
CatalanNumber

Notations

Traditional name

Catalan number

Traditional notation

Cz

Mathematica StandardForm notation

CatalanNumber@zD

Primary definition
06.41.02.0001.01

Cz �
22 z GJz + 1

2
N

Π GHz + 2L
Specific values

Specialized values

06.41.03.0001.01

C-n � 0 �; n Î Z ß n > 1

06.41.03.0002.01

Cn �
2n

Hn + 1L !
 ä
k=1

n H2 k - 1L �; n Î N

06.41.03.0003.01

Cn �
H-1Ln H-2 nLn

Hn + 1L !
�; n Î N

06.41.03.0004.01

C
n+

1

2

�
23 n+3 n!

Π Ûk=1
n+2 H2 k - 1L �; n Î N

06.41.03.0005.01

C
-n-

1

2

� ¥� �; n Î N



Values at fixed points

06.41.03.0006.01

C-10 � 0

06.41.03.0007.01

C
-

19

2

� ¥�

06.41.03.0008.01

C-9 � 0

06.41.03.0009.01

C
-

17

2

� ¥�

06.41.03.0010.01

C-8 � 0

06.41.03.0011.01

C
-

15

2

� ¥�

06.41.03.0012.01

C-7 � 0

06.41.03.0013.01

C
-

13

2

� ¥�

06.41.03.0014.01

C-6 � 0

06.41.03.0015.01

C
-

11

2

� ¥�

06.41.03.0016.01

C-5 � 0

06.41.03.0017.01

C
-

9

2

� ¥�

06.41.03.0018.01

C-4 � 0

06.41.03.0019.01

C
-

7

2

� ¥�

06.41.03.0020.01

C-3 � 0

06.41.03.0021.01

C
-

5

2

� ¥�

06.41.03.0022.01

C-2 � 0

06.41.03.0023.01

C
-

3

2

� ¥�
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06.41.03.0024.01

C-1 � -
1

2

06.41.03.0025.01

C
-

1

2

� ¥�

06.41.03.0026.01

C0 � 1

06.41.03.0027.01

C 1

2

�
8

3 Π

06.41.03.0028.01

C1 � 1

06.41.03.0029.01

C 3

2

�
64

15 Π

06.41.03.0030.01

C2 � 2

06.41.03.0031.01

C 5

2

�
1024

105 Π

06.41.03.0032.01

C3 � 5

06.41.03.0033.01

C 7

2

�
8192

315 Π

06.41.03.0034.01

C4 � 14

06.41.03.0035.01

C 9

2

�
262 144

3465 Π

06.41.03.0036.01

C5 � 42

06.41.03.0037.01

C 11

2

�
2 097 152

9009 Π

06.41.03.0038.01

C6 � 132

06.41.03.0039.01

C 13

2

�
33 554 432

45 045 Π

06.41.03.0040.01

C7 � 429
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06.41.03.0041.01

C 15

2

�
268 435 456

109 395 Π

06.41.03.0042.01

C8 � 1430

06.41.03.0043.01

C 17

2

�
17 179 869 184

2 078 505 Π

06.41.03.0044.01

C9 � 4862

06.41.03.0045.01

C 19

2

�
137 438 953 472

4 849 845 Π

06.41.03.0046.01

C10 � 16 796

Values at infinities

06.41.03.0047.01

C¥ � ¥

06.41.03.0048.01

C-¥ � È

06.41.03.0049.01

Cä ¥ � 0

06.41.03.0050.01

C-ä ¥ � 0

06.41.03.0051.01

C¥
� � È

General characteristics

Domain and analyticity

Cz  is an analytical function of z which is defined over the whole complex z-plane with the exception of countably

many points z = -k - 1 � 2 �; k Î N.

06.41.04.0001.01

z�Cz � C�C

Symmetries and periodicities

Mirror symmetry

06.41.04.0002.01

Cz
� � Cz

Periodicity
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No periodicity

Poles and essential singularities

The function Cz has an infinite set of singular points:

a) z � -k - 1 � 2 �; k Î N are the simple poles with residues H-1Lk 2-2 k-1

Π k! GH3�2-kL ;

b) z � ¥�  is the point of convergence of poles, which is an essential singular point.

06.41.04.0003.01

SingzHCzL � :::-k -
1

2
, 1> �; k Î N>, 8¥� , ¥<>

06.41.04.0004.01

reszHCzL -k -
1

2
�

H-1Lk 2-2 k-1

Π k ! GJ 3

2
- kN �; k Î N

Branch points

The function Cz does not have branch points.

06.41.04.0005.01

BPzHCzL � 8<
Branch cuts

The function Cz does not have branch cuts.

06.41.04.0006.01

BCzHCzL � 8<
Series representations

Generalized power series

Expansions at z � 0

06.41.06.0001.01

Cz µ 1 - z + 1 +
Π2

6
z2 - 2 ΖH3L +

Π2

6
+ 1 z3 + ¼ �; Hz ® 0L

06.41.06.0002.01

Cz µ 1 - z + 1 +
Π2

6
z2 - 2 ΖH3L +

Π2

6
+ 1 z3 + OIz4M
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06.41.06.0003.01

Cz �
1

Π
 â
k=0

¥ â
j=0

k H j + 1L dk- j â
r=0

j H-1Lr

r + 1
 

j

r
 pr, j zk �; ak �

GHkLJ 1

2
N

k !
í bk �

logkH4L
k !

í

ck �
GHkLH2L

k !
í dk � â

n=0

k

an bk-n í p j,0 � 1 í p j,k �
1

k
 â
m=1

k H-k + j m + mL cm p j,k-m í k Î N í  z¤ <
1

2

06.41.06.0004.01

Cz µ 1 + OHzL
Expansions at z � z0 �; z0 ¹ -n - 1 � 2

06.41.06.0005.01

Cz µ Cz0
1 + logH4L - ΨHz0 + 2L + Ψ z0 +

1

2
Hz - z0L +

1

2
logH4L - ΨHz0 + 2L + Ψ z0 +

1

2

2

- ΨH1LHz0 + 2L + ΨH1L z0 +
1

2
Hz - z0L2 + ¼ �; Hz ® z0L í -z0 -

1

2
Ï N

06.41.06.0006.01

Cz µ Cz0
1 + logH4L - ΨHz0 + 2L + Ψ z0 +

1

2
Hz - z0L +

1

2
logH4L - ΨHz0 + 2L + Ψ z0 +

1

2

2

- ΨH1LHz0 + 2L + ΨH1L z0 +
1

2
Hz - z0L2 + OIHz - z0L3M �; -z0 -

1

2
Ï N

06.41.06.0007.01

Cz �
22 z0

Π GHz0 + 2L  â
k=0

¥ â
j=0

k H j + 1L dk- j â
r=0

j H-1Lr j

r

r + 1
 pr, j Hz - z0Lk �; ak �

GHkLJz0 + 1

2
N

k !
í bk �

logkH4L
k !

í ck �
GHkLHz0 + 2L

k !
í

dk � â
n=0

k

an bk-n í p j,0 � 1 í p j,k �
1

GHz0 + 2L k
 â
m=1

k H j m + m - kL cm p j,k-m í k Î N í -z0 -
1

2
Ï N

06.41.06.0008.01

Cz µ Cz0
H1 + OHz - z0LL �; -z0 -

1

2
Ï N

Expansions at z = -n - 1 � 2
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06.41.06.0009.01

Cz µ
H-1Ln 2-2 n-1 JlogH4L - ΨJ 3

2
- nN + ΨHn + 1LN

Π GJ 3

2
- nN n!

+
H-1Ln 2-2 n-1

Π GJ 3

2
- nN n! Jn + z + 1

2
N +

H-1Ln 4-n-1

3 Π GJ 3

2
- nN n!

3 log2H4L + Π2 + 3 Ψ
3

2
- n

2

- 6 Ψ
3

2
- n HlogH4L + ΨHn + 1LL +

3 ΨHn + 1L HlogH16L + ΨHn + 1LL - 3 ΨH1L 3

2
- n - 3 ΨH1LHn + 1L n + z +

1

2
+

H-1Ln 4-n-1

3 Π GJ 3

2
- nN n!

log3H4L + Π2 logH4L - 3 ΨH1L 3

2
- n + ΨH1LHn + 1L logH4L - Ψ

3

2
- n

3

+ ΨHn + 1L3 +

logH64L ΨHn + 1L2 + 3 Ψ
3

2
- n

2 HlogH4L + ΨHn + 1LL + ΨHn + 1L 3 log2H4L + Π2 - 3 ΨH1L 3

2
- n - 3 ΨH1LHn + 1L -

Ψ
3

2
- n 3 log2H4L + Π2 + 3 ΨHn + 1L HlogH16L + ΨHn + 1LL - 3 ΨH1L 3

2
- n - 3 ΨH1LHn + 1L -

ΨH2L 3

2
- n + ΨH2LHn + 1L n + z +

1

2

2

+ ¼ �; z ® -n -
1

2
í n Î N

06.41.06.0010.01

Cz �
H-1Ln 2-2 n-1

e0 Π Jn + z + 1

2
N  â

k=0

¥ Hk + 1L â
r=0

k H-1Lr k
r

r + 1
 pr,k n + z +

1

2

k �;

ak �
Πk äk I1 + H-1LkM

2 Hk + 1L !
í bk �

H-1Lk logkH4L
k !

í ck �
GHkLJ 3

2
- nN

k !
í dk �

H-1Lk GHkLHn + 1L
k !

í
ek � â

u=0

k â
v=0

u â
i=0

v

au-v bv-i ci dk-u í p j,0 � 1 í p j,k �
1

e0 k
 â
m=1

k H-k + j m + mL em p j,k-m í k Î N í n Î 1 + O n + z +
1

2

06.41.06.0011.01

Cz µ
H-1Ln 2-2 n-1

Π GJ 3

2
- nN n! Jn + z + 1

2
N  1 + O n + z +

1

2
�; n Î N

Asymptotic series expansions

06.41.06.0012.01

Cx µ
4x ã

-
9

8 x

Π x3�2 �; Hx ® ¥L
06.41.06.0013.01

Cz µ
22 z

Π z3�2  1 -
9

8 z
+

145

128 z2
-

1155

1024 z3
+

36 939

32 768 z4
-

295 911

262 144 z5
+

4 735 445

4 194 304 z6
-

37 844 235

33 554 432 z7
+

2 421 696 563

2 147 483 648 z8
-

19 402 289 907

17 179 869 184 z9
+ O

1

z10
�; arg z +

1

2
< Π í H z¤ ® ¥L
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06.41.06.0014.01

Cz µ
22 z

Π z3�2  â
k=0

¥ H-1Lk

k !

3

2 k
Bk

J-
1

2
N 1

2
z-k �; arg z +

1

2
< Π í H z¤ ® ¥L

06.41.06.0015.01

Cz µ
22 z tanHΠ zL

Π H-zL3�2  â
k=0

¥ H-1Lk

k !
 

3

2 k
Bk

J-
1

2
N 1

2
z-k �; argHzL � Π í z +

1

2
Ï Z í H z¤ ® ¥L

06.41.06.0016.01

Cz µ
1

Π z3�2  
z3�2 tanHΠ zL

H-zL3�2
g argHzL+Π

2 Π
w
22 z â

k=0

¥ H-1Lk

k !
 

3

2 k
Bk

J-
1

2
N 1

2
z-k �; 1

2
- z Ï N+ í H z¤ ® ¥L

06.41.06.0017.01

Cz µ
22 z

Π z3�2  1 + O
1

z
�; arg z +

1

2
< Π í H z¤ ® ¥L

Product representations
06.41.08.0001.01

Cz �
2

Hz + 1L !
 ä
k=1

z-1 H4 k + 2L
06.41.08.0002.01

Cz �
22 z+1 ãý Hz+2L Hz + 2L

Π H2 z + 1L  ä
k=1

¥ J1 + 1

k
Nz+

1

2 J z+2

k
+ 1N ã

-
z+2

k

2 z+1

2 k
+ 1

�; -z -
1

2
 N

Generating functions
06.41.11.0001.01

Cn � @tn D 
1 - 1 - 4 t

2 t
�; n Î N

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.41.16.0001.01

C-z �
tanHΠ zL

Π z I1 - z2M Cz

06.41.16.0002.01

Cz+1 �
2 H2 z + 1L

z + 2
 Cz
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06.41.16.0003.01

Cn+z �
22 n Jz + 1

2
N
nHz + 2Ln

 Cz �; n Î Z

06.41.16.0004.01

Cz-1 �
z + 1

2 H2 z - 1L  Cz

06.41.16.0005.01

Cz-n �
2-2 n H-z - 1Ln

J 1

2
- zN

n

 Cz �; n Î Z

Products, sums, and powers of the direct function

Products of the direct function

06.41.16.0006.01

Cz C-z �
tanHΠ zL

Π z I1 - z2M
06.41.16.0007.01

Cz C1-z �
2 H1 - 2 zL tanHΠ zL

Π Hz - 2L Hz - 1L z Hz + 1L
06.41.16.0008.01

Cz C-n-z � -
4-n Hz + 1Ln-2 tanHΠ zL

Π Hz + 1L Jz + 1

2
N
n

�; n Î Z

06.41.16.0009.01

Cn+z

Cz

� 2n ä
k=0

n-1 2 k + 2 z + 1

k + z + 2
�; n Î Z

06.41.16.0010.01

Cz-n

Cz

� 2-n ä
k=0

n-1 k - z - 1

2 k - 2 z + 1
�; n Î N+

Identities

Recurrence identities

Consecutive neighbors

06.41.17.0001.01

Cz �
2 H2 z - 1L

z + 1
 Cz-1

06.41.17.0002.01

Cz �
z + 2

2 H2 z + 1L  Cz+1

Distant neighbors
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06.41.17.0003.01

Cz �
Hz + 2Ln

22 n Jz + 1

2
N
n

 Cn+z �; n Î Z

06.41.17.0004.01

Cz �
22 n J 1

2
- zN

nH-z - 1Ln

 Cz-n �; n Î Z

Differentiation

Low-order differentiation

06.41.20.0001.01

¶Cz

¶z
� Cz logH4L - ΨHz + 2L + Ψ z +

1

2

06.41.20.0002.01

¶2 Cz

¶z2
� Cz logH4L - ΨHz + 2L + Ψ z +

1

2

2

- ΨH1LHz + 2L + ΨH1L z +
1

2

Summation

Infinite summation

06.41.23.0001.01

â
n=0

¥

Cn zn �
1 - 1 - 4 z

2 z
�;  z¤ <

1

4

Representations through equivalent functions

With related functions

06.41.27.0001.01

Cz �
1

z + 1
 

2 z

z

06.41.27.0002.01

Cz �
H2 zL !

Hz + 1L ! z!

06.41.27.0003.01

Cz �
1

Hz + 1L !
 2z-

1

4
cosH2 Π zL+

1

4 Π-
1

2
sin2HΠ zL H2 z - 1L !!

06.41.27.0004.01

Cz �
GH2 z + 1L

GHz + 1L GHz + 2L
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06.41.27.0005.01

Cz �
Hz + 1Lz

GHz + 2L
06.41.27.0006.01

Cz �
1

z Hz + 1L BHz, z + 1L
Zeros

06.41.30.0001.01

Cz � 0 �; z Î Z ß z £ -2
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