+ azl,(azdz=

1

3
[ z(az)y[az(v+l)cosh(b)3F4[ + -, Z+1
v+ (v+2I'(v+1) 2 4 2

v 3
— +2, v+l v+ — @ 2|+
2 2
v 1 v 1v 31v 3
(v+2)3F4(—+—,—+—,—+—;—,—+ v+—v+1a )smh(b)
2 42 22 422 2

Power arguments

03.02.21.0030.01

2vz(aZ)*t v 3v 5v 1 1 3v 3 1 3
fsinh(az’)ly(az’)dz: aFa| =4 — =4 -, —+—+— = -+ —+ —, v+l v+ ;%2
vr+r+1)I'(v+1) 2 42 42 2 2r 2 2 2 2r 2
03.02.21.0031.01
1
fsinh(az’ +b)l,(aZ)dz=
rv+1)(vr+r+1)I'(v+1)
3 v 5v 1 1 3v 3 1
27V z@z) a(rv+1)cosh(b)3F4 o —— ——— =, —+ —+ —, V+1], v+— a2z |7
2 4 2 42 2 2r'2'2 2 2r 2
v 1 v 3 v 1 1 v 1 1
(vr+r+1)3F4[ +— —4+—, -+ —; -, —+—+Lv+—,v+1a zzr)smh(b)])
2 42 42 2r'2°2 2r 2

Involving cosh
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Linear arguments

03.02.21.0032.01

27V z(@zy v 1 v 1v 31v 3
fcosh(az)lv(az)dz:73F4(—+—,—+—,—+—; - —+—v+—, v+l a 22)
v+DHTI(v+1) 2 42 22 422 2
03.02.21.0033.01
fcosh(b+az) l,(@zdz=
1 v 1 v 1 v 31v 3 1
27V z(az" (v+2)cosh(b)3F4(—+ ——t— =+ — =, —+ - v+, v+1 @7
v+ (v+2T(v+1) 2 42 22 422 2 2
v 3 v v 53 v 3
azw+ D3Ryl —+—-, = +1, =+ = =, =+ 2, v+ 1L v+ - a2 Z | sinh(b)
2 4 2 4 2 2
Power arguments
03.02.21.0034.01
27vVz@z) v 1 v 3 v 1 1 v 1
fcosh(az’)lv(az')dz: 3F4[— -+ - -+ —; - —+—+Lv+—, v+l @&
ryITv+1)+T(v+1) 2 4 2 4 2 2r'2' 2 2r 2

03.02.21.0035.01
1

fcosh(azr +b)l,(@aZ)dz=

5 S ( D.F v 3 v 5v 1
~vz@Z) larv+ — =, — 4 —, —+—+
( SR PRI
v 1 v 3 v
(vr+r+1)cosh(b)3F4(—+—,—+_,_+
2 4 2 4 2

rv+1)(vr+r+1)I'(v+1)

1
20
1

2r

3
2

1
2’

4
)

v
, —+
2

Involving hyperbolic functions and a power function

Involving sinh and power

Linear arguments

03.02.21.0036.01
27V A (az)v+1 v
fza—l snh(azl,(azdz== — 3F4| —
(@+v+DI'(v+1) 2

03.02.21.0037.01
1

3
+_
4

fz‘"l sinh(b+azl,(@az)dz=

ENIIRS)

3
[2‘” (a2’ (az(af + v) cosh(b) 3F4[ - g +
3
>

D.F v 1 v cy
(a+v+1) [—+—,— —
M PR AP

(a+V)(@+v+DHIT'(v+1)

v
"2

3
T2
1

2r

1 3
— v+ 1l v+ - azzzr]sinh(b)zr +
2r 2

1
+1Lv+—,v+1a® 22)))
2

13 a v 3
toio oot
222 2 2
v 3 3

+—+5,v+1,v+—;a222

2

1
,V+ E v+1 & zz)smh(b)])

Js

|+

2

V+l,v+—;a222
2
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Power arguments

03.02.21.0038.01

_ 27 (@aZ)y*t v 3v 5 a v

fz“‘lsmh(azr)lv(az’)dz:: sFal—+— -+, —+—+
vr+r+a)T(v+1) 2 4 2 4 2r 2

03.02.21.0039.01

1

fz"‘lsinh(az' +b)l(@z)dz==
(@+rvy(vr+r+a)T(v+1)

v 3 v 5 a v 13 a v 3 3
27V @Z) |a(@+rv)cosh(b) Pyl —+ =, —+ =, —+ —+—; =, —+—+ —, v+ 1, v+ —; 822" |7 +
2 42 42r 2 22 2r 2 2 2
v 1 v 3 aa v1a v 1 )
(vr+r+a)3F4(—+—,—+—,—+—;—,—+—+1,v+—,v+1;azzzr)smh(b)
2 42 4 2r 22 2r 2 2
Involving cosh and power
Linear arguments
03.02.21.0040.01
27V (az’ v 1 v 3 a v 1a v 1
fz‘”lcosh(az)lv(az)dz::73F4(—+—,—+—,—+—;—,—+—+1,v+—,v+1;a222]
(@+V)T(v+1 2 42 42 222 2 2
03.02.21.0041.01
fz‘”l cosh(b+az)l,(az)dz=
1 v 1 v 3 a v 1a v 1
27 (a2’ (a+v+1)cosh(b)3F4(—+—, —t = — == —+—+ L v+ —, v+ 1 a222)+
(@+v)(@a+v+1DI'(v+1) 2 42 4 2 222

v

3 v y 3 3
az(@+v)sFy| —+—, — + —+ -, v+l v+ — a7 sinh(b))
2 4 2 2

5a v 13 «a
- =+ =+ ==, —+
4 2 2 22 2 2

Power arguments

03.02.21.0042.01
27V A @) v 1 v 3 a vi1a v 1
fz‘”lcosh(az')lv(az’)dZ::73&(— - =t =, — + = —,—+—+1,v+—,v+1;a222')
(@+rv)IT(v+1) 2 4 2 4 2r 2 2 2r

03.02.21.0043.01
1

fz“’l cosh@Z +b)l,(az)dz=
(a+rvy(vr+r+a)T(v+1)

v 3 v 5 a v 13 «a
—_t - — 4+ =+ ==, —+
2 2 2 2r

v 3 3
[2Vz”(az’)v[a(a+rv)3F4[—+—, + -, —+—,v+l,v+—;a222']sinh(b)z’+
2 4 2 4 2r 2

2

1 v

% 3 a v a v 1
(vr+r+a)cosh(b)3F4(—+—, —t - — 4 -, —+—+Lv+—, v+ azzzr)
2 42 4 2r 2 2r 2 2

1
>’

Involving functions of the direct function

Involving elementary functions of the direct function
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Involving powers of the direct function

Linear arguments

03.02.21.0044.01

47 z(a2)?” 1 1 3
2 2
flv(az) dz== ——————  F|lv+—, v+ —v+1lv+—,2v+1 a7

@v+DTIT+1)7? 2 2 2

03.02.21.0045.01

4 2v+l 1 1 3
flv(z)zdz:: —2F3(V+ — v+ = v+l v+—,2v+ 1 22)
Qv+ DT +1)72 2 2 2

03.02.21.0046.01
1 1 1,(2
f—a?z::——yrcsc(ﬂv)log[ ]
zl,(2 (2 2 I,(2

Power arguments

03.02.21.0047.01

X 47 z@z)?” 1 1 1
flv(az') dz= —2F3[v+ — v+ — v+l v+ —+12v+1; aZZZr)
@rv+1DT(y+1)> 2 2r 2r

Involving products of the direct function

Linear arguments

03.02.21.0048.01
flﬂ(az) I,(@2)dz==

27K z(@azHt

u v 1y v 1 u v u v 3
3F4(—+—+—,—+—+—,—+—+1;;1+1,—+—+—,v+1,ﬂ+v+1;a222]
w+v+HI(pu+HTv+1) 2 2 22 2 22 2 2

03.02.21.0049.01

2—2(v+1) Z(az)2V+l 3
F [v+ 1, v+ E; V+2,v+2,2v+2; a2z2]

flv(az) (@2 dz= JFa
v+ 1T +1)T(v+2)

03.02.21.0050.01
Io(a2)?

flo(az)ll(az)dz:

Power arguments

03.02.21.0051.01
flﬂ(az’) Ih(@Z)dz=
270 z@Z )"
3':4(
ru+n+Hlr(pu+1H)Iry+1)

g v 1 u v 1
+1, — 4+ —+ — u+1, —+—+—+1,v+1,,u+v+1;a222r)
2 2 2r 2 2 2r

N =

N =
N -
+
N =

u
—+
2
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03.02.21.0052.01

[1avE) 1oV az= 2sz (@1 (0VZ) halaV7) - bla(0VZ ) L{aV7 )
.02.21.0053.01 2\/;
J1avz)uoVz)az= — (bhalo V) 1 faVz ) -al(oVz)LfaVz))

Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions
Involving powers of the direct function and a power function

Linear arguments

03.02.21.0054.01

4V 7 (az)? 1a a
fz"’llv(az)zdz:: —2F3[v+ — —+Viv+1l, —+v+1 2v+1; azzz)
(@+2v)T(v +1)? 2 2 2

03.02.21.0055.01

2—2v—1 Z—2v
f 2% (a9?dz==——— (-4 @2*" + 4 @ Z1,4(a2’T()? - 4 a® Z 1,22’ T(v)?)
a2 (2v-1) T3

03.02.21.0056.01

22(v+l)
szV“ I (@2?dz=
4y +2

(I(@2?-1,,1(a2?)
03.02.21.0057.01
1
lev(az)2 dz== 3 Z(1,(a2’-1,.4@2l,,1(a2)
03.02.21.0058.01
1
leo(az)zdz: Ezz(lo(az)2 - 11(a2?)
03.02.21.0059.01

1 K/(2
f dz==-
z1,(2? 1(2)

03.02.21.0060.01

I,(a2)? 2-2v-1(qz?2” 1
f dz=- 2F?,(v,v+—;v+1,v+1,2v+1;a222)
z VT 2

03.02.21.0061.01

I,(a2)? 1
f dz== (2a2Z1,4(a2®-2azl(@2)l,4(@2) +1,(@2) (1-2v)1,(a2) - 28> 21, ,(a2))
ra z(4v*-1)

Power arguments
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03.02.21.0062.01

47 £ @z )
fz‘”llv(az’)zdz:: @z)

- __2
(@+2rv) T+ 1)? 2r

Involving products of the direct function and a power function

Linear arguments

03.02.21.0063.01

fz‘"l (@2l (a2dz=

274 2 (@Mt u v 1l u v a u

3F4(—+—+—, —+ =+l —+—+—pu+l, —+—+—+Lv+lpu+v+1 a7
(@+pu+)T(u+HTIv+1 2 2 22 2 2 2 2 2 2 2

03.02.21.0064.01

2L Y (@R wy u v 1y v
le‘“‘vl,,(aZ)lv(aZ)dz: (ng[— —— = =Y, gt azzz)—l)
U+v-DIu+DHIv+1) 2 2 22 2

03.02.21.0065.01

27;1—1/—1 Zy+v+2 (az)u+v 1 u v

fz”+y+llﬂ(az)lv(az)alz== 5
wu+v+HI(u+HIv+1)

03.02.21.0066.01

lev(az) l,(bz)dz=

2 (@al(bzl,1(@az)-bl,(@2l,,1(b2)
a —

03.02.21.0067.01

z
le_v(az) I,(b2dz=
b2_a2

03.02.21.0068.01
f(—(a2 -b?) 2+ -v?)1,(@2) l,(b2)

z

03.02.21.0069.01

fll,(az)ly(az) 1

1 «a 03
F3[V+—, — +viv+1, 2—+v+1, 2v+1; a222')
r

v a u v

JTRRY
F(—+—+—,—+—+1; +Lv+1lu+v+2, @72
272 2k K

2 2

(bly1(b2)1_ (a2 -al,(b2)l_,_1(a2)

dz==bzl, (b2, (a2~ 1,(b2) (azl,_1(@a2 +u-vl(az)

dz= - (azl, (@21 (@2 - 1,(@2) (@zl,1(@2) + (u—-v)1,(a2)

z qu—y

03.02.21.0070.01

(a2l (a2 274V a(azgtt u v 1 pu v
f = 2F3[—+———,—+—+1;y+1,v+1,y+v+1;a222)
2 (U+v-DTu+HTv+D) - 2 2 22 2
03.02.21.0071.01
I,_1(a2)1,(a2) 47V a(az)?b 1
f dz= 2F3(v—1,v+—;v,2v,v+1;a222)
2 v-HTO T +1) 2

Power arguments

)

)
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03.02.21.0072.01
fz’-l l,(@Z)l(@Z)dz=

271 (@ F Y
@+1 () TE+ DT +1)°

a v a g v

u v 1 u v
F4[—+—+—,—+—+,
2 2 22 2 2r 2 2 2r

03.02.21.0073.01

21-2v 2 (a7 )2t 1 a 1 oY 1
F (v+—, —+v——;2v,v+1] —+v+—;a222r)
2 2r 2 2

21, @) @)dz=
f 1az)l@z) @+r2v-1)TTr+1) > ° 2r

03.02.21.0074.01

fz‘”ll,v(az’)lv(az')dz:: - — —+1,1-v,v+1;82 2

Z sin(rv) (1 a )
282" 21 2r

Tayv

Involving direct function and Bessel-type functions

Involving Bessel functions
Involving Bessel J

Linear arguments

03.02.21.0075.01

v 1y _ (1 v+1 v+2 1 1
va(az)Iv(az)dz:: 2’3V’2\/?z(az)zvl“(—+ —) 1F4(—(2v+ D:v+1, , , —(2v+5); ——a“z"']
2 4 4 2 2 4 64

03.02.21.0076.01

1
f L@z, @gdz= "V zcsﬁjé[

az

N
P

2

Power arguments

03.02.21.0077.01

fJV(az’)IV(az')dz::

27324z z@@aZ)?¥ (1 1y (1 1 v+l v+2 1 1 1
F(—(2v+—))1F4(—(2v+—);v+1, , ,—(2v+-+4];-—a4z‘”)
r 4 4 64

03.02.21.0078.01

vr z 21
fJ,v(az') l(@z)dz= —— G2
r

03.02.21.0079.01

fJV(a\/?)IV(b\/?)clz: 2Vz

2 (b lsa(b ‘/7) J(a \/;) +al,(b \/?) Joea(a \/?))

a2+
03.02.21.0080.01

fJ,v(ax/?)lv(bx/?)dz:

’ \Ebz (b1,a(bVZ) I (aVZ)-al,(bVZ )3, 4(aVz))

a+

1, —+—+—u+l, —+—+—+1 v+l u+v+1L a2

)
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Involving Bessel J and power

Linear arguments

03.02.21.0081.01

1 (1 v+l v+2 1 1
szJv(az)|V(az)dz==2-3V-2\/72“(az)2Vr(Z(a+2v))1|:4(z(a+2v);v+1, = ,Z(a+2v+4);—aa4z“]

2
a v+l
-3 ]
1 v+l
0,3 -5 -

(bly1(b2) d(az)+al,(bz) J,1(a2)

03.02.21.0082.01

1
fz"‘l (a2, (@) dz= 2 Vr 2 Gy

AR

2vZ

03.02.21.0083.01

fz.]v(az) I,(bz)dz==

a2 +b?
03.02.21.0084.01

fz.]_v(az) l,(b2dz=

T (bly1(b2) (a2 -al, (b2 J_,_1(a2)
a +

Power arguments

03.02.21.0085.01

—3y— 2 a+2r
273v-24/g Z“(af)vr(%) _(a+2rv v+l v+2 1/« 1
1F4( v+l ' 1_[_+2V+4);_& 424r)

fz*-l J@H)l,(@z)dz=

r 4r 2 2 4\r
03.02.21.0086.01
Vr 2 az 1 1-o
fz“‘l.]_v(az‘)lv(az’)dz: " Gos a2l e
' 2v2 40 s
Definite integration
For thedirect function itself
03.02.21.0087.01
00 11277 T(a+v) a+v a+v+1
ft"‘le“ly(t)dtzz— Fl( : v+l 1)+
0 2 rov+1 2
2¢ a+v+1l)  (n(a+v) a—-v+1l a+v+1 3
F( ) sm( )zFl( , D= 1)+
r(%(—a+v+1)) 2 2 2 2 2

20-1 S(n(a'+v))r(a/+\/) F(a—v a+v 1 1) ' Req ) 0/\Re( ) 1
co: 2F1 , ;= i Re(a +v) > Q) < —
fio-a+2) 2 2 2 22 2

Integral transforms

Laplace transforms
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03.02.22.0001.01

v+1l v+2 1
, v+l —|/; Re(v) > -1
2 2 2

LMl @=2"2"1,F

Summation

Infinite summation

03.02.23.0001.01
K K
(=D iy () X

i =3,

k=0

03.02.23.0002.01

)

1
DD 9P = 5(1- lo®)?)

k=1

03.02.23.0003.01
® (= 1)k(2k+v)F(k+v) XY
Z 2k+v X) == (_)

k=0

03.02.23.0004.01
> 2(X) 1(Io (X) )I 0 Ko(X)
== —|+ X) +
s > Y]lo >

03.02.23.0005.01
© (2Kk+) -1ty [V-l (=1

1244y (X) ==

kk+v) > (f)k |k(X)] (g)_v + (=1 K, (X + 1,(X) (Iog(g) —y(v+ 1)) LveN
k=1

o V=K k! \2

03.02.23.0006.01

o 1 1
Z () t< == exp(— x(t + —))
2 t

k=—o0

03.02.23.0007.01

°° 1
> costkt) ly(x) = 5 (%50 — 15(%))

k=1

03.02.23.0008.01

S0 = 2@ Io(0)
kX==—€X—0X
k=1 2

03.02.23.0009.01

& 1
DD I00 = = (€ = 1o(x)

03.02.23.0010.01

Z( 1) cos2k ) 5(0) = —(cosh(xsm(t))— 0(X)

k=1
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03.02.23.0011.01

= 1
Z(—l)k SN2K+ 1)) I, (X) = 5 sinh(xsin(t))
k=0

03.02.23.0012.01

& 1
Z cos(2kt) I, (X) == 5 (cosh(x cos(t)) — 15(X))

k=1

03.02.23.0013.01

S 1
Zcos((Z K+ 1)) lppeq(X) = 5 sinh(x cos(t))
k=0

03.02.23.0014.01

& 1
2 DK 12600 = = (1= 1000)

k=1

03.02.23.0015.01

> 1
D2k = = (c0sh(x) = 19(x)
k=1 2

03.02.23.0016.01
sinh(x)

Z I2k1(X) ==
k=0 2

03.02.23.0017.01

-~ @ 1 5 200 22%)
h@=—+— ) e n//ineN

2 k=0

Representations through more general functions

Through hypergeometric functions

Involving oF1

03.02.26.0001.01

@ = (g) oﬁl[; v ;]

Involving oF 1

03.02.26.0002.01

1 z\ Z

(@) = (5) oFfiv et 2 |rimven

Irv+1) \2 4
Involving 1F;

03.02.26.0003.01

z 1 ) )

1,(2) == ——1F (v+—; v+1, z)
T verw+n U 2
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03.02.26.0004.01

z ) zZ
I,(2== — lim {F|a v+ 1, —
2'T(v + 1) a»e 4a

Through Meijer G

Classical casesfor the direct function itself

03.02.26.0005.01

l,(@=n2(Z) 2G

03.02.26.0006.01

l,(@=n2"2 Gy

03.02.26.0007.01

_r 7
L@ =2(-2)? 6313[‘ 2

03.02.26.0008.01
4
(V) =2 22 a-2 ] 0.

03.02.26.0067.01

vl
/= 1,0 2
Iy( z ) = ﬂGl'3 v v v+l]
272 2

03.02.26.0068.01

M N

2,0 Z 0’ %
1L (VZ)+1,(VZ)=2rGE] I
2203
03.02.26.0069.01
sin(rv) z
L(VZ)-L(VZ) = —— &> | -5 3)
Vg 4
Classical casesinvolving exp
03.02.26.0009.01
1 1
€%, (2= —Gpyl2z| 2
p ' v, =V
03.02.26.0010.01
o
1, (2 ::—«/?csc(nv)Géé[zz 2’ ]
' v,-v, 0

Classical casesinvolving cosh

03.02.26.0011.01

cosh(\/?) IV(\/?) = —é csc(ﬂz—v) Gz

z
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Classical casesinvolving sinh

03.02.26.0012.01

snh(Vz )1, (Vz ) = —ﬂ—sec(%) Gyzlz

V2

Classical casesinvolving cosh, sinh

03.02.26.0070.01

1
cosh(\/?)l,v(\/?) +sinh(\/?)|v(\/?) = ﬁneg;g[z . Vf’
i
03.02.26.0013.01
cos(mv)
cosh(\/?)l_v (\/?) —sinh(\/?)lv(\/?) == G%‘i[z‘
d v
V2 -5
03.02.26.0081.01
. cos(my) 5, 711' 43_1
sinh(2) I_V(\/?) - cosh(2) Iy(\/?) =- G55
: v v v
V2 5 3"
03.02.26.0082.01
13
cosh(z)lv(\/;) +sjnh(z)l,v(\/?) =2 7G|z ; 144 4V
272
Classical casesfor powersof Bessel |
03.02.26.0014.02
2 1
W(VZ ) =V st Gig(z ; ]
v, 0, —v
03.02.26.0071.01
2 2 0 o1
L(VZ) +1,(Vz) =2V G§Yz 2
' v, =v,0,0
03.02.26.0015.01
2 2 sSn@2nv) 1
LWz L) = —eig[z 2 )
732 - v,0
Classical casesfor products of Bessel |
03.02.26.0016.01
11
L (VZ),(VZ)=Vr Ghilz| [P 2 ]
L5 Ve Y
2
03.02.26.0017.01
1,1 O’ %
La(VZ)l, (V2 )=Vr ecnGlilz| |, )
LT T R (i




http: //functions.wolfram.com 46

03.02.26.0073.01

0 1 p+v+1l
__ 12 T2 2 .
L(VZ)L(VZ )= V7 G}z wov e g v gt | iRV = LEN
2' 222" 2

03.02.26.0018.01

11
1 03 3
2" 4
L(VZ )1, (Vz )= V= csc(zn(zp+2v+3))(3§;§z P l]/;—p—v—lezr\i
2’ 2 27" 24

03.02.26.0083.01

n+l

| ol @ r(k—n+|3]+2)(1-k+ 3Dy

,7
ISV

2 —
lnyva(Vz )lv(\/? ): S 2l _
N KIT(k—n—v)T(K+v+1)
ot1l
Z 1,2 124 .
(—1)[2J Von GSVS[Z nel nel L el - i]/’nEN
7 5 TV (D), s+ -, 7
03.02.26.0084.01
0, 1, : 2sin(rv)
La(Vz)WWVz)=—v2r &gzl ., 7' |-
VvVt =5 Voo g mVz
03.02.26.0085.01
. 11
A(v+1)sin(rv) 0,3, =
|_V_2(x/?)|y(«/?)= —  — V2r Gz 24 )
nz Lv+1l-1,-v-13

03.02.26.0072.01

L(VZ)1IL(VZ)+ 1,z ) 1L(VZ) ::2\/76532[2

03.02.26.0019.01

. 1
sn@(p+v) ,, 0,3
(V2 ) (V2 ) - L (V2 )L (V2 )= —— G52 oy s v |+ EZ
o Ry
Classical casesinvolving Bessel J
03.02.26.0020.01
4
4, 4 ,0, 1
(7)) =vr e =] 504 -3)
03.02.26.0021.01
4 4 20[ # %
3, (V) (Vz)=Vr 6ig —
“leda| g L _r v vl
r2 272 2

Classical casesinvolving Bessel K

1
2
o,v,-v

03.02.26.0022.01

L (V2 (V)= ——

2vVrn
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03.02.26.0086.01

LK WE) = ] ]

2V 0, -v,v

N

03.02.26.0023.01

0,3
L(VZ)K,(VZ)= GAZ| v i e V_#]/;—u—v—leEN/\v—,u—leEN
2V n o T T
03.02.26.0087.01
_ 1\ 32 1 _\n 1 3 1
T T D" 732 {3 7 (4 + (-1) ))62’2 IER. .
"( Z) ”+V+1( Z)_ 46| % | ni1 et 31 1 1
\/? T’T+ ,V+Z, Z,—E(n"rl),—z(n"'l)—v

2] ol Tl e Mk=n+ 2]+ ) (a-k+[2 N

2

(—1)”x/7csc(vn)z Z /ineN
e KIT(kK—n—v)T(k+v+1)
03.02.26.0088.01
(- 7% cs 7 7 (4v + (-1 0L vs3 2
IV(\/;) K‘”‘V‘l(\/;): (4 )G‘Z‘:g 2| na1 net 3 i 14 ‘ 1
\/? T’T+ ,V+Z,Z,—E(n+1),—5(n+l)—v
n 1[EJ 1 2k-n-1) K L) (kD
3| Dtz iz r( ‘”+[§J+z)( - +[§J)n_nJ
(—1)”«/?csc(vn)z 2 ineN/ineN
o KITK—n—v)T(K+v+1)
03.02.26.0089.01
732 0.3 v+3 2 1
n(ﬁ)KwaﬁF—-G‘?@[z LR =
cos(nrv) + Sin(rr v) SVEVE L T 5 V3 \/?

03.02.26.0090.01

20v+1 32 cso 02, v+3 2
|V(\/?)KV+2(\/?)= (v )+7r (7 v) 2, 23 14 2
z cot(rv) -1 Lyv+Llv+z, 31 -v-1
03.02.26.0024.01
cos(nrv) 1
(L (VZ)+ 1, (V2)) K (VZ) = G§~;[z z ]
NE3 ' -v,v,0
03.02.26.0091.01
sin(r v) 1
(L(VZ)-L(VZ) K (VZ) = Gf;g[z z ]
vV 0,v, —v
03.02.26.0025.01
1 1 2,0
L (VZ) K (VZ) + 1, (VZ ) K, (V2 ) = — cos(E rwen)edile] L0 ]
'\/; Tv Tv Tx _T

03.02.26.0026.01

L (V2K (VZ) -1 (V2 ) (V2 ) = —sin( S i)

/e

0,

-V

N~

z

=
<
|
RS
=

)

u+v
FRRrR

¥
|
N
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03.02.26.0092.01

—iKy(«/?)

2

2

z

WWz) secr) V7 G2

Classical casesinvolving Bessel Y

03.02.26.0027.01

L (VZ)Y, (V2 )=-Vr G3¢

V4
64
03.02.26.0093.01
1 1
2 (2V+ l), 2 (2V+3)

1 1 1
E, Z(l—Zv), Z(3—2v)
0, -v, v, %(1—21/), %(3—21/)

z
Iv('\‘y;) va(\‘y?) = —\/; Gg:g[a 1 v 1 1 v]
0, 31 3 Z(2V+3), Z(2V+1), -3
03.02.26.0094.01
1 1

z ~2v-1),>-(2v+1]
oIy A I

64 0, 5 %; —%, Z(2V+1)‘ Z(Zv—l)

Classical casesinvolving Struve L

03.02.26.0028.01

Classical casesinvolving gF 1

03.02.26.0029.01

2 1 Lb g b 32
|V(z)opl(;b;_]:«/?csc(_n(zm2v+1))r(b>2b-lc3§;§22 N 3_2b]/?
4 4 7~ l-brgl-b-7 ==
m Ve
-b-veN/\-——<ag@ = —
/\ 2 g 2
03.02.26.0095.01
2 2-"v-1p(—n— n Tm+v+1), Tn+v+2), 1@n+2v+3)
Iv(z)oFl(;—n—v; —]:_# (_1)[EJ\/?7TG§'§22 2 2 , . _
4 e ’ N+2+1 -2, 2N+ +1, 7 (2n+2v+3)
ot Lz ] 2% Tk Mt i) (a-k+]|2
5] CDE2 (k=n+[3]+3)(- +[§J)n_[;J
2

KIT(k—n—v)T(k+v+1)

[_

k=0

03.02.26.0096.01

[ zz] 27710 (—y)
L@ oF]: v —|=
4 v

2sin(nv) 2’

Vo

-V2n Géé[zz

/e /e
/;neN/\—E<arg(z)sE

v+l v 1
TR E+1, Z(2V+3)

32—V+1, 1(2v+3)]]

/e

, L [i==<ag@ =
2tL -3

/e

2
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03.02.26.0097.01
Z)_27rev-D 22 8 1 2v+5)
L@oF|;-v-1, —|= ——[4Z v+ D sin(xv) - \/—ﬂa/zGlz 2 2'4 B
4 d ra v v 3o Loy
2' 2722 "9
v Ve
--<ag2= -
2 2

03.02.26.0098.01

2 1 11 %, %( -2v) Pis b g
L@oFl;v: —| =21Vrn v+ —|7|Tm) Gyl 2 [i——<ag@) < —
v v 3y 1
4 4 s -5 1-3,23-2n) 2 2
03.02.26.0099.01
1.
2\ 27T+ -7
Iy(z)oFl(; v+1, —] = —Gi; -Z , VZ i /i—-m<ag2=<0
4 Vr ' T3 73 @Bv)
03.02.26.0100.01
1,
2\ 27e¢Ta-y o
L2 oF|; 1-v; " =——Gj3|-Z|, |, |i-7<ag2=0
\/7 51 _Ea 7
03.02.26.0030.01
z - e 10 v v 2 3y
M@oY =Va 22T+ D7 (Z) Gy ol
03.02.26.0031.01
22 3v+2 7 7
, (2 oF4 ;1—y;_Z =Vr 22T (1-v) G2 Vs V“ . 3V+2]/:—§<arg(z)s§
44T 8 a4
03.02.26.0101.01
1(2VZ ) o1 b 2) =
S 1-3,;3-2D)
\/—csc( 7r(2b+2v+l)]l"(b)2b1G354z o ) , /i-b—v &N
5,—5,—b+5+1, -b- E+l’_(3 2b)

o] ol F e rene g+ a3, 0

1
.
2 2I(=n-v) 2v+% 22 Z _
KITk—n—-mT(k+v+1)

IV(Z\/?)OFl(; -n-v;2) =

Vr k=0

H 1 l(n+v+1),%(n+v+2),%(2n+2v+3)
(=Dl nGygl4z , L 3 N ineN

n+5+l,—5, E,n - l,z(2n+2V+3)

03.02.26.0103.01
v+l v+2
r-v) | sn@wz? 1 2 nE L @2v+3)

|V(2x/?)0|:1(;—v;z)= - -2 2G4z ZV st

bis vV T 517+1,—(2V+3)
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03.02.26.0104.01

27 zr( y—1) {4
—_— VA

v+2 v+3 1
—, —,>(2v+5H)
1,(2 x/?) oFi-v-1,2= 274 ]]

2“2 272 (v + 1) sin(rv) - 1%2 Gy
3y 1
,?+2, Z(2V+5)

e

03.02.26.0105.01

1 =, 26-2y)
(2 ‘/?)oFl(; v:i2) =2 \7x CS:((V+ 4_1) 7'() I(v)Gyal4z

v v 3v 1
5,—5,1— (3 2v)
03.02.26.0106.01
-V v/2 1,0 22 v 1 v
W2V )Rt v+ 10 = 2" Vi 2T+ DG | 0 -5 -5
03.02.26.0107.01
1
—(3V+2) Vs T
|V(2x/?)0|:1(;1-v; -2 =2"yr T1-v) G2 , V]/;—E<arg(z)sg
0 (3V+2), 4,—2
Classical casesinvolving oF1
03.02.26.0032.01
1b 4 b 320
I(z)oFl[,b—J \/_csc( n(2b+2v+1))2ble;§zz 2 2 4 /
% v v v 3-2b
77z 1-brg1-b-g ==

T

s
—b—v$N/\—E<arg(z)sE

03.02.26.0108.01

. 2 2-n-v-1 l(n+v+1) l(n+v+2) l(2n+2v+3)
IV(Z)OFI[;—n—v; —]:— (- 1)[ J\/—ﬂ'G _
4 NES n+2+1, -2, E,n+—+1,—(2n+2v+3)

5] = iz Jzzmr(k n+[3]+ %)(1‘k+[§J)n_[nJ

Y /e T
2 “lineN A\ -=<ag2 =< -
é KIT(k—n—v)T(k+v+1) A p “H9I=5

03.02.26.0109.01

. 2 2771 2sin(v)Z oY, (2V+3) b b
|v(Z)oF1[: -V —] = - —ﬁnGéf-, zZ 22 3 [, ——<argd < —
4) rx NS R N e AR 2 2
03.02.26.0110.01
2\ 272 n2 8l 2v+5) n n
|y(z)0|51[; —v—1 —]= 47 v+ Dsny) - V2 R GyE 2|, 2 23 4 fi——<ag@ = —
4 7 -t 5 5 +2,;2v+5) 2
03.02.26.0111.01
1-v 1
=, 53B-2v) i3 s
(Z)OFl{ v, —] 2" 1\/—csc((v+ ) )G;}lzz , v2 43V 1 [i——<ag2 =< —
7 l-7 G-y 2
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03.02.26.0112.01

1.
= z ez 11 %_g
L@ oFf;v+1 —|= ——— G5 -7 [, -m<agz =<0
4 N3 ' ro_r _l(gv)
n 2" 22
03.02.26.0113.01
1.
5 Z) 2ve ™ e
1,(2) OFl[; 1-v; —) = — G| -7 2 fi-n<agz <0
4 \/_ ’ yo_vy 3
4 2" 2" 2

03.02.26.0033.01

z ’ _r z
I, (2 ()'E]_ v+ 1 —Z] == \/7 2727 (24) n ngg(

03.02.26.0034.01

22 24 3v+2 x x

= V, 3 4 .
U@OH?l—W—Z]:V;ZQGﬂki‘sz stst*‘5<HW355

2T a0 a
03.02.26.0114.01
1-b b 1
3 1 b2 li3-2p

|V(2x/?)0|:1(;b;z):«/?cs{—n(zmzwl))2b-1<3§;§[4z o ZV 24 S /i —b—ve&N

03.02.26.0115.01

1
N—y—=

N st [ ol Tlasrkene 3]s ) a-ke |2)
IV(Z\/?)OFl(;—n—v;Z)=

2v+5 Zy/z Z
k=0

KIT(k=n—)T(K+v+1) -

(~1)l5)x Gsel4z

%(n+v+1), %(n+v+2), %(2n+2v+3) ]
/ineN

v Y 3v 1

n+>+1 -3, 5 n+5+1 7(2n+2v+3)

03.02.26.0116.01

~ 1 sin(rv) 22 1
|,,(2 \/;) oF1G-v; -2 = — [—L [42

/e

Vr

03.02.26.0117.01

3
_y-Z

1
. 22 3 , —, = (2v+5H)
ly(2 \/?)oFl(: —v-1-2=—— [2 "2 22 (v+ 1) sin(rv) — 72 G;;§[4z ved 2 ) 23V“ L ]]
4 S 55 5 2 7@2v+9)
03.02.26.0118.01

1
L(2VZ)oF1Gvi -2 =2V CSC((H Z)ﬂ) Gy

03.02.26.0119.01

4z

- e
L(2VZ)oFsG v+ 1 -2 =27 Vr 27 Gg;g[z

v 1 v
01—5’5—5'”]
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03.02.26.0120.01

Z

(2 \/?) oF1G1-v; -2 =2"x Gig[z

1
Z(3V+2)

3y
) Ty

v+2

v 1
2 1215(31’4’2)

Generalized casesfor thedirect function itself

v
2
_row
’
03.02.26.0036.01

10 iz 1
l,(@=2 (27" Gyy| —, —
2 2

03.02.26.0035.01

NI -

V4
l, (@) =nGry| -,
1,3 2

v
E:

03.02.26.0037.01

iz 1
|V(Z) =27VZ Gé:g(?’ — ‘ 0, —V)

03.02.26.0074.01

| | 229 2 L 0.3
L@+ 1,@ =21G =, =
Y “2'2] -2 %02
2' 2 2
03.02.26.0075.01

sn(v) o2 1| ,
@-1,2=——Gj; (_1 _‘ o _)
2 2| 2?2

Generalized casesinvolving cosh

03.02.26.0038.01

mesc(Z) 1390
cosh(2) 1, (2) = 27 Gég z, — 44
’ v oo oy v
V2 50 =5 5 5
03.02.26.0121.01
1 1 1, ia
z7 ., 1 1(1—2").2(3—21’),54‘7
cosh@+2)1,(2) = — G3gliz, — )
35 2 11 1, ia
V2 O’E’E_V’_V’E+7

Generalized casesinvolving sinh

03.02.26.0039.01

msec(ZX) 130
sl @=-———0cflz~| . 1
V2 - 0, T3 33
03.02.26.0122.01
iz L 1]i@-2m.36-297
snh@@+21,(2) = -——G35|iz — 1ia 1
2 0, 2 %’E_V‘_V

Generalized casesinvolving cosh, sinh

/ il (2
;——<arg(2 <
4 2 9

4

T

2
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03.02.26.0076.01

cosh(2) |,(2) +Sinh(@) 1,(2) = V2 7G5

03.02.26.0040.01

c
cosh(2)1_, (2)—sinh(2) 1, (2) =

03.02.26.0123.01

0S (V) 0o 1
— G4z =
V2 r 2

13
4' 4
z —
2| _r vy 1w
2’ 272" 2

_ cosmy) [ 1 3
sinh(2) |_,(2) — cosh(2) |,,(2) = — oal Z —
NE) A2y iyt
77 2' 2 2' 2
03.02.26.0124.01
sh(2) 1,(2) +sinh(@) 1_,(2 =V 2 62’021 %%
cosh(2) 1,(2) +sinh(z)I_,(2) = S L
2’ 27" 2" 2
Generalized casesinvolving Ai
03.02.26.0041.01
1 2
3,23 1 =<
Ai [-) z2/3]lv<z) =G 7% |, o
2 22 V3 n2 3] 55@v+2.-5.5@-3v
03.02.26.0125.01
3v
232 7T@) 2@ 1 %%
AL N Gai [_) 23y v o1
223 (Y 3|3 5@y -5 @3y
Generalized casesinvolving Ai’
03.02.26.0042.01
1 5
3\28 V3 1 s
AT (_) 22/3]IV(Z T S E v oy 23 Gv 2
2 227 3 atiria
03.02.26.0126.01
3v
20y VEIE@Y (2% 1 L
AT, - 2/3 32 24 (5) 2,5 v o1 v o1
22°P E,E(3V+4),—E,g(4—3v)
Generalized casesinvolving Bi
03.02.26.0043.01
1 21 1
3423 2B\ 7 1 =, =, 2@Bv+1), 2Bv+4
Bi [[—] 22/3]|v(z):: Gl 7% -, 4 "o P 1
2 NEY 315, 56v+2),-3,22-3%), ¢ Bv+1), zBv+4

03.02.26.0127.01

1 21 1
5 3 E(3V+ 1), E(3V+4)

272\ 22\x 77 (22
Bi(2) IV[ ] =

V3

Generalized casesinvolving Bi’

2 2/3
cl(z)

$@v+2),-%, 2(2-3y), 2 @v+1), £ 3v+4)
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03.02.26.0044.01

3\ 3= 6 1 %2%+%%+2
Bi'|[=| 2P|, @=V2 V3 Vr Gj§|Z5 =
2 ’ 3|rvry2 v2 vor 1oy, 5
2’2 3’ 2’3 2’2 3’2 6
03.02.26.0128.01
1 5 1 5
2732 2\ 1 38 5BV, 5+
sien |25~ ve e ey e() a5, L .
3 3|2 5@v+4, —2, (4~ 3v), 2(Bv+2), —(3v+5)

Generalized casesfor powers of Bessel |

03.02.26.0045.02

1 1
1,22 == V1 sec(rv) 613[2 2 ]
2|v,0 -v
03.02.26.0077.01
1 o1
| (27 +1,(2?=2Vn (324[2 - ' 2 ]
21v,-v,00

03.02.26.0046.01

sin(2 1
I, 2?1, (2% = sne@r) Gié[z, 5

3/2

1
2
Pt -, 1,0

Generalized casesfor products of Bessel |

11
2' 2
1

0, 51 ViV

03.02.26.0047.01

I, @1, @=Vr Gy

Z, —

03.02.26.0048.01

1@, (@=Vr csc(nv) Gé;i[z,

03.02.26.0049.01

11
1 1 05 7
I,,(z)lv(z)zzﬁcx(zn(2p+2v+3))6§§[z,E P 1]/,—ﬂ—v—le§N
2 T2 220
03.02.26.0078.01
1 0 1 p+v+l
122 .
ﬂ(Z)IV(Z) __\/_GSS & 2 MtV p+vo op=v v=p ptv+l /’ —/J—V—1$N
22 22 2

03.02.26.0129.01

o Bl ne 3 -k 3, g
1@ (@)= — Z
T = KITkK—n—-v)T(K+v+1)

1
%2 /neN
1 ! €

1
4
1), ' 3

s JMG%[

+1 n+l 1 1
0zt (D, s+ -y
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03.02.26.0130.01

11 .
1 0,3 3 2sin(mv)
1@ L@ =~-V2r Géjé[Z, E 1 1 21 ) 1 1] - 7
FER A U L d
03.02.26.0131.01

. 11

4(v+1)sin(rv) 1 0,3, 3
|y 2@ () = —————— V21 G3iz, - 24 .
n 2[1,v+1,-1,-v-1,7

03.02.26.0132.01

1
L@ L@+ @ @=2Vr Gg;g[z, 5

03.02.26.0050.01

I/l(z) 1,2 - l—,u(z) l@=-— 2,4 z

sin(r (u+v)) 22 1
732 '

Generalized casesinvolving Bessel J

03.02.26.0051.01

z 1
L@L@=Vr Gyl —, = | 50,3 -3
2y2 4
03.02.26.0052.01
20 z 1 %
L@, @=Vr G MR
2v2 4035337
03.02.26.0079.01
Ty 30 1 o
Q5@ +3.@) 1,2 =:2C05(?)‘/;6236 ” 1 v vy w2
2\/7 0, T

03.02.26.0080.01

z 1
(J,,,(Z) - Jv(z)) IV(Z) =2 Sn(g) \/; Gg:g[ ’ Z

Generalized casesinvolving Bessel K

03.02.26.0053.01

1 2 1 1
I, (DK, (D= —=G3|z = 2
2V 2|0,v,-v
03.02.26.0133.01
1 1 1
I, @K, (2 == —— Gﬁ[z, — 2 ]
2\ 7n ' 210 -v,v

03.02.26.0054.01

1 ool 1
I/l 2 Kv (2= —— G2:4 Z, E

ovT F

1 [i—u—-v-1¢NAv-—u-1¢N
,5(—/1_1/), >

U=V ptv
2 2

)
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03.02.26.0134.01

1 1
1,(2) Knpy1(D = — [(—1)" 32 cso(z n(@dy+ (—D”))) G

1
z —
vz ?

n+l n+l
2z VS

e P P TR

—)"Vr 2 ;neN
b ﬂcsc(m)k; KIT(k—n—v)T(K+v+1) fine

03.02.26.0135.01

1 1 . 1
L@ Koy = — ((—1)” 2 cso(—n(4v+ <—1)“))) Gie|z =
NEY 4 o7 2

n+l n+l

2

2] (-1)["2—1J 2kn-1 r(k_ n+[3]+ %) (1-k+ [gj)n

-O)"Vr ‘neN
b ﬂcsc(m)k; KIT(K—n—v)T(K+v+1) fine

03.02.26.0136.01

32
! GZ’Z[Z E 0,

cos(nrv) +sin(mv)

N =
<
+
Blw

Iv(z) Kv+l(z) =

+
Slw

NS

|

NI, Bl

|

<

|

NI

P —
+

N | =

2|1 1
> v+ > \4
03.02.26.0137.01

22|, 1
262 =
2

2(v+1)  #¥2cscnv)
+

ia cot(rv)—1

L@ K,.2(2 =

03.02.26.0055.01

cos(rv) L, 1 1
(I, @+, @)K, (@ = G|z - | 2
vr 2| —v,v,0
03.02.26.0138.01
sin(rv) Lo 1 1
(1,@-1,@)K@=——GCl3lz =| 2
T 2(0v,-v
03.02.26.0056.01
1
COS(ETF(’M_V)) 31 1 %'O
LK, @+, DK, (D= ————G34|2 E wty pev v-u b
s 2 2 2 2
03.02.26.0057.01
. 1 1
Sll"l(iﬂ(,u—v)) . 1 0,5
Iy (Z) Kﬂ (Z) - Iy (Z) KV (Z) = _ GZ:4 Z, E u+v  p—v  v—p %
n 2 2 2" 2
03.02.26.0139.01
11 1
513 1-2v),=(3-2v)

1 1
1,@? - — K, (2% = —sec(xv) V7 Gyglz, - . )
n? 1 2]0 -y, v, 7(1=2v), 7(83-2v)

Generalized casesinvolving Bessel Y
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03.02.26.0058.01

L@Y,@=-Vr Gyg

N

|
o
NI
NI
Bl
Blw
NI
N —

03.02.26.0140.01

VA
LY@ =-Vr ngg[
2

1 1
T@v+D), 7 2v+3 ]

N
N
o
NI

v 1 1 v
7 Z(2V+3)’ Z(2V+l), -3

03.02.26.0141.01
z 1
2v2 4

L@ Y@=V G

1 1
T1@v-1,z2v+D ]

0,3 25 -2, 3@v+1), 1 2v-1)

Generalized casesinvolving Struve L

03.02.26.0059.01

1 z 1
I, =—G¥-, -
@2-L,(2= - 13[2 >

Generalized casesinvolving oF

03.02.26.0060.01

1
Z_
2

2
|y(z)0F1(;b;Z] x/_csc( n(2b+2v+1))r(b)2b-lc;35

03.02.26.0142.01

_ 2 271 (—n—v) N 1 l(n+v+1),1(n+v+2),%(2n+2v+3)
b@oFifi —n-v | = - —————— (-1 2 nGylz - P N b
v + = + 2 5N+ 5 +1 7@n+2v+3

g o E 2 3]s 3 ke (3,

2 /ineN
KITk—n-vI'(k+v+1)

k=0

03.02.26.0143.01

v@orfion 22| 2 IZ rene
v(D o 1,—",2 = F(V+l)_ E = 4.6

03.02.26.0144.01

v+l v+2 v 1
1 - —,—512(21""3)
Z, —
2

2\ 272T(-v-1) n2 2 l@v+5)
L@ oFa|; v -1 — |= ————— |42 v+ Dsin@y) - V2 1%2Gyelz - 224
4 m iy 232 12y45
27 2"2" 2 "4

03.02.26.0145.01
2 1 1
L@ oF: v —| =27 Vr cso((v+ —]n) ro)Glz -
0 l( 4] 4 2,4 2

214

1-v 1(3 21/) ]
3v 1
1—7,2(3—21/)

v
za

v
E:
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03.02.26.0146.01

2 3 1 _v l_ v 1_v
L@ oFi|;v+1 —|=2Vr esdn|v+—||Tv+1) Gz = 2z 242
35 v v v 1 1 v
4 4 20 L X X _-@By,=-1
2 2" 2" 2 ' 4 2
03.02.26.0147.01
2 vl loven
|V(z)0|:l(;1—v; —]_ "V T(- v)G35Z 22t
4 31T 5 5,2(2\""1)
03.02.26.0061.01
2 v z 1
l,@oFa|;v+ 1 ——|=V7r 22T (v+1) Gy ) R A -
4 ovz 4 4’4 a4 4
03.02.26.0062.01
Z z 1 Sias
1y | ——ov/2 _ 2,0 - 4
|V(Z)0F1,1 v, 4 =2 ﬁr(l V)Gl,S \/_’4 v vi2 v 3y 3v+2
2v2 4’ 4 4’ 4 4
03.02.26.0148.01
Y z 1
L(2VZ)oFiG v+ 1 -2 =22 Vr T(v+ 1)63;2(5,5 T —%(31/))
03.02.26.0149.01
, ’o 1@v+2)
L2VZ)oFiG 1=y -2 =22V Ta-nGg = = | ., * 4 .
i T i SR
Generalized casesinvolving oF;
03.02.26.0063.01
Lb g _b 32
|V(z)oﬁ1[; ;—)__\/—csc( n(2b+2v+1))2“e§§ 2 =t hb-ven
S

03.02.26.0150.01

. 2 2-n-—rv-1 1 l(n+v+1).1(n+v+2),1(2n+2v+3)
IV(Z)oFl[;—n—v; —]=— 1l J«/—ne35 z, - _
4 NES n+2+1,-7, 2,n+—+l,—(2n+2v+3)

2] - e Jzz'“vr(k n+[3]+ %)(1—k+[§J)n "

2 2 /ineN
e KITk—=n-vI'(k+v+1)

03.02.26.0151.01

| e 2 ) sin(rv) 2’ Fis 22 1
(2 v, — | =27 ——+ [ = GiElz =
ot 4 b 2 46 2

03.02.26.0152.01

N 2\ 272 _ Ll 1
1,(2) oF4|; —v-1; vi it 47’ (v+Dsin(ry) - V2 7% Gyglz, 5

T

v+2 v+3 1
R 3 2v+5) ]]
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03.02.26.0153.01

ly(z)oﬁl[; v; é] 2 csc((v+ %)n)

03.02.26.0154.01

Z 3
L@oF; v+l —|=2"Vn CS?{H(V+—])
4 4

03.02.26.0155.01

2

1
h(@oFyfi1-v; — =2:"Vr Gy

03.02.26.0064.01

Z

|V(Z)0'il ;V+1; —Z 22\/72_E Gé:g[

03.02.26.0065.01

zZ

l, (D) oF4|; 1-; - = 2”2\/76512[

03.02.26.0156.01

. v z 1
|y(2x/?)0|:1(; v+l -=2"72Vrn 63;2(5, 5

03.02.26.0157.01

L(2Vz ) oF1G1-v; - =2"\rn Gi;g[

Through other functions

03.02.26.0066.01

1
IV(Z) = L—v(z) Lv— 5 eN

NI N

N[

1-»v 1
1 = 33-2) J
v v 3v 1
51—5,1—7,2(3—2")
v 1 v 1 v
1 22 71 2
5 1 1 v
21 r _r ¥ _= -_7r
2’ 2" 2 2(3V),4 2
v+l 1
7,2(2V+1)
3v v 1
21 T3 o E'Z(2V+1)
v _vy Z2v _3v
4’ 4 4 4
3v+2
4
v vz _y 3v 3w
4’ 47 4 4’ 4
v v 1 v 1
z"z’z‘z*z@”]
Z@3v+2) ]
v v+2 v 3v 1
T T’Z(3V+2)

Representations through equivalent functions

With related functions

03.02.27.0001.01
il

IV(Z) = \]v(ﬂ 2)
(2

03.02.27.0002.01
(i2"

1,(i2) = 32

03.02.27.0006.01
pad

1,(2) = —— (cSC(rv) Y_, (i 2) — cot(r v) Y, (i 2))
(i
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03.02.27.0003.01

1
1@ K2 + 1L, K,1(2) = -

03.02.27.0004.01

(@) = G) oﬁl[: v ;]

03.02.27.0005.01

z\ Z
o= 5) oFl[; v+l Z]/; ven
03.02.27.0007.01
1 == ¢3 " 2 (~(~ 1% 2)”" (i bei,(~(~ D% 2) + ber, (~(-1)% 2)

03.02.27.0008.01
1 . v
|y(“ 1 z) ::@z“?'””z*V(“ 1 z) (ber, (2) + i bei,(2))

03.02.27.0009.01
W(VZ)3(V7) = 275 22 b, (V=2 ) +ben (V2 )
Theorems

I-transformation

y+ico

. r 1 . 1
f .y ==ff(X) VXY hxydx e f(x) = o f fv(y)\/xy KV(XY)CW/;VZ—E
0 y—i 0o

Unitary representations of the real Euclidean group

Bessel functions of integer order appear as the matrix elements of the unitary representations of the real Euclidean

group Ez inthe ¢'"? basis.

The radial current density

The radial current density of a high frequency current with time dependence i = ig cos(w t) flowing through a

straight circular conductor of radius Ris given by i(r) « ig Re(lo(ﬁ ér;)/ Io(\/? 5)), where ¢ is a function of the

¢
conductivity and the frequency w.
A simple continued fraction

The simple continued fraction with arithmetic progression

1
a+

a+d+
a+2d+ 1
a.+3 d+ o
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[eRES)

)-

has the closed form | 3_1(5)/ la(
d

d

Random walks

The probability w; for arandom walker who starts at t = O at the origin of ad dimensional cubic lattice to be at the
point {ny, Ny, ..., Ng} attimet (t e N) is

at d é:
W == 6_5‘ gh(a] le=0
History

—A. B. Basset (1888)

Applications of 1,(2) include electrodynamics, solid state physics, celestial mechanics, quantum chromodynamics,
radiation theory, and the Aharonov—Bohm effect.
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