
Beta3

Notations

Traditional name

Incomplete beta function

Traditional notation

BzHa, bL
Mathematica StandardForm notation

Beta@z, a, bD

Primary definition

Basic definition

06.19.02.0001.01

BzHa, bL � à
0

z

ta-1 H1 - tLb-1 â t �; ReHaL > 0 ì ReHbL > 0 ì  z¤ < 1

The incomplete beta function BzHa, bL is defined by the above definite integral, that under the stated conditions, is

convergent. For other values of the arguments z, a, b, the function BzHa, bL is defined as the analytic continuation

with respect to its arguments of this integral.

Complete definition

06.19.02.0002.01

BzHa, bL � GHaL za
2F

�
1Ha, 1 - b; a + 1; zL �; -a Ï N

The function BzHa, bL can be equivalently defined through the above generalized hypergeometric function.

For negative integers Α � -n and positive integers b � m �; m £ n, the function BzHa, bL cannot be uniquely defined

by a limiting procedure based on the above definition because the two variables a, b can approach integers -n,

m �; m £ n at different speeds. In the case a � -n, b � m �; m £ n one defines:

06.19.02.0003.01

BzH-n, mL � z-n â
k=0

m-1 H1 - mLk zk

Hk - nL k !
�; n Î N+ ì m Î N+ ì m £ n

For a � -n and arbitrary b (except the case of positive integer b � m �; m £ n), the function BzHa, bL is not finite:



06.19.02.0004.01

BzH-n, bL � ¥� �; n � 0 ê In Î N+ ì Ø Ib Î N+ ì b £ nMM
Specific values

Specialized values

For fixed z, a

06.19.03.0001.01

BzHa, nL � BHa, nL za â
k=0

n-1 HaLk H1 - zLk

k !
�; n Î N

For fixed z, b

06.19.03.0002.01

BzH-n, bL � ¥� �; n � 0 ê In Î N+ ì Ø Ib Î N+ ì b £ nMM
06.19.03.0007.01

BzH-n, bL � z-n â
k=0

b-1 H1 - bLk zk

Hk - nL k !
�; n Î N+ ì b Î N+ ì b £ n

06.19.03.0003.01

BzHn, bL � BHn, bL 1 - H1 - zLb â
k=0

n-1 HbLk zk

k !
�; n Î N

For fixed a, b

06.19.03.0004.01

B0Ha, bL � 0 �; ReHaL > 0

06.19.03.0005.01

B0Ha, bL � ¥� �; ReHaL < 0

06.19.03.0006.01

B1Ha, bL � BHa, bL �; ReHbL > 0

General characteristics

Domain and analyticity

BzHa, bL is an analytical function of z, a, and b which is defined in C3. 

06.19.04.0001.01Hz * a * bL �BzHa, bL � HC Ä C Ä CL �C

Symmetries and periodicities

Mirror symmetry

06.19.04.0002.02

Bz
� Ia, bM � BzHa, bL �; z Ï H-¥, 0L ì z Ï H1, ¥L
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Periodicity

No periodicity

Poles and essential singularities

With respect to b

For fixed z, a, the function BzHa, bL has only one singular point at  b = ¥� .  It is an essential singular point. 

06.19.04.0003.01

SingbHBzHa, bLL � 88¥� , ¥<<
With respect to a

For fixed z, b, the function BzHa, bL has an infinite set of singular points:

a) a � -k �; k Î N, are the simple poles with residues 
H1-bLk

k!
;

b) a � ¥�  is the point of convergence of poles, which is an essential singular point.

06.19.04.0004.01

SingaHBzHa, bLL � 888-k, 1< �; k Î N<, 8¥� , ¥<<
06.19.04.0005.01

reszHBzHa, bLL H-kL �
H1 - bLk

k !
�; k Î N

With respect to z

For fixed a, b, the function BzHa, bL does not have poles and essential singularities.

06.19.04.0006.01

SingzHBzHa, bLL � 8<
Branch points

With respect to b

For fixed z, a, the function BzHa, bL does not have branch points.

06.19.04.0007.01

BPbHBzHa, bLL � 8<
With respect to a

For fixed z, b, the function BzHa, bL does not have branch points.

06.19.04.0008.01

BPaHBzHa, bLL � 8<
With respect to z

For fixed a, b, the function BzHa, bL has three branch points: z � 0, z � 1 and z � ¥� .

06.19.04.0009.01

BPzHBzHa, bLL � 80, 1, ¥� <
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06.19.04.0010.01

RzHBzHa, bL, 0L � log �; a Ï Z ì a Ï Q

06.19.04.0011.01

RzHBzHa, bL, 0L � q �; a �
p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

06.19.04.0012.01

RzHBzHa, bL, 1L � log �; b Ï Z ì b Ï Q

06.19.04.0013.01

RzHBzHa, bL, 1L � q �; b �
p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

06.19.04.0014.01

RzHBzHa, bL, ¥� L � log �; a + b Î Z ê a + b Ï Q

06.19.04.0015.01

RzHBzHa, bL, ¥� L � s �; a + b �
r

s
í r Î Z í s - 1 Î N+ í gcdHr, sL � 1

Branch cuts

With respect to b

For fixed z, a, the function BzHa, bL does not have branch cuts.

06.19.04.0016.01

BCbHBzHa, bLL � 8<
With respect to a

For fixed z, b, the function BzHa, bL does not have branch cuts.

06.19.04.0017.01

BCaHBzHa, bLL � 8<
With respect to z

For fixed  a, b, the function BzHa, bL is a single-valued function on the z-plane cut along the intervals H-¥, 0L and H1, ¥L. 
The function BzHa, bL is continuous from above on the interval H-¥, 0L and from below on the interval H1, ¥L.

06.19.04.0018.01

BCzHBzHa, bLL � 88H-¥, 0L, -ä<, 8H1, ¥L, ä<<
06.19.04.0019.01

lim
Ε®+0

Bx+ä ΕHa, bL � BxHa, bL �; x < 0

06.19.04.0020.01

lim
Ε®+0

Bx-ä ΕHa, bL � ã-2 ä a Π BxHa, bL �; x < 0

06.19.04.0021.01

lim
Ε®+0

Bx-ä ΕHa, bL � BxHa, bL �; x > 1

06.19.04.0022.01

lim
Ε®+0

Bx+ä ΕHa, bL � ã-2 ä b Π BxHa, bL + 2 ã-ä b Π ä BHa, bL sinHb ΠL �; x > 1
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Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

06.19.06.0024.01

BzHa, bL µ
1

GH1 - bL GHa + bL  
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1

-2 ä ã
ä b Π

argJz0-zN
2 Π

Π
argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

GHaL z0
-a + G2,2

2,2 1 - z0
1 - a, b

0, b

1

1 - z0

b
argJz0-zN

2 Π H1 - z0Lb
argJz0-zN

2 Π
+

1

1 - z0

b
argJz0-zN

2 Π H1 - z0Lb
argJz0-zN

2 Π
z0

a a G2,2
2,2 1 - z0

1 - a, b

0, b
+ G2,2

2,2 1 - z0
-a, b - 1

0, b - 1
z0 -

2 ä ã
ä b Π

argJz0-zN
2 Π

Π
argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

Ha GHaL - GHa + 1LL z0
-a-1Hz - z0L +

1

2

1

1 - z0

b
argJz0-zN

2 Π H1 - z0Lb
argJz0-zN

2 Π
z0

a Ha - 1L a G2,2
2,2 1 - z0

1 - a, b

0, b
+

z0 2 a G2,2
2,2 1 - z0

-a, b - 1

0, b - 1
+ G2,2

2,2 1 - z0
-a - 1, b - 2

0, b - 2
z0 - 2 ä ã

ä b Π
argJz0-zN

2 Π
Π

argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

HHa - 1L a GHaL - 2 a GHa + 1L + GHa + 2LL z0
-a-2Hz - z0L2

+ ¼ �; Hz ® z0L
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06.19.06.0025.01

BzHa, bL µ
1

GH1 - bL GHa + bL  
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1

-2 ä ã
ä b Π

argJz0-zN
2 Π

Π
argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

GHaL z0
-a + G2,2

2,2 1 - z0
1 - a, b

0, b

1

1 - z0

b
argJz0-zN

2 Π H1 - z0Lb
argJz0-zN

2 Π
+

1

1 - z0

b
argJz0-zN

2 Π H1 - z0Lb
argJz0-zN

2 Π
z0

a a G2,2
2,2 1 - z0

1 - a, b

0, b
+ G2,2

2,2 1 - z0
-a, b - 1

0, b - 1
z0 -

2 ä ã
ä b Π

argJz0-zN
2 Π

Π
argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

Ha GHaL - GHa + 1LL z0
-a-1Hz - z0L +

1

2

1

1 - z0

b
argJz0-zN

2 Π H1 - z0Lb
argJz0-zN

2 Π
z0

a Ha - 1L a G2,2
2,2 1 - z0

1 - a, b

0, b
+

z0 2 a G2,2
2,2 1 - z0

-a, b - 1

0, b - 1
+ G2,2

2,2 1 - z0
-a - 1, b - 2

0, b - 2
z0 - 2 ä ã

ä b Π
argJz0-zN

2 Π
Π

argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

HHa - 1L a GHaL - 2 a GHa + 1L + GHa + 2LL z0
-a-2Hz - z0L2

+ O IHz - z0L3M
06.19.06.0026.01

BzHa, bL �
1

GH1 - bL GHa + bL  
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1

â
k=0

¥ â
j=0

k H-1Lk- j H-aLk- j z0
j-k

j ! Hk - jL !
 

1

1 - z0

b
argJz0-zN

2 Π H1 - z0Lb
argJz0-zN

2 Π
G2,2

2,2 1 - z0
-a - j + 1, b - j

0, b - j
-

2 Π ä
argHz0 - zL

2 Π
ã

ä b Π
argJz0-zN

2 Π
argH1 - z0L + Π

2 Π
H-1L j GHa + jL z0

-a- j Hz - z0Lk
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06.19.06.0027.01

BzHa, bL �
Π

GH1 - bL GHa + bL
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1 â

k=0

¥ â
j=0

k H-1Lk H-aLk- j z0
j-k

j ! Hk - jL !
 

GHa + jL z0
-a- j

cscHb ΠL 1

1 - z0

b
argJz0-zN

2 Π H1 - z0Lb
argJz0-zN

2 Π
- 2 ä ã

ä b Π
argJz0-zN

2 Π
argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

-

cscHb ΠL GHa + bL 1

1 - z0

b
argJz0-zN

2 Π H1 - z0L
argJz0-zN

2 Π
b+b- j

 2F
�

1H1, a + b; b - j + 1; 1 - z0L Hz - z0Lk �; b Ï Z

06.19.06.0028.01

BzHa, bL µ
1

GH1 - bL GHa + bL  
1

z0

a
argJz-z0N

2 Π

z0

a
argJz-z0N

2 Π
+1

-2 ä ã
ä b Π

argJz0-zN
2 Π

Π
argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

GHaL z0
-a +

G2,2
2,2 1 - z0

1 - a, b

0, b

1

1 - z0

b
argJz0-zN

2 Π H1 - z0Lb
argJz0-zN

2 Π
+ OHz - z0L

Expansions on branch cuts

For the function itself

In the left half-plane 

06.19.06.0029.01

BzHa, bL µ BzHa, bL µ
1

GH1 - bL GHa + bL  
1

x

a g argHz-xL
2 Π

w
x

a Kg argHz-xL
2 Π

w+1O

G2,2
2,2 1 - x

1 - a, b

0, b
+ G2,2

2,2 1 - x
1 - a, b

0, b
+ x G2,2

2,2 1 - x
-a, b - 1

0, b - 1
Hz - xL +

1

2 x2
 G2,2

2,2 1 - x
-a - 1, b - 2

0, b - 2
x2 + a Ha - 1L G2,2

2,2 1 - x
1 - a, b

0, b
+ 2 x G2,2

2,2 1 - x
-a, b - 1

0, b - 1
Hz - xL2 +

¼ �; Hz ® xL ß x Î R ß x < 0
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06.19.06.0030.01

BzHa, bL µ BzHa, bL µ
1

GH1 - bL GHa + bL  
1

x

a g argHz-xL
2 Π

w
x

a Kg argHz-xL
2 Π

w+1O

G2,2
2,2 1 - x

1 - a, b

0, b
+ G2,2

2,2 1 - x
1 - a, b

0, b
+ x G2,2

2,2 1 - x
-a, b - 1

0, b - 1
Hz - xL +

1

2 x2
 G2,2

2,2 1 - x
-a - 1, b - 2

0, b - 2
x2 + a Ha - 1L G2,2

2,2 1 - x
1 - a, b

0, b
+ 2 x G2,2

2,2 1 - x
-a, b - 1

0, b - 1
Hz - xL2 +

OIHz - xL3M �; x Î R ß x < 0

06.19.06.0031.01

BzHa, bL �
1

GH1 - bL GHa + bL  
1

x

a g argHz-xL
2 Π

w
x

a Kg argHz-xL
2 Π

w+1O â
k=0

¥ â
j=0

k H-1Lk- j H-aLk- j x j-k

j ! Hk - jL !
 G2,2

2,2 1 - x
-a - j + 1, b - j

0, b - j
Hz - xLk �;

x Î R ß x < 0

06.19.06.0032.01

BzHa, bL �
1

GHa + bL  GHbL 1

x

a g argHz-xL
2 Π

w
x

a Kg argHz-xL
2 Π

w+1O

â
k=0

¥ â
j=0

k H-1Lk H-aLk- j x j-k

j ! Hk - jL !
 IG Ha + jL x-a- j - GHa + bL H1 - xLb- j

2F
�

1H1, a + b; b - j + 1; 1 - xLM Hz - xLk �; x Î R ß x < 0

06.19.06.0033.01

BzHa, bL µ
1

GH1 - bL GHa + bL  
1

x

a g argHz-xL
2 Π

w
 x

a Kg argHz-xL
2 Π

w+1O
G2,2

2,2 1 - x
1 - a, b

0, b
+ OHz - xL �; x Î R ß x < 0

In the right half-plane

06.19.06.0034.01

BzHa, bL µ
1

GH1 - bL GHa + bL  -2 ã
ä b Π g argHx-zL

2 Π
w

ä Π
argHx - zL

2 Π
GHaL +

1

1 - x

b g argHx-zL
2 Π

w H1 - xLb g argHx-zL
2 Π

w
G2,2

2,2 1 - x
1 - a, b

0, b
xa +

1

1 - x

b g argHx-zL
2 Π

w H1 - xLb g argHx-zL
2 Π

w
xa-1 a G2,2

2,2 1 - x
1 - a, b

0, b
+ x G2,2

2,2 1 - x
-a, b - 1

0, b - 1
Hz - xL +

1

2

1

1 - x

b g argHx-zL
2 Π

w H1 - xLb g argHx-zL
2 Π

w
xa-2 G2,2

2,2 1 - x
-a - 1, b - 2

0, b - 2
x2 +

a Ha - 1L G2,2
2,2 1 - x

1 - a, b

0, b
+ 2 x G2,2

2,2 1 - x
-a, b - 1

0, b - 1
Hz - xL2 + ¼ �; Hz ® xL ß x Î R ß x > 1
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06.19.06.0035.01

BzHa, bL µ
1

GH1 - bL GHa + bL  -2 ã
ä b Π g argHx-zL

2 Π
w

ä Π
argHx - zL

2 Π
GHaL +

1

1 - x

b g argHx-zL
2 Π

w H1 - xLb g argHx-zL
2 Π

w
G2,2

2,2 1 - x
1 - a, b

0, b
xa +

1

1 - x

b g argHx-zL
2 Π

w H1 - xLb g argHx-zL
2 Π

w
xa-1 a G2,2

2,2 1 - x
1 - a, b

0, b
+ x G2,2

2,2 1 - x
-a, b - 1

0, b - 1
Hz - xL +

1

2

1

1 - x

b g argHx-zL
2 Π

w H1 - xLb g argHx-zL
2 Π

w
xa-2 G2,2

2,2 1 - x
-a - 1, b - 2

0, b - 2
x2 +

a Ha - 1L G2,2
2,2 1 - x

1 - a, b

0, b
+ 2 x G2,2

2,2 1 - x
-a, b - 1

0, b - 1
Hz - xL2 + OIHz - xL3M �; x Î R ß x > 1

06.19.06.0036.01

BzHa, bL �

1

GH1 - bL GHa + bL  â
k=0

¥ â
j=0

k H-1Lk- j H-aLk- j x j-k

j ! Hk - jL !
 xa

1

1 - x

b g argHx-zL
2 Π

w H1 - xLb g argHx-zL
2 Π

w
G2,2

2,2 1 - x
-a - j + 1, b - j

0, b - j
- 2 Π ä

argHx - zL
2 Π

ã
ä b Π g argHx-zL

2 Π
w H-1L j GHa + jL x- j Hz - xLk �; x Î R ß x > 1

06.19.06.0037.01

BzHa, bL �
Π

GH1 - bL GHa + bL  

â
k=0

¥ â
j=0

k H-1Lk H-aLk- j x j-k

j ! Hk - jL !
 GHa + jL x- j cscHb ΠL 1

1 - x

b g argHx-zL
2 Π

w H1 - xLb g argHx-zL
2 Π

w
- 2 ä ã

ä b Π g argHx-zL
2 Π

w argHx - zL
2 Π

- cscHb ΠL

GHa + bL xa
1

1 - x

b g argHx-zL
2 Π

w H1 - xLg argHx-zL
2 Π

w b+b- j
 2F

�
1H1, a + b; b - j + 1; 1 - xL Hz - xLk �; b Ï Z ì x Î R ì x > 1

06.19.06.0038.01

BzHa, bL µ
1

GH1 - bL GHa + bL  -2 ã
ä b Π g argHx-zL

2 Π
w

ä Π
argHx - zL

2 Π
GHaL +

1

1 - x

b g argHx-zL
2 Π

w H1 - xLb g argHx-zL
2 Π

w
G2,2

2,2 1 - x
1 - a, b

0, b
xa +

OHz - xL �; x Î R ß x > 1

Expansions at z � 0

For the function itself

General case

06.19.06.0001.02

BzHa, bL µ
za

a
 1 +

a H1 - bL z

a + 1
+

a H1 - bL H2 - bL z2

2 Ha + 2L + ¼ �; Hz ® 0L ì -a Ï N
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06.19.06.0039.01

BzHa, bL µ
za

a
1 +

a H1 - bL z

a + 1
+

a H1 - bL H2 - bL z2

2 Ha + 2L + OIz3M �; -a Ï N

06.19.06.0002.01

BzHa, bL � za â
k=0

¥ H1 - bLk zk

Ha + kL k !
�;  z¤ < 1 ì -a Ï N

06.19.06.0003.01

BzHa, bL �
za

a
2F1Ha, 1 - b; a + 1; zL

06.19.06.0004.02

BzHa, bL µ
za

a
 H1 + OHzLL �; -a Ï N

06.19.06.0040.01

BzHa, bL � F¥Hz, a, bL �;
FnHzL � za â

k=0

n H1 - bLk zk

Ha + kL k !
� BzHa, bL -

za+n+1 H1 - bLn+1

Ha + n + 1L Hn + 1L !
3F2H1, a + n + 1, -b + n + 2; n + 2, a + n + 2; zL í n Î N

Summed form of the truncated series expansion.

Generic formulas for main term

06.19.06.0041.01

BzHa, bL µ
¥� a � 0 ê H-a Î N+ ì Ø Hb Î N+ ì a + b £ 0LL
za

a
True

�; Hz ® 0L
Expansions at z � 1

For the function itself

General case

06.19.06.0005.02

BzHa, bL µ BHa, bL -
H1 - zLb za

b
 1 -

Ha + bL Hz - 1L
1 + b

+
Ha + bL H1 + a + bL Hz - 1L2

H1 + bL H2 + bL - ¼ �; Hz ® 1L ì -b Ï N

06.19.06.0042.01

BzHa, bL µ BHa, bL -
H1 - zLb za

b
 1 -

Ha + bL Hz - 1L
1 + b

+
Ha + bL H1 + a + bL Hz - 1L2

H1 + bL H2 + bL + OIHz - 1L3M �; -b Ï N

06.19.06.0006.01

BzHa, bL � BHa, bL -
H1 - zLb za

b
â
k=0

¥ H-1Lk Ha + bLk Hz - 1Lk

Hb + 1Lk

�;  z - 1¤ < 1 ì -b Ï N

06.19.06.0007.01

BzHa, bL � BHa, bL -
H1 - zLb za

b
 2F1H1, a + b; b + 1; 1 - zL
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06.19.06.0008.02

BzHa, bL µ BHa, bL -
H1 - zLb

b
 1 +

Ha - 1L b Hz - 1L
1 + b

+
Ha - 1L Ha - 2L b Hz - 1L2

2 H2 + bL + ¼ �; Hz ® 1L ì -b Ï N

06.19.06.0043.01

BzHa, bL µ BHa, bL -
H1 - zLb

b
 1 +

Ha - 1L b Hz - 1L
1 + b

+
Ha - 1L Ha - 2L b Hz - 1L2

2 H2 + bL + OIHz - 1L3M �; -b Ï N

06.19.06.0009.01

BzHa, bL � BHa, bL -
GHbL H1 - zLb

GH-aL GHa + bL  â
j=0

¥ â
k=0

¥ H-1L j+k GH j - aL GHa + b + kL Hz - 1L j+k

j ! GHb + k + 1L �;  z - 1¤ < 1 ì -b Ï N

06.19.06.0010.01

BzHa, bL � BHa, bL -
H1 - zLb

b
F0 ´ 0 ´ 1

0 ´ 1 ´ 2 ; -a; 1, a + b;

; ; b + 1;
 1 - z, 1 - z �; -b Ï N

06.19.06.0011.02

BzHa, bL µ BHa, bL -
H1 - zLb

b
 H1 + OHz - 1LL �; -b Ï N

Logarithmic cases

06.19.06.0044.01

BzHa, 0L µ -logH1 - zL + -ΨHaL - ý + H1 - aL Hz - 1L +
1

4
H2 - aL Ha - 1L Hz - 1L2 + ¼ �; Hz ® 1L

06.19.06.0045.01

BzHa, -1L µ -
1

z - 1
 1 + a Hz - 1L +

a Ha - 1L
2

 Hz - 1L2 + ¼ +

Ha - 1L ΨHaL + ý + Ha - 1L Hz - 1L +
Ha - 2L Ha - 1L

4
Hz - 1L2 + ¼ + Ha - 1L logH1 - zL �; Hz ® 1L

06.19.06.0046.01

BzHa, -2L µ
1

2 Hz - 1L2
 1 + 2 Ha - 1L Hz - 1L -

H5 - 3 aL a

2
 Hz - 1L2 + ¼ +

Ha - 2L Ha - 1L
2

 -ΨHaL - ý + H1 - aL Hz - 1L -
Ha - 2L Ha - 1L

4
 Hz - 1L2 + ¼ -

Ha - 2L Ha - 1L
2

 logH1 - zL �; Hz ® 1L
06.19.06.0047.01

BzHa, bL µ
H-1Lb-1 GHaL

H-bL ! GHa + bL  logH1 - zL -
H1 - zLb

b
1 +

Ha - 1L b

1 + b
 Hz - 1L +

I2 - 3 a + a2M b

2 H2 + bL  Hz - 1L2 + ¼ +

H1 - aL-b

H-bL !
 -ΨHaL - ý + H1 - aL Hz - 1L -

1

4
HHa - 2L Ha - 1LL Hz - 1L2 + ¼ �; Hz ® 1L ì -b - 3 Î N

06.19.06.0048.01

BzHa, bL µ
H-1Lb-1 GHaL

H-bL ! GHa + bL  logH1 - zL -
H1 - zLb

b
1 +

Ha - 1L b

1 + b
 Hz - 1L +

I2 - 3 a + a2M b

2 H2 + bL  Hz - 1L2 + OIHz - 1L3M +

H1 - aL-b

H-bL !
 -ΨHaL - ý + H1 - aL Hz - 1L -

1

4
HHa - 2L Ha - 1LL Hz - 1L2 + OIHz - 1L3M �; -b - 3 Î N
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06.19.06.0012.01

BzHa, bL � -H1 - zLb za â
k=0

-b-1 Ha + bLk H1 - zLk

HbLk+1

+

H1 - aL-b za â
k=0

¥ HaLk H1 - bLk HΨHk + 1L - ΨHa + kLL H1 - zLk

k ! Hk - bL !
+

H-1Lb-1 GHaL
H-bL ! GHa + bL  logH1 - zL �;  z - 1¤ < 1 ì -b Î N

06.19.06.0013.02

BzHa, bL µ
H-1Lb-1 GHaL

H-bL ! GHa + bL logH1 - zL -
H1 - zLb

b
 H1 + OHz - 1LL �; -b Î N+

06.19.06.0014.02

BzHa, 0L µ -logH1 - zL - HΨHaL + ýL H1 + OHz - 1LL
Generic formulas for main term

06.19.06.0049.01

BzHa, bL µ

-logH1 - zL - ΨHaL - ý b � 0
H-1Lb-1 GHaL logH1-zLH-bL! GHa+bL - H1-zLb

b
-b Î N+

BHa, bL - H1-zLb

b
True

�; Hz ® 1L

06.19.06.0050.01

BzHa, bL µ

-logH1 - zL b � 0

BHa, bL ReHbL > 0

- H1-zLb

b
ReHbL < 0

BHa, bL - H1-zLb

b
True

�; Hz ® 1L

Expansions at z � ¥

General case

06.19.06.0015.02

BzHa, bL µ
GHaL GH1 - a - bL zaH-zL-a

GH1 - bL +
H-zLb-1 za

a + b - 1
 1 +

H1 - bL H1 - a - bL
H2 - a - bL z

+
H1 - bL H2 - bL H1 - a - bL

2 H3 - a - bL z2
+ ¼ �;

H z¤ ® ¥L ì a + b Ï N+

06.19.06.0051.01

BzHa, bL µ
GHaL GH1 - a - bL zaH-zL-a

GH1 - bL +
H-zLb-1 za

a + b - 1
 1 +

H1 - bL H1 - a - bL
H2 - a - bL z

+
H1 - bL H2 - bL H1 - a - bL

2 H3 - a - bL z2
+ O

1

z3
�;

H z¤ ® ¥L ì a + b Ï N+

06.19.06.0016.01

BzHa, bL �
GHaL GH1 - a - bL zaH-zL-a

GH1 - bL +
za H-zLb-1

a + b - 1
â
k=0

¥ H1 - bLk H1 - a - bLk z-k

H2 - a - bLk k !
�;  z¤ > 1 ì a + b Ï N+

06.19.06.0017.01

BzHa, bL �
GHaL GH1 - a - bL zaH-zL-a

GH1 - bL +
za H-zLb-1

a + b - 1
 2F1 1 - b, 1 - a - b; 2 - a - b;

1

z
�; z Ï H0, 1L ì a + b Ï N+
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06.19.06.0018.02

BzHa, bL µ
GHaL GH1 - a - bL

GH1 - bL  zaH-zL-a +
za H-zLb-1

a + b - 1
 1 + O

1

z
�; a + b Ï N+

06.19.06.0052.01

BzHa, bL µ
- ãä b Π za+b-1

a+b-1
+ ã-ä a Π GHaL GH-a-b+1L

GH1-bL argHzL £ 0

ãä a Π GHaL GH-a-b+1L
GH1-bL - ã-ä b Π za+b-1

a+b-1
True

�; a + b Ï N+ ì H z¤ ® ¥L
06.19.06.0053.01

BzHa, bL � F¥Hz, a, bL �;
FnHz, a, bL �

zaH-zLb-1

a + b - 1
â
k=0

n H1 - bLk H1 - a - bLk z-k

H2 - a - bLk k !
+ BHa, 1 - a - bL za H-zL-a � BzHa, bL +

H1 - bLn+1 H-zLb-1 za-n-1

Hn + 1L ! H2 - a - b + nL
3F2 1, 2 - b + n, 2 - a - b + n; n + 2, 3 - a - b + n;

1

z
í n Î N í a + b Ï N+

Summed form of the truncated series expansion.

Logarithmic cases

06.19.06.0054.01

BzHa, 1 - aL µ H-zL-a za HlogH-zL - ΨHaL - ýL - a H-zL-a za-1 1 +
1 + a

4 z
+

H1 + aL H2 + aL
18 z2

+ ¼ �; H z¤ ® ¥L
06.19.06.0055.01

BzHa, 2 - aL µ za H-zL1-a +
a Ha - 1L

2
 H-zL-a z-1+a 1 +

1 + a

6 z
+

H1 + aL H2 + aL
36 z2

+ ¼ + H1 - aL HlogH-zL - ΨHaL - ý + 1L za H-zL-a �;
H z¤ ® ¥L

06.19.06.0056.01

BzHa, -a + n + 1L µ
H-aLn+1 H-zL-a za-1

Hn + 1L !
 1 +

1 + a

2 H2 + nL z
+

H1 + aL H2 + aL
3 H2 + nL H3 + nL z2

+ ¼ +

H1 - aLn H-zL-a za

n!
HlogH-zL + ΨHn + 1L - ΨHaLL + H-zLn-a za â

k=0

n-1 Ha - nLk z-k

Hn - kL k !
�; H z¤ ® ¥L ß n Î N

06.19.06.0057.01

BzHa, 1 - aL � H-zL-a za HlogH-zL - ΨHaL - ýL - a H-zL-a za-1
3F2 1, 1, a + 1; 2, 2;

1

z
�; z Ï H0, 1L

06.19.06.0058.01

BzHa, -a + n + 1L �
H-aLn+1 H-zL-a za-1

Hn + 1L !
 â
k=0

¥ Ha + 1Lk z-k

Hn + 2Lk Hk + 1L +

H1 - aLn H-zL-a za

n!
HlogH-zL + ΨHn + 1L - ΨHaLL + H-zLn-a za â

k=0

n-1 Ha - nLk z-k

Hn - kL k !
�; n Î N ß  z¤ > 1

http://functions.wolfram.com 13



06.19.06.0019.02

BzHa, -a + n + 1L �
H-aLn+1 H-zL-a za-1

Hn + 1L !
3F2 1, 1, a + 1; 2, n + 2;

1

z
+

H1 - aLn H-zL-a za

n!
 Hlog H-zL + ΨHn + 1L - ΨHaLL + H-zLn-a za â

k=0

n-1 Ha - nLk z-k

Hn - kL k !
�; n Î N ì z Ï H0, 1L

06.19.06.0020.02

BzHa, bL µ
H1 - aLa+b-1 za H-zL-a

Ha + b - 1L !
 HlogH-zL - ΨHaL + ΨHa + bLL +

za H-zLb-1

a + b - 1
1 + O

1

z
�; a + b - 1 Î N+

06.19.06.0021.02

BzHa, bL µ H-zL-a za HlogH-zL - ΨHaL - ýL - a H-zL-a za-1 1 + O
1

z
�; a + b � 1

06.19.06.0059.01

BzHa, bL µ

ã-ä a Π GHbL logHzL
GH1-aL GHa+bL - ãä b Π za+b-1

a+b-1
argHzL £ 0

ãä a Π GHbL logHzL
GH1-aL GHa+bL - ã-ä b Π za+b-1

a+b-1
True

�; a + b Ï N+ ì H z¤ ® ¥L
06.19.06.0060.01

BzHa, bL µ
ã-ä a Π logHzL argHzL £ 0

ãä a Π logHzL True
�; a + b � 1 ì H z¤ ® ¥L

Generic formulas for main term

06.19.06.0061.01

BzHa, bL µ

za H-zLb-1

a+b-1
+

za H1-aLa+b-1 HlogH-zL-ΨHaL+ΨHa+bLL H-zL-a

Ha+b-1L!
a + b - 1 Î N+

HlogH-zL - ΨHaL - ýL H-zL-a za a + b � 1
H-1Lb-1 za+b-1

a+b-1
-a Î N+ ì b Î N+ ì a + b £ 0

¥� a � 0 ê H-a Î N+ ì b Î N+ ì a + b > 0L
za GHaL GH1-a-bL H-zL-a

GH1-bL + za H-zLb-1

a+b-1
True

�; H z¤ ® ¥L

06.19.06.0062.01

BzHa, bL µ

H-zL-a za logH-zL a + b � 1

¥� a � 0 ê H-a Î N+ ì b Î N+ ì a + b > 0L
GHaL GH1-a-bL za H-zL-a

GH1-bL ReHa + bL < 1

za H-zLb-1

a+b-1
ReHa + bL > 1 ê H-a Î N+ ì b Î N+ ì a + b £ 0L

za GHaL GH1-a-bL H-zL-a

GH1-bL + za H-zLb-1

a+b-1
True

�; H z¤ ® ¥L
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06.19.06.0063.01

BzHa, bL µ

H-1Lb-1 za+b-1

a+b-1
-a Î N+ ì b Î N+ ì a + b £ 0

¥� a � 0 ê H-a Î N+ ì b Î N+ ì a + b > 0L
ã-ä a Π J ãä Ha+bL Π za+b-1

1-a-b
-

H1-aLa+b-1 Hä Π+logHzL-ΨHaL+ΨHa+bLL
Ha+b-1L!

N argHzL £ 0 ì a + b - 1 Î N+

ã-ä a Π HlogHzL - ΨHaL + ä Π - ýL argHzL £ 0 ì a + b � 1

ãä b Π za+b-1

1-a-b
+ ã-ä a Π GHaL GH-a-b+1L

GH1-bL argHzL £ 0

ã-ä b Π za+b-1

1-a-b
+

ãä a Π H1-aLa+b-1 HΠ ä-logHzL+ΨHaL-ΨHa+bLL
Ha+b-1L!

argHzL > 0 ì a + b - N+

ãä a Π HlogHzL - ΨHaL - ä Π - ýL argHzL > 0 ì a + b � 1

ã-ä b Π za+b-1

1-a-b
+ ãä a Π GHaL GH-a-b+1L

GH1-bL True

�; H z¤ ® ¥L

06.19.06.0064.01

BzHa, bL µ

¥� a � 0 ê H-a Î N+ ì b Î N+ ì a + b > 0L
logHzL
ãä a Π

argHzL £ 0 ì a + b � 1

GHaL GH1-a-bL
ãä a Π GH1-bL argHzL £ 0 ì ReHa + bL < 1

ãä b Π za+b-1

1-a-b
HargHzL £ 0 ì ReHa + bL > 1L ê H-a Î N+ ì b Î N+ ì a + b £ 0L

ãä b Π za+b-1

1-a-b
+ GHaL GH1-a-bL

ãä a Π GH1-bL argHzL £ 0

ãä a Π logHzL argHzL > 0 ì a + b � 1

ãä a Π GHaL GH1-a-bL
GH1-bL argHzL > 0 ì ReHa + bL < 1

za+b-1

ãä b Π H1-a-bL HargHzL > 0 ì ReHa + bL > 1L ê H-a Î N+ ì b Î N+ ì a + b £ 0L
za+b-1

ãä b Π H1-a-bL + ãä a Π GHaL GH1-a-bL
GH1-bL True

�; H z¤ ® ¥L

Expansions at generic point a � a0

For the function itself

06.19.06.0065.01

BzHa, bL µ BzHa0, bL +
1

a0
2

 I logHzL a0
2 BzHa0, bL - za0

3F2H1 - b, a0, a0; a0 + 1, a0 + 1; zLM Ha - a0L +

1

2 a0
3

 I2 za0 H4F3H1 - b, a0, a0, a0; a0 + 1, a0 + 1, a0 + 1; zL - a0 3F2H1 - b, a0, a0; a0 + 1, a0 + 1; zL logHzLL +

log2HzL a0
3 BzHa0, bLM Ha - a0L2 + ¼ �; Ha ® a0L

06.19.06.0066.01

BzHa, bL µ BzHa0, bL +
1

a0
2

 I logHzL a0
2 BzHa0, bL - za0

3F2H1 - b, a0, a0; a0 + 1, a0 + 1; zLM Ha - a0L +
1

2 a0
3

 

I2 za0 H4F3H1 - b, a0, a0, a0; a0 + 1, a0 + 1, a0 + 1; zL - a0 3F2H1 - b, a0, a0; a0 + 1, a0 + 1; zL logHzLL + log2HzL a0
3 BzHa0, bLM

Ha - a0L2 + OIHa - a0L3M
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06.19.06.0067.01

BzHa, bL � GHa0L za0 â
k=0

¥

logkHzL â
j=0

k 1

Hk - jL !
j+2F

�
j+1I1 - b, c1, c2, ¼, c j+1; c1 + 1, c2 + 1, ¼, c j+1 + 1; zM -

GHa0L
logHzL

j Ha - a0Lk �;
c1 � c2 � ¼ � ck+1 � a0 ì k Î N

06.19.06.0068.01

BzHa, bL µ BzHa0, bL H1 + OHa - a0LL
Expansions at generic point b � b0

For the function itself

06.19.06.0069.01

BzHa, bL µ BzHa, b0L +

IGHb0L2
3F

�
2H1 - a, b0, b0; b0 + 1, b0 + 1; 1 - zL H1 - zLb0 - B1-zHb0, aL logH1 - zL + BHa, b0L HΨHb0L - ΨHa + b0LLM Hb - b0L +

1

2
-B1-zHb0, aL log2H1 - zL + IHΨHb0L - ΨHa + b0LL2 + ΨH1LHb0L - ΨH1LHa + b0LM BHa, b0L +

2 H1 - zLb0

b0
3

 Hb0 logH1 - zL 3F2H1 - a, b0, b0; b0 + 1, b0 + 1; 1 - zL -

4F3H1 - a, b0, b0, b0; b0 + 1, b0 + 1, b0 + 1; 1 - zLL Hb - b0L2 + ¼ �; Hb ® b0L
06.19.06.0070.01

BzHa, bL µ BzHa, b0L +

IGHb0L2
3F

�
2H1 - a, b0, b0; b0 + 1, b0 + 1; 1 - zL H1 - zLb0 - B1-zHb0, aL logH1 - zL + BHa, b0L HΨHb0L - ΨHa + b0LLM Hb - b0L +

1

2
-B1-zHb0, aL log2H1 - zL + IHΨHb0L - ΨHa + b0LL2 + ΨH1LHb0L - ΨH1LHa + b0LM BHa, b0L +

2 H1 - zLb0

b0
3

 Hb0 logH1 - zL 3F2H1 - a, b0, b0; b0 + 1, b0 + 1; 1 - zL -

4F3H1 - a, b0, b0, b0; b0 + 1, b0 + 1, b0 + 1; 1 - zLL Hb - b0L2 + OIHb - b0L3M
06.19.06.0071.01

BzHa, bL � â
k=0

¥ H-1Lk GHb0Lk+1
k+2F

�
k+1H1 - a, c1, c2, ¼, ck+1; c1 + 1, c2 + 1, ¼, ck+1 + 1; 1L - GHb0L H1 - zLb0 logkH1 - zL

â
j=0

k 1

Hk - jL !
 j+2F

�
j+1I1 - a, c1, c2, ¼, c j+1; c1 + 1, c2 + 1, ¼, c j+1 + 1; 1 - zM -

GHb0L
logH1 - zL

j

Hb - b0Lk �; c1 � c2 � ¼ � ck+1 � b0 ì k Î N

06.19.06.0072.01

BzHa, bL µ BzHa, b0L H1 + OHb - b0LL
Residue representations
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06.19.06.0022.01

BzHa, bL �
za

GH1 - bL â
j=0

¥

ress

GH1 - b - sL H-zL-s

a - s
 GHsL  H- jL �;  z¤ < 1

06.19.06.0023.01

BzHa, bL � -
za

GH1 - bL â
j=0

¥

ress GHsL H-zL-s 
GH-b - s + 1L

a - s
 HaL + â

j=0

¥

ress GHsL H-zL-s 
GH-b - s + 1L

a - s
 H j - b + 1L �;

 z¤ > 1 ì a + b Ï N+

06.19.06.0073.01

BzHa, n + 1 - aL � -
za

GHa - nL ress GHsL H-zL-s
GHa - n - sL

a - s
 HaL +

â
j=0

n-1

ress

GHsL H-zL-s

a - s
GHa - n - sL  Ha + j - nL + â

j=n+1

¥

ress

GHsL H-zL-s

a - s
GHa - n - sL  Ha + j - nL �;  z¤ > 1 ì n Ï N

Integral representations

On the real axis

Of the direct function

06.19.07.0001.01

BzHa, bL � à
0

z

ta-1 H1 - tLb-1 â t �; ReHaL > 0

06.19.07.0002.01

BzHa, bL � à
0

z

ta-1 H1 - tLb-1 - â
k=0

d-ReHaLt H1 - bLk zk

k !
 â t + â

k=0

d-ReHaLt H1 - bLk za+k

Ha + kL k !

Contour integral representations

06.19.07.0003.01

BzHa, bL �
za

2 Π ä GH1 - bL  à
L

GHsL GHa - sL GH1 - b - sL
GHa + 1 - sL  H-zL-s â s �;  argH-zL¤ < Π

06.19.07.0004.01

BzHa, bL �
za

2 Π ä GH1 - bL GHa + bL  à
L

GHsL GHb + sL GHa - sL GH1 - b - sL H1 - zL-s â s �;  argH1 - zL¤ < Π

06.19.07.0005.01

BzHa, bL �
za

2 Π ä GH1 - bL  à
Γ-ä ¥

Γ+ä ¥ GHsL GHa - sL GH1 - b - sL
GHa + 1 - sL  H-zL-s â s �; 0 < Γ < minHReHaL, 1 - ReHbLL ì  argH-zL¤ < Π

06.19.07.0006.01

BzHa, bL �
za

2 Π ä GH1 - bL GHa + bL  à
Γ-ä ¥

Γ+ä ¥

GHsL GHb + sL GHa - sL GH1 - b - sL H1 - zL-s â s �;
maxH0, -ReHbLL < Γ < minHReHaL, 1 - ReHbLL ì  argH1 - zL¤ < Π

Continued fraction representations
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06.19.10.0001.01

BzHa, bL �
za H1 - zLb

a
 

1

1 +
rH1L

1 +
rH2L

1 +
rH3L

1 +
rH4L

1 +
rH5L

1 + ¼

�; rH2 k + 1L � -
Ha + kL Ha + b + kL z

Ha + 2 kL Ha + 2 k + 1L í rH2 kL �
k Hb - kL z

Ha + 2 k - 1L Ha + 2 kL

06.19.10.0002.01

BzHa, bL �
za H1 - zLb

a I1 + KkHrHkL, 1L1
¥M �; rH2 k + 1L � -

Ha + kL Ha + b + kL z

Ha + 2 kL Ha + 2 k + 1L í rH2 kL �
k Hb - kL z

Ha + 2 k - 1L Ha + 2 kL
06.19.10.0003.01

BzHa, bL �
za H1 - zLb

a
 

1

1 +
rH1L

1 +
rH2L

1 +
rH3L

1 +
rH4L

1 +
rH5L

1 + ¼

�; rH2 k + 1L � -
Ha + kL Ha + b + kL z

Ha + 2 kL Ha + 2 k + 1L í rH2 kL �
k Hb - kL z

Ha + 2 k - 1L Ha + 2 kL

06.19.10.0004.01

BzHa, bL �
za H1 - zLb

a IKkHrHkL, 1L1
¥ + 1M �; rH2 k + 1L � -

Ha + kL Ha + b + kL z

Ha + 2 kL Ha + 2 k + 1L í rH2 kL �
k Hb - kL z

Ha + 2 k - 1L Ha + 2 kL

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

06.19.13.0001.01H1 - zL z w¢¢HzL + H1 - a + Ha + b - 2L zL w¢HzL � 0 �; wHzL � c1 BzHa, bL + c2

06.19.13.0002.01

WzH1, BzHa, bLL � H1 - zLb-1 za-1

06.19.13.0003.01

w¢¢HzL -
H-a + Ha + b - 2L gHzL + 1L g¢HzL

HgHzL - 1L gHzL +
g¢¢HzL
g¢HzL w¢HzL � 0 �; wHzL � c1 + c2 BgHzLHa, bL

06.19.13.0004.01

WzI1, BgHzLHa, bLM � H1 - gHzLLb-1 gHzLa-1 g¢HzL
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06.19.13.0005.01

w¢¢HzL - hHzL H-a + Ha + b - 2L gHzL + 1L g¢HzL
HgHzL - 1L gHzL hHzL +

2 h¢HzL
hHzL2

+
g¢¢HzL

hHzL g¢HzL w¢HzL +

2 h¢HzL2

hHzL2
+

H-a + Ha + b - 2L gHzL + 1L g¢HzL h¢HzL
HgHzL - 1L gHzL hHzL +

g¢¢HzL h¢HzL
hHzL g¢HzL -

h¢¢HzL
hHzL wHzL � 0 �; wHzL � c1 hHzL + c2 hHzL BgHzLHa, bL

06.19.13.0006.01

WzIhHzL, hHzL BgHzLHa, bLM � H1 - gHzLLb-1 gHzLa-1 hHzL2 g¢HzL
06.19.13.0007.01Hd zr - 1L z2 w¢¢HzL + H-d HHa + b - 1L r + 2 s - 1L zr + a r + 2 s - 1L z w¢HzL + s HHb - 1L d r zr + Ha r + sL Hd zr - 1LL wHzL � 0 �;

wHzL � c1 zs + c2 zs Bd zr Ha, bL
06.19.13.0008.01

WzIzs, zs Bd zr Ha, bLM � r z2 s-1 Hd zrLa H1 - d zrLb-1

06.19.13.0009.01Hd rz - 1L w¢¢HzL + H-d HHa + b - 1L logHrL + 2 logHsLL rz + a logHrL + 2 logHsLL w¢HzL +

logHsL Hd HHa + b - 1L logHrL + logHsLL rz - a logHrL - logHsLL wHzL � 0 �; wHzL � c1 sz + c2 sz Bd rz Ha, bL
06.19.13.0010.01

WzIsz, sz Bd rz Ha, bLM � d rz Hd rzLa-1 H1 - d rzLb-1 s2 z logHrL
Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.19.16.0001.01

B1-zHa, bL � BHa, bL - BzHb, aL
06.19.16.0002.01

BzHa + 1, bL �
1

a + b
 Ia BzHa, bL - H1 - zLb zaM

06.19.16.0003.01

BzHa - 1, bL �
1

a - 1
 IH1 - zLb za-1 + Ha + b - 1L BzHa, bLM

06.19.16.0004.01

BzHa + n, bL �
HaLn

Ha + bLn

 BzHa, bL -
1

a + b + n - 1
 â
k=0

n-1 H1 - a - nLk H1 - zLb za-k+n-1

H2 - a - b - nLk

�; n Î N

06.19.16.0005.01

BzHa - n, bL �
H1 - a - bLnH1 - aLn

BzHa, bL -
H2 - a - bLn-1H1 - aLn

 â
k=0

n-1 H1 - aLk H1 - zLb za-k-1

H2 - a - bLk

�; n Î N

Identities

Recurrence identities
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Consecutive neighbors

06.19.17.0001.01

BzHa, bL �
1

a
 IH1 - zLb za + Ha + bL BzHa + 1, bLM

06.19.17.0002.01

BzHa, bL �
1

a + b - 1
 IHa - 1L BzHa - 1, bL - H1 - zLb za-1M

Distant neighbors

06.19.17.0003.01

BzHa, bL �
Ha + bLnHaLn

 BzHa + n, bL +
za-1 H1 - zLb

a + b - 1
 â
k=1

n Ha + b - 1Lk zk

HaLk

�; n Î N

06.19.17.0004.01

BzHa, bL �
H1 - aLn

H1 - a - bLn

 BzHa - n, bL -
za-1 H1 - zLb

a + b - 1
 â
k=0

n-1 H1 - aLk z-k

H2 - a - bLk

�; n Î N

Functional identities

Relations between contiguous functions

06.19.17.0005.01

BzHa, bL � BzHa + 1, bL + BzHa, b + 1L
06.19.17.0006.01

BzHa, bL �
1

a + b - 1
 HHa - 1L z BzHa - 1, bL + Hb - 1L H1 - zL BzHa, b - 1LL

Additional relations between contiguous functions

06.19.17.0007.01

BzHa, bL �
1

a + b - a z
 HHb - 1L H1 - zL BzHa + 1, b - 1L + Ha + bL BzHa, b + 1LL

Major general cases

06.19.17.0008.01

BzHa, bL � BHa, bL - B1-zHb, aL
06.19.17.0009.01

BzHa, bL � H-zL-a za
1

z

a+b H-zLa+b B 1

z

H1 - a - b, bL + BHa, 1 - a - bL �; a + b Ï N+ ì z Ï H0, 1L

Differentiation

Low-order differentiation

With respect to z
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06.19.20.0001.01

¶BzHa, bL
¶z

� H1 - zLb-1 za-1

06.19.20.0002.01

¶2 BzHa, bL
¶z2

� -H1 - zLb-2 za-2 HHz - 1L a + Hb - 2L z + 1L
With respect to a

06.19.20.0003.01

¶BzHa, bL
¶a

� BzHa, bL logHzL - za GHaL2
3F

�
2Ha, a, 1 - b; a + 1, a + 1; zL

06.19.20.0004.01

¶2 BzHa, bL
¶a2

� 2 GHaL2 IGHaL 4F
�

3Ha, a, a, 1 - b; a + 1, a + 1, a + 1; zL - 3F
�

2Ha, a, 1 - b; a + 1, a + 1; zL logHzLM za + BzHa, bL log2HzL
With respect to b

06.19.20.0005.01

¶BzHa, bL
¶b

� GHbL2 H1 - zLb 3F
�

2Hb, b, 1 - a; b + 1, b + 1; 1 - zL - logH1 - zL B1-zHb, aL + HΨHbL - ΨHa + bLL BHa, bL
06.19.20.0006.01

¶2 BzHa, bL
¶b2

� BHa, bL IHΨHbL - ΨHa + bLL2 + ΨH1LHbL - ΨH1LHa + bLM -

I2 GHbL2 IGHbL 4F
�

3Hb, b, b, 1 - a; b + 1, b + 1, b + 1; 1 - zL - 3F
�

2Hb, b, 1 - a; b + 1, b + 1; 1 - zL logH1 - zLM H1 - zLb +

B1-zHb, aL log2H1 - zLM
Symbolic differentiation 

With respect to z

06.19.20.0017.01

¶n BzHa, bL
¶zn

� ∆n BzHa, bL - H1 - zLb-1 za-n â
k=0

n-1 H-1Ln-k n - 1

k
H1 - bLk H1 - aLn-k-1

z

1 - z

k �; n Î N

06.19.20.0007.02

¶n BzHa, bL
¶zn

� H-1Ln-1 GHbL H1 - zLb-n za-1
2F

�
1 1 - a, 1 - n; b - n + 1; 1 -

1

z
�; n Î N

With respect to a

06.19.20.0008.02

¶n BzHa, bL
¶an

� GHaL za lognHzL â
j=0

n n

j
j ! j+2F

�
j+1Ia1, a2, ¼, a j+1, 1 - b; a1 + 1, a2 + 1, ¼, a j+1 + 1; zM -

GHaL
logHzL

j �;
a1 � a2 � ¼ � an+1 � a ì n Î N

06.19.20.0009.02

¶n BzHa, bL
¶an

� H-1Ln â
k=0

¥ H1 - bLk GHn + 1, -Ha + kL logHzLL
Ha + kLn+1 k !

�; n Î N
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With respect to b

06.19.20.0010.01

¶n BzHa, bL
¶bn

� H-1Ln n! GHbLn+1 n+2F
�

n+1Ha1, a2, ¼, an+1, 1 - a; a1 + 1, a2 + 1, ¼, an+1 + 1; 1L -

GHbL H1 - zLb lognH1 - zL â
j=0

n n

j
j ! j+2F

�
j+1Ia1, a2, ¼, a j+1, 1 - a; a1 + 1, a2 + 1, ¼, a j+1 + 1; 1 - zM -

GHbL
logH1 - zL

j �; a1 �

a2 � ¼ � an+1 � b ì n Î N

Fractional integro-differentiation

With respect to z

06.19.20.0011.01

¶Α BzHa, bL
¶zΑ

� za-Α GHaL 2F
�

1Ha, 1 - b; a - Α + 1; zL �; -a Ï N+

06.19.20.0012.01

¶Α BzHa, bL
¶zΑ

� â
k=0

¥ H1 - bLk FCexp
HΑL Hz, a + kL za+k-Α

Ha + kL k !
�;  z¤ < 1

With respect to a

06.19.20.0013.01

¶Α BzHa, bL
¶aΑ

� a-Α H1 - bL za+1 â
k=0

¥ H2 - bLk zk

Hk + 1L2 k !
 2F

�
1 1, 1; 1 - Α; -

a

k + 1
+

FCexp
HΑL Hz, -1L a-Α-1 + a-Α logHzL 2F

�
2H1, 1; 2, 1 - Α; a logHzLL �;  z¤ < 1 ì -a Ï N

06.19.20.0014.01

¶Α BzHa, bL
¶aΑ

� a-Α à
0

z

ta-1 H1 - tLb-1 Ha logHtLLΑ QH-Α, 0, a logHtLL â t �; ReHaL > 0

With respect to b

06.19.20.0015.01

¶Α BzHa, bL
¶bΑ

� â
j=0

¥ â
k=0

j H-1Lk k ! za+ j bk-Α

Ha + jL GHk - Α + 1L j !
 S j

HkL
2F1H j + 1, a + j; a + j + 1; zL �;  z¤ < 1 ì -a Ï N

06.19.20.0016.01

¶Α BzHa, bL
¶bΑ

� b-Α à
0

z

ta-1 H1 - tLb-1 Hb logH1 - tLLΑ QH-Α, 0, b logH1 - tLL â t �; ReHaL > 0

Integration

Indefinite integration

Involving only one direct function
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06.19.21.0001.01

à Ba zHa, bL â z � z Ba zHa, bL -
Ba zHa + 1, bL

a
06.19.21.0002.01

à BzHa, bL â z � z BzHa, bL - BzHa + 1, bL
Involving one direct function and elementary functions

Involving power function

06.19.21.0003.01

à zΑ-1 Ba zHa, bL â z �
zΑ

Α
 HBa zHa, bL - Ha zL-Α Ba zHa + Α, bLL

06.19.21.0004.01

à zΑ-1 BzHa, bL â z �
1

Α
 HzΑ BzHa, bL - BzHa + Α, bLL

06.19.21.0005.01

à BzHa, bL
z

 â z � za GHaL2
3F

�
2Ha, a, 1 - b; a + 1, a + 1; zL

06.19.21.0006.01

à H1 - zLb-1 za-1 BzHa, bL â z �
1

2
BzHa, bL2

06.19.21.0007.01

à H1 - zLn BzHa, bL â z �
BzHa, b + n + 1L - H1 - zLn+1 BzHa, bL

n + 1

Involving rational function

06.19.21.0008.01

à BzHa, bL
1 - z

 â z � H1 - zLb GHbL2
3F

�
2Hb, b, 1 - a; b + 1, b + 1; 1 - zL - HB1-zHb, aL + BzHa, bLL logH1 - zL

Involving only one direct function with respect to a

06.19.21.0009.01

à BzHa, bL â a � H1 - bL za+1 â
k=0

¥ H2 - bLk zk

Hk + 1L !
log 1 +

a

k + 1
- GH0, -a logHzLL + logHaL - logH-a logHzLL - ý �;  z¤ < 1 ì -a Ï N

Involving one direct function and elementary functions with respect to a

Involving power function
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06.19.21.0010.01

à aΑ-1 BzHa, bL â a �
aΑ H1 - bL za+1

Α
 â
k=0

¥ H2 - bLk zk

Hk + 1L2 k !
2F1 Α, 1; Α + 1; -

a

k + 1
+

aΑ-1 za

Α - 1
-

aΑ H-a logHzLL-Α logHzL
Α - 1

 GHΑ, 0, -a logHzLL �;  z¤ < 1 ì -a Ï N

Involving only one direct function with respect to b

06.19.21.0011.01

à BzHa, bL â b � â
j=0

¥ â
k=0

j H-1Lk k ! za+ j bk+1

Ha + jL Hk + 1L ! j !
 S j

HkL
2F1H j + 1, a + j; a + j + 1; zL �;  z¤ < 1 ì -a Ï N

Involving one direct function and elementary functions with respect  to b

Involving power function

06.19.21.0012.01

à BzHa, bL â b � â
j=0

¥ â
k=0

j H-1Lk k ! za+ j bk+1

Ha + jL Hk + 1L ! j !
 S j

HkL
2F1H j + 1, a + j; a + j + 1; zL �;  z¤ < 1 ì -a Ï N

Integral transforms

Fourier cos transforms

06.19.22.0001.01

Fct@BtHa, bLD HxL �
2-b-

3

2 ã-ä a Π

Π GH1 - bL  G2,4
3,2

x2

4

1-a

2
, - a

2

0, - a+b

2
, 1-a-b

2
, - 1

2

�; x Î R ß ReHaL > -1

Fourier sin transforms

06.19.22.0002.01

Fst@BtHa, bLD HxL � -
2-b-

3

2 ã-ä a Π

Π GH1 - bL  sgnHxL G2,4
3,2

x2

4

1-a

2
, - a

2

- 1

2
, - a+b

2
, 1-a-b

2
, 0

�; x Î R ß ReHaL > -2

Laplace transforms

06.19.22.0003.01

Lt@BtHa, bLD HzL �
H-1L-a GHaL

z
 UHa, a + b, -zL �; ReHzL > 0 ß ReHaL > -1

Mellin transforms

06.19.22.0004.01

Mt@BtHa, bLD HzL � -
Π HcotHΠ Ha + zLL + äL GH1 - a - b - zL

z GH1 - bL GH1 - a - zL �; ReHa + zL > 0 ì ReHzL < 0 ì ReHa + b + zL < 1

Operations
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Limit operation

06.19.25.0001.01

lim
a®-n

Ha + nL BzHa, bL �
H1 - bLn

n!
�; n Î N

Representations through more general functions

Through hypergeometric functions

Involving 2F
�

1

06.19.26.0001.01

BzHa, bL � za GHaL 2F
�

1Ha, 1 - b; a + 1; zL �; -a Ï N

06.19.26.0002.01

BzHa, bL � GHaL H1 - zLb za
2F

�
1H1, a + b; a + 1; zL �; -a Ï N

06.19.26.0003.01

BzHa, bL � BHa, bL - GHbL H1 - zLb za
2F

�
1H1, a + b; b + 1; 1 - zL �; -b Ï N

06.19.26.0004.01

BzHa, bL � BH1 - a - b, aL H-zL-a za - GH1 - a - bL H-zLb-1 za
2F

�
1 1 - b, -a - b + 1; -a - b + 2;

1

z
�; a + b Ï N+

Involving 2F1

06.19.26.0005.01

BzHa, bL �
za

a
 2F1Ha, 1 - b; a + 1; zL �; -a Ï N

06.19.26.0006.01

BzHa, bL �
H1 - zLb za

a
 2F1H1, a + b; a + 1; zL �; -a Ï N

06.19.26.0007.01

BzHa, bL � BHa, bL -
H1 - zLb za

b
 2F1H1, a + b; b + 1; 1 - zL �; -b Ï N

06.19.26.0008.01

BzHa, bL �
za H-zLb-1

a + b - 1
2F1 1 - b, -a - b + 1; -a - b + 2;

1

z
+ za BH1 - a - b, aL H-zL-a �; a + b Ï N+

Through hypergeometric functions of two variables

06.19.26.0009.01

BzHa, bL � BHa, bL -
H1 - zLb

b
F0 ´ 0 ´ 1

0 ´ 1 ´ 2 ; -a; 1, a + b;

; ; b + 1;
 1 - z, 1 - z �; -b Ï N

Through Meijer G

Classical cases for the direct function itself
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06.19.26.0010.01

BzHa, bL �
za

G H1 - bL  G2,2
1,2 -z

1 - a, b
0, -a

Classical cases involving algebraic functions

06.19.26.0011.01

H1 - zL-b BzHa, bL �
G HaL za

G Ha + bL  G2,2
1,2 -z

0, -a - b + 1
0, -a

06.19.26.0016.01

Hz - 1L-b B 1

z

Ha, bL �
z-a-b GHaL
GHa + bL G2,2

2,1 -z
1, a + 1

1, a + b
�; z Ï H-¥, 0L

Classical cases involving algebraic functions in the arguments

06.19.26.0012.01

B z

z+1

Ha, bL �
1

G Ha + bL  G2,2
1,2 z

1, 1 - b
a, 0

�; z Ï H-¥, -1L
06.19.26.0013.01

Hz + 1La+b-1 B z

z+1

Ha, bL �
G HaL

G H1 - bL  G2,2
1,2 z

a, a + b
a, 0

�; z Ï H-¥, -1L
Through other functions

Involving some hypergeometric-type functions

06.19.26.0014.01

BzHa, bL � BH1,zLHa, bL + BHa, bL �; ReHbL > 0

06.19.26.0015.01

BzHa, bL � BHa, bL HIH1,zLHa, bL + 1L �; ReHbL > 0

Representations through equivalent functions

With inverse function

06.19.27.0001.01

BIz
-1Ha,bLHa, bL � BHa, bL z

06.19.27.0002.01

BII1,z2 M-1 Ha,bLHa, bL � BHa, bL H1 + z2L �; -1 < z2 < 0

With related functions

06.19.27.0003.01

BzHa, bL �
GHaL GHbL
GHa + bL IzHa, bL

History
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–  I. Newton (1676)

– J. Stirling (1730)

– T. Bayes (1763)

– P.-S. Laplace (1778)
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