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Notations

Traditional name

Chebyshev polynomial of the first kind

Traditional notation

Th(2

Mathematica StandardForm notation

ChebyshevT[n, z]

Primary definition
05.04.02.0001.01

) nng —Dk(n—k=-1)1 (222
Tn(z)==l°+—z( ! )12 +2"12 i neN
24 k! (n—2K)!

05.04.02.0002.01
T(2=T_n,(2d/;neZAn<0

Specific values

Specialized values

For fixed n

05.04.03.0001.01

Tnh(0 N
n(0) == 005(?)

05.04.03.0002.01
Th(D) =1

05.04.03.0003.01
Ta(-1) = (-D"
For fixed z

05.04.03.0004.01
To(2 ==
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05.04.03.0005.01
Ti(2 =2

05.04.03.0006.01
T,(2=272-1

05.04.03.0007.01
Ts(2 =47 -3z

05.04.03.0008.01
Ti(2==82"-872+1

05.04.03.0009.01
T5(2 =162 -20Z +5z2

05.04.03.0010.01
Te(2==328-4872+1872-1

05.04.03.0011.01
T/(2)=647 -1122° + 567 -7z

05.04.03.0012.01
Te(2) = 1282 - 25625 + 1607 - 322 + 1

05.04.03.0013.01
To(2) == 256 2° - 576 7' + 43222 - 1202 + 9z

05.04.03.0014.01
Tio(2) = 51279 - 12808 + 11205 - 4002 + 502 - 1

Values at infinities

05.04.03.0015.01
Tn(e0) =00 /;n>0

05.04.03.0016.01
Ta(=00) = (=10 /;n>0

General characteristics

Domain and analyticity

The function T, (2)is defined over N ® C. For fixed n, the function T,(2) isa polynomial in z of degreen.
05.04.04.0001.01

Nx2)—Th(@::N®C)—C

Symmetries and periodicities

Parity

05.04.04.0002.01
Th(=2=(-1)"Th(2

05.04.04.0007.01
Tn@=Ta@/;neN*
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Mirror symmetry

05.04.04.0003.01
Th(@ =Ta(2

Periodicity

No periodicity

Poles and essential singularities
With respect to z
The function T,(2) is polynomial and has pole of order nat z = .

05.04.04.0004.01
Sing (To(@) == ({0, N}

Branch points
With respect to z

The function T,(2) does not have branch points.

05.04.04.0005.01
BPATa(2) = {}

Branch cuts
With respect to z
The function T(2) does not have branch cuts.

05.04.04.0006.01
BCATn(2) ={}

Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself

05.04.06.0018.01

(NTn(20) — 20 Un_1(20)) 2~ 20)* + ... [; (2> Z0)

To(@ o To(2) + 1Un-1(20) (2= 20+ —

05.04.06.0019.01

Tn(2) o< Tn(Zo) + NUp_1(20) (- 20) + (NTa(20) — 20 Un-1(2) (2— 20)* + O((z— 20)°)

2(-1)
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05.04.06.0020.01
n 2k—l
To@ = Ta(2) +1 ), —— Cp, (@) (2- 20"
k=1

05.04.06.0021.01
2-D* 1 1-2
Ta@ = V7 Z 3F2[1 m o 1ok TJ (z-2)

05.04.06.0022.01

n k
Tn(z)--Tn(zo>+nZ [Z Z 5 .nkl_[U ()

k=1 =0 =0

(z-2)"

05.04.06.0023.01
Th(2) « Tn(zp) (1 + Oz~ Z9))

Expansionsat z==0

For the function itself
05.04.06.0001.02
an (7N n2 an
Th(2) cos(—) + nsn(—)z— — cos(—)z2 +../,(@z->0
2 2 2 2
05.04.06.0024.01
n an n? n
Tn(2) « cos(—) + nsin(—) z- — cos(—) Z +0(2)
2 2 2 2
05.04.06.0002.01

-nn; 1 z
i Ff:gzg( ]
S 2 2

05.04.06.0025.01
n n- 1- 1
mn bJ (_ g)k(g)k mn {TlJ (Tn)k(n%)k
Ta(z ==cos(—)2722k+nsin(—)z B
2/ (%)k k! 2 k=0 (g) k!
05.04.06.0026.01

n nnil n 1-n n+1 3
Th(2) = COS(—)zFl(——. - = 22)+nsin(—)z ZFl( s T zz)
2 222 2 2 2 2

05.04.06.0027.01
mn mn
Tn(2) = cos(?) cognsin () + s n(?) sin(nsin'()
05.04.06.0028.01
1 1
Ta(@) = 005(5 n(r-2sin (z)))
05.04.06.0003.02

mn
Ta(2) o cos(?) (1+0(2)
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05.04.06.0004.01

Soo N 2] (-DK(n-k-1! 22" 2k
Th(@=—+= y2n1
24 k! (n-2k)!

05.04.06.0005.02

To@ o (-1)lzl (™22 (1+0(Z))/in>0

Expansionsat z==

For the function itself

05.04.06.0006.02

) A-mrd+n) )
Th(D<c1+n°(z=-1)— T(Z_l) +.../;(@Zz->0D

05.04.06.0029.01

) A-nnPld+n) ) .
Th@ o 1+10°(z-1) - T(z—1) +0((z-1?)

05.04.06.0007.01
0 (=M (N [1 - Z)

Ti@ =),

k=0 (%)k k!

05.04.06.0008.01
T . 1 1-z
@ = (—n, n —)
n 21 2 2

k

2

05.04.06.0030.01

fro )
Th(2) ==cogd 2nsin
V2

05.04.06.0009.02
Th(@ c1+0(z-1)

Expansionsat z==-1

For the function itself

05.04.06.0010.02
1-nn?l+n)
Ta@ < (D" [1-PPz+) - —————  Zz+ 1% ... |/ (z> -1
05.04.06.0031.01

( 1-nn?l+n)
T2 < (-D"[1-nP(z+1) - ——

(z+ 1)2] +0((z+1?)
05.04.06.0011.01

0 (=N () 1\
@ =1 kk(+]

k=0 (%)k k!

2
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05.04.06.0012.01

1 z+1
Tn(2) = (—1)“2F1(—n, n —; —)
2 2
05.04.06.0032.01
1 Vvz+1l
Ta(2 = (-1)"cog 2nsin
V2
05.04.06.0013.02
Ta(@ o« (=D (1 + O(z+ 1))
Expansionsat z== oo
For the function itself
Expansionsinl/z
05.04.06.0033.01
n nn-23)
Tn(z)ocZ"‘lz”[l——+ +...]/;(|Z|—>oo)/\n>0
47 R4
05.04.06.0034.01
n nn-23) 1
Tn(z)oc2"12”[1— —+ +o[—]] /in>0
47 R4 b
05.04.06.0035.01
n 1-
() (5), 7
To(2=2"17 Z R SN

‘o k! (1 - n)y
05.04.06.0036.01

n 1-n 1
Ta@=2"12,F|-—, —:1-n, —|/;n>2
2" 2 2

05.04.06.0037.01

o= 7 ]
[ )=z (2 canfe o V2 V2 () vz (cor(2 ez VAT ) -2 e

Expansionsinl/(1- 2

05.04.06.0014.02
1 2 2(2n-23)
Th@c2'nz-D)"| — + — +
2n z-1 (z-1%

+...)/; (IzZ > 0)An>0

05.04.06.0038.01

1 2 2(2n-3 1
Tn(z)o<2”n(z—1)”[—+ — ( ) +O(—])/; n>0
2n z-1  (z-17 rad
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05.04.06.0015.01

2n—l(_n)k(%_n)k 2 \K
To(2=2"1(z-1)" in>0

> (=]

o K!l(1-2n)y \1-z2

05.04.06.0039.01
2"Vr z-D)" 21 2n-k=-D!(-n) [ 2
B
A

Th(2) =
(n=-1! k=0 k!l“(—k+n+%)

05.04.06.0040.01

1 2
Ta(2) =21 (z—l)“zFl(—n, ——nm1-2n; —) /in>1
2 1-z

05.04.06.0041.01
2n 2n

z+1 i z+1
Ta(2) = 2"1 (z—l)”[ | — +1] 4271 (z—l)”[ | — +1]
z-1 z-1

05.04.06.0016.02
1

Tn(2) oc 2712 (1 + O(—)) /in>0
z

Expansionsat n == oo

05.04.06.0042.01
Ta(2) = cogncos™(2))

05.04.06.0043.01

% ginces™@ -m < arg(cos(2)) <0
Ta(2) % NSt 0« argcos i (@) <n /i (N> 0)

cosncos(z)) True

Other series representations

05.04.06.0017.01
H
n
Th(2 = Z( 2k)zn—Zk (22 _ 1)k

k=0

Integral representations

Integral representations of negative integer order

Rodrigues-type formula.
05.04.07.0001.01

)"Vr J1-2 "(1-2)"?

o= 2 F(n + %) 07"

Limit representations
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05.04.09.0001.01

no1
Th(@ == —lim — Cl(2
2 -0 )

Generating functions

05.04.11.0001.01

1-tz
Th(2) = [[tn] )/; -1<z<1

t2-2zt+1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

05.04.13.0001.01
(1-Z)W' @ - z2W (@) + P W2) = 0 /; W(2) == ¢; Ta(2) + G, sin(ncos(2))

05.04.13.0002.01

Wy(To(@), sin(ncos™*(2))) = -

1-7

05.04.13.0003.01
(1-Z)W' @ - z2W (@) + P W(2) = 0 /; W(2) == ¢; Ta(2) + G Sinh(n cosh"l(z))

05.04.13.0004.01

n cos{n cos1(2)) cosh(n coslfl(z) nsin(ncos%(2)) sinh(n cosh™? @
Wz(Tn(Z), S‘nh(n Cosh_l(z))) = S( ) ( ) _ ( ) ( )

Vvz-1+vVz+1 /l—zz

05.04.13.0005.01
(1-AW@-z2Ww@+m*W2) =0/, W2 =¢; Ta(d + Y 1-7Z Uy 1(2)

05.04.13.0006.01
n

wz(Tn<z), 1-2 Un,l(z)) .

V1-7
05.04.13.0007.01

2)0(z " (Z

W,(Z)_(g( 9@ 9@

1-92°> 9@

2 (2
gz
]W(Z) + 0 S W@ =0/ W@ =c1T(g@) + C V1-9@? Uy1(02)
-9
05.04.13.0008.01
2 ng
Wz(Tn(g(Z)), 1-9@ Un_l(g(z))) =
1-92?
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05.04.13.0009.01
292 2h(z "’ (Z
V\/’(z)—(g()g()+ ()+g()W
1-9g2°> h@ 9@

2) +

[n2 92?2 9h@d@ h@N@y@+d@ (2@’ -hah @)
+ w2 =0/

+
1-9@2? (1-9@?)h@ h@2’ 9@
W2 = ¢ () Ta(9@) + 22V 1-92° Un-1(9(2)
05.04.13.0010.01
” nh?g'@2
Wz(h(z) Th(92), h9 Y 1- 92 Un_l(g(z))) = 77
1-9@°

05.04.13.0011.01

@2 -)w' @ +(r-@2s-) (@2 -1)zw@ + (a2 2" (- r’n?) - s(r +5)) W@ = 0/;
W2 =c, 2Th@Z) +c, 2\ 1-a2 2" U,_(az)

05.04.13.0012.01

ar nzr+2&l
Wz(zSTn(az'), Zy1-a7 un,l(azf)) =_—

V1i-a22'
05.04.13.0013.01

(a®r?2 - 1)w’(2) + (log(r) - 2(a r** — 1) log(s)) W (2) + (a® r** (Iogz(s) -n? Iogz(r)) —log(s) (log(r) + log(s))) W(2) = 0 /;
W2 =c, FTa@rd) +c, &y 1-a’r?? U,y (ar?

05.04.13.0014.01

arznsZlog(r)
Wz(sZ To(@ar?), &y 1-ar?? Un,l(arz)) __arnsTiogn
vV 1-a2r??

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.04.16.0001.01
Th(-2=(-D)"Th(2

Multiple arguments

05.04.16.0005.01

T lz+1 T
2n T =Tn(2

Brychkov Yu.A. (2007)

05.04.16.0006.01
Ton(@ = (-D"To(1-27)
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Products, sums, and powers of the direct function

Products of the direct function

05.04.16.0002.01

1
Th(2 Tm(2) == E (Trin(@ + Tip-m @) /; m>0AN>0

Addition formulas
05.04.16.0004.02

o 1215 [ nakn- 01 (3-K)

Ta(costo) = )" > —

k001,20 0,20 T L(k+m)
1 k=j1=j>=0 . . - o
0 k+j,=0Vk+j,=0 rn-jy) r(n-jp) F(Js—g)r(k—Js—E)
e True 1! Teken=ji+D) ! Tk n=jo+ D) ! Tk=jg+ 1)

(k) T'(k)

1 1 1
[1 - E 52j1,n—k) (1 - E 62j2,n—k) (1 - E 6213*)

sin“(0) Sin“(0) Tok2 i, (COS(0) Th k2, (COS(H) T2, (COS($)) /; N € N A\ cos(6p) == cos(6) cos(d) + cos(¢) Sin(6) sin(¢)

Related transformations

05.04.16.0003.01
To(Tm(2) = Tam(@ /; m>0ANn>0

Identities

Recurrence identities

Consecutive neighbors

05.04.17.0001.01
Th(2) == 22Tn+1(z) - Tn+2(z)

05.04.17.0002.01
Th(@=22T,1(2 - Th2(2

Distant neighbors

05.04.17.0008.01
Ta(@ = Cm(N, 2 Tham(2 — Cme1(Ny 2 Treme1(@ /; Co(N, 2 == 1 A C1(N, 2) =22 A Cr(N, 2) = 2ZCpp-1(N, 2) = Cr2(N, 2) A M >0

05.04.17.0009.01
Th(2 = Cm(N, 2 Tn-m(@ = Cr-1(M, 2D Tneme1(2) /; Co(N, 2 =1 A C1(N, 2) =2Z A C(N, 2 == 2ZCp-1(N, 2) = Crp2(n, 2 AM>0

05.04.17.0003.01
1-m \‘

Tuo = 2(-12Lzl 72z (2) 7

u Uns(22 - 1) Toim@ -2 A2 3] (Zz)[WTJ’g Un (272 -1) Tuma(@ /s m>0
2

2
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05.04.17.0004.01
T = 201723 7232 7 v, 2 - )T - 222 (2 T s 22 - )T @ ims 0

Functional identities

Relations between contiguous functions

Recurrence relations

05.04.17.0005.01
Th1(2 + Thi1(2 = 22Ta(2

05.04.17.0006.01

1
Th(@ = — (Th-1(D + Thsa(2)
27

Normalized recurrence relation

05.04.17.0007.01

1
zp(n, 2) = — p(n -1, 2+pin+1,2/pn2=2"Tw(2

Complex characteristics

Real part
05.04.19.0001.01

2] 1y 2122
Re(Ty(X+iY) =Ty +n » ——————
j=1

nAzl(x)/ xeRAyeR

Imaginary part

05.04.19.0002.01

[n;_lJ (=1)i 221 y2i+t

. 21+)
IM(Th(X+iy))=n —FFC,.. X)/; xeR R
(Ta(X + i Y) ,Z; i1 S0 ixeRAYe
Argument
05.04.19.0003.01
H (-1)i 22i-2 n_lJ (- )l 22] 2 "
arg(Ta(x+iy)) ==tan? Tn(x)+nZ— - 2](x)yzl n Z _;Hn L0y ixeRAYeR

=1

Conjugate value
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05.04.19.0004.01

n-1
{ J( 1) 22

TaX+iy) =Ty(X)—in Z _—
2]

+1

Differentiation

Low-order differentiation
With respect to z
Forward shift operator:

05.04.20.0001.01
0Th(2

=nU,_1(2
0z

05.04.20.0002.01

82 Tn(2) n
= (n Tn(Z) -z Unfl(z))
87 Z-1

Symbolic differentiation

With respect to z

05.04.20.0003.01
" Tn(2)

05.04.20.0004.02
" Tn(2)

az"

05.04.20.0006.01
6an(Z) n-m n-m

az"

i1=0  im=0

=Vr z-1" 3F2( ,n;E

2]+1
—21+n 1(X)

=n2™m-1!IC" (2 /; meN*

Fractional integro-differentiation

With respect to z

05.04.20.0005.01

0°Th(2 _oxixof ~N I 1;;
Py =z"Vr F lxlxo[ 14 4o
Integration

Indefinite integration

Involving only one direct function

y21*1+n2

I 122

=2"tm-1in) . Z(sz Inm]_[u @/;meN*AneN

Cl 0y ixeRAYER



http: //functions.wolfram.com

13

05.04.21.0001.01

1 Tn—l(a Z) Tn+1(a Z)
an(az)dz::—( + ]/;nqtl
2al\l 1-n n+1

05.04.21.0002.01

1 Tn—l(z) Tn+1(z)
an(z)alz:—[ + ]/;nqtl
20 1-n n+1

05.04.21.0003.01

n

21l g 1 bJ (-DK(n—k=1)! (222K
an(z) dz=

+=0nh0Z+—n
2 =) kl(n-2k+ 1!

Involving one direct function and elementary functions

Involving power function

05.04.21.0004.01

—_—

5o 2+1 gJ (_1)k (n—k=1)! oNn-2k -2k+a on-1 n+a+l

fz‘"l T2 dz=— +

n
- +
2(@+1) 25 kKI(n-2K!(n-2k+a) mn+H(n+a+1)

=~

Involving algebraic functions

05.04.21.0005.01

1 1

05.04.21.0006.01
. (1-2)7
[a-2) woaz=————T.@

Definite integration

Involving the direct function

05.04.21.0007.01
1 Ta®

P -
V1o t-x

05.04.21.0008.01

dt=nU_1X)/;n>1AN-1<x<1

1 1
f Ta(0?10g(Th(¥)?) ——— dx= -7 (1-5n0) (l0g(2) - 1) /;neN
-1
1-x2

Entropy integral

Orthogonality:



http: //functions.wolfram.com

05.04.21.0009.01

ITaO T 7
f S it — 6 ;MR M2 £ 0
y1-e

Summation

Infinite summation

05.04.23.0001.01

> w2z
ZTn(Z)W": —/i-l<z<1Aw <1
— w2 —2zw+1

05.04.23.0002.01

o

w 1

> —Ta( ::—Elog(V\/Z—22w+1)/; -l<z<1Aw <1
n

n=1

05.04.23.0003.01

o (%) \/l—wz+\/wz—22w+l

n
> —Th@W' = fi—l<z<lAw <1
no V2 yw-2zw+1

05.04.23.0004.01

Th(2wW"
@ =cosh(V2 Vw(z=1) |eosh(vV2 Vw(z+1) ) /;-1<z< 1AMl <1

1 =
= !
2)nn.

05.04.23.0005.01

=]
I
o
—_—

::e""zcosh( w2 (Z-1) )/; -l<z<1Aw <1

05.04.23.0006.01

© (1), (=9), \/—w—\/W2—22w+1 +1 \/W—\/W2—22W+1 +1

ZiTn(Z)W”:cO Zysin’l co! 2)/sin’l

n=0 (%)nn! \/7 \/?

-l<z<1Aw <1

05.04.23.0007.01

Pn 11 (Z-1)w?
Z Tn@wW'=1-w2™ 2F1[g T ( )

]/;—1<z<1/\|w|<1
n!

2 2" 1-wz?
05.04.23.0008.01

S 1 1

Y= —(z—\/22—4)/; 12> 2

1 22, T(3) 2

05.04.23.0009.01

ZTn(X)Tn(y =—aV1-x° \4/ 1-y? 6(x-y)/;-1<x<1A-1<y<1

n=0 2
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Operations

Orthogonality, completeness, and Fourier expansions

The set of functions Th(x), n=0, 1, ..., forms a complete, orthogona (with weight 7% ! ) system on the

1-x?

interval (-1, 1).

05.04.25.0001.01

o2 T |[ 2 T ]
Z — — =0x-y)/;-1l<x<1lA-1<y<1
=0 T 4 T

1-x2 JV 1-y?

05.04.25.0002.01

U [20 Tt [27 Tut
f - ® - ® ]dt::dm,n/;nhnzqeo
-1 T 4 Ve 4

1-t? 1-t?

Any sufficiently smooth function f(x) can be expanded in the system {Th(¥}_p1,.. @@ generalized Fourier series, with its
sum converging to f(x) amost everywhere.

05.04.25.0003.01

Co < 1 [2 T
f00 = E"’chd’n(x) /3 Cn == fll//n(t) fdt [\ 0=/ - -l<x<1
n=1 - a

4
1-x2

Representations through more general functions

Through hypergeometric functions

Involving »F,
05.04.26.0001.01
1 1-z
Th(2) == HF (—n, n, —; —)
n 21 2 2

05.04.26.0002.01
1 z+ 1)

Ta@ = (D" 2F4|-n,n; = ——
@=(0-D"; 1( nn >
Through hypergeometric functions of two variables

05.04.26.0003.01

-nns; 1 z
LGRGEE: I

o2 2
Through Meijer G

Classical casesfor the direct function itself
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05.04.26.0004.01

_ 1 : 1,2
Th (2 =—-——Ilimmsin(rm) G5 —
m-n !

T

Classical casesinvolving algebr

05.04.26.0005.01

1-7 22n—1
(z+1>-“Tn( ) —— G|z
1+2z r2n -
05.04.26.0006.01
z—-1 22n—1
@+ Tn( ):: —— Gy3lz
z+1 ren -

05.04.26.0007.01

n 1 2n—1
(z+1) 2Ty ] =— G;ﬁ z

Vvz+1

05.04.26.0008.01

z+1) 2T, —_
z+1

z-1

0 1

m+1, 1—m]
"2

aic functions

1

Classical casesinvolving unit step 6

05.04.26.0009.01

0(1-12)
Th(2z-1) =V G53|z
1-z
05.04.26.0010.01
0(12 - 1)
Ta2z-1) =71 Gyj|z
z-1

05.04.26.0011.01

01— |z 2
-2 Tn(-_l):ﬁeg;g(z
Viez 'z

05.04.26.0012.01

T (3 - 1) =V eg;g[z

z

602 -1

i

05.04.26.0013.01

6012 - 1)

T(82-8z+1)=V1 G
z-1

05.04.26.0014.01
0(1-12)) 8 8
Th

1-z Z z

02
2,2[Z

8.8, 1] v;eg;g[z

E—n,l—n
1 |fzéE (=0, =)
0 =
'2
1—n,%—n
- |hze10
0 =
12
n 1-n
-3 T]
1
03
10 1n
[z o ]/;ze(—l,o)
%—n,n+—
. |2e(=10
0 =
12
%—n,n+—
1
0,3
1
0,5]
-n, N
0
2 ]/; z¢ (-o0, -1
-n,n

1 1
E—Zn,2n+5

1
12

1
0,3

-2n,2n

)/; Re(2 >0

Generalized casesinvolving algebraic functions

]/; Re(2 >0
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05.04.26.0015.01

n z 2n71 1 _El ﬂ
2+1) 2T, =Gz = 2 2 1Re@>0
rm 72| ot
VZ+1 '2

Generalized casesinvolving unit step 6

05.04.26.0016.01

02 - 1 1| -5.3
el Yy Gg;g[z, E‘ 2 ;]
-3

Z-1
05.04.26.0017.01

61— 1
a-m [_) N Gg;g[z,
1-7

05.04.26.0018.01

old-1 (1
w3

N

Through other functions

I nvolving some hyper geometric-type functions

05.04.26.0019.01
be 1
RN V1-Z P,
v ot
2

05.04.26.0020.01

1
Th(2) = g \/42—1 v4z+1 p2 (2
\/ ni
2

05.04.26.0021.01

n! 12
(@ = — P(n 2 2)(2)
2)n

05.04.26.0022.01

o2
T@) = ———

P{?*E)(l)
Involving spheroidal functions

05.04.26.0023.01

V2 y1-2
Ta(@ = ————PS 1.(0,2
\/7 2'2

Representations through equivalent functions

With related functions
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05.04.27.0001.01
n
W@ =_CY@
05.04.27.0002.01
Tn(2) = Un(2 - 2Un1(2)
05.04.27.0003.01

1
Th(2 == > (Un(@ - Uy_2(2)

05.04.27.0004.01

1 [a((z2 -1)Up1(2)

Ta(2) == — -z Un—l(z)]
n 0z

05.04.27.0005.01

1 1V 112 Uyt
Tn(X)==——7>f—dt/;n>0/\-1<x<1
b4 -1 t—X

05.04.27.0010.01

Tom1(2) = (~1)" zUZH(\/ 1_2 )

With elementary functions

05.04.27.0006.01

1 inn -n inn n
Tn(z)::E(eT(zz'z+ 1—22) +e’7(iz+ 1—22))

05.04.27.0007.01
Ta(2) = cogncos™(2))

05.04.27.0011.01

Vz+1
To(2) = (-1)" 003{2 nsin‘l[ 2t

V2
05.04.27.0008.01

Ta(@ =21 (=1)" ((\/ 1-z-vV-z-1 )2n + (\/ l1-z+V-z-1 )zn)

05.04.27.0009.01

n n

1
1- [1-=

1
Th(@=-2"
2 zZ

Theorems

Expansions in generalized Fourier series

ad 1 2 _t
0= ) Gk /; G = f f(t) Yt dt, () = - (1-%%) * Tu®), keN.
k=0 -1

Minimizing property of Chebyshev polynomials
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Chebyshev polynomials T,(x) have the smallest absolute values among all polynomials of degree n with leading

coefficient 1:

n . Th (X)
max Za, X[z max | ——|.
-1sxsl | £ -1=x<1| [X"] (T, (X))

Another minimizing property of Chebyshev polynomials

1 P(x? 1T, (02 n 1
fidxzf nicﬂX:E/; P (x ::2”’1x”+Zcix'/\cie[R
- 2 - k=0

Wi-x Wi-x2

Distribution of the zeros of Chebyshev polynomials of high order

In the limit n —» oo , the zeros of T,(x) fulfill the arcsin distribution; in other words, the relative number of zeros
my(a, b)/nintheinterva (a, b) is(arcsin(b) — arcsin(a)) / «.

History

—P. L. Chebyshev (1854,1855,1859)
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