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Notations

Traditional name

Generalized incompl ete beta function

Traditional notation

B(Zl,Zz)(av b)

Mathematica StandardForm notation

Beta[z, 2z, a b]

Primary definition
06.20.02.0001.01

2
B, z)(@ b) = f @ -pPtat
Z

1

Specific values

Specialized values

For fixed 71, 2, a

06.20.03.0001.01

@ (1-2)¢ =@y d-z)*
By, 2)(@ M == B(a, n) [éz kT - ZTZ % /ineN
k=0 : k=0 .

For fixed z1, 5, b

06.20.03.0002.01

=t (b Y (A
Bz 7,)(n, b) == B(n, b) [(1 -7y ——-1-2°
k=0

—] ineN
k! L

For fixed z;, a, b

06.20.03.0003.01
Bz,0(@ b) == -B(a, b) /; Re(@) > 0

06.20.03.0004.01
B 0(@ b)==c/;Re(@) <0
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06.20.03.0005.01
Bz 1)(@ b) = B(a, b) - By (a, b) /; Re(b) > 0

For fixed 25, a, b

06.20.03.0006.01
Bioz,)(@, b) = By,(a, b) /; Re(a) > 0

06.20.03.0007.01
Bgz)(@ b)==c /; Re(@) <0

06.20.03.0008.01
B(1,2)(@ b) =B, (a b)—B(a, b) /; Re(b) > 0

General characteristics

Domain and analyticity
Bz, 2,)(@, b) isan analytical function of z1, z,, a, and b which is definedin Cc*.
06.20.04.0001.01
(Zy#Zp+axb)— B 2)(@, ) :: (C4) —C
Symmetries and periodicities

Mirror symmetry

06.20.04.0002.02
B@@(H, B) =B )@ b)/; 21 ¢ (=00, )0 A2 & (1, 00) A2 & (00, ) A 2 & (1, 00)

Permutation symmetry

06.20.04.0003.01
B(zl,zz)(a1 b) == _B(zz,zl)(an b)

Periodicity

No periodicity

Poles and essential singularities
With respect tob
For fixed z;, 2, a, the function B, 2,)(a, b) has only one singular point at b = c. It isan essential singular point.

06.20.04.0004.01
Singb(B(zbzz)(a‘ b)) == {{601 oo}}

With respect toa

For fixed z;, 75, b, the function B, ,,)(a, b) has only one singular point at a = c. It isan essential singular point.

06.20.04.0005.01
Sing,(Bz,,z)(@ b)) = {0, oo}
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With respect to z
For fixed a, b, the function B, ,,)(a, b) does not have poles and essential singularities.
06.20.04.0006.01
Singzk(B(Zl,ZZ)(a, b))==1{} /; ke {1 2}
Branch points
With respect tob
For fixed z;, 7, a, the function B, ,,)(a, b) does not have branch points.

06.20.04.0007.01
BPp(Bzy.2)(@ b)) = {}

With respect toa
For fixed z;, 75, b, the function B, »,)(a, b) does not have branch points.

06.20.04.0008.01
BPa(B(z.2,)(@, b)) == {}

With respect to z

The function B, ,,)(a, b) has for fixed z;or fixed zthree singular branch points with respect to zor z;: 7z, ==0, z =1,
Z=c0, k=1, 2.

06.20.04.0009.01
BP, (Bz (@ b)) =10, 1, &} /; ke {1, 2}

06.20.04.0010.01
R (Bzzy(@ b), 0)=log/;a¢ Z Na¢eQ ANke (L, 2}

06.20.04.0011.01

R (B(zlzz)(a b), 0)=q/; a= /\peZ/\qu*/\gcd(p, q)--l/\ke 1,2

06.20.04.0012.01
R (Bzzy(@ b), 1)=log/;be Z AbeQ Ake (L, 2}

06.20.04.0013.01

Ry (Bzzp(@ b), 1) =q/; b= /\pez/\q 1eN*/\gcd(p, q)__l/\ke{l 2}

06.20.04.0014.01
Rz (Bizz)(@ b), ©)=log/;a+beZVa+beQAke({l, 2}

06.20.04.0015.01

r
RZK(B(ZLZZ)(a, b), 60) =s/;a+b=- /\r IS Z/\s— leN* /\gcd(r, S) = 1/\ke {1, 2}
s

Branch cuts

With respect to b
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For fixed z;, 2, a, the function B, ,,)(a, b) does not have branch cuts.

06.20.04.0016.01
BCD(B(Zl,ZZ)(av b)) ={}
With respect to a

For fixed z;, 7, b, the function B, ,,)(a, b) does not have branch cuts.

06.20.04.0017.01
BCa(Bey (@ ) = {}

With respect to z;

For fixed a, b, 2, the function B, ,,)(a, b) is a single-valued function on the z;-plane cut along the intervals (-0, 0) and
(1, o).
The function B, »,)(a, b) is continuous from above on the interval (—co, 0) and from below on theinterval (1, oo).

06.20.04.0018.01
BCy(Bz.z)(@ b)) = {{(= 00, 0), =i}, {(L, 00), i}
06.20.04.0019.01

linr}) B, +ie2)(@ D) = By, 2,)(@ b) /; X, < 0
€+

06.20.04.0020.01
1M By -iczy(@ D) = B 2)(@ )+ (1 - €7 By, (@, b) ;x4 <0

06.20.04.0021.01
”%B(Xl_ielﬂ(a, b) = B(lezz)(a, b) [i % >1
€

06.20.04.0022.01
Iirr}) B +ie2)(@ D) = By 2)(@, D) + (1— e72°7) B, (a, b) - 2i e P sin(bm) B(a, b) /; x; > 1
€+

With respect to z,

For fixed a, b, z, the function By, ,,)(a, b) is a single-valued function on the z,-plane cut along the intervals (-0, 0) and
(1, o).
The function B, »,)(a, b) is continuous from above on the interval (—co, 0) and from below on theinterval (1, o).

06.20.04.0023.01
BCy,(Bizy2y(@ b)) = {{(—00, 0), —i}, {(1, c0), i}}
06.20.04.0024.01

IirP0 Bz, xp+ie)(@ D) == Bz x,)(8, 0) /; X, < 0
€

06.20.04.0025.01
M Bz, x,-10(@ ) = By )@ b) = (1 e*"#) By, (@ b) /3, < 0
€

06.20.04.0026.01
M Bz, x,-icz)(@ D) = Bz, x,)(@ b) /; %2 > 1
e~+0
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06.20.04.0027.01
Iirr}) Bz, xyiez)(@ D) = By (@ b) — (1— e 2P7) By, (a, b) + 2i e P sin(bm) B(a, b) /; X, > 1
€+

Series representations

Generalized power series

Expansionsat {z, z} == {0, 0}
06.20.06.0001.02
1l-bz (1-bR2-bZ ] (1 1-bz, A-bR-bZ
+ +...|-Z]—-+ + +...|/
l+a 22+ a)
@->0AZ->0A-a¢N

06.20.06.0002.01

. (1 _ b) Zg+k _ ZTk
By (@, D)= ) d ) AARSYN-ARS VLT
= @@+kk!

Bz, 2,)(@, b) o -+
@z % a a 1l+a 2(2+a)

06.20.06.0003.01

B z)(@ )= —Fi(@ 1-bja+1,2)- —,Fi(a 1-ba+1 z)
a a

06.20.06.0004.01

4 4
B(z,2)(@ b) « " (1+0(z)) - " L+0@)) i m->0OAZ->0)A-a¢N

Integral representations

On the real axis

Of thedirect function

06.20.07.0001.01

2
B .z)(@ b) = f 2t @-pPtat
Z,

1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

06.20.13.0001.01
1-z)zwWZ)+(1-a+@+b-2)z)W(z)=0/;Wz) = ¢; By (@ b)+c
06.20.13.0003.01

Wy, (1, Bz, 2, 8, b) = —(1-2)" " 4™

06.20.13.0002.01
1-2)W () +(1-a+(@+b-2))W(z)==0/;W2) == ¢ By z,)(@ b +c;
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06.20.13.0004.01
W,,(1, B(z, 2, a b)) = (1- ) 0 ,**2

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.20.16.0001.01
Bz 1-2,)@ b) = —Bg 20, @

06.20.16.0002.01

a 1
By @+ 1, b)== —— By 5@ b)+ — (1-2)° 4 - (1-2)° 5)
a+b a+b

06.20.16.0003.01
a+b-1

1
Bgz)@-1,b) = B,2)(@ b) + 1 (1-2°Z " -1-)°F™)

06.20.16.0004.01

(@n 1 (L-a-ny
By, 2)(@+n, b)== ——— B, , (@ b) + 1-z)P° 2" _(1-2)° 2" ) ineN
@) (a+b), 2) a+b+n- 1k=0(2—a—b—n)k( V4 2% )

06.20.16.0005.01

(1-a-b, (2-a-b)p & L-a)

B a-nby==—B8B a b) - 1_ bakl_(q_zypAkD nenN
@.2)( ) 1-a), @.2)(@& D) 1-a) 2(2 a_ by, ( )4 1-z)°F )/ c

Identities

Recurrence identities

Consecutive neighbors

06.20.17.0001.01
a+b 1 b b
B, 2)(@ b) = — B, 2@+ 1, b)+ ; (1-2°3-1-2)°7)

06.20.17.0002.01

1
Bz .2)(@ ) = o1 Bz .y@—-1,b)+ 2o b

— (-3 -A-2%7)

Distant neighbors

06.20.17.0003.02

(a+by, 1 n (a+b-1)
By, z)(@+ N, b) + > X (1-2P 2™ —1-2)°Z™* ) /;neN

B(Zl,ZZ)(av b) ==
(@ a+b-1i7 (@K

06.20.17.0004.01

1-a, =l (1-a)

Bz z)(@ b)== — B, (a—n,b)+
) (1-a-by, % kz(z 2ty

(-2 4 -1-2"3" ") ineN
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Functional identities

Relations between contiguous functions
06.20.17.0005.01

B(Zl,ZZ)(av b) = B(zl,zz)(a+ 1,b)+ B(zl,zz)(ay b+1)

Major general cases

06.20.17.0006.01
Bz,2)(@ b) = =Bz 1-2,(b, @)

06.20.17.0007.01
B(l—zl,zz)(an b) = B(l—zz,zl)(b: a)

Differentiation

Low-order differentiation

With respect to 4
06.20.20.0001.01

6B( . )(a, b)
21,2y _ _(1 _ Zl)b_l ZTl
0z

06.20.20.0002.01
#B(z, 2, a, b)

oz
With respect to z,

=1-z)P?Z%(-a+(@+b-2)z+1)

06.20.20.0003.01

6B( . )(a, b)
2,2 _ (l _ Zz)b_l Zg—l
02

06.20.20.0004.01
#B(z, 2, , b)

0%

With respect to a

=(1-2)"2Z%@-(a+b-2z-1)

06.20.20.0005.01
0B(z,2)(@ b)

da

I@?(Z4sF2a a 1-ba+1,a+1z)-Z43F(a a 1-ba+1, a+1;2)) -logz)B,(a b)+ logz) B,(a, b)
06.20.20.0006.01

Bz, 2, b)

ga?
2T (a)? Z(F@4Fs@ a8 1-bja+1,a+1a+1z)- logz)sF(a a 1-ba+1,a+1;z)) -

= 2T(a)? Z(T(@4Fs@ a8 1-bja+1,a+1 a+12) - logz)sF(a a 1-ba+1,a+1;2)) -

log’(z1) By, (a, b) + l0g’(z) By, (a, b)

With respect tob
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06.20.20.0007.01
aB(Zl,Zz)(av b)

ab
log(1-2z) By (b, & —log(1 - 2) By, (b, @)

=-T(0)*(L-2z)°3F2(b, b, 1-a;b+1,b+11-2) - (1-2) sFb, b 1-ab+1,b+11-2)) +

06.20.20.0008.01
3Bz, 2, a, b)
ab?
2T(b)? (1-z)° (T(b)4F3(b, b, b, 1-a;b+1,b+1,b+1;1-2)-logl-2z)sFb b 1-ab+1,b+11-2))+
log®(1-2)) By, (b, @) —10g°(1 - 2) By 4, (b, @) -
2T (0)? (1-2)° (T(b) 4F3b, b, b, 1-a;b+1,b+1,b+11-2)- log(l-2)3F,b, b, 1-ab+1, b+11-2))

Symbolic differentiation

With respect to z

06.20.20.0022.01

0"B(z4, 2, b n-1 _1 7z \K
e zab 60 B(z1, 2, &, b) + (1 - 7)™ Zi‘”Z(—l)"*k[n . )(1— b)y <1—a>n_k_1[—1) /ineN
0z k=0 1-7

06.20.20.0009.02
an B(zl,zz)(ax b)

24

With respect to

1
=(D)"1-z)"" ﬁ‘l I'(b) zlil(l— al-nb-n+11- —] /ineN
Z

06.20.20.0023.01

0"B(z1, 2, &, b) L= n-1 z
— =B,z ab-1-2)"tE" Z(—l)“’k( ‘ )(1— by, (1 - a)n_k_l[ ) /ineN
(92'21 k=0 1- y4)
06.20.20.0010.02
6nB( ; )(a, b) N 1
N Y )P " A (b 2Fl(1 -a,l-nb-n+1;1- —) /ineN
a7z, 7]
With respect to a
06.20.20.0011.02
a" B(zl,zz)(an b)
— =T@
oa"
Ny r@ nny
zglog"(zz)Z( : ) i'isoFj(an @ o ap, 1-bag+ 1, @+ 1, .., a0 + 15 2) [— ] —zﬁlog"(zl)Z( : ) i
j=0 J log(z) s J
_ r@ \
iw2Fin(an @ o apn 1-bag+ L a+1, .., a0+ 1 7) (— ) fiag==ay=...=2am,;==aAneN
log(z)
06.20.20.0012.02
6"B( , )(a, b) s 1- b)
i Zzn =(-1" Z S I'(n+1, —(a+k)log(z), —(a+k)log(zy)) /;neN
oa koo (@+ k™ k!

With respect tob
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06.20.20.0013.02
an B(zl,zz)(ax b)

ob"

(N .
I'(b) (1—Zl)blogn(1—zl)2( i ) j!j+2Fj+1(a1, A, ..y Qs l-aa+1,a+1,..., Qji1 + 1; 1—21) [—

j=0

nn
(1—22)blog"(1—22)2(j ) jVjeoFim(an o apn l—aag+ L a+1, .., a0+ 1, 1-2) [—
=0

g ==ay==..=ap1==bAneN
06.20.20.0024.01
6"B( , )(a, b) had (1-a)
i ZZH =Dy T M+ 1, —(b+K)log(1—2,), —(b+K)logL—27)) ;N €N
ab ko (b+ k)™ k!

Fractional integro-differentiation

With respect to

06.20.20.0014.01
3Bz, (@, D) a .
a == 4 B,(ab) -Z "T@,Fi(a 1-ba-a+1,z)/;,-a¢N

0z rl-e)
06.20.20.0015.01
"Bz, 2,)(@, b) 7" o (1- by FCop(z, a+ k) ZH
= B, (& b) - [ilzl< 1
0z rld-a e @+kk!

With respect to z,

06.20.20.0016.01
0 B(Zl,ZZ)(av b) —a ~ A
— =4 "T@,Fi(a 1-bja-a+1;2)-

6% I'l-ow
06.20.20.0017.01

Bap@b = (L-byTCoyz a+k B z°

- - B; ab/ <1
0z, = @+kk! rd-o (@ b)/; |zl

By (a b) /; —a¢N*

With respect toa

06.20.20.0018.01
o0° B(zl,zz)(a, b)

oa*
©  (2-b) B a

d-ba ) - zFl(l, Lil-a ——) B -Z2"N fal <A |zl <1A-a¢N
koo (k+ 1) k! k+1

06.20.20.0019.01
0* B(Zl,ZZ)(av b)

p =a" f zta’l(l—t)b’l(alog(t))“ Q(-a, 0, alog(t)) dt
a* 7

With respect tob

=a(l0g() 2F(1, 1; 2, 1 - a; alog(z)) — 109(z1) oF2(1, 1; 2, 1 - ; alog(zy))) +

I'(b)

log(1-2z)

r'(b)

log(1-12)

)i ]
)
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06.20.20.0020.01
9By (@, b) i (-D¢kIbRe sk

=0 k=0 @+pHrk-a+1)j!

[z2] < 1Al <1A-a¢N

06.20.20.0021.01

v B(Zl,Zz)(av b) 2 o
—y b~ f 21 (1 - 1P (blog(l - t)* Q(-a, 0, blog(1 - t)) dt
a4

Integration

Indefinite integration

Involving only one direct function with respect to z;

06.20.21.0001.01

1
fB(a 21,2%,3a,b)dz = -B,5(@+1,b)+B@z,2%,a 0z
a
06.20.21.0002.01
fB(Zl’ZZ)(a, b)dz == le(a-i- 1L,b+zy B(Zl,Zz)(a, b)

Involving one direct function and elementary functionswith respect to z;

Involving power function
06.20.21.0003.01
f 7' Baz, 2, a bydz = il (Baz(@a+@,b)(@z)™* +B(az, 2, a, b))
a

06.20.21.0004.01

1
f 27 B, (@ b)dzy == - (B, (@+a, b) + 2 By, 2)(a, b))

Involving only one direct function with respect to z,

06.20.21.0005.01

1
fB(zl, a2y,8,0)dz=2B(z,a2,a b)- - B,,@+1,b)
a

06.20.21.0006.01

fB(zl,zz)(a, b)dz, =2, Bz 2,(a b) - Bz, (a+1, b)
Involving one direct function and elementary functionswith respect to z;

Involving power function
06.20.21.0007.01

fz‘;*l B(z, a2, 8, 0)dz,= é (B(z1, 22, &, b) - B,z,(@+a, b) (22)™)
a

(ZZ”j Fii+latjati+Lz)-AT R+l a+ja+rj+1; 21)) /;
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06.20.21.0008.01

1
f 27 B, (@ b)dz, == - (Z B, (@ b) - B, (a+a, b))

Involving only one direct function with respect to a
06.20.21.0009.01
f Bz z,)(@ b)da==T(0, —alog(zy), —alog(z)) + log(—-alog(z,)) -
o (2 _ b)k (Zgl+k+1 _ Zai\+k+1)
log(—alog(z 1-b | (1
g(-alog(z)) +(1-b) ) D +

k=0

a
)/; lz2] < 1Azl <1A-a¢N
+1

Involving one direct function and elementary functionswith respect toa

Involving power function

06.20.21.0010.01

Z- )aa—l 1-bya® = (2_ b) +k+1l _ ark+l a
faafl B z)(@ b da= i + a-b (% a7 oFile, Lo+ 1 ——) +
a-1 O (k+1)%k! k+1
aa
1 ((—alog(z)) " log(zg) I'(@, 0, —alog(z)) - (—alog(z,)) “ log(zo) T'(@, 0, —alog(2,)) /; 1zl < LA lzol < 1A —a &N
o

Involving only one direct function with respect tob

06.20.21.0011.01
w (—1)kk!bk+1sj"> _ _

By, 2,(@ b)db= — (AU R(j+la+jatj+ L) -2 F(j+ L atjatj+Lz))/;

f(ZIZZ) ;é(an)(ku)!js(zz =t 2ma )

lz1] < 1Azl <1A-a¢N

Involving one direct function and elementary functionswith respect tob

Involving power function

06.20.21.0012.01
o 1 (-Dkkrbog? o .l
b**B (@ b)db== —  (Z7, R+l a+ja+j+liz) -2 F(j+La+ja+j+L 7))/
f (2,.2,) %g(a+j)(k+a’)k!j! (22 2F1(] J J 2) =2 " 2Fa(]) J J 1)

z1] < 1Azl <1A-a¢N

Integral transforms

Laplace transforms

06.20.22.0001.01

1
Li|Bizy(@ b (2 = . (B,(a b)—(-)T(@U(a a+b, -2)/; Re?) > 0ARe(@) > -1

Representations through more general functions
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Through hypergeometric functions

Involving oF1

06.20.26.0001.01
By, )@ b)=T(@) (3 Fi(a 1-bja+1,2) -4 ,Fia 1-ba+1z))/;-a¢N

06.20.26.0002.01
Bigz)@ D) =T(0)((1-2)°Z F1(1,a+b;b+11-2) - (1-2)° B ,Fi(1, a+ b b+1,1-2)) /; -b &N

06.20.26.0003.01
By )@ b)=B(l-a-b a(-2) % -(-z)*Z)-T(1-a-b)
_ 1 . 1
((—22)"*1 ézFl(l -b,l1-a-b2-a-b; —) —(-z)*? zﬁ‘zFl(l -b,1-a-b2-a-b; —)) /;a+beN*
4} 4}
Involving »F;

06.20.26.0004.01

1
B, 2)(@ b) = ; (B oF1(a 1-bja+1;2)-Z4Fi(a 1-ba+1, 7))/, -a¢N

06.20.26.0005.01

1
By, (@, b) = - (1-z)° 4 Fi(1, a+bb+11-2) - (1-2)°F,Fi(1, a+bb+1;1-2))/; -beN

06.20.26.0006.01

1 1 1
B z)(@ b) = ((—Zz)bfl Z 2F1(1 -b,1-a-b;2-a-b; —) -~z tZ gFl(l -b,1-a-b;2-a-b; —)) +
a+rb-1 2 a
Bl-a-b,a) (-5 -(-z)%%)/;a+be& N’
Through Meijer G
Classical casesfor the direct function itself
06.20.26.0007.01
_ 1,2 l-ab 12 1-a, b
Biyz(@ b= r'(1-b) (Zg GZ’Z(_ZZ 0, -a )_ ZiGz‘z(_zl 0, -a ))

Classical casesinvolving algebraic functionsin the arguments

06.20.26.0008.01

B( ! 1,a b] ! Gl'z(z’ L 1_a)/'zq_:( 1)
_1 ] el == 1 _ml -
z+1 ra+h =~ b, 0

06.20.26.0009.01

1
(z+ D01 B(—l l,ab

) F(b) 1'2( ’ b,a+b
Z+

= 2,2 b, 0

= — ]/; Z¢ (—o0, =1
r'(l-a)

Representations through equivalent functions

With inverse function

06.20.27.0001.01

Blyi2, en)@ D) = B@ b2
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With related functions

06.20.27.0002.01
B(zl,zz)(a; b) == Bzz(a; b) - le(a: b)

06.20.27.0003.01
B(zl,zz)(a1 b) == B(a1 b) I(zl,zz)(a; b)
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