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Notations

Traditional name

Incompl ete beta function

Traditional notation

Bi(a, b)

Mathematica StandardForm notation

Beta[z, a b]

Primary definition

Basic definition
06.19.02.0001.01

B,(a, b) = f 21 (1-t"1dt/;Rea) > 0AReb) >0A |7 <1
0

The incomplete beta function B,(a, b) is defined by the above definite integral, that under the stated conditions, is
convergent. For other values of the arguments z, a, b, the function B,(a, b) is defined as the analytic continuation
with respect to its arguments of thisintegral.

Complete definition

06.19.02.0002.01
BJa b)=T(@7A,F@a 1-b;a+1;2/;-a¢N

The function B,(a, b) can be equivalently defined through the above generalized hypergeometric function.

For negative integers a == —n and positive integers b == m/; m < n, the function B,(a, b) cannot be uniquely defined
by a limiting procedure based on the above definition because the two variables a, b can approach integers —n,
m/; m < n at different speeds. In the case a== —n, b == m/; m < n one defines:

06.19.02.0003.01

M1 (1- )
By(—n, m)=z‘”27/; neN* AmeN" Amsn
o (k=nk!

For a== —n and arbitrary b (except the case of positive integer b == m/; m < n), the function B,(a, b) is hot finite:
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06.19.02.0004.01
B-nb=&/;n=0V(neN* A= (beN" Ab<n)

Specific values

Specialized values

For fixed z, a

06.19.03.0001.01
-1 (@), (1-2*
By(a, n) = B(a, n) zaZ kT /ineN

k=0

For fixed z, b

06.19.03.0002.01
B-nb=&/n=0V(neN"A-(beN*Ab=n))

06.19.03.0007.01
b-1 (1 by, &

B,(—n, b) = z" Z

/ineNtAbeN"Abs<n
o (k—=nk!

06.19.03.0003.01

n-1 (b) i
By(n, b) = B(n, b) [1 —1-2° Z k—k') /ineN

k=0

For fixed a, b

06.19.03.0004.01
Bo(a, b)==0/; Re(a) > 0

06.19.03.0005.01
Bo(a, b) ==& /; Re(a) < 0

06.19.03.0006.01
B1(a, b) =B(a, b) /; Re(b) > 0

General characteristics

Domain and analyticity
B,(a, b) isan analytical function of z, a, and b which is defined in C3.

06.19.04.0001.01
(z+axbh)—Bya, b):: (C®RC®C)—C

Symmetries and periodicities

Mirror symmetry

06.19.04.0002.02
B,(@, b) =B, b) /; 2¢ (—c0, ) Az ¢ (1, )
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Periodicity

No periodicity

Poles and essential singularities
With respect tob

For fixed z, a, the function B,(a, b) has only one singular pointat b = c. Itisan essential singular point.

06.19.04.0003.01
Sing, (B(a, b)) == {{&, co}}

With respect to a

For fixed z, b, the function B,(a, b) has an infinite set of singular points:

(1-b)
k!

a) a==—-k/; ke N, are the simple poles with residues
b) a == co isthe point of convergence of poles, which is an essential singular point.

06.19.04.0004.01
Sing, (B(a, b)) = {{{-k, 1} /; ke N}, {0, co}}

06.19.04.0005.01
(1-Db)

res,(Bz(a, b)) (k) = o

/i keN

With respect to z
For fixed a, b, the function B,(a, b) does not have poles and essential singularities.

06.19.04.0006.01
Sing (B3, b)) == {}
Branch points
With respect tob

For fixed z, a, the function B,(a, b) does not have branch points.

06.19.04.0007.01
BPp(BA(a, b)) = {}

With respect toa

For fixed z, b, the function B,(a, b) does not have branch points.

06.19.04.0008.01
BPa(BA(a, b)) = {}

With respect to z
For fixed a, b, the function B,(a, b) has three branch points: z== 0, z==1 and z == .

06.19.04.0009.01
BP+(By(a, b)) == {0, 1, &}
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06.19.04.0010.01
RA(Bz(@, b), 0)==log/;a¢ Z ANa¢Q

06.19.04.0011.01

p
RoB(a,b), 0)=q/;a= a/\pel/\q—leN*/\gcd(p. =1

06.19.04.0012.01
Rz(Bz(a, b): 1= lOQ /i b ¢Z /\ b ¢Q

06.19.04.0013.01

p
Ro(B,(a, b), 1) =q/; b= a/\peZ/\q—leN*/\god(p, =1

06.19.04.0014.01
RAB(a, b), ©)==log/;a+beZ\Va+bg¢Q

06.19.04.0015.01

r
R,(By(a, b), o)=s/;a+b= —/\r eZ/\s—leN+ /\gcd(r, g =1
s

Branch cuts
With respecttob

For fixed z, a, the function B,(a, b) does not have branch cuts.

06.19.04.0016.01
BCy(Boa, b)) == {}

With respect toa

For fixed z, b, the function B,(a, b) does not have branch cuts.

06.19.04.0017.01
BCa(Boa, b)) == {}

With respect to z

For fixed a, b, the function B,(a, b) is a single-valued function on the z-plane cut along the intervals (—oo, 0) and (1, ).
The function B,(a, b) is continuous from above on the interval (-0, 0) and from below on theinterval (1, o).

06.19.04.0018.01
BCABa, b)) = {{(=c0, 0), =i}, {(1, c0), i}

06.19.04.0019.01
lim By,;(a, b) = By(a, b) /; x<0
e—>+0

06.19.04.0020.01
lim B,_;.(a b) = ¢723" By(a, b) /; x< 0

e->+0

06.19.04.0021.01
lim By_;(a b)= By(@a, b)/; x>1
e—>+0

06.19.04.0022.01
lim By, (@ b) == ¢ ?®" By(a, b) + 2¢ 7 i B(a, b) sin(b7) /; x> 1
e—>+0
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Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself

06.19.06.0024.01

Bs(a, b) <

Ir(1-b)I@+h) (zo

P g

b[arg(zo—z)
1-z) L ™

2 jagl-z)+ 7
d
2n

agzo-2 1-a by 1 D[T
(@ z? 62'2(1— ‘ ’ ) —
on J @z + Gy 4] ob 17

gz agfz-2
(L]blzlJ (l_zo)b[ i )ng(aeg;g(l_zo‘ 1-a, b)+G§j§[l—zo‘ -a b—1)20)_

1-2z 0,b 0,b-1
ibr ag(zz‘”’_z) ag(l—zy) +7||agZ—2 s
2ie n{ { J(al"(a)—l“(a+ V)[z" (z-2) +
2n T
agz-7) agfz-2)
1 1 D[TJ bl 9220 J 2,2 1-ab
2 [m) -2 1 3@ vaci-a| (T

979
27

— — _a_— _ ibr
zo(ZaGgﬁ(l—zo‘ a b 1)+G§;§(1-zo‘ a-1,b Z)zo))-zm;

0b-1 0,b-2 d

(a-1aT@-2al@+1) +I(@+2) zga'z(z—zo)z ol @>z)

2n b

rrg(l—zown“arg(zo—z)
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06.19.06.0025.01

arg(z-2)

1 a
B,(a, ) oc ——M (—]
r1-b)T@+b \z

agl-z)+nm

A

agz-z)

2n

&

2n

g(z-9
27

(1- z@bl

ag(l-zp) +n

wqh—aJ

J%@Gﬁ@—%\

agzo-2)

I(a)z® + G§;§(1 A ‘

0, b

y,

2n

2n

ng((a— 1)aG§j§(1—zo ’

—ab-1
2 62’2(1— ‘ &
w(2ac{1-2| 5y
rrg(l—zwm rrg(zo—a
2n big

06.19.06.0026.01

agz-7)
2

1 1 a[
&mm==———————{—]
rd-br@+b |z

A i rgfz-2 agfz-2
e E N (N PR =
> — [ ] (1-2) szz(l -2 ‘
k=0 j=0 J!(k_])! 1_20
a9z -2 | ibx 9(220” )J agl-zy)+m : o a ‘
2m{ Je {7J -D'T@+jz ' |z-2)
2n 2n

A

el 2)

2n

)+G§il—aw

T

0,b

0,b-2

&

o)1l

l1-ab

-a-1,b-2

1-ab
0,b

)+
o

(@a-1al(@-2al(a+1) +@+2)|z*4z- 20)2 +0((z-20)%)

—a-j+1,b—j
0, b-j

|

1

1-7

-a, b—l)
0,b-1

J @r@-r@+1)|%* ' z-2) +

gz
2n

s
2)-

e

)_
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06.19.06.0027.01

o2 ) Y[ R

By (a, b) = ————— % , ,
rA-br@+blz oD Itk=)!
arg(zofz) ar -2 arg(z,-2|
N [ 1 ]b[ = J [g[j" )j | o )j agl-2z) +7 || &gz -2
L@+ )z csc(b ) 1-2) -2ie { J -
1-z7 2m 2n
L b l arg(zz(:r*Z)J [arg(zofz)J b |
csc(b ) I'(a+ b)[l—) 1-z) ** Fila+bb-j+1,1-2) [z-2)/;bez
06.19.06.0028.01
arg(z- ) arg(z- ag(zn-2
1 1 al MZDJ a[[ g(znZO)J“] sor| 0 )J arg(l-2o) +7 || &Y(Z— 2)
B,(a, b) 7(—) Z —2ie ” n{ { Jr(a) %+
rA-br@+h \z 27 n
ar( 71) arg|zn -2
15| 1720 b[ E J 1 bl & )J 0
2,2( ‘20‘ 0.b )(1_20] (1-2) +0(z-2)

Expansions on branch cuts

For the function itself

In the left half-plane

06.19.06.0029.01

arg(z-%)

gl

1 155
Bya b)Bya by — (_)
I(1-by@+b) \x

22 1-a, b) ( 2,2( 1-a, b) 2'2( -a, b- 1))
(62,2(1 x‘ 0.b + G351 x‘ 0.b +xGy5l1 x‘ 0 b1 (z—x)+
1 _a-— _ _
22 a-1,b-2 22 l1-ab 22
;(szz(l—x‘ 0.b-2 )x2+a((a—l)Gzy2(l—x 0.b )+2x622(1—x

...)/; (z->Xx)AXxeRAXx<O0

DK (-a); 2z ¢

-a,b-1 2
0, b-1)))(z_x) -
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06.19.06.0030.01

arg(z-%)

B,(a, b) « By(a, b) _ (E)a{ = 2%
I(1-b)T@+b)

O R O e I (R ety LR
1 -a-1,b-2 22

G> (1— ‘ ' )x2+a((a—l)G’(1—x
o2 ( 2,2 0,b-2 2,2

O((z—x)3)] ;i xeRAX<0

166;b)+2x(3§§(1—x

-a,b-1 2
0, b—l)))(z_x) *

06.19.06.0031.01

290 ag(z-x 00 —_ kfj —_ . j—k
Babh=— (2 = Jxa({ = )J+l)zzk:—( DB ey | amiLb- Ne-x:
ameT - i (k=i 22 Ob—'
r(1-bT@+b) \x Se jrk-) b
xeRAXx<O0
06.19.06.0032.01
P apl ] e
Bs(a, b) = I'(b) (—) X 27
I'(a+b) X

o k(=D (—a)jx* _ o
ZZ TITE (C@+)Hx? -T@+b) (1-x*7 Fy(L, a+bb-j+11-x)(z-x*/;xeRAx<0
k=0 j=0 -

06.19.06.0033.01

arg(z-x)
1 1 p gz _
B, b) « 7(_) [ ’ Jxa([ 2 J*I)G%g(l—x‘ 1-a, b) +0zZ-%/;XxeRAX<0
Irl-br@+bhb) \x ’ 0, b
In the right half-plane
06.19.06.0034.01
ag(x-2)
ibr| T2 arg(x-2 1 l J ez} -
Babo—|-2¢" = Ju’ﬂ{ 9 Jr(a)+[—] ’ (1-x)b[ 2r Jeﬁﬁ(l-x 1-a, b)x€‘+
rl-b)T'@+bh) 2n 1-x 0,b
(i)brg;_Z)J (1- x)b{$J xa’l(an’z(l— | 172 b) + sz’z(l— x| & b- 1)) (z-%) +
1-x 22 ‘ 0, b 22 ‘ 0,b-1
101 5 b| 22| ”s —a-1,b-2
| _ o —2 ) _ g 2
2(1_)() A=x L 2n Ix® (szz(l x‘ 0.b_2 )x +

22( 1-a b 22(q -a,b-1 W2 i
a((a—l)GZz(l x‘ 0.b )+2sz’2(1 x‘ O,b—l)))(z X) +...]/,(z—>x)/\xe[R/\x>1



http: //functions.wolfram.com

06.19.06.0035.01
arg(x-2)
ibr ag(x-2) ar (X—Z) 1 J ag(x-2 _
Ba b« — |2 Jm{ 2 Jr(a)+[—) a-x'l% JG§'§(1-X 1-a b)xa+
rl-bTI'@+h) 2n 1-x ' 0,b

argx-2)
N o 1-ab ab-1
(1—x) a-x5 Jxafl(aGgé(l_x‘ 0,b )+XG§§(1_ ‘ O,b—l)) (@=X+
agx-2
1/ 1 b{ 2 J b[W Z)J —a-1,b-2
i 2 ~22(4 _ , >
2(1—x) (@-% X (62'2(1 *|' 0,b-2 )X+

-a,b-1 2 o
O,b—l)))(z X? +0((z-%) )]/,XE[R/\X>1

186‘6 b)+2xG§;§(1-x

a((a— 1) G§;§(1 — X

06.19.06.0036.01
B(a, b) =

o k(-1 (—a) Xj—k[ 1 [arg;x—aJ
()
1-x

1
ZZ k=1

r(1-br@+h) 5

b| 22| 22 —a—j+1,b-| _
(1—x)l 27 Jszz(l—X‘ 0.b- | ]—2m

ag(Xx—2z . agx-2 ) A
\‘ g(2 )Jetb”{ 2r J(—]_)J F(a+j)x—]](z_x)k/;X€[R/\X>1
T

06.19.06.0037.01

Bab)y==—F —
[(1-b)I@+bh)
o K (=D (@) X , 1[5 i o] T2 || arg(x — 2
ZZ ) r@+j)x’ Csc(bn)[—) J(1—x){ 2 J—zw‘bﬂ 2 w o )J —cso(br)
koo =0 jtk—p! 1-x 2n
ag(x-2)
1[5 Lo _ )
F(a+b)xa(1—) A-xt 2~ oFid,a+bb-j+11-x|z-X/;bgZAxeRAXx>1
- X
06.19.06.0038.01
1 br| 22 agx-2 15 o2 1-ab
LU M{ Jr(a)+[—) (1-x) L 2x Gg’g(l—x‘ ' )xa+
27 1-x ’ 0, b

Bfab)joc —
I'(1-b)I(@+b)

O(z-Xx)/; xeRAXx>1

Expansionsat z==0

For the function itself

General case

06.19.06.0001.02
a(l-bjz a@-b2-b2Z
+..0/iZz->0AN-a¢N

A
Byia, b)oc — |1+ +
a a+1 2(@+2)
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06.19.06.0039.01
2 a(l-byz a@-b2-b2

Bia b)oc — |1+ + +0(Z)|/;-a¢N
a a+1 2(a+2
06.19.06.0002.01
© (1- by Z
Blab=7) — /[ld<1A\-a¢N
= (@a+kk!

06.19.06.0003.01

i
By, b)= —,Fi(a, 1-b;a+1;2
a

06.19.06.0004.02

2
Bya, b)xc —(1+0(2)/,-a¢N
a

06.19.06.0040.01
Bi(a, b)=F.(z a b)/,
[[ n (1 - b)k Zk Za+n+1 (1 - b)n+1

F.(2 ::zazm::Bz(a, by — s F (L, a+n+1, -b+n+2;n+2,a+n+2; z)]/\neN]

o @+n+)(n+1)!

Summed form of the truncated series expansion.

Generic formulas for main term
06.19.06.0041.01

o a=0V(-aeN*A-(beN*Aa+b=<0)

By(a, b) o { ? Trie /;(z-0)

Expansionsat z==1

For the function itself

General case

06.19.06.0005.02
1-2°A L (@a+b)(z-1) (@+by(l+a+b)(z-1)?
- +
1+b (1+b)(2+Db)

B,(a, b) « B(a, b) - —...]/;(z—>1)/\—besN

06.19.06.0042.01
1l-2°A [1 @+h@z-1) (@+b(@l+a+b)(z-1)72

B,(a, b) o« B(a, b) — +
1+b (1+b)(2+b)

+0((z- 1)3)J /;-beN

06.19.06.0006.01
(1-2P2 & (-D*@+b) (z— DX
By(a, b) = B(a, b) - i1z=1<1A-beN
k=0 (b + l)k

06.19.06.0007.01
l-2P2

B(a, b) == B(a, b) — oFi(l,a+b;b+1;1-2
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06.19.06.0008.02
1-2P (a-1)b(z-1) (a-1)@-2)b(z-17?
1+ +
1+b 2(2+h)

By(a, b) o« B(a, b) —

+...]/; Zz-DA-beN

06.19.06.0043.01

(1—z)'°[ (@a-1b(z-1) (a-1)(@-2)b(z-1)7?
B,(a, b) o« B(a, b) — 1+ +

+0((z- 1)3)) /i-be&N
1+b 2(2+b

06.19.06.0009.01

) (1-2° & & (-DIr(j-ayT@+b+k) (z— 1)+
By(a, b) = B(a, b) - ————— > _ flz=1<1A-beN
I'(-aI'(a+b) 5i%H j'Th+k+1)

06.19.06.0010.01

(1-2P° FOxle( c—al, a+b;
0x0x1 s b+ 1’

B,(a, b) = B(a, b) - 1—2,1—z)/;—b¢N

06.19.06.0011.02
b

B4(a, b) « B(a, b) - (1+0(z-1)) /s -b &N

L ogarithmic cases
06.19.06.0044.01
1
B(a, 0) « —log(1 - 2) +(—¢(a) —y+(1l-ay@z-1+ Z(2—a) (@a-1)@z-17%+ ...)/; (z-1)

06.19.06.0045.01
a@-1

1
Bs(a, 1) « — —1 (1+a(z— D+

(z- 1%+ ]+
Z_

(@-2(@-1

(a- 1)((//(a)+y+ @a-1)@z-1+ (z- 1)2+ ...)+(a— Dlogl-2/;(z-1)

06.19.06.0046.01

(5-3a)a
By(a, —2) « [1+2(a—1)(z—1)— (2—1)2+...]+
2(z- 1)
(@a-2(@-1 (@a-2(@-"> @-2@-1
f(—w(a)—w(l—a)(z—l)—7(2—1)2+...)—7|og(1—z)/; (z- 1)
06.19.06.0047.01
-D"'r@ (1—2)*’( @-1b (2-3a+a?)b ]
Bia, b)oc ————log(1-2) - 1+ Z-D+— (z-1%+.. |+
(-b)! T(@a+b) 1+b 2(2+b)
(1-a)_y 1
oyt (—x//(a)—y+(1—a)(z—1)—Z((a—Z)(a—l))(z—l)2+...) iz->1)AN-b-3eN
06.19.06.0048.01
-1 1) 1-2P° (@a-1b (2-3a+a?)b
Bya, b)oc ———log(1l-2) - 1+ -+ ——— @2-1D*+0(z- 1) [+
(=b)!'T'(a+h) b 1+b 2(2+b)
(1-a)_

1
—y@-y+1-a)@z-D--(@-2@-1)z-1*+0(z-17°| /;-b-3eN
(-b! 4
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06.19.06.0012.01

b-1(@+h) (1-2K
By(a, b) = —(1-2° A Z il

k=0 (b) k+1

© (@) (1-b) Wk+1) - y(@a+k) (1-2* . (-1P1r(@)

1-a)_ logl-2/;1z-1 <1A-beN
=2 k;; Kt (k—b)! Coirarp QT2 li<iA-be
06.19.06.0013.02
-D*'T(@ (1-2°
Bi(a, b) oc ——— log(1-2) — 1+0(z-1)/; -beN*

(-b)!'T(a+b)

06.19.06.0014.02
B,(a, 0) o« —log(1-2) - (y(a) +7) (1 + O(z- 1))

Generic formulas for main term

06.19.06.0049.01
-logl-2-¢y@-y b=0
-D*'r@logl-2  (1-z° .
Bx(a, b) (~b)! T(a+b) T b ~beN L(@Z-1)
(-2°

B(a, b) - . True

06.19.06.0050.01
—log(1-2 b=0

B(a, b) Re(b) > 0
B,(a, b) «{ _ % Re(b) <0/ @= 1D
B(a, b) - 42" e

b
Expansionsat z== oo

General case

06.19.06.0015.02
I@rl-a-hA-22? (—z)blza[ (1-by(l-a-b) (1-by2-by(l-a-b) ]
+ 1+ + +...1/
I'd-b) a+b-1
(IZ » o) Aa+beN*

B,(a, b) «

2-a-h)z 2@B-a-bZ

06.19.06.0051.01
I@rfl-a-h)A-2? (—z)b‘lza( (1-by(l-a-b) (1-by2-by(l-a-b) 1
+ 1+ + +O[—]] ;
r'(l-bh) a+b-1 (2-a-h)z 2@-a-bZ z
(IZ » o) Aa+be&N*

Bs(a, b) <

06.19.06.0016.01
r@rl-a-hzA-22 22! 1-b@d-a-b),z¥
+
I(1-b) a+tb-14&  (2-a-byk!

By(a, b) = /ilZd>1Na+be¢N*

06.19.06.0017.01
r@rld-a-hA-22 2 (-2t

1
B,(a, b) = + 2F1(l—b,1—a—b;2—a—b; —]/;zez(o, DHAa+be¢Nt
I'A-b) a+b-1 z
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06.19.06.0018.02

r@rl-a-h A(-2>1 1
Bia, b)oc ———— M A-27%+ (1+O(—)] /ia+beNt
I'd-b) a+b-1 z
06.19.06.0052.01
eibr -1 p=idn (@) [(-a-b+1)
T T arb-1 [(1-b) ag@2) <0 ] .
Bya by T [;a+beN" A(lZ - o)
€37 I'(@) I'(~a—b+1) _ 7 A True
T'(1-b) a+b-1

06.19.06.0053.01
Bx(a, b)=F.(z a b)/;

[[ A(-2"t 0, 1-by(L-a-b)zX (1=b)pyq (-2t 21
Fn(z, a, b) =

+B(@a 1-a-hb)Z2(-272=B,a b)+
a+b-1i= (2-a-h) k! n+H!'2-a-b+n)

1
3F2[1, 2-b+n,2-a-b+n;n+2 3-a-b+n; —)]/\neN]/\aHbssN"
z
Summed form of the truncated series expansion.

Logarithmic cases

06.19.06.0054.01
l+a (1+aR2+a
+

4z 187

Bia, 1-a) < (-2 22 (log(-2) —¢(@) —y) —a(-2 2 A" [1 + + ] /(12 = o)

06.19.06.0055.01

a(@a-1) l+a (Q+a2+a)
+

6z 367

B,a 2-a)«x 2 (-2 2+

(_Z)—a Z—1+a(1 +

(12 - o0)

06.19.06.0056.01
(—py (272271 l+a (1+a)@+a)
1 e

B,(a, —a+n+1)« + +
22+mMz 32+n@B+n)ZA

n+1)!
1-ap(-272A 1 (a-n)z*
———— (0g(-2 +¢¥(n+ 1) - y(a@) +(-2"? Zaz — /(4> )AneN
o (n=K k!

06.19.06.0057.01
1
By(a 1-a) = (-2 ZA(og-2 - y@ -y -a(-2 A" 3Fz(1, l,a+1,22 —) /;z¢(0,1)
y4

06.19.06.0058.01

(_a)m-l (_Z)_a za—l > (a+ 1)k Z_k
B, (a, —a+n+1)=

(n+1)! k:0(n+2)k(k+1)+

(1-a)p(-272A 1 (a-n)z*
———— (og(-2 +¢¥(n+ 1) - y(@) +(-2"2 zaz — /ineNA|Z>1
o (n=Kk!

+ ] +(1-a)(og(-2-v@-y+1ZA(-272/
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06.19.06.0019.02

Bia, —a+n+1)=
(n+1)!

(1-a,(-277#

06.19.06.0020.02
(1-Qap122(-27°

(a+b-1)!

B,(a, b) «

06.19.06.0021.02

(_a)ml (_Z)ia Zail
- 3F2(

(l0g(-2) +y(n+ 1) - y(@) +(-2"2 2 )

1
1,1,a+1,2,n+2 —) +
z

n-1 (@a-n) zk

——/ineNAze¢ (0, 1)
o (n=Kk!

2 (21 1
(log(-2) - y(a) + y(a+ b)) + ——— [1+0[—)) ia+b-1eN*
a+b-1 z

By(a b) « (-2 2 A (log(-2) - (@) —y) —a(-2 2 A (1 + O[ )) /ia+b=

06.19.06.0059.01
e faTT(h)logx)  eib7 Ab-1

r'l-aI'(a+b at+b-1
Bja, byocq | ONED A
2T T(b)log) g ibm A+b-1
T'(1-a)I'(a+h) a+b-1

06.19.06.0060.01

—ianm | < 0
B,(a, b) o { eloge aga =0
'@ log(2) True

Generic formulas for main term

06.19.06.0061.01

A (b1 + A (1-8)a,p-1 (09(-D-y(@+Y(a+h) (272

1
z

ag2) <0

/;a+beN"A(|Z - )

True

b=1A(lZ - co)

a+b-1 (a+b-1)!
(log-2-y@ -7 (=272

(71)b71 2Atb-1
Bia ey =55 —

o0

2T@TI(l1-a-b)(-22 + 2 (201
r'(1-b) at+b-1

06.19.06.0062.01
(=272 Zlog(-2)
[
Ir'@rl-a-b)2(-22

BA(a, b) « ra-b)
za(_z)b—l
a+b-1
2r@ra-ab 2= Azt
T(1-b) arb-1

a+b-1eN*

a+b=1
—-aeN*AbeN*Aa+b=<0
a=0V(-aeN"AbeN"Aa+b>0)

/112 - o0)

True

at+tb=1
a=0V(-aeN"AbeN*Aa+b>0)

Rea+b)<1
/1 (14 = o)
Re(a+b)>1V(-aeN"AbeN"Aa+b=<0)

True
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06.19.06.0063.01
(_Db—l 2Atb-1
at+b-1

&0

ian ( @ADL (LB n+log<z)—w<a>+w(a+b»)
€ 1-a-b (a+b-1)!

@7 (log(2) — Y@ +in—7y)

By(@, b) oc § gibrpa-1  iarp@r-a-bil)

1-ab T(1-b)

emibm @bl P37 (1-a),,p  (mi-log@)+¥(a)-y(ath))
1-a-b (a+b-1)!

e2"(log(2) - (@ —in—y)

emibm Ab-1 - piar (@) [(—a-b+1)
1-a-b I'(1-b)

06.19.06.0064.01

log(2)

ian

e
I'(@ '(1-a-b)

—aeN"AbeNtAa+b=<0
a=0V(-aeN*AbeN"Aa+b>0)
ag2<0Aa+b-1eN*
ag2<0Aa+b=1

ag2 <0 /(14 = o)

ag2>0Aa+b-N*
ag2>0Aa+b=1

True

& a=0V(-aeN*AbeN*Aa+b>0)
agz<0Aa+b=1

ag2<0ARea+by<1

€37 (1-b)
et (ag® <OARe@a+b)> 1)V (-acN* AbeN* Aa+b=0)
efPr A1 (@) Ir(1-a-b)
Bia b et o gy AU@=0 ACEES
€37 log(2) agz>0Aa+b=1
€37 ['(a) [(1-a-b)
T arg(Z)>0/\Re(a+b)<1
—,bf:_; o (arg2 >0ARe(a+b)>1)V(-aeN* AbeN* Aa+b=<0)
21 237 [(a) [(1-a-b)
€b7 (1-a-h) I'(1-b) True

Expansionsat generic point a == a

For the function itself

06.19.06.0065.01

1
By(a, b) o< By(2, b) + — (109(2) & B8, b) - 7% 3F2(1- b, %, 8; 89+ 1, % + 1, 2) (@- %) +

8

1
—3(22‘"’0(4F3(1—b, 80, 8, ;8 + 1, 8 +1,a+1 2 -agsF2(l-b, ay, ag; 8+ 1 a+1; 2log(2) +

23,
log”(2) a3 B(@o, b)) (@ a)? + ... /; (@~ @)

06.19.06.0066.01

1 1
By(a, b) o< By(@, b) + — (109(2) & B0, b) - 79 5Fo(1-b, a9, 8080+ 1, 89+ 1, 2)) (@- ) + —

8

28,

(270(;F3(1-b, ag, @, 8g; @ + 1, 89 + 1, ag + 1; 2) — 89 3Fo(1 - b, &, ag; @ + 1, 8 + 1, 2)10g(2) + log’(2) a3 B(a, b))

(a-ap)?+0((a-ap)®)
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06.19.06.0067.01

I'(@) )
B.(a, b) == F(ao)zaOZIog (Z)Z Y ]+2FJ+1(1 b,ci, G .. Cui i+ LG+, ., G + z) [_T) (a-ap)/;
j= 0

C1::C2::-~-::Ck+l::ao/\keN

06.19.06.0068.01
Bz(a, b) o Bx(ag, b) (1+ O(a - ap))

Expansionsat generic point b == by

For the function itself

06.19.06.0069.01
Bx(a, b) o« By(a, by) +

(T(bo)” 3F2(1~a, bo, bo; by + 1, by + 1; 1= 2) (1 - 2% — By_,(g, @) log(1 - 2) + B(a, bo) (W(bo) — (@ -+ by))) (b - bo) +
1
5| B @ log”(1-2) + ((W(bo) - w(@+ b)) +yP(by) - y®(a+ by)) B(a, bo) +

2(1-2)
3 (bolog(l—z) 3F2(1—a, bo, bo, b0+1, b0+1; 1—2)—
bO

4F3(1—a, by, by, by; by + 1, by + 1, by + 1; 1= 2) | (b= bp)* + .... /; (b = by)

06.19.06.0070.01
B,(a, b) « By(a, bo) +

(T(bo)” 3F2(1—a, bo, bo; by + 1, by + 1; 1 - 2) (1 - 2% — By_,(bg, @) log(1 - 2) + B(a, bo) (W(bo) — @+ by))) (b - bo) +
1
5| B0 @ log”(1—2) + (W(bo) - w(@+ b)) + ¥ P (bg) - y®(a+ by)) B(a, bo) +

2(1-2
3 (bolog(1—2) 3Fx(1—a, by, bo; b+ 1, bp+1;1-2) -
by

4Fs(1—a, b, by, by; b + 1, by + 1, b+ 1; 1 — z))] (b—bg)* + O((b - by)*)

06.19.06.0071.01
By(a, b) = )| (~DFT(bo)*! kyoFkea(1 =&, €1, Gy -y Gti G+ 1L, G+ 1, oy Ga + 15 1) = Tbp) (21— 2™ log (21— 2
k=0

K T(bo)
Z jr2F(l-a, ¢, oy Gugi G+ L G+ 1, o, G + 1 1-2)| -
o (k=)! log(1-2

(b-bp)/ici=Cp=...=C1=by AkeN
06.19.06.0072.01

Ba(a, b) o< Bx(a, bo) (1+ O(b - by))

Residue representations
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06.19.06.0022.01

2 o I'l-b-9s(-2°

BJa, b) = ress(—
‘ I'(1-b) 2

i=0

F(S)](—j)/; lZ7<1

06.19.06.0023.01

b ) I'(-b-s+1
Bz(a, b) == — [Z re%[r(s) (_Z)—S g)
ra-nb a-s

i=0

© I'-b-s+1)
@+ Zress(r(s) (-2 7] (j-b+ 1)] /i

i=0 -
lzZ>1ANa+be¢N*

06.19.06.0073.01

B,a,n+1-a)==—

@+

l"(a—n—s))
T'(@a-n)

[ress(F(S) (-27°

n-1 I (-2 _ & e -27° .
res| ——T@-n-9)|@+j-n+ Z resf ——T@a-n-9f@+j-m|/12>1An¢N
=0 a-s j=n+1 a-s

Integral representations

On the real axis

Of thedirect function

06.19.07.0001.01

BJa, b) = f 11—t 1dt/;Re@) >0
0

06.19.07.0002.01

[-Re@) (1 - b), 2 [-Re@] (1 — b, 22K
dt+ _—

Bya b= [ @ -opio
( )fo [( I

Py w0 @+kk!

Contour integral representations

06.19.07.0003.01
2 fl“(s) I'a-9T'l-b-y
2ri T(A-b)Jr Ia+1-9

By(a, b) = (-27%ds/ lag(-2)| <n

06.19.07.0004.01
2
By(a, b) = fl“(s) Irb+9T@-9Ir(l-b-9(1-273ds/;lagl-2)|<n
2riTA1-bT(a+b)Jz

06.19.07.0005.01

paa y+io () T(@a-9)T(1-b-9
B,(a, b) = f (-273ds/; 0 <y <min(Re@), 1- Re(b)) A larg(-2)| <«
27i T(L=b) Jy-ie Ia+1l-s)
06.19.07.0006.01
72 y+i 0o
B,(a, b) == f I'eIrb+sr(@a-srd-b-s1-2°5dsy/;
27iT(1-b)F@+b) Jy-ic

max(0, —Re(b)) <y < min(Re(a), 1 - Re(b)) A larg(l-2)| <«

Continued fraction representations
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06.19.10.0001.01

A(1-2P 1 (@a+k@+b+kz kib-Kkz
B,(a, b) = fir2K+1)=— A\ r@k =
a 1 rcd @+2k(a+2k+1) (@a+2k-1)(a+2k
+
r2)
1+
r(3)
r4)
1+
r®)
1+
1+...

06.19.10.0002.01

21-2° (@a+k@+b+kz k(b-k) z
Bjaby==— /ir(2k+1)=— /\r(2 =
a(1+Kk(r(k), 1)?) @+2k(a+2k+1) @+2k-1@+2k
06.19.10.0003.01
A(1-2P 1 (@a+k@+b+kz k(b-—k) z
B,(a, b) = fir2K+1) = — A\ rek =
a 1 r( (@a+2k (@a+2k+1) (@a+2k-1)(a+2k
+
r)
1+
rd
r4)
1+
re)
1+
1+...
06.19.10.0004.01
A(1-2P (@a+k@+b+kz kib-Kkz
Ba b= —— — /irk+1)=— A\ r@k =
a(Ky(r(k), Dy +1) (a+2k)(@+2k+1) (a+2k-1) (a+2k

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

06.19.13.0001.01
Q-2zW'@+(1-a+(@+b-2)29W (@ =0/;Ww2 ==c,Ba, b) +¢

06.19.13.0002.01
Wz(l, Bz(a, b)) == (l — Z)bfl Za71

06.19.13.0003.01
(-a+@+b-2)02+Hg®@ 9@
w’(2) - + W (2) =0/, W(2) = ¢; + G, Byp(a, b)
9@-1Ho@2 g
06.19.13.0004.01

W,(1, Byp(@, b)) = (1-9(2)* ' 92* ' g2
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06.19.13.0005.01
(—ra+(@+b-2g@2+Hg@ 2@ g'@ ]
+ + w
92-Dg@h@ hz? h29@

w’(2) - h(2 [

2h@° (-a+@+b-2g2+Hg@N@ ¢@h@ h@
+ + - W(2) =0/, W2 = ¢ h(2) + ¢, h(2) Byy(a, b)
h()’ 9@ -1g2h@ h2g@ h@

06.19.13.0006.01
W,(h(2), h(@) By (@, b)) = (1~ 92)°* 92* * h2’ g (2

06.19.13.0007.01
dZ -D2W @ +(-d(@+b-Dr+2s-1Z +ar+2s-1)zw@+s((b-1drZ +@r+s)dZ -1)wz =0/
W2 =c, 22+, ZBy4(a b)

06.19.13.0008.01

W,(Z, ZBys(a b)) =r 251 (dZ)* 1-d2)"*

06.19.13.0009.01
dr*-=1Hw’(2 +(-d((@a+b-21)log(r) + 2log(s)) r* + alog(r) + 2log(s)) W (2) +
log(s) (d ((a+ b —1)log(r) + log(s)) r* — alog(r) — log(s) W(2) = 0 /; W(2) = ¢, S + ¢, & By,2(a, b)

06.19.13.0010.01
W,(S, §Bg (@ b)) = dr?@drd)* (1 - dr)°* £Zlog(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

06.19.16.0001.01
B1,(a, b) = B(a, b) — Bx(b, @)

06.19.16.0002.01

1
Bfa+1,b)== —— (aBa b)- (1-2"7)
a+b

06.19.16.0003.01

1
B a-1,b)= Y (1-2°Z" +(@+b-1)Bya, b))

06.19.16.0004.01

(@n 1 1l (l-a-n)(1-2° Akt
B(a+n, b)= B,(a, b) - ineN
b), a+b+n-147 (2-a-b-n)
06.19.16.0005.01
(1-a-b), (2-a-b),_; =1 (1-a)(1-2°2*1
Bjsa-n,b)=————B,a b) - ineN
(1 - a)n (1 a)n k=0 (2 —a- b)k

Identities

Recurrence identities
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Consecutive neighbors
06.19.17.0001.01

1
Bya, b)=—((1-2°Z+(a+b)Ba+1, b))

a

06.19.17.0002.01

1
B(a, b) =
a+

(@a-DBfa-1,b-1-2°27")
b-1

Distant neighbors

06.19.17.0003.01

(a+b), Al1-2° " @+b- 1) &
By(@a+n, b)+ /ineN
Ve a+b-1 o (@

B.(a, b) ==

06.19.17.0004.01
(1-a) Al1-2P =1 @d-a)zX

B,a b)= —— B,(a-n,b)— LneN
1-a-by, a+b-1 {7 (@2-a-h)y

Functional identities

Relations between contiguous functions

06.19.17.0005.01
By(a b)=B,(a+1, b)+Bya b+1)

06.19.17.0006.01

1
By(a, b) = (@-1)zB;(a-1,b)+(b-1)(1-2B,a b-1)
a+

Additional relations between contiguous functions

06.19.17.0007.01

1
B, (a,b)==— (b-1)(1-2 B (a+1,b-1)+(@+b)B,(a b+1)
a+b-az

Major general cases

06.19.17.0008.01
B(a, b) = B(a, b) - By,(b, @)

06.19.17.0009.01

a+b
B,(a, b) == (—z)‘aza[(—) (-2**"Bi(1-a-b,b) +B@@ 1-a-b)|/;a+beNt Aze (0, 1)
z z

Differentiation

Low-order differentiation

With respect to z
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06.19.20.0001.01
0B4(a, b)

=1-2"t2"!
0z

06.19.20.0002.01
9°B,(a, b)

=-1-2°2722(z-1la+b-2)z+1)
i

With respect to a

06.19.20.0003.01
9B,(a, b)

p; = By(a, b)log(z) - 2T(@)?sF,(@, a 1-b;a+1,a+1;2
a

06.19.20.0004.01

9°By(a, b) . .
272 = 2T(a)? (F(a) i@ aal-ba+rl,a+l,a+1l,2-5F@ a l-ba+la+1;2) Iog(z)) 2+ By(a, b)log’(2)
oa

With respect tob

06.19.20.0005.01

dB(a, b) ) 5
=T(b)* (1 -2 aFo(b, b, 1-a;b+1,b+1;1-2 —log(1l-2 B;_,(b, @ + (¥(b)—y(a+ b)) B(a b)

06.19.20.0006.01
9*By(a, b)
ab?
(2I(0)*(T(b) 4F3(b, b, b, 1-a;b+1,b+1,b+11-2) —sFs(b, b, 1-a b+1,b+11-2logl-2)(L-2°+
By (b, & log’(1 - 2))

= B(a b) (W) - v(@+ b))’ +yP(b) - yP(@+b)) -

Symbolic differentiation

With respect to z

06.19.20.0017.01

"B,(a, b) n-1 n-1 Z \K
—  —=5,Bja b -(1-2P 1A (—1)“—k( )(1- b), (1 —a),_i_ (—) /ineN
az” n >z kg(; Kk k n—-k-1 1-7
06.19.20.0007.02
0"B,(a, b) 5 1
— (D" IT)A-2P"A? zFl(l —al-nmb-n+11- —) ineN
0z z
With respect toa
06.19.20.0008.02
d"By(a, b) nny NGV
Zin =T(a) zalog”(z)Z( . ) j! j+2Fj+1(a1, A, ..,a4 1-bag+1 a+1 ..., 4, +1 z) (— ] /:
oa i log(2)
y=a==..=ay1==aAneN
06.19.20.0009.02
0"By(a, b) © (1-h) '(n+1, —(a+k)log2)
———=D") fineN
0d k=0 @+ k" k!
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With respect tob

06.19.20.0010.01

3"B(a, b) i =
o = U0 oFra@ g By LB At L Bt L B + LD -
) Ny Iy
r'(b) (1-2Plog (1—2)2( . )J!j+2Fj+1(al, a, .. l-aa+la+l .4+l 1-2)|-——| frag =
o] log(1 - 2)

a=..=a,1=bAneN

Fractional integro-differentiation

With respect to z

06.19.20.0011.01
0”By(a, b)

=72"T(@),F(a 1-ba—a+1,2)/,-a¢N"*
0z

06.19.20.0012.01

Fod Bz(a, b) i (1 - b)k Tchx)p(z, a+ k) za+k—a / | | .
== 1<
o 0 @+kk!

With respect to a

06.19.20.0013.01
0" By(a, b) © (2-by X _ a
——=a’(l-hAry ———— 2F1[1, Lil-a ——) +
ga ko (k+ 12 k! k+1
TCS(;,(Z, —Da*tra?log,Fal, 1;2 1-;alog@) /; 14 <1A-ae¢N
06.19.20.0014.01
8*By(a, b)

p =a? f 21 (1 - 1)°! (alog(t)® Q(-a, 0, alog(t)) dt /; Re(@) > 0
a* 0

With respect to b

06.19.20.0015.01

9" By(a, b) L DRk A S
— SYFi+La+j;avj+L2/1d<1A-agN
ob? o @+ PIrk-a+1)j!

vt

I}
o

J

06.19.20.0016.01
8“By(a, b)

. b f 21 (1 - 1)°* (blog(1 - t))* Q(-a, 0, blog(1 - t)) dt /; Re(a) > 0
0

Integration

Indefinite integration

Involving only one direct function
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06.19.21.0001.01

B.,(@a+1,b)
fBaZ(a, b)dz==2zB,,(a,b)— —

a
06.19.21.0002.01

f B,(a, b)dz==2B,(a, b)—B,(a+1, b)
Involving onedirect function and elementary functions

Involving power function
06.19.21.0003.01
Z(l/
f 7' Byy(a, b)dz= — (B,,(a, b) — (@2 B, (a+a, b))
a
06.19.21.0004.01

1
fz‘”l Bs(a, b)dz=— (Z" B,(a, b) - B,(a+ a, b))
(04

06.19.21.0005.01

Bz(a, b) .
f dz=7T(@?3Fa a 1-ba+1,a+1;2
z

06.19.21.0006.01

1
f (1-2"12A 1By a b)ydz== 5 By(a, b)®

06.19.21.0007.01
Bfa, b+n+1)—(1-2™!Bya b)

f(l— 2)"By(a, b)dz==
n+1

Involving rational function

06.19.21.0008.01

B,(a, b) b o
f 1S dz=(1-2"T() 3Fxb,b,1-a b+1,b+1;1-2 —(B_,b, @+ B(a, b)) log(1l -2

Involving only one direct function with respect to a

06.19.21.0009.01

© (2-h),
fBZ(a,b)dazz(l—b)za”Z iy (

a
W og[1+ —) —T'(0, —alog(2)) + log(a) — log(—alog(2) -y /; 12 < 1A -a¢&N
k=0 :

k+1

Involving one direct function and elementary functionswith respect to a

Involving power function
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06.19.21.0010.01

. a*(1-b) A1 = (2-Db) X a
fa"‘ B,(a b)yda= 2Fl( )+

a, la+l, ——

@ koo (k+ 1)° k! k+1

a2 a*(-alog(®) ™ log(2)
a-1 - a-1

I'(a, 0, —alog(2) /; 12 < 1A -a¢N

Involving only one direct function with respect to b

06.19.21.0011.01

(- 1)k k! Za+] bk+1

By(a b)db== SHOR(j+1,a+ja+j+1D/ld<1A-a¢N
f ’ JZ()%(a+j)(k+l)'j' )

Involving one direct function and elementary functionswith respect tob

Involving power function

06.19.21.0012.01
(- 1)k k! Za+j bk+1

Bxa, b)db == SOOF(j+1,a+jia+j+L 2/ 1d<1A-aeN
f ‘ Jzékzg(a+])(k+1)'ﬂ !

Integral transforms

Fourier cos transforms

06.19.22.0001.01

2_b_‘ —ian X2 l_Ta’ _g
. 3,2 .
ﬁ[[Bt(a, b)] (X) = m G2’4 Z 0, _ﬂ, 1—a—b, _E /, XeRA Re(a) >-1
2 2 2
Fourier sin transforms
06.19.22.0002.01
polen (] -l
Fst[By(a, b)] (x) == —m sgn(x) Gz 2 1 am 1a /i xeRARega) > -2
2’ 2 2 !
Laplace transforms
06.19.22.0003.01
(-D?rI(a)
LiBi(a, b)](2==—— U@ a+b, -2 /; Re(z2) > 0AReg(a) > -1
z

Mellin transforms

06.19.22.0004.01
n(cot(m(@a+2)+i)I'(l-a-b-2
Mi[By(a, b)] (2) = - /iRe(a+2) >0A\Re(2) <OARea+b+2 <1
zI'A-brd-a-2

Operations
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Limit operation

06.19.25.0001.01

) (1-b),
lim (a+n)By(a, b) =

a--n n!

/ineN

Representations through more general functions

Through hypergeometric functions

Involving 2F1
06.19.26.0001.01

B,(a, b)==2AT(a),F(a 1-b;a+1;2)/;-a¢N
06.19.26.0002.01

BJa, b)=T@ (1 -2°A,F(1,a+ba+12/,-a¢N
06.19.26.0003.01

B,(a b) == B(a, b) - I'(b) (1-2)° 2,Fi(1,a+bb+1,1-2/;-b¢N

06.19.26.0004.01

_ 1
Bya b)==B(l-a-b,a)(-22A2-T1-a-b) (—z)b’lzazFl(l— b,—a-b+1;,-a-b+2; —) /ia+be¢Nt
z

Involving »F,

06.19.26.0005.01

A
Byja b)=—,F(a 1-bja+1,2/;-a¢N
a

06.19.26.0006.01

1-2°A
Bia, b)==—,Fi(l,a+ba+1;2/;-a¢N
a

06.19.26.0007.01

1-2P2
B,(a, b) == B(a, b) — T oF1(l,a+b;b+1;1-2/;-b¢N

06.19.26.0008.01
Za(_z)bfl 1

By(a, b) == ——— zFl(l— b,-a-b+1,-a-b+2 —) +ZB(l-a-b,a(-27?/;a+be¢N*
a+b-1 z

Through hypergeometric functions of two variables

06.19.26.0009.01

1-2° F0x1x2( ;—a 1, a+b;

B;(a, b) ==B(a, b) - ——— 1-z1-z|/;-be&N
2(&, b) = B(a, b) b o gy z Z)/ ¢

Through Meijer G

Classical casesfor the direct function itself
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06.19.26.0010.01

_ z 12
B, b) = ——— G;5| -z 0 -a

1—a,b)
r-b

Classical casesinvolving algebraic functions

06.19.26.0011.01
@z 1,2(_ ’ 0,-a-b+ 1)

1-2Bya, b) =
( ) T@+b 22 0 -a

06.19.26.0016.01
72T 2,1( ‘1,a+1

(z-1)™®By(a b) = z
: ra+b 2\ [ La+b

)/;m(—oo, 0)

Classical casesinvolving algebraic functionsin the arguments

06.19.26.0012.01

1 1,1-b
B.(ab) = Gl’z(z‘ ! )/; 2¢ (~c0, ~1)
ey I'(a+b) 22 a,0
06.19.26.0013.01
I'(a aa+b
(z+1*P 1B, (a b) = Gl*z( ’ )/; z¢ (-0, -1
o1 ra-p 2| ao ”

Through other functions

I nvolving some hyper geometric-type functions

06.19.26.0014.01
Bz(a, b) == B »(a, b) + B(a, b) /; Re(b) > 0

06.19.26.0015.01
By(a, b)=B(a, b)(lq @ b)+1) /; Re(b) > 0

Representations through equivalent functions

With inverse function
06.19.27.0001.01

Blz’l(ab)(a’ b) ==B(a, b) z

06.19.27.0002.01
B'@,lzz)(ab)(a’ b)==B(a, b)(1+2)/;-1<2 <0

With related functions

06.19.27.0003.01

['(a) ['(b)
I,(a, b)
+b)

B;(a, b) ==

History
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— |. Newton (1676)
—J. Stirling (1730)
—T. Bayes (1763)
—P.-S. Laplace (1778)
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