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Notations

Traditional name

Regularized incomplete beta function

Traditional notation

1,(a, b)

Mathematica StandardForm notation

Bet aRegul ari zed[z a, b)]

Primary definition

Basic definition

06.21.02.0001.01
B,(a, b)

B(a, b)

Iz(a, b) ==

Above generic formula cannot directly be used for nonpositive integers a, b, which lead to indeterminate expres-
sionslike 0/0. In these cases, it is more necessary to use an equivalent compl ete definition, presented below.

Complete definition

06.21.02.0002.01

I'@a+h)

I.(a, b) == Z,Fi(al1-ba+12)/ -a¢N

The function I(a, b) can be equivaently defined through the following generalized hypergeometric function.

For negative integers a == —n and positive integers b == m/; m < n, the function |,(a, b) cannot be uniquely defined by a
limiting procedure based on the above definition because the two variables a, b can approach integers —n, m/; m<n at
different speeds. Inthe casea == —n, b =m/; m < n one defines:

06.21.02.0003.01

(-DMn1zn Ml (1—my, X
I2(=n, m) = /ineN"AmeN* Am=n
(n=m!m-1!i= k-nk!

For a==—n and arbitrary b (except case of positive integer b ==m/; m< n), the function I(a, b) is defined as having the
value 1:
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06.21.02.0004.01
l{-n,b)=1/neNA-(beN*Ab=n)

Specific values

Specialized values

For fixed z, a

06.21.03.0001.01

1 @)y (1-2"
I,(a, n) == zazki/; neN
o k!

06.21.03.0002.01
I,(@ -nN)=0/;neN

For fixed z, b

06.21.03.0003.01
l(-n,b)=1/,neNA-(beN Ab=n)

06.21.03.0008.01
(-1Pn1z" b1(1-b) &

I(=n, b) = /ineNtAbeNf Abs<n
(n-b)!(b-1)! & (k—mk!

06.21.03.0004.01

n-1 (b), Z
1,(n, b)==1—(1—z)bzk—k'/; neN

k=0

For fixed a, b

06.21.03.0005.01
lo(a, b)==0/; Re(a) >0

06.21.03.0006.01
lo(a, b= /; Re(a) <0

06.21.03.0007.01
l1(a, b)y==1/; Re(b) >0

General characteristics

Domain and analyticity
I(a, b) isan analytical function of z, a, and b which is defined in C3.

06.21.04.0001.01
(zxaxb)—lya, b :: (CRCRC)—C

Symmetries and periodicities

Mirror symmetry
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06.21.04.0002.02
1@ b) = 1xa b) /; z¢ (~c0, O) Az (L, c0)

Periodicity

No periodicity

Poles and essential singularities
With respect to b

For fixed z, a, the function |,(a, b) hasonly one singular point at b = . Itisan essential singular point.

06.21.04.0003.01
Sing, (1(8, b)) = ({0, oo}

With respect toa

For fixed z, b, the function 1 (a, b) has only one singular point at a = co. It isan essential singular point.

06.21.04.0004.01
Sing (1, b)) == {{, co})

With respect to z
For fixed a, b, the function 1,(a, b) does not have poles and essential singularities.
06.21.04.0005.01
Sing (1(a, b)) == {}
Branch points
With respect to b
For fixed z, a, the function 1 (a, b) does not have branch points.

06.21.04.0006.01
BPo(I(a, b)) = {}

With respect toa

For fixed z, b, the function 1 (a, b) does not have branch points.

06.21.04.0007.01
BPa(l(a, b)) = {}

With respect to z
The function 1,(a, b) has three branch points: z== 0, z==1, and z == c.

06.21.04.0008.01
BP,(I(a, b)) = {0, 1, &}

06.21.04.0009.01
RAl(a, b),0)==log/;a¢eZANae¢Q
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06.21.04.0010.01

p
Rol(a, b), 0)==q /; a= a/\peZ/\q—leN*/\gcd(p. =1

06.21.04.0011.01
Rz('z(& b)1 1) == |Og /i b ¢z /\ b & Q

06.21.04.0012.01

p
Rol@, b), D=q/;b= a/\peZ/\q—leW/\gcd(p, D=1

06.21.04.0013.01
Ri(l(a, b), 0)==log/;a+beZVa+be¢Q

06.21.04.0014.01

r
R,(1,(a, b), ©)=s/;a+b= —/\r eZ/\s—leN*/\gcd(r, s =1
s

Branch cuts
With respect to b
For fixed z, a, the function I,(a, b) does not have branch cuts.

06.21.04.0015.01
BCy(l(a b)) = {}

With respect to a
For fixed z, b, the function I,(a, b) does not have branch cuts.

06.21.04.0016.01
BCa(l(a b)) = {}

With respect to z

For fixed a, b, the function I,(a, b) is a single-valued function on the z-plane cut along the intervals (—oco, 0) and (1, o).
The function I,(a, b) is continuous from above on the interval (— oo, 0) and from below on theinterval (1, ).

06.21.04.0017.01
BCZ('Z(a! b)) = {{(—OO, 0)1 _E.}v {(11 Oo)v E}}

06.21.04.0018.01
lim (@, b)==Ix(@ b) /; x<0
e—>+0

06.21.04.0019.01
lim I_;.(a b) = e2?3" I,(a, b) /; x< 0
e->+0

06.21.04.0021.01
lim l,_;(a b)=Ix(@ b)/; x>1
e->+0

06.21.04.0022.01
lim ly,; (@ b) = e 27 I,(a, b) + 2e*P7 isin(b) /; x> 1
e—>+0

Series representations
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Generalized power series

Expansions at generic point z== 7,

For the function itself

06.21.06.0021.01

a'(zf ) arg(z—
sin(zb) (1 al ghzo a“ Q(UZO) *1]
1,(a, b) « [—]
'@ \z
adz.—2 ar(—z arg|zy-z
ie g(zz0 )J {arg(l_zO)M arg(zo_z)Jr(a) -a 622(1 ‘1“"" b)[ L ]bl = )J(l )bl 9(220 )J
—2ie n +G55l1- - _ +
2n 2n % 22 2 0,b 1-z7 %
g9 adlz-7)
1 blz—J bl L J 22 1-a by -a,b-1
(1—20] -2 Zg(an'z(l’z"‘ 0.b )+GZ~2(1'Z°‘ o,b—l)ZO)'
ibx 39(220_1) ag(l—-zp) +7 || arg(zo—2) N
2ie g 7{ 5 { J(ar(a)—r<a+1>> %" (z-2) +
/e T
L L larg[ZZO—Z)J b[arg(zo—z)J 1-ab
x 2 22(1 _ -8,
2|la) e g (e maca-a] 4 7)-
22 —a,b-1) —a-1,b-2 | ibm Hg(ffz)
ZO(ZaGZIZ(l_ZO‘ Ob—1)+6232(1_z°‘ 0,b—2 )ZO))_ZM "

ag(l-zg)+nx||agz -2 ~a-2 2
{ H (@a-Dal(@-2al(a+)+I@+2)|z" (z-29) +...|/;(z->2)

2n

T
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06.21.06.0022.01

erg(z—z(J

sin(rh) (1 a[ 2n
I,(a, b) o D [—]

2

— — _a_ — ibr
ZO(ZaGié(l—zO‘ a b l)+G§I§(l—ZO‘ a-1Lb 2)20])—%@

y,

(1—Zo)bl 2 ng((a—l)aeﬁﬁ(l—z(,’ 1-a b)+

2n

z 2j {arg(l—zO)M
Ve

ag(l-zp) +n

O,b 1_20

8 st(aeg;s(l-zo\ L )reE(-n] T a)-

0, b 0,b-1

agzo-2)

T

J @r@-r@+1)|%* ' z-2) +

2n b8

0,b

gz
2n

e

0,b-1 0,b-2

rrg(l—ZoH
2n

06.21.06.0023.01

I,(a, b) ==

sin(z b) [ 1)a
Z

&)

rfg(zo—z)

1

(@a-1al(@-2al(a+1) +@+2)|z*4z- 20)2 +0((z-20)%)

(-9

2,

[
k=0 j=0 J'(k_l)'

,{arguo -2

mi
2n

(D (a3 ¢ [

ibr
e

e

arg(z-7)

b[ 21 J 22 —a-j+1,b—j
1-2) Gz,z(l—zo‘ 0,b— | )—

o Harg(l—ze)w

2n

J )iT@+)) 7" |- 2k

ag(z-2)

arg(zy — 2) _ 1\ =2 b| 22

9220 Jr(a)253+G§j§(l—Zo‘l a'b)[ )[ J(1—20)[ 2
Vs
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06.21.06.0024.01

sin(rh) (1
I,(a, b) == il )[—)

s

a7 )J+1] o k (-Df(-a);Z ¢

X e

ag

I'a (7 oo Itk=D
arg(zo—z) arg(zy-2z arg(zy-2
N [ 1 ]b[ = J [g[j" )j | o )j agl-2z) +7 || &gz -2
L@+ )z csclbr)| —— 1-2) 2ie { J _
1- 2n 2n
ar 72) a _,
1 bl g(zz?r J [ g(zzo )Jb+b—] B
CSC(brr)F(a+b)[l—) A-zol JFil,a+bb-j+11-2) |z-2)/;bez

06.21.06.0025.01

sin(rb) (1 arg(zz?) a[rg(;%) +l] ibr arg{;ofz)J agl-zy) +n||arg(zo—2)
I(a b) « [—] —2ie " r J I'(@) %+
A
'@ \z 2n b
arg(zo—z) arg|zn -2
15| 1720 b[ ” Jl bl & )J 0
2,2( ‘20‘ 0.b )(1_20] (1-2) +0(z-2)
Expansions on branch cuts
For the function itself
In the left half-plane
06.21.06.0026.01
I,(a, b) «
ag(z-x
Sin(ﬂ- b) 1 alTJ a({wﬁl) 22 1-a,b 22 1-a,b 22 -a,b-1
"T@ (;) X n [szz(l—x‘ 0.b )+ (Gzyz(l—x‘ 0.b )+XGZ2(1—X 0’b_l))(z—x)+
1-ab

0 b )+2xG§:§(1—x

1 —a-1,b-2 —ab-1
G> 2( " ‘ ’ )x2 + a((a— 1) 62’2(1 -X : ))) (z-%°%+
232 ( 22 0,b-2 22 0,b-1

...)/; (z->xXAxeRAx<O0

06.21.06.0027.01

I(a, b) o
arg(z-x)
sin(rb) (1 a{ 21 J a({@f—l) 22 l1-ab 22 1-ab 22 -a,b-1

- o Y| G221- ’ G2 1- ’ G2 1- ' -
T@ ( ) X [ 22( X‘ 0.b )*( 2'2( X‘ 0.b )” 22( X‘ o,b—1))(z 0*

-a-1,b-2 2 22( l—a,b) 22( —a,b—l)]) 2

-DG5l1- 2 ol 1— -
2Xz(622( ‘ 0.b-2 )x +a((a ) Gyo| 1—x 0.b +2xGyo[1-x 0.b-1 (Z=X)°+

O((z—x)3))/;xe[R/\x<O
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06.21.06.0028.01

i a@ 2-X) 0 _1)kT o~ ik
= S0 (I g T gy
X

(@) S5 jk-pr 7

oj,;ljb )(z WK /i XeRAX<0

06.21.06.0029.01

l 1 a{?J a rrg(z—x)J l)
I,(a, b) == —[—) X ( o I
@ \x
o Kk (=DF(- a)k,xJk _ o
ZZ = (F@+)x I -T@+b) 1-x>TF1(L, a+b;b-j+1;1-%)(@z-x"/; xeRAx<0
k=0 j=0
06.21.06.0030.01
sincrb) (1y3 5 yE=m 1-ab
I,(a, b) « [—) X \L 2r Ggé(l—x’ ' )+O(z—x)/;xe[R/\x<0
rT(a) ’ 0,b

In the right half-plane

06.21.06.0031.01

arg(x-2)

sin(z b) ibr| T2 arg(x — 2) 1 \P J g2 3
I(a, b) o« 4 —2¢" { 2 JM{LJF(aH(—) (1_X)b{ 2 JG%‘%(l—x‘ 1-3, b)xa+
nT'(a) 2n 1-x " 0,b
1 {argg:l)J br’g(H)J ”s 1-ab - Cabo1
_wl 7l ac??1- : 21 : ~
(1_)() @A-x) L 2 Ix® (anvz(l X 0.b )+XGz,z(1 X O,b—l)) (Z-X)+
arg(x-2)

TR
- — - ' 2
2(1—x) (d-% X (GZZ( ‘ 0,b-2 )X *

22 1-ab -a,b-1 .
a((a—l)Gz,z(l—x‘ 0.5 ) 2x622(1 ‘ O,b_l)))(z—x)z+...]/,(z—>x)/\xe[R/\x>1
06.21.06.0032.01

sin(z b e arg(x —
I(a, b) o b [—ZetbﬂTJ iﬂ{MJ I(a) +(
nT(a) 2

ag(x-2) J

1%
1—x)

arg(x-2) _
a-xl Jeézi(l‘x‘ 1Oat;b)xa+

arg(x-— )J

1 b{ 2
()

arg(x-2) J

E(L){ SR (GH( ‘—a—l,b—Z)X2+

[""g‘x Z’J 1-ab —ab-1
1 22(q , 22(4 , B
1-x x2 (anvz(l x‘ 0.b )+ xGZz(l x‘ 0.b-1 )) (Z-X)+

2 1-x 0,b-2

a((a— 1 Ggﬁ(l - X ‘ 1 6 at; b) + 2xG§j§(1 -X ‘ _Oa’bb__ll))) (z-x? +0((z- x)3)] /ixeRAXx>1
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06.21.06.0033.01

sin(rb) &, K (~F (—a)_; xik 10| aoxa Ca—i+1lb—i
I(a b) = Gl )Z : _kJ xa( ){ (1—x)b{ o Jeg’g[l—x a Hl’_b J)_
T@ 32 itk 1-x ' 0,b—j
AYX=2) | ;|22 ' .
2714 g(2 )Je‘b”{ 2 J(—l)'F(a+j)xJ](z—x)k/;xe[R/\x>1
T
06.21.06.0034.01
sin(rr b)
I,(a, b) ==
@)
sk (~DK (@) XK | 15 an x| 700 || Arg(X — Z
% I@+j)x’! csc(bn)[—) ’ (1—x)b{ 2n J—zm‘bﬂ 2 w el )J —cse(b )
par jtk—p! 1-x 2n

ag(x-2) J

R LR P RINA TP Py
I@a+b)x* 1 (1-xl 2= il a+bb-j+11-x|@Z-X*/;bgZAxeRAX>1
- X
06.21.06.0035.01
arg(x-2)

sin(z b) ibr| X2 ag(x—2 1 \°| = J arg(x-2) _
l(@, b) 2 Ju‘n{ > Jr(a)+(—) R Jeg'g(l—x 1-a b)xa +0EZ-X) /

nI'(a) 2n 1-x ” 0,b
XeRAXx>1

Expansionsat z==0

For the function itself

General case

06.21.06.0001.02
a(l-bz a@-b@2-bhZ

1,(a, b) « [1 + +
aB(a, b) a+1 2(@+2)

+...]/; Z-0A-ae¢N

06.21.06.0036.01
a(l-bz a@-b2-hZ

I,(a, b) [1 + +
aB(a, b) a+1 2(@+2)

+ 0(23)] /i-a¢N

06.21.06.0002.01

2 = (1-b) &

l(a, b) = > il <1A-agN
B(a, b) 5 @+ K k!

06.21.06.0003.01

I(a, b) = JFi(@1-ba+1;2)
a

06.21.06.0037.01

Z2T(a+b) _
I8, b)y== —Fi(a, 1-bja+1;2
I'(b)
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06.21.06.0004.02

I,(a, b) « 1+012)/;,-a¢N
a

B(a, b)

06.21.06.0038.01
I(a, b) =F(z a,b)/,

N (1- by Z

ZaHHl (l - b)n+l

2
Fn(2 = § ==l,(a, b) -
B(a b) i @+Kk! B@@, by(@a+n+1)(n+1)!

neN]

Summed form of the truncated series expansion.

Generic formulas for main term

06.21.06.0039.01
1 —aeNA-(beN"Aa+b=<0
|z(3-1 b) & A

/1 (- 0)
aB@b) True

Expansionsat z==

For the function itself

General case

06.21.06.0005.02
l-2PA

L (@a+b)(z-1) (a+b(l+a+h)(z-17?
- +

bB(a, b)

I,(a b) c1-
1+b

06.21.06.0040.01

I,(@ b) c1-

1+b)(2+b)

bB(a, b) 1+b

06.21.06.0006.01
1-2° A & (-D)f@+b) (z— DX

;@ b)==1-
bB(a, b) i (b+ 1),
06.21.06.0007.01
1-2°2
I,@ b)==1- SFi(1,a+bb+1;1-2
bB(a, b)

06.21.06.0041.01

I'(a+b)

I(a, b)y=1- 1-2P2 ,F(1,a+bb+11-2

06.21.06.0008.02

1-2P @a-1bz-1

I8, b)oc1—

1l-2°A ) (@+by(z—1) (@+b)(l+a+b)(z-1)7?
i (1+b)(2+b)

(@a-1)@-2b(z-1)>

bB(a, b) 1+b 2(2+b)

aF(1,a+n+1, -b+n+2,n+2,a+n+2;2 /\

—...]/;(z—»l)/\—bq_:N

-0((z- 1)3)] /;-beN

[ilz—1<1A-beN

+...|/iz-DDAN-be&N
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06.21.06.0042.01

+0(z- 13|/, -be&N

1-2P @-1b@z-1) (@-1@-2)b(z-17?
I3, b)oc1— 1+ +
bB(a, b) 1+b 22+b
06.21.06.0009.01

asin(ra)(1-2P

(- r(j-aT@+b+k) (z- 1)+«

I(a b)==1+ /i1z-1<1A-b¢N
‘ ;‘;; jIT(b+k+1)
06.21.06.0010.01
(1-2P c—a:l,a+b;
I(a b)=1- 0:1:2(’ ' ’1—2,1—2)/;—be5N
’ bBa@b oM b+l

06.21.06.0011.02
b

I8, b)oc1— (
b

Generic formulas for main term

06.21.06.0043.01

) 1+0(z-1)/; -beN
b)

0 -beN
I(a, b) o a-2p /i (z=1)

1- bB@D) True

06.21.06.0044.01

0 -beN

1 Re(b) > 0
Ia, b _ a2 S(z- 1
2@, b) e Re(b) <0/ ( )

(-2
~ bB@D True

Expansionsat z== oo

General case
06.21.06.0012.02
I(a, b) « csc(n (a+ b)) sin(b ) A(-272 +

(IZ » o) Aa+beN*

06.21.06.0045.01
I ,(a, b) o csc(rr (a+ b)) sin(b ) (-2 +

a+beNt

06.21.06.0013.01

I(a, b) = csc(x (a+ b)) sinbr) A(-2)~2 +

06.21.06.0014.01

I(a, b) = csc(x (a+ b)) sinbr) A(-2) 72 +

1-by(l-a-b) @(A-b2-b@l-a-b
+ + +

2”7 [1
(a+b-1)B(a b)

s

(2-a-byz 2(3-a-bhZ

(-2 12 (1-byl-a-b (1-b@-b@d-a-h)
+ + +

[1

© (1-b),(1-a-b)z¥
(2-a-b) k!

1
of —11/
(a+b-1)B(a, b) 2-a-bz 2B3-a-bh 2 (23))

Za (_ Z)b—l
(@+b-1)B(a b) i3

/i1Zd>1ANa+beNt

Z2 (-2t

1
—ZFl(l—b, l-a-b;2-a-b; —)/; z¢ (0,)Aa+be¢N
(a+b-1)B(a, b) z
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06.21.06.0015.02

2 (=21 1
I(a, b) « csc(nr (a+ b)) sin(br) A(-2 2+ —8M8MMMM [1+ O(—)) /;ia+be¢N*
(a+b-1)B(a b) z

06.21.06.0046.01
. . eibm A+b-1

et esc((a+bymsinbor) - ————— ag(2 <0

I@, b) oc { oy f;a+b &N A(Z - o)

€37 cse((a+ b) n) sin(b ) — True

(a+b-1) B(a,b)

06.21.06.0047.01
I(a, b) =F.(z ab)/,

(1-by@-a-b)yz¥

A-2" Q2
Fn(z a, b) = Z +oso(n (@+ b)) sinbr) (=222 = I,(a, b) +

(@+b-1)B(a b) i3 (2—-a-byk!

(1 - b)n+l (_Z)b71 Za—n—l
n+D!'2-a-b+n)B(a, b)

1
3F2[1, -b+n+2, -a-b+n+2;n+2,-a-b+n+3; —) /\neN /\a+bssN+
zZ

Summed form of the truncated series expansion.

L ogarithmic cases

06.21.06.0048.01

sin(an) l+a (Q+a2+a
+

I,(a, 1—a) o

B sin(an) o
(-2 (log(-2) - y¥(@ -y) -a (-3 21+
Ve

4z 187

06.21.06.0049.01
sin(an) 2 (-2)12

+...1/;(2 = o)

l(a,2-8)oc ———
l-anx
asin(an) l+a (d+a)(2+a sin(anr)
(-2 21 (1+ + + ) + (-2 2Z(log(-2-y@—-y+1)/; (12 > )
2n 6z 367

06.21.06.0050.01

asin(@an) (-2~ za‘l( l+a 1+a)(2+a) ]
I,(a,1-a+n)=— 1+ + +.. |+
r(n+1) 22+mz 32+n@B+nZA
sin(an) (-232 A(-2"2 l@-n)zX

(log(-2) +y(n+1) - y(@) + /i(1d > e0)AneN

B@ l-a+n)izg (n-kk!

06.21.06.0051.01
sin(an) (-2 2 asin(an) (-2 21

1
I(a 1-8)== ———  (log(-2) -y (@ - y) - 3Fz(l, La+122 —) /z¢(0, 1)
VA

T T

06.21.06.0052.01
asin@n) (-2 A1 = (a+1,zk

I(a,1—a+n)=— +
n(n+1) o (N+2) (k+1)

sin(an) 2(-2"? l@-nyzk
Z(-272(og(-2 +yY(n+ 1) — (@) + /ineNA|z>1
bie B@ l-a+n) iy (n-Kk!
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06.21.06.0016.02
asin(an) 1
(3, l-a+n=—-———(-22A1 3F2(1, 1L,a+1,2,n+2 —) +
a(n+1) z
sin(@an) 2(-2"* @-nyzX
(2722 (log(-2 +y(n+1) -y (@) + ineNAze(0,1)
b B@ l-a+n)izg n-kk!

06.21.06.0017.02

sin(an) 2 (=21 1
I(a, b) o« — (-2 2ZA(log(-2-y(@+y@+h) + —— (1 + O(—
bl (a+b-1)B(a b) z

06.21.06.0018.02
n(mra;

S
I,(a, b) «

06.21.06.0053.01

eibm 2+b-1 e t87 |og(2) sin(an)

- - arg2 <0
a+b-1) B(a,b)
@by @OVEED T fia+b-1eN* A(lZ - o)
e-ibr Arb-1 €37 log(z) sin(@n) True
(a+b-1) B(a,b) T

06.21.06.0054.01
—Kaﬂl q
w arg(z) < O
fia+b=1A(Z - )

l@bey 7
t87 |og(2) sin(a
4 g(2) sin(an) True

n

Generic formulas for main term

06.21.06.0055.01
A1 sin@mZ (=277 (og(-2-y(@+j(a+h)
(a+b-1)B(a,b) T

(@, b) o snra) 2 (-27?(log(-2-¢(@-y) asinra)Z1(-22
Z '] -
ke n

a+b-1eN*

a+b=1 /; (12 = o0)

2 (701 . _
m + csc(m (a+ b)) Sn(bﬂ') Za(—Z) 2 True

06.21.06.0056.01
—iar ( £l @D Atb-1  sin(an) (i m+log@)-y(@)+y(a+b))
e

e BED — ) agz<0Aa+b-1leN*

™37 sin(ar) (a—i 1 z+z(-log(2)+¥(a)+y))

- ag2<0Aa+b=1

nz
_ian (ei (atb) 7 A+b-1
(1-a-b) B(a,b)
emibr @tb-1 (sin(@m) e ?7) (n i-log(2)+y(a)-y(a+b))
(1-a—b) B(a,b) n

+cso((@a+ by 7)) Sin(bn)) ag2) <0
1,(a, b)

ag2>0Aa+b-1eN*

€37 sin(an) (a+i 7 z+2(-log(2) +¥(a)+y))

agz>0Aa+b=1

nz
et br Aa+b-1
(1-a—b) B(a,b)

+ €37 cse((a+ b) ) sin(b ) True
Expansionsat generic point a == ag

For the function itself

))/;a+b—1el\l+

) asin(r a) 1
(-2 (log(-2) — (@) —y) - ———— (-2 21 [1 + o(-)) /;a+b=1
V.4 z

/:(12 = o0)
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06.21.06.0057.01
I,(a, b) « 1(ag, b) +
1 , 1
——— (a§ Bo(@o, b) (109(2) + Y(b + &) — Y(a0)) — 7 3F(ap, 80, 1—-b; 89+ 1, 89 + 1; 2)) (a— 8g) + —————
a Bi(ao, b) 223, B(2o, b

(2(4F3(1-b, a9, ag, ag; 89 + 1, 89 + 1, 89 + 1; 2) — 3Fa(1 - b, @y, ag; 80 + 1, 8 + 1; 2) (109(2) — ¥(20) + (b + ap)) a)
79 + B(2o, b) (10g°(@) + W(a0) — w(b + &) (~2109(2) + Y(@g) — (b + ag)) — ¥V (ag) + ¥ V(b + ay))
ay)(@-ag)+... /; (@ a)
06.21.06.0058.01
I,(a, b) « 1(ag, b) +
1 1

——— (a8 Bx(@o, b) (10g(2) + Y(b + @) — Y(ap)) — 2° 3F»(30, 3g, 1-b; ag+ 1, 89+ 1; 2) (@a—ag) + ——————
&% B(ao, b) 223 B(2o, b

(2(4F3(1—b, ag, ay, ag; ag+ 1, 8 + 1, 8y + 1; 2) — 3Fo(1— b, &g, ap; 8o + 1, ag + 1; 2) (109(2) — (@) + (b + ag)) ag) 2 +
Bx(80, b) (10g%(2) + (W(a0) — w(b + &p)) (~2109(2) + ¥(8g) — (b + &) — ¥ P (ag) + ¥ (b + &)
ag) @—ap)? + O((@a- ap)°)

06.21.06.0059.01

bsin(r b) T'(ag) ¢
e b=
T

ook ) . . .
ZZ(-DK—J 10g'@ T(b+80) ™™y jiaFijua(L+Db, dy, Oy ooy G joa; G+ 1, Ao+ 1, oo, O g + 15 1)
k=0 j=0

I 3 (@) )

ram— i+2Fi+1(l_ b, C1, Cpy ..., Gy, C1 + 1, C + 1, ..., G+ 1; 2) (——] (a—ao)k /,
o (I—D! log(2)
dl —— d2 = ... ::dk+l == b+a0/\cl::02::"' ::Ck+l::a0/\k€N

06.21.06.0060.01
I(a, b) o I(8g, b) (1+ O(a— ap))

Expansionsat generic point b == by

For the function itself

06.21.06.0061.01
(1-2™ '@+ bg)

I(a, b) « 1,(a, by) +
'@

((F(bo> sFa(1-a, by, by; by + 1, by + 1; 1 - 2) — (log(1 - 2) — () + (@ + by)) 2F1(1 - &, bg; by + 1; 1 - 2)) (b—bg) —

[r(bo)z 4'53(1 —a, bo, bo, bo, bo +1, bo +1, bo +1;1- 2) —
I'(bo) (I0g(1 - 2) - ¢(bo) + Y(a+ bg)) sF2(1—a, by, bo; b + 1, bg + 1, 1-2) +

1
5 (1og°(1 - 2) + W(bg) — Y@+ by)) (—210g(1 ~ 2) + Y(bp) — Y@+ by)) — ¥ (by) + ¥ @+ by))

2'31(1—3., bo; b0+ 1; 1—2))(b—b0)2+ ] /, (b—) bo)
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06.21.06.0062.01
(1-2™ I'(@a+ by)
I'(a)

I,(a, b) < 1,(a, by) +

((r(bo) aFa(1-a, by, bo; bg + 1, by + 1; 1 - 2) — (log(L — 2) — y(lb) + Y(a+ bg)) 2F1(1 - &, bo; by + 1; 1 - 2)) (b—bg) -

[r(bo)z 4'53(1 —a, bo, bo, bo, bo + 1, bo + 1, bo + 1, 1- Z) -
T'(bg) (log(1 - 2) — (bo) + Y(a+ bp)) sFa(1—a, by, bo; by + 1, bp+ 1, 1-2) +

1
5 (log*(1 - 2) + (W(bo) — (@+ bg)) (-210g(1 - 2) + Y(bg) — ¥(@+ bg)) — ¥ (bg) + ¥ (@ + b))

JFi(1-a by bg+1;1- z)) (b—bg)* + O((b - b0)3))

06.21.06.0063.01
asin(r a) [(by) (1 - 2%

I,(a, b) == 1,(a, by) +

T

[

k
DD T log 1 - T @+ bo) T oFicjua(a+ L dp, Aoy ooy juri dy + 1, o+ 1, o g +1512)
k=1 j=0

1
i=0 (j_i)!

dl == d2 == == dk+1 =a+ bO/\Cl == CZ == == Ck+l == bo/\kEN

T'(bp)
log(1-2)

i
oFia1-a,Cy, Gy oy Cupi G+ L, G+ 1, o, G +11-2) (— J (b—bo)* /;

06.21.06.0064.01
I(a, b) o« 1(a, bp) (1+ O(b - by))

Residue representations

06.21.06.0019.01
I@+b)snrh) 2 & (F(l—b—s) (-2

nI'(a)

I(a, b) = F(S)) -plld<1

j=0

06.21.06.0020.02

I'a+b)sin(rb) 2
7T(@)

)

Il-b-59 o rd-b-s)
> ress[r(s) (-2 T] @+ reg[r@ -2 T) (i-b+ 1)] /

j=0 j=0

I,(a, b) == —

lZ>1Aa+be¢N*

06.21.06.0065.01

(-1 *n!sin@@n) [(a-n-s)
l(a1-a+nN)= ——«—— 7 ress(l"(s) (-27% —) (a) +
nl(a) a-s
= (reE2° & I(s) (-27°
ress{— I“(a—n—s))(a+ j=n)+ Z re%[— I“(a—n—s))(a+ ji-m|{/;12d>1An¢N
j=0 a-s j=n+1 a-s

Integral representations

On the real axis
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Of thedirect function

06.21.07.0001.01

1 z
I, b) == f 2 1(1-t)>1dt/;Re(a) >0
B(a, b) Jo

06.21.07.0002.01

1 z [-Re@] (1 — by, & L-Re@] (1 — b, 2*K
I(a, b) = —— f 2 (@-n>t- Z <~ lat+ oK
B(a, b) (Jo pard k! = (@+kk!

Contour integral representations

06.21.07.0003.01
I'(a+b)sin(rb) 2 f Irer@a-srd-b-s
£

a+1-s

I(a, b) = (-27°ds/; larg(-2)| < n

2725 T'(a)

06.21.07.0004.01

sin(rb) 2
27%il(a)

(2, b) =

fr(s) IFb+9T@-9r(l-b-s)(1-2°ds/;lagl-2|<nr
L

06.21.07.0005.01
I'a+b)sin(zh) 2 fw'oo Irer@a-srd-b-ys
Y

—ico a+1-y9

I,(a, b) == (-27%ds/;0<y <min(Re@), 1 - Re(b)) A larg(-2)| <«

27%i ['(a)

06.21.07.0006.01
sin(rb) 2

y+i 0o
I,(a, b) == f I rb+s)r@a-srd-b-s(1-2-73ds/;
y—i oo

272iT(a)
max(0, —Re(b)) <y < min(Re(a), 1 - Re(b)) A larg(l-2)| <«

Continued fraction representations

06.21.10.0001.01

2(1-2P 1 @+k@+b+kz k(b-k) z
I(a, b) = fir(2K+1) = — A\ r@k =
aB(a, b) 1 r(d (@a+2k) (a+2k+1) (a+2k-1) (a+2k
+
r(2)
1+
rd
r(4)
1+
r(s)
1+
1+

06.21.10.0002.01

2(1-2° (@a+k@+b+kz k(b—K)z
Iz(a, b) = [irT2Kk+1)=— /\I’(Z
aB(a, b) (K(r(k), 17" +1) (@a+2k (@+2k+1) (a+2k-1)(@+2k

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
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06.21.13.0001.01
A-2zW'@+(1-a+(@+b-22W(@=0/;Ww2) =c;l,(a, b) +¢

06.21.13.0002.01

(1_ Z)b—l Za—l
W1, I(8, b)) = ————
B(a, b)
06.21.13.0003.01
—a+(@+b-2)g2+1d(z "’ (Z
V\/’(z)—(( +(@a+ Vg2 +1)g' (2 .\ g"( )]w’(z)=0/; W) = 61+ Gy Ly @, b
92-Da>2 g@

06.21.13.0004.01
1-92)'92* 9@

W(1, Ign(@, b)) = b

06.21.13.0005.01
(-a+@+b-292+1g®@ 2N 9O ]
+ + W (2 +

92-Dg@h@ hz? h29@

w’(2) - h(2 [

[2 b (2)° . (ra+@+b-2)g@2+Hg@h' (@ .\ g’ @@ ~ h'(2

W2 =0/, W2 =c1h(2 +c;h(2) Igy(a, b)
h(z)’ 9@-1Dg2h@ h2g@ h@

06.21.13.0006.01
(1-9@2) 92> h@2*g (@
B(a, b)

Wy(h(2), h(D) Igz(a, b)) =

06.21.13.0007.01
dZ-1DZ2W @ +(-d((@+b-Dr+2s-1)Z +ar+2s-)zw@+s((b-1drZ +@r+s)dZ -1)wz =0/
W2 =c,Z+C,Zlyx(a, b)

06.21.13.0008.01
r2s1dz)y®1-dz)"?

W2, Z144(a b)) = b

06.21.13.0009.01
dr*=1H)w’(2 + (-d((@+b-21)log(r) + 2log(s)) r* + alog(r) + 2log(s)) W (2) +
log(s) (d((a+ b—1)log(r) + log(s)) r* — alog(r) — log(s)) W(2) = 0 /; W(2) = ¢, S* + C, " I 4,2(a, b)

06.21.13.0010.01
drzdrd*t (1 -drd>t 2 log(r)
B(a, b)

WZ(SZ, s Idrz(a, b)) ==

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

06.21.16.0001.01
li,(a b)==1-14b, a)
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06.21.16.0002.01

I'(a+h)
I(a+1l b)=l,@ab-—1-2°A
I'(a+ 1) [(b)
06.21.16.0003.01
Ia+b-1)
l(a-1,b)=lab+ ——1-2°A"
['(a)[(b)
06.21.16.0004.01
1 1 (1-a-n) (1-2°Akn1
I,(a+n, b)=1,a, b) - /ineN
(@+b+n-1)B@+n,b) i3 (2-a-b-n)

06.21.16.0005.01
ll-ay (-2 At

1
I,(@a—n, b)==1,a, b) + /ineN
(@+b-1)B(a b) i3 (2-a-h)

Identities

Recurrence identities

Consecutive neighbors

06.21.17.0001.01

['@+bh)
I(ab)=Ia+lbh+ — (1-2°A
'@+ 1) (b
06.21.17.0002.01
I'a+b-1
I(a b)==I1a-1, b) - ¥ (1-2PA1
I'(@I'(b)

Distant neighbors

06.21.17.0003.01

Ala-2° D (a+b-1 %X
I,(a b)==1I,(a+n, b)+ /ineN
B(a, by(a+b-1) i3 (A

06.21.17.0004.01
21 (1- Z)b n-1 a- a)k Z—k
I(a, b) = 1a-n,b)- ineN
B@ b(@+b-1) 5 @2-a-b)

Functional identities

Relations between contiguous functions

06.21.17.0005.01

1
I(a, b)==——(al(a+1, b)+bla b+1)
a+b

06.21.17.0006.01
I (a, b)==zla-1,b+(1-2l,a b-1)

Additional relations between contiguous functions
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06.21.17.0007.01

1
l,@b)y==—@@-2l,(a+1,b-1)+bl,(a b+1))
a+b-az

Major general cases

06.21.17.0008.01
I8 b)=1-1,_,(b, &

06.21.17.0009.01

a+b
I,(a, b) == (—z)‘aza[sin(aﬂ) (—z)""*b(—] I,(1-a-Db,b) +sin(br)|csc((a+ b)) /;a+beN" Aze¢ (0, 1)
z z

Differentiation

Low-order differentiation

With respect to z

06.21.20.0001.01
dla b @-2°tA1
9z  B@b)

06.21.20.0002.01
8214a, b) 1-2P222((z-Da+b-2)z+1)

by B(a, b)

With respect to a

06.21.20.0003.01
dl(a, b) '@ 'a+b)
== (log(2) — y(a) + y(a+ b)) I,(a, b) — T ZiFx@aa l-bja+l,a+1;2

06.21.20.0004.01
Pl a b)) 2Z2T@TI(a+b)

g2 T
(F@4F3@ a8 1-bja+1,a+1 a+12- (092 - (@ +y@+h)sFa(a a 1-ba+1 a+1;2))+

(3, b) (Iog”() + 2¢(a+ b) log() + ¥(@)? + w(a+ by’ - 2y(a) (10g(@ + Y(a+ b)) -y (@ +yP(@+ b))

With respect to b

06.21.20.0005.01
dl(a,b) T(T(a+b)

(1-2P3F,b, b, 1-ab+1,b+11-2 +11_,b, a) (¥ (b)—y(@+b)—logl-2)
b ['(a)

06.21.20.0006.01
2l ab) 21-2°TM)TI@+b)
022 r'(@)
(log(1-2) —y(b) + Y@+ b)) sFo(b, b, 1-a b+ 1, b+1;1-2) -T(b) 4F3(b, b, b, 1-a;b+1,b+1,b+1;1-2)-
l1_4(b, @ (10g°(1 — 2) + 2¢(a+ b) log(1 — 2) + Y(b)” + Y(a+b)* — 2¢(b) (l0g(1 - 2) + Y@+ b)) -y (b) + yP(a+ b))

Symbolic differentiation
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With respect to z
06.21.20.0012.01
d"l;(a, b) (1 —z)b 150 n-1 ) Z \K
7::(5nlz(a, b) Z( ]_)n ( K )(1—b)k(l—a)n_k_1(i) /;neN
06.21.20.0007.02
M a,b) (DH"'r(@+b) . 1
= (l—z)b‘"za‘lel(l—a,1—n;b—n+l;1——)/;neN
07" I'(a z
With respect to a
06.21.20.0008.02
d"ly(a, b)
gan
bsintb)T'(@n!'2 X el
> D" logd @ T@+ b o (8 By, s Bejr, LD A L B+ L By + 1 )
T
j=0
i ) T@ \
—— iw2Fis1(C, Gy o, Gy, 1=+ 1,6+ 1, L, G+ 15 D) [_ ] /;
izo J=1! log(2
g =a=..=ay=a+bAg=c=...=¢,=aAneN
With respect tob
06.21.20.0009.02
L a, b asinza)['(b)n! (1-2°
== +
ap" ! n

i=0

i
i

g ==ay==..=ap=a+bAc=c=..=¢cy1==bAneN

i r)
ivoFizi(C, G oo Guy =&+ L, 6+ 1, ., G+ L 1-2) |- ;

log(1-2)

Fractional integro-differentiation

With respect to z

06.21.20.0010.01
0% l,(a, b) T'@+b)

= 2 %,Fi@ l-ba-a+1;2/ —-a¢N*
0z I'(b)

06.21.20.0011.01
riab 1 (1- by, FCY(z, a+k) 2+

= fi1d<1
07  Bab & @+kk!

Integration

Indefinite integration

DD og - T@+ 0" P a(8n B, s njer, T4 DR A + L B+ 1, s, B + 15 1)
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Involving only one direct function

06.21.21.0001.01

fluz(a, b)dz==2l,,a, b)—

a
l.(a+1, b)
a(@a+h)

06.21.21.0002.01

a
flz(a, b)dz==2zl,(a, b) -
a+b

I,(a+1, b)
Involving one direct function and elementary functions

Involving power function

06.21.21.0003.01

z Ia+bT@a+a)
fza-l I8, b)dz=— I8, b)- —————— I(a+a, b)
a al(@T(@+b+a)
06.21.21.0004.01
z I'@+by '@+ a)
fz"*l I, b)dz=— I8, b)- —————— I(a+a, b)
a al@T(@+b+a)
06.21.21.0005.01
1,(a, b) 2
f dz= sFa(a,a,1-bja+1,a+1;2
z a?B(a, b)

06.21.21.0006.01
1
f 1-2"1211(a bydz= 5 B4(a b) I(a, b)
06.21.21.0007.01

BAa b+n+1) - (1-2™!Bya b)
(n+1)B(a, b)

f(l— 2" 1,8, bydz=

Involving rational function

06.21.21.0008.01
f|z(a, b) (1-2P4F,(b, b, 1-a;b+1,b+1;1-2)
d

z== —(I1-(b, @) + I(a, b)) log(1 - 2)
1-z b2 B(a, b)

Integral transforms

Fourier cos transforms

06.21.22.0001.01

3
272 ciarsinr a+b) (% =, -2
Fall(a b)) () == Gya| — o tan  1|/iXxeRARe@>-1
2T(a) 4 | -2 @0 -
T ! 2 2 72

Fourier sin transforms
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06.21.22.0002.01

3
272 ¢ar §n(rb) T(@a+b) 2 e -
Fslli(@, b)] (x) = - N Gyl — |, b 1an |/ XERARe@>-2
’T'(a) 4| -2, -2 =2
T 2’ 2’ 2
Laplace transforms
06.21.22.0003.01
(-D2r@+bh)
L[l(@ b)](2=————U@ a+bh,-2)/; Re(z2 >0ARe(@) > -1

zT'(b)

Mellin transforms

06.21.22.0004.01
(i+cot(r(a+2))sinrb)I'd-a-b-2T@+b)

Mi[li(a, b)] (2) = — /iRe(@a+2>0ARe2<0ARe(a+b+2 <1
zI'l-a-2T(@

Representations through more general functions

Through hypergeometric functions
Involving oF1
06.21.26.0001.01

fa+b)
1,(a, b) == 2,Fi(al1-ba+1,2/,-a¢N

06.21.26.0002.01

I'@+b)
IZ(a1 b) ==

1-2°2,F;(1,a+bja+1;2)/;-a¢N

06.21.26.0003.01

I'a+hb

) -
I(a b)=1- (1-2°Z2,F L a+bb+1,1-2/; -beN

06.21.26.0004.01

7 cse(n (a+ b)) . 1
I,(a, b) =csc(r (@a+ b)) sinbr) (-2 2 A - ———— (-7 zazFl(l— b, —a-b+1,-a-b+2; —) /ia+beNt
'@ r'(b) z

Involving »F;

06.21.26.0005.01

I(a b) = oFi(@ 1-bja+1;2/,-a¢N
aB(a,
06.21.26.0006.01
(1-2°
I,(a, b) == Z,F(1,a+ba+1,2/,-a¢N
aB(a, b)

06.21.26.0007.01
1l-2°A
bB(a, b)

(@ b)==1-

oFi(1,a+bb+1;1-2/;-b¢N
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06.21.26.0008.01

I, b)== ——-———>
(@a+b-1)B(a b)

Through hypergeometric functions of two variables

06.21.26.0009.01
1-2° . ofi-ala+h

X1X ’ l 1 i) 1_ : 1_ ;—b N
bB(a, b) OX"“( b+ 1 i Z)/ ¢

I(a, b)y==1-

Through Meijer G
Classical casesfor thedirect function itself

06.21.26.0010.01
sin(rb)T'(a+b)Z2 _
a0 %)

2, b) = 2T (a) 22 0, -a

Classical casesinvolving algebraic functions

06.21.26.0011.01
0,-a-b+1
1-271(a b= — 1'2(- ‘ ' )
z F(b) 2,2 0, —a

06.21.26.0016.01
z3b [ ‘ 1,a+1
—-Z

2,1 ’
1,a+b

@-17°lia b= o )/; ¢ (-0, 0)

Classical casesinvolving algebraic functionsin the arguments

06.21.26.0012.01

1,1-b
|- (@ b)== — ;g( ‘ a0 )/;zez(—oo,—l)

C@r (b

06.21.26.0013.01

z+1

a’aer)/;zeE(—oo,—1)

a0

sin(rb)T (a+b) 12
- 2:2(

z+ 1%t . (@ b=

z+1

T

Through other functions
I nvolving some hyper geometric-type functions

06.21.26.0014.01
I(a b) =11, b)+ 1/, Re(b) >0

06.21.26.0015.01
B1,(@ b)+1/; Re(b) >0

1
IZ(a1 b) ==
B(a, b

d

Representations through equivalent functions

With inverse function

A((-2P? 1
Fl[l—b, l-a-b2-a-Db; —) + csc(r(@a+b)sinbn) A(-272/;a+be Nt
z
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06.21.27.0001.01
Ilz’l(a,b)(a’ b)==2z

06.21.27.0002.01

I'(fzz)(a’m(a’ by==2+1/;-1<2 <0

With related functions

06.21.27.0003.01

T@+h)
IZ(a1 b) = —BJa, b)
T'(@) I'(b)
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