
Beta4

Notations

Traditional name

Generalized incomplete beta function

Traditional notation

BHz1 ,z2LHa, bL
Mathematica StandardForm notation

Beta@z1, z2, a, bD

Primary definition
06.20.02.0001.01

BHz1 ,z2LHa, bL � à
z1

z2

ta-1 H1 - tLb-1 â t

Specific values

Specialized values

For fixed z1, z2, a

06.20.03.0001.01

BHz1 ,z2LHa, nL � BHa, nL z2
a â

k=0

n-1 HaLk H1 - z2Lk

k !
- z1

a â
k=0

n-1 HaLk H1 - z1Lk

k !
�; n Î N

For fixed z1, z2, b

06.20.03.0002.01

BHz1 ,z2LHn, bL � BHn, bL H1 - z1Lb â
k=0

n-1 HbLk z1
k

k !
- H1 - z2Lb â

k=0

n-1 HbLk z2
k

k !
�; n Î N

For fixed z1, a, b

06.20.03.0003.01

BHz1 ,0LHa, bL � -Bz1
Ha, bL �; ReHaL > 0

06.20.03.0004.01

BHz1 ,0LHa, bL � ¥� �; ReHaL < 0



06.20.03.0005.01

BHz1 ,1LHa, bL � BHa, bL - Bz1
Ha, bL �; ReHbL > 0

For fixed z2, a, b

06.20.03.0006.01

BH0,z2LHa, bL � Bz2
Ha, bL �; ReHaL > 0

06.20.03.0007.01

BH0,z2LHa, bL � ¥� �; ReHaL < 0

06.20.03.0008.01

BH1,z2LHa, bL � Bz2
Ha, bL - BHa, bL �; ReHbL > 0

General characteristics

Domain and analyticity

BHz1,z2LHa, bL is an analytical function of z1, z2, a,  and b which is defined in C4. 

06.20.04.0001.01Hz1 * z2 * a * bL �BHz1 ,z2LHa, bL � IC4M �C

Symmetries and periodicities

Mirror symmetry

06.20.04.0002.02

BHz1 ,z2LIa, bM � BHz1 ,z2LHa, bL �; z1 Ï H-¥, 0L ì z1 Ï H1, ¥L ì z2 Ï H-¥, 0L ì z2 Ï H1, ¥L
Permutation symmetry

06.20.04.0003.01

BHz1 ,z2LHa, bL � -BHz2 ,z1LHa, bL
Periodicity

No periodicity

Poles and essential singularities

With respect to b

For fixed z1, z2, a, the function BHz1,z2LHa, bL has only one singular point at b = ¥� .  It is an essential singular point. 

06.20.04.0004.01

SingbIBHz1 ,z2LHa, bLM � 88¥� , ¥<<
With respect to a

For fixed z1, z2, b, the function BHz1,z2LHa, bL has only one singular point at a = ¥� .  It is an essential singular point. 

06.20.04.0005.01

SingaIBHz1 ,z2LHa, bLM � 88¥� , ¥<<
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With respect to zk

For fixed a, b, the function BHz1,z2LHa, bL does not have poles and essential singularities.

06.20.04.0006.01

Singzk
IBHz1 ,z2LHa, bLM � 8< �; k Î 81, 2<

Branch points

With respect to b

For fixed z1, z2, a, the function BHz1,z2LHa, bL does not have branch points.

06.20.04.0007.01

BPbIBHz1 ,z2LHa, bLM � 8<
With respect to a

For fixed z1, z2, b, the function BHz1,z2LHa, bL does not have branch points.

06.20.04.0008.01

BPaIBHz1 ,z2LHa, bLM � 8<
With respect to zk

The function BHz1,z2LHa, bL  has for fixed z1or fixed z2three singular branch points with respect to z2or z1: zk � 0, zk � 1,

zk � ¥� , k = 1, 2.

06.20.04.0009.01

BPzk
IBHz1 ,z2LHa, bLM � 80, 1, ¥� < �; k Î 81, 2<

06.20.04.0010.01

Rzk
IBHz1 ,z2LHa, bL, 0M � log �; a Ï Z ì a Ï Q ì k Î 81, 2<

06.20.04.0011.01

Rzk
IBHz1 ,z2LHa, bL, 0M � q �; a �

p

q
í p Î Z í q Î N+ í gcdHp, qL � 1 í k Î 81, 2<

06.20.04.0012.01

Rzk
IBHz1 ,z2LHa, bL, 1M � log �; b Ï Z ì b Ï Q ì k Î 81, 2<

06.20.04.0013.01

Rzk
IBHz1 ,z2LHa, bL, 1M � q �; b �

p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1 í k Î 81, 2<

06.20.04.0014.01

Rzk
IBHz1 ,z2LHa, bL, ¥� M � log �; a + b Î Z ê a + b Ï Q ì k Î 81, 2<

06.20.04.0015.01

Rzk
IBHz1 ,z2LHa, bL, ¥� M � s �; a + b �

r

s
í r Î Z í s - 1 Î N+ í gcdHr, sL � 1 í k Î 81, 2<

Branch cuts

With respect to b
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For fixed z1, z2, a, the function BHz1,z2LHa, bL does not have branch cuts.

06.20.04.0016.01

BCbIBHz1 ,z2LHa, bLM � 8<
With respect to a

For fixed z1, z2, b, the function BHz1,z2LHa, bL does not have branch cuts.

06.20.04.0017.01

BCaIBHz1 ,z2LHa, bLM � 8<
With respect to z1

For fixed  a, b, z2, the function BHz1,z2LHa, bL is a single-valued function on the z1-plane cut along the intervals H-¥, 0L andH1, ¥L. 
The function BHz1,z2LHa, bL is continuous from above on the interval H-¥, 0L and from below on the interval H1, ¥L.

06.20.04.0018.01

BCz1
IBHz1 ,z2LHa, bLM � 88H-¥, 0L, -ä<, 8H1, ¥L, ä<<

06.20.04.0019.01

lim
Ε®+0

BHx1+ä Ε,z2LHa, bL � BHx1 ,z2LHa, bL �; x1 < 0

06.20.04.0020.01

lim
Ε®+0

BHx1-ä Ε,z2LHa, bL � BHx1 ,z2LHa, bL + I1 - ã-2 ä a ΠM Bx1
Ha, bL �; x1 < 0

06.20.04.0021.01

lim
Ε®+0

BHx1-ä Ε,z2LHa, bL � BHx1 ,z2LHa, bL �; x1 > 1

06.20.04.0022.01

lim
Ε®+0

BHx1+ä Ε,z2LHa, bL � BHx1 ,z2LHa, bL + I1 - ã-2 ä b ΠM Bx1
Ha, bL - 2 ä ã-ä b Π sinHb ΠL BHa, bL �; x1 > 1

With respect to z2

For fixed  a, b, z1, the function BHz1,z2LHa, bL is a single-valued function on the z2-plane cut along the intervals H-¥, 0L andH1, ¥L. 
The function BHz1,z2LHa, bL is continuous from above on the interval H-¥, 0L and from below on the interval H1, ¥L.

06.20.04.0023.01

BCz2
IBHz1 ,z2LHa, bLM � 88H-¥, 0L, -ä<, 8H1, ¥L, ä<<

06.20.04.0024.01

lim
Ε®+0

BHz1 , x2+ä ΕLHa, bL � BHz1 ,x2LHa, bL �; x2 < 0

06.20.04.0025.01

lim
Ε®+0

BHz1 , x2-ä ΕLHa, bL � BHz1 ,x2LHa, bL - I1 - ã-2 ä a ΠM Bx2
Ha, bL �; x2 < 0

06.20.04.0026.01

lim
Ε®+0

BHz1 , x2-ä Ε,z2LHa, bL � BHz1 ,x2LHa, bL �; x2 > 1
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06.20.04.0027.01

lim
Ε®+0

BHz1 , x2+ä Ε,z2LHa, bL � BHz1 ,x2LHa, bL - I1 - ã-2 ä b ΠM Bx2
Ha, bL + 2 ä ã-ä b Π sinHb ΠL BHa, bL �; x2 > 1

Series representations

Generalized power series

Expansions at 8z1, z2< � 80, 0<
06.20.06.0001.02

BHz1 ,z2LHa, bL µ z2
a

1

a
+

H1 - bL z2

1 + a
+

H1 - bL H2 - bL z2
2

2 H2 + aL + ¼ - z1
a

1

a
+

H1 - bL z1

1 + a
+

H1 - bL H2 - bL z1
2

2 H2 + aL + ¼ �;
Hz1 ® 0L ì Hz2 ® 0L ì -a Ï N

06.20.06.0002.01

BHz1 ,z2LHa, bL � â
k=0

¥ H1 - bLk Iz2
a+k - z1

a+kM
Ha + kL k !

�;  z1¤ < 1 ì  z2¤ < 1 ì -a Ï N

06.20.06.0003.01

BHz1 ,z2LHa, bL �
z2

a

a
2F1Ha, 1 - b; a + 1; z2L -

z1
a

a
2F1Ha, 1 - b; a + 1; z1L

06.20.06.0004.01

BHz1 ,z2LHa, bL µ
z2

a

a
 H1 + OHz2LL -

z1
a

a
 H1 + OHz1LL �; Hz1 ® 0L ì Hz2 ® 0L ì -a Ï N

Integral representations

On the real axis

Of the direct function

06.20.07.0001.01

BHz1 ,z2LHa, bL � à
z1

z2

ta-1 H1 - tLb-1 â t

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

06.20.13.0001.01H1 - z1L z1 w¢¢Hz1L + H1 - a + Ha + b - 2L z1L w¢Hz1L � 0 �; wHz1L � c1 BHz1 ,z2LHa, bL + c2

06.20.13.0003.01

Wz1
H1, BHz1, z2, a, bLL � -H1 - z1Lb-1 z1

a-1

06.20.13.0002.01H1 - z2L z2 w¢¢Hz2L + H1 - a + Ha + b - 2L z2L w¢Hz2L � 0 �; wHz2L � c1 BHz1 ,z2LHa, bL + c2
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06.20.13.0004.01

Wz2
H1, BHz1, z2, a, bLL � H1 - z2L-1+b z2

-1+a

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.20.16.0001.01

BH1-z1  1-,z2LHa, bL � -BHz1 ,z2LHb, aL
06.20.16.0002.01

BHz1 ,z2LHa + 1, bL �
a

a + b
 BHz1 ,z2LHa, bL +

1

a + b
 IH1 - z1Lb z1

a - H1 - z2Lb z2
aM

06.20.16.0003.01

BHz1 ,z2LHa - 1, bL �
a + b - 1

a - 1
 BHz1 ,z2LHa, bL +

1

a - 1
 IH1 - z2Lb z2

a-1 - H1 - z1Lb z1
a-1M

06.20.16.0004.01

BHz1 ,z2LHa + n, bL �
HaLn

Ha + bLn

 BHz1 ,z2LHa, bL +
1

a + b + n - 1
 â
k=0

n-1 H1 - a - nLk

H2 - a - b - nLk

 IH1 - z1Lb z1
a+n-k-1 - H1 - z2Lb z2

a+n-k-1M �; n Î N

06.20.16.0005.01

BHz1 ,z2LHa - n, bL �
H1 - a - bLnH1 - aLn

BHz1 ,z2LHa, bL -
H2 - a - bLn-1H1 - aLn

 â
k=0

n-1 H1 - aLk

H2 - a - bLk

 IH1 - z2Lb z2
a-k-1 - H1 - z1Lb z1

a-k-1M �; n Î N

Identities

Recurrence identities

Consecutive neighbors

06.20.17.0001.01

BHz1 ,z2LHa, bL �
a + b

a
 BHz1 ,z2LHa + 1, bL +

1

a
 IH1 - z2Lb z2

a - H1 - z1Lb z1
aM

06.20.17.0002.01

BHz1 ,z2LHa, bL �
a - 1

a + b - 1
 BHz1 ,z2LHa - 1, bL +

1

a + b - 1
 IH1 - z1Lb z1

a-1 - H1 - z2Lb z2
a-1M

Distant neighbors

06.20.17.0003.02

BHz1 ,z2LHa, bL �
Ha + bLnHaLn

 BHz1 ,z2LHa + n, bL +
1

a + b - 1
 â
k=1

n Ha + b - 1LkHaLk

 IH1 - z2Lb z2
a+k-1 - H1 - z1Lb z1

a+k-1M �; n Î N

06.20.17.0004.01

BHz1 ,z2LHa, bL �
H1 - aLn

H1 - a - bLn

 BHz1 ,z2LHa - n, bL +
1

a + b - 1
 â
k=0

n-1 H1 - aLk

H2 - a - bLk

 IH1 - z1Lb z1
a-k-1 - H1 - z2Lb z2

a-k-1M �; n Î N
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Functional identities

Relations between contiguous functions

06.20.17.0005.01

BHz1 ,z2LHa, bL � BHz1 ,z2LHa + 1, bL + BHz1 ,z2LHa, b + 1L
Major general cases

06.20.17.0006.01

BHz1 ,z2LHa, bL � -BH1-z1 ,1-z2LHb, aL
06.20.17.0007.01

BH1-z1 ,z2LHa, bL � BH1-z2 ,z1LHb, aL
Differentiation

Low-order differentiation

With respect to z1

06.20.20.0001.01

¶BHz1 ,z2LHa, bL
¶z1

� -H1 - z1Lb-1 z1
a-1

06.20.20.0002.01

¶2 BHz1, z2, a, bL
¶z1

2
� H1 - z1Lb-2 z1

a-2 H-a + Ha + b - 2L z1 + 1L
With respect to z2

06.20.20.0003.01

¶BHz1 ,z2LHa, bL
¶z2

� H1 - z2Lb-1 z2
a-1

06.20.20.0004.01

¶2 BHz1, z2, a, bL
¶z2

2
� H1 - z2Lb-2 z2

a-2 Ha - Ha + b - 2L z2 - 1L
With respect to a

06.20.20.0005.01

¶BHz1 ,z2LHa, bL
¶a

�

GHaL2 Iz1
a 3F

�
2Ha, a, 1 - b; a + 1, a + 1; z1L - z2

a 3F
�

2Ha, a, 1 - b; a + 1, a + 1; z2LM - logHz1L Bz1
Ha, bL + logHz2L Bz2

Ha, bL
06.20.20.0006.01

¶2 BHz1, z2, a, bL
¶a2

� 2 GHaL2 z2
aIGHaL 4F

�
3Ha, a, a, 1 - b; a + 1, a + 1, a + 1; z2L - logHz2L 3F

�
2Ha, a, 1 - b; a + 1, a + 1; z2LM -

2 GHaL2 z1
aIGHaL 4F

�
3Ha, a, a, 1 - b; a + 1, a + 1, a + 1; z1L - logHz1L 3F

�
2Ha, a, 1 - b; a + 1, a + 1; z1LM -

log2Hz1L Bz1
Ha, bL + log2Hz2L Bz2

Ha, bL
With respect to b
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06.20.20.0007.01

¶BHz1 ,z2LHa, bL
¶b

� -GHbL2 IH1 - z1Lb 3F
�

2Hb, b, 1 - a; b + 1, b + 1; 1 - z1L - H1 - z2Lb 3F
�

2Hb, b, 1 - a; b + 1, b + 1; 1 - z2L M +

logH1 - z1L B1-z1
Hb, aL - logH1 - z2L B1-z2

Hb, aL
06.20.20.0008.01

¶2 BHz1, z2, a, bL
¶b2

�

2 GHbL2 H1 - z1Lb IGHbL 4F
�

3Hb, b, b, 1 - a; b + 1, b + 1, b + 1; 1 - z1L - logH1 - z1L 3F
�

2Hb, b, 1 - a; b + 1, b + 1; 1 - z1L M +

log2H1 - z1L B1-z1
Hb, aL - log2H1 - z2L B1-z2

Hb, aL -

2 G HbL2 H1 - z2Lb IGHbL 4F
�

3Hb, b, b, 1 - a; b + 1, b + 1, b + 1; 1 - z2L - logH1 - z2L 3F
�

2Hb, b, 1 - a; b + 1, b + 1; 1 - z2LM
Symbolic differentiation 

With respect to z1

06.20.20.0022.01

¶n BHz1, z2, a, bL
¶z1

n
� ∆n BHz1, z2, a, bL + H1 - z1Lb-1 z1

a-n â
k=0

n-1 H-1Ln-k n - 1

k
H1 - bLk H1 - aLn-k-1

z1

1 - z1

k �; n Î N

06.20.20.0009.02

¶n BHz1 ,z2LHa, bL
¶z1

n
� H-1Ln H1 - z1Lb-n z1

a-1 GHbL 2F
�

1 1 - a, 1 - n; b - n + 1; 1 -
1

z1

�; n Î N

With respect to z2

06.20.20.0023.01

¶n BHz1, z2, a, bL
¶z2

n
� ∆n BHz1, z2, a, bL - H1 - z2Lb-1 z2

a-n â
k=0

n-1 H-1Ln-k n - 1

k
H1 - bLk H1 - aLn-k-1

z2

1 - z2

k �; n Î N

06.20.20.0010.02

¶n BHz1 ,z2LHa, bL
¶z2

n
� H-1Ln-1 H1 - z2Lb-n z2

a-1 GHbL 2F
�

1 1 - a, 1 - n; b - n + 1; 1 -
1

z2

�; n Î N

With respect to a

06.20.20.0011.02

¶n BHz1 ,z2LHa, bL
¶an

� GHaL
z2

a lognHz2L â
j=0

n n

j
j ! j+2F

�
j+1Ia1, a2, ¼, a j+1, 1 - b; a1 + 1, a2 + 1, ¼, a j+1 + 1; z2M -

GHaL
logHz2L

j

- z1
a lognHz1L â

j=0

n n

j
j !

j+2F
�

j+1Ia1, a2, ¼, a j+1, 1 - b; a1 + 1, a2 + 1, ¼, a j+1 + 1; z1M -
GHaL

logHz1L
j �; a1 � a2 � ¼ � an+1 � a ì n Î N

06.20.20.0012.02

¶n BHz1 ,z2LHa, bL
¶an

� H-1Ln â
k=0

¥ H1 - bLk

Ha + kLn+1 k !
 GHn + 1, -Ha + kL logHz2L, -Ha + kL logHz1LL �; n Î N

With respect to b
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06.20.20.0013.02

¶n BHz1 ,z2LHa, bL
¶bn

�

GHbL H1 - z1Lb lognH1 - z1L â
j=0

n n

j
j ! j+2F

�
j+1Ia1, a2, ¼, a j+1, 1 - a; a1 + 1, a2 + 1, ¼, a j+1 + 1; 1 - z1M -

GHbL
logH1 - z1L

j

-

H1 - z2Lb lognH1 - z2L â
j=0

n n

j
j ! j+2F

�
j+1Ia1, a2, ¼, a j+1, 1 - a; a1 + 1, a2 + 1, ¼, a j+1 + 1; 1 - z2M -

GHbL
logH1 - z2L

j �;
a1 � a2 � ¼ � an+1 � b ì n Î N

06.20.20.0024.01

¶n BHz1 ,z2LHa, bL
¶bn

� H-1Ln-1 â
k=0

¥ H1 - aLk

Hb + kLn+1 k !
 GHn + 1, -Hb + kL logH1 - z2L, -Hb + kL logH1 - z1LL �; n Î N

Fractional integro-differentiation

With respect to z1

06.20.20.0014.01

¶Α BHz1 ,z2LHa, bL
¶z1

Α
�

z1
-Α

GH1 - ΑL  Bz2
Ha, bL - z1

a-Α GHaL 2F
�

1Ha, 1 - b; a - Α + 1; z1L �; -a Ï N+

06.20.20.0015.01

¶Α BHz1 ,z2LHa, bL
¶z1

Α
�

z1
-Α

GH1 - ΑL  Bz2
Ha, bL - â

k=0

¥ H1 - bLk FCexp
HΑL Hz1, a + kL z1

a+k-Α

Ha + kL k !
�;  z1¤ < 1

With respect to z2

06.20.20.0016.01

¶Α BHz1 ,z2LHa, bL
¶z2

Α
� z2

a-Α GHaL 2F
�

1Ha, 1 - b; a - Α + 1; z2L -
z2

-Α

GH1 - ΑL  Bz1
Ha, bL �; -a Ï N+

06.20.20.0017.01

¶Α BHz1 ,z2LHa, bL
¶z2

Α
� â

k=0

¥ H1 - bLk FCexp
HΑL Hz2, a + kL z2

a+k-Α

Ha + kL k !
-

z2
-Α

GH1 - ΑL  Bz1
Ha, bL �;  z2¤ < 1

With respect to a

06.20.20.0018.01

¶Α BHz1 ,z2LHa, bL
¶aΑ

� a-ΑIlogHz2L 2F
�

2H1, 1; 2, 1 - Α; a logHz2LL - logHz1L 2F
�

2H1, 1; 2, 1 - Α; a logHz1LLM +

H1 - bL a-Α â
k=0

¥ H2 - bLk

Hk + 1L2 k !
 2F

�
1 1, 1; 1 - Α; -

a

k + 1
Iz2

a+k+1 - z1
a+k+1M �;  z1¤ < 1 ì  z2¤ < 1 ì -a Ï N

06.20.20.0019.01

¶Α BHz1 ,z2LHa, bL
¶aΑ

� a-Α à
z1

z2

ta-1 H1 - tLb-1 Ha logHtLLΑ QH-Α, 0, a logHtLL â t

With respect to b
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06.20.20.0020.01

¶Α BHz1 ,z2LHa, bL
¶bΑ

� â
j=0

¥ â
k=0

j H-1Lk k ! bk-Α S j
HkL

Ha + jL GHk - Α + 1L j !
 Jz2

a+ j
2F1H j + 1, a + j; a + j + 1; z2L - z1

a+ j
2F1H j + 1, a + j; a + j + 1; z1LN �;

 z1¤ < 1 ì  z2¤ < 1 ì -a Ï N

06.20.20.0021.01

¶Α BHz1 ,z2LHa, bL
¶bΑ

� b-Α à
z1

z2

ta-1 H1 - tLb-1 Hb logH1 - tLLΑ QH-Α, 0, b logH1 - tLL â t

Integration

Indefinite integration

Involving only one direct function with respect to z1

06.20.21.0001.01

à BHa z1, z2, a, bL â z1 �
1

a
 Ba z1

Ha + 1, bL + BHa z1, z2, a, bL z1

06.20.21.0002.01

à BHz1 ,z2LHa, bL â z1 � Bz1
Ha + 1, bL + z1 BHz1 ,z2LHa, bL

Involving one direct function and elementary functions with respect  to z1

Involving power function

06.20.21.0003.01

à z1
Α-1 BHa z1, z2, a, bL â z1 �

z1
Α

Α
 IBa z1

Ha + Α, bL Ha z1L-Α + BHa z1, z2, a, bLM
06.20.21.0004.01

à z1
Α-1 BHz1 ,z2LHa, bL â z1 �

1

Α
 IBz1

Ha + Α, bL + z1
Α BHz1 ,z2LHa, bLM

Involving only one direct function with respect to z2

06.20.21.0005.01

à BHz1, a z2, a, bL â z2 � z2 BHz1, a z2, a, bL -
1

a
 Ba z2

Ha + 1, bL
06.20.21.0006.01

à BHz1 ,z2LHa, bL â z2 � z2 BHz1 ,z2LHa, bL - Bz2
Ha + 1, bL

Involving one direct function and elementary functions with respect  to z1

Involving power function

06.20.21.0007.01

à z2
Α-1 BHz1, a z2, a, bL â z2 �

z2
Α

Α
 IBHz1, a z2, a, bL - Ba z2

Ha + Α, bL Ha z2L-ΑM
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06.20.21.0008.01

à z2
Α-1 BHz1 ,z2LHa, bL â z2 �

1

Α
 Iz2

Α BHz1 ,z2LHa, bL - Bz2
Ha + Α, bLM

Involving only one direct function with respect to a

06.20.21.0009.01

à BHz1 ,z2LHa, bL â a � GH0, -a logHz1L, -a logHz2LL + logH-a logHz1LL -

logH-a logHz2LL + H1 - bL â
k=0

¥ H2 - bLk Iz2
a+k+1 - z1

a+k+1M
Hk + 1L !

log 1 +
a

k + 1
�;  z1¤ < 1 ì  z2¤ < 1 ì -a Ï N

Involving one direct function and elementary functions with respect  to a

Involving power function

06.20.21.0010.01

à aΑ-1 BHz1 ,z2LHa, bL â a �
Hz2

a - z1
aL aΑ-1

Α - 1
+

H1 - bL aΑ

Α
â
k=0

¥ H2 - bLk Iz2
a+k+1 - z1

a+k+1M
Hk + 1L2 k !

2F1 Α, 1; Α + 1; -
a

k + 1
+

aΑ

Α - 1
 IH-a logHz1LL-Α logHz1L GHΑ, 0, -a logHz1LL - H-a logHz2LL-Α logHz2L GHΑ, 0, -a logHz2LLM �;  z1¤ < 1 ì  z2¤ < 1 ì -a Ï N

Involving only one direct function with respect to b

06.20.21.0011.01

à BHz1 ,z2LHa, bL â b � â
j=0

¥ â
k=0

j H-1Lk k ! bk+1 S j
HkL

Ha + jL Hk + 1L ! j !
 Jz2

a+ j
2F1H j + 1, a + j; a + j + 1; z2L - z1

a+ j
2F1H j + 1, a + j; a + j + 1; z1LN �;

 z1¤ < 1 ì  z2¤ < 1 ì -a Ï N

Involving one direct function and elementary functions with respect  to b

Involving power function

06.20.21.0012.01

à bΑ-1 BHz1 ,z2LHa, bL â b � â
j=0

¥ â
k=0

j H-1Lk k ! bk+Α S j
HkL

Ha + jL Hk + ΑL k ! j !
 Jz2

a+ j
2F1H j + 1, a + j; a + j + 1; z2L - z1

a+ j
2F1H j + 1, a + j; a + j + 1; z1LN �;

 z1¤ < 1 ì  z2¤ < 1 ì -a Ï N

Integral transforms

Laplace transforms

06.20.22.0001.01

LtABHt,z2LHa, bLE HzL �
1

z
 IBz2

Ha, bL - H-1L-a GHaL UHa, a + b, -zLM �; ReHzL > 0 ß ReHaL > -1

Representations through more general functions
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Through hypergeometric functions

Involving 2F
�

1

06.20.26.0001.01

BHz1 ,z2LHa, bL � GHaL Iz2
a

2F
�

1Ha, 1 - b; a + 1; z2L - z1
a

2F
�

1Ha, 1 - b; a + 1; z1LM �; -a Ï N

06.20.26.0002.01

BHz1 ,z2LHa, bL � GHbL IH1 - z1Lb z1
a

2F
�

1H1, a + b; b + 1; 1 - z1L - H1 - z2Lb z2
a

2F
�

1H1, a + b; b + 1; 1 - z2LM �; -b Ï N

06.20.26.0003.01

BHz1 ,z2LHa, bL � BH1 - a - b, aL HH-z2L-a z2
a - H-z1L-a z1

aL - GH1 - a - bL
H-z2Lb-1 z2

a
2F

�
1 1 - b, 1 - a - b; 2 -a - b;

1

z2

- H-z1Lb-1 z1
a

2F
�

1 1 - b, 1 - a - b; 2 - a - b;
1

z1

�; a + b Ï N+

Involving 2F1

06.20.26.0004.01

BHz1 ,z2LHa, bL �
1

a
 Hz2

a
2F1Ha, 1 - b; a + 1; z2L - z1

a
2F1Ha, 1 - b; a + 1; z1LL �; -a Ï N

06.20.26.0005.01

BHz1 ,z2LHa, bL �
1

b
 IH1 - z1Lb z1

a
2F1H1, a + b; b + 1; 1 - z1L - H1 - z2Lb z2

a
2F1H1, a + b; b + 1; 1 - z2LM �; -b Ï N

06.20.26.0006.01

BHz1 ,z2LHa, bL �
1

a + b - 1
 H-z2Lb-1 z2

a
2F1 1 - b, 1 - a - b; 2 - a - b;

1

z2

- H-z1Lb-1 z1
a

2F1 1 - b, 1 - a - b; 2 - a - b;
1

z1

+

BH1 - a - b, aL HH-z2L-a z2
a - H-z1L-a z1

aL �; a + b Ï N+

Through Meijer G

Classical cases for the direct function itself

06.20.26.0007.01

BHz1 ,z2LHa, bL �
1

G H1 - bL  z2
a G2,2

1,2 -z2
1 - a, b
0, -a

- z1
a G2,2

1,2 -z1
1 - a, b
0, -a

Classical cases involving algebraic functions in the arguments

06.20.26.0008.01

B
1

z + 1
, 1, a, b �

1

G Ha + bL  G2,2
1,2 z

1, 1 - a

b, 0
�; z Ï H-¥, -1L

06.20.26.0009.01

Hz + 1La+b-1 B
1

z + 1
, 1, a, b �

G HbL
G H1 - aL  G2,2

1,2 z
b, a + b

b, 0
�; z Ï H-¥, -1L

Representations through equivalent functions

With inverse function

06.20.27.0001.01

BJz1 ,IIz1,z2 M-1 Ha,bLNHa, bL � BHa, bL z2
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With related functions

06.20.27.0002.01

BHz1 ,z2LHa, bL � Bz2
Ha, bL - Bz1

Ha, bL
06.20.27.0003.01

BHz1 ,z2LHa, bL � BHa, bL IHz1 ,z2LHa, bL
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