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Notations

Traditional name

Ceiling function

Traditional notation

[Z]

Mathematica StandardForm notation

Ceiling[z]

Primary definition

04.02.02.0001.01
[X]==n/;xeRAneZAn-1<x=<n

04.02.02.0002.01

[Z] =[Re(2)] + i [IM(2)]

For real z, thefunction [Z] isthe smallest integer greater than or equal to z

Examples. [3.2]1==4, [3]==3, [-0.2]==0, [-2.3] = -2, [g] =1, [-n]=-3,[-4-
[31=4

Specific values

Specialized values

04.02.03.0001.01
[X|=X/;XeZ

04.02.03.0002.01
iX|=ix/;xeZ

04.02.03.0003.01

[X+iyl=[xX]1+ily]/;xeRAyeR

Values at fixed points

04.02.03.0004.01
[01==0
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04.02.03.0005.01

[1]1==1
04.02.03.0006.01
[-11=-1
04.02.03.0007.01
[11==1
04.02.03.0008.01
[—il=—i
04.02.03.0009.01
Fﬂ
10
04.02.03.0010.01
[-31=-3
04.02.03.0011.01
—7T| == —3
04.02.03.0012.01
[ 27}
10
04.02.03.0013.01
[-3.4]=-3
04.02.03.0014.01
23
— —ie|=3-2i
10

Values at infinities

04.02.03.0015.01

[oo] == oo

04.02.03.0016.01

[—oo] = —co

04.02.03.0017.01
[ic0]==i 0

04.02.03.0018.01

[—ico] = —i co

04.02.03.0019.01

[&0] = &

General characteristics

Domain and analyticity

[Z] isanonanalytical function; it is a piecewise constant function which is defined over the whole complex z-plane.

04.02.04.0001.01
z—[Z]::C—C
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Symmetries and periodicities

Mirror symmetry

04.02.04.0002.01
[Z]==[Z]+i (1~ xz(Im(2)))
Periodicity

No periodicity

Sets of discontinuity

Thefunction [Z] is a piecewise constant function with unit jumpson thelinesRe(2 = kV Im@2 =1/;k, 1 € Z.
The function [Z] is continuous from the left on the intervals (k— i oo, K+ i o), k € Z, and from below on the intervals
(ik—o00,ik+ ), ke Z.

04.02.04.0003.01
DSAz]) = {{{(k—ico, K+i0), 1} /; ke Z)}, {{(ik— o0, ik+ ), i} /; ke Z}}

04.02.04.0004.01

Iirr:) [z-€]1==[Z]/; Re(29d e Z

04.02.04.0005.01
Iin}) [z+€]l==[Z]+1/;Re() e Z
€+

04.02.04.0006.01
lim[z-iel==[2Z]/;Im@2 eZ
e—>+0

04.02.04.0007.01
lim[z+iel=[Z]+i/;Im2e”Z
e->+0

Series representations

Exponential Fourier series

04.02.06.0001.01
1 12> sn2rkx)

[x]==x+—+—Z—/;xe[R/\erZ
2 mi5 k
Other series representations

04.02.06.0002.01

{T}zT+inz_isin[znkm)cot[%k]+%/;mel/\nel/\?sél/\n>l

Transformations

Transformations and argument simplifications
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Argument involving basic arithmetic operations
04.02.16.0001.01

[-Z1=-[Z]/;Re(® € ZANImD e Z
04.02.16.0002.01

[-Z]1 = -[Z] +isgn(Im(2))) + sgn(IRe2))) /; Re(2) ¢ Z A\ Im(2) ¢ Z

04.02.16.0003.01
[-Z] = —[Z] +i (1 - xz(Im(2)) sgn(|Im(2)]) + (1 - xz(Re(2))) son(|Re(2)])

04.02.16.0004.01
[iZ]=i[Z] - xz(Im(2)) + 1
04.02.16.0005.01

[iZ] = -Im(2)] +i[Re(2)]

04.02.16.0006.01
[-iZ] = -i[Z] +i(1 - xz(Re(2))

04.02.16.0007.01
[-iZ] =TIm2)] - i|Re(2)]

04.02.16.0008.01
[z+n]=[Z]+n/;ne”Z
04.02.16.0020.01
nxi

{—}:m/;xemmez
n

Argument involving related functions

04.02.16.0009.01

Mz =12
04.02.16.0010.01
[z-[Z]1=0
04.02.16.0011.01
Mz =17
04.02.16.0012.01
Mzl =1z

04.02.16.0013.01
[int(2)] == int(2)

04.02.16.0021.01
[frac(1==i (1 - xz(Im(-2)) &Im(2) + (1 - xz(Re(-2))) O(Re(2))
04.02.16.0022.01

m
rquotient(m, n) == {_J
n

04.02.16.0014.01

/\an/\beN+

ab ab
Nest[f, X, n] == Hx— —)b‘”+ —} /i f(x)=a+
b-1 b-1

X
b

Addition formulas
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04.02.16.0015.01
[z+nN]=[Z]+n/;ne”Z

04.02.16.0016.01
[z1+ =[]+l +[z1+ 2 - [21] - [2]]
Multiple arguments

04.02.16.0017.01

-1 k k+1
[nZ] ==n[z]—Zke(———zmod1+1][1—0[———zmod1+l)]/; neNAzeR
py n n

Products, sums, and powers of the direct function

Sums of the direct function

04.02.16.0018.01
21+ =[z2+2]-[2+2%-T7]-[2%]]

04.02.16.0019.01

lrx—km] Tirx—kn
{ }:Z{ “/;XE[R/\neNﬁ/\mEN+
kol N kol M

Complex characteristics

Real part

04.02.19.0001.01
Re(Tx+iy]) == [X]

04.02.19.0006.01
Re([7]) = [Re(?)]
Imaginary part

04.02.19.0002.01
Im(x+iy]) =yl
04.02.19.0007.01

Im([Z]) = [IM(2)]

Absolute value

04.02.19.0003.01

X+ iyl = X%+ [y]?

04.02.19.0008.01

121l =\ Im@7 + [Re@)T2

Argument

04.02.19.0004.01
arg(Tx + i y1) == tan (X1, Ty1)
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04.02.19.0009.01
arg([2]) = tan"*(TRe(2)1, [Im(2)1)

Conjugate value
04.02.19.0005.01
[x+iyl=[x]-i[y]
04.02.19.0010.01
[7] == [Re(2)] + i [IM(2)]

Signum value

04.02.19.0011.01
[X+iy]

IIx+eyll

sgN(Ix+iyl) ==
04.02.19.0012.01
Z]

[
sgn([z]) = —
rz

Differentiation

Low-order differentiation

04.02.20.0001.01

a[Z]
9z

04.02.20.0002.01
ax &
— = ) dx-K
aX

k=—00

In adistributional sense, for xe R .

Fractional integro-differentiation

04.02.20.0003.01
0°[Z] [Z1z¢

0z rlt-ow

Integration

Indefinite integration

Involving only one direct function

04.02.21.0001.01

f[z]dz:: zZ[Z]

Involving one direct function and elementary functions
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Involving power function

04.02.21.0002.01
4 z'[2
fz" [Zldz==

a

04.02.21.0003.01

[7Z]
f— dz==1oy(2) [Z]
z

Definite integration
For thedirect function itself

Inthefollowing formulasae R .

04.02.21.0004.01

n nin+1)
f[ﬂdt:: /ineN
0 2

04.02.21.0005.01

a 1
f [fldt=—Q2a-T[a]l+1)[a]
0 2

04.02.21.0006.01
2 [ala® —{(-a) + {(-a, [a])
f Tt dt =
0

a

/; Re(a) > 0

04.02.21.0007.01

o 1
f t*[t]dt = —— (fala” + {(~a, [a])) /; Re(a) < -1
a @

04.02.21.0008.01

o (o) +1
f It dt == - /:Re(a) < -1
1 (07

04.02.21.0009.01

fal't'l dt=a

Integral transforms

Fourier exp transforms

04.02.22.0001.01

f i &, 02kn—-2-62nk
0] @ = 26(2)+ i Z( T-2-06(2n +Z)—ri 27 (2

271 k=1 k

Fourier cos transforms
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04.02.22.0002.01

Vg 1 z
Faltl @ = | — 6@ - cot(—)
2 \/_ 2

2n 2

Fourier sin transforms

04.02.22.0003.01

1 1 & 62kn-2-62rk+2)
Fsl[t1] (2) = -Ver §@+ >
2n 2 V27 k1 k

Laplace transforms

04.02.22.0004.01
z

Lt =

/i Re(2>0
(e*-1z

Summation

Finite summation

04.02.23.0001.01
ook
>lx- —} =[Xy—[x—11(y+[-yD1/;xeRAYyeRAO<x<1AO0<y<1
k=0 y
04.02.23.0002.01

T 7
o =
olek
-
3| =
| I
—_—

i
—_—

>

|

3

I
|

pmin-mp\rl|n
{ JN—{—H/;neN"/\meN*/\peN*
pm ptm

Representations through equivalent functions

With related functions

With Floor

For real arguments

04.02.27.0009.01
[X]=|X|+1/;xeRAX¢Z

04.02.27.0010.01
XI=IX]/;xeZ

04.02.27.0011.01
X=X -0(xz(0-D+1/;xeR
For complex arguments

04.02.27.0012.01
[Zl=|z|/;Re(2d e ZANIMm(2) e Z
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04.02.27.0013.01
[Z1=z]l+1/,Ren ¢ ZNImD e Z

04.02.27.0014.01
[Z1=|z|+i/;Re(2) e ZN\NIm(@2) ¢ Z

04.02.27.0015.01
[Zl=zl+1+i/;Re@ ¢ Z\NIm@D ¢ Z

04.02.27.0002.01
[Z] =12z - 0(xz(Re(2)) = 1) + i 6(— xz(IM(2))) + 1

04.02.27.0016.01

1] =-1-2|

With Round

For real arguments

04.02.27.0017.01

1 x+1
[X] = x+—}/;xe[R/\—¢_Z
2 2
04.02.27.0018.01
1 x+1
[X] == x+—}—1/; —eZ
2 2
04.02.27.0019.01
1 X+1
[X] == x+—}— ( )/;xe[R
2|

For complex arguments

04.02.27.0003.01

1+1 (Re(z)+1) ) [Im(z)+1)
T”}_XZ 2 )T

[2]=

With I nteger Part

For real arguments

04.02.27.0020.01
[X]=int(X)+1/;xeRAX>0Ax¢Z

04.02.27.0021.01
[X]==int(X) /; xceRAX=<0VXxeZ

04.02.27.0022.01
[X]==int(x) —sgn(xyz(-X) +8(-x)) +1/; xeR
For complex arguments

04.02.27.0004.01
[7] = int(2) + 1+ i — Iz ( ~Re(2) + 6(~Re(2))) — i gy z( ~Im(@)) + 6(~Im(2))
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With FractionalPart

For real arguments

04.02.27.0023.01
[X]==x-fracX) +1/; XeRAX>0AX¢ Z

04.02.27.0024.01
[X]==x-frac(X) /; xeRAXx<0VxeZ

04.02.27.0025.01
[X]=X-frac(X) = sgn(xz(-X) +8(-x)) +1/; xeR

For complex arguments

04.02.27.0005.01
[Z] = z-frac(2) + 1+ i — sgn(xz( —Re&(2)) + 6(-Re(2)) - i sgn(xz( -1M(2) + 6(—1m(2)))
With Mod
04.02.27.0006.01
[Z]=z+-zmod 1
With Quotient

04.02.27.0007.01
[Z] == —quotient(—z, 1)

With elementary functions

04.02.27.0008.01

tan X(cot(r2)) 1
[z]::z+7+5/;ze[R/\z¢Z
T

Zeros

04.02.30.0001.01
[Z1==0/; -1<Re(z29 = 0A-1<Im(2 <0

History

—C. F. Gauss (1808)
—K. E. lverson (1962) suggested the notation [Z]
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