
ChebyshevUGeneral

Notations

Traditional name

Chebyshev function of the second kind

Traditional notation

UΝHzL
Mathematica StandardForm notation

ChebyshevU@Ν, zD

Primary definition
07.05.02.0001.01

UΝHzL �
sinIHΝ + 1L cos-1HzLM

1 - z2

Specific values

Specialized values

For fixed Ν

07.05.03.0001.01

UΝH0L � cos
Π Ν

2

07.05.03.0002.01

UΝH1L � 1 + Ν

07.05.03.0003.01

UΝH-1L � H-1LΝ H1 + ΝL
For fixed z

07.05.03.0004.01

U
-

1

2

HzL �
1

2 z + 1



07.05.03.0005.01

U 1

2

HzL �
2 z + 1

2 z + 1

07.05.03.0006.01

U0HzL � 1

07.05.03.0007.01

U1HzL � 2 z

07.05.03.0008.01

U2HzL � 4 z2 - 1

07.05.03.0009.01

U3HzL � 8 z3 - 4 z

07.05.03.0010.01

U4HzL � 16 z4 - 12 z2 + 1

07.05.03.0011.01

U5HzL � 32 z5 - 32 z3 + 6 z

07.05.03.0012.01

U6HzL � 64 z6 - 80 z4 + 24 z2 - 1

07.05.03.0013.01

U7HzL � 128 z7 - 192 z5 + 80 z3 - 8 z

07.05.03.0014.01

U8HzL � 256 z8 - 448 z6 + 240 z4 - 40 z2 + 1

07.05.03.0015.01

U9HzL � 512 z9 - 1024 z7 + 672 z5 - 160 z3 + 10 z

07.05.03.0016.01

U10HzL � 1024 z10 - 2304 z8 + 1792 z6 - 560 z4 + 60 z2 - 1

07.05.03.0017.01

UnHzL � â
k=0

f n

2
v H-1Lk Hn - kL ! H2 zLn-2 k

k ! Hn - 2 kL !
�; n Î N

07.05.03.0018.01

UnHzL � H-äLn Fn+1H2 ä zL �; n Î N

07.05.03.0019.01

Un -
ä

2
� H-äLn Fn+1 �; n Î N

07.05.03.0020.01

UnHzL �
H-1Ln

1 - z2

 sin 2 Hn + 1L sin-1
z + 1

2
�; n Î N

General characteristics

Domain and analyticity
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UΝHzL  is an analytical function of Ν  and z  which is defined over C2.  For fixed z  the function UΝHzL  is an entire

function of Ν. For integer Ν, UΝHzL degenerates to a polynomial in z. 

07.05.04.0001.01HΝ * zL �UΝHzL � HC Ä CL �C

Symmetries and periodicities

Parity

07.05.04.0002.01

UnH-zL � H-1Ln UnHzL �; n Î N

07.05.04.0003.01

U-Ν-2HzL � -UΝHzL
Mirror symmetry

07.05.04.0004.02

UΝ Hz�L � UΝHzL �; z Ï H-¥, -1L
Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed Ν �; Ν Ï Z, the function UΝHzL does not have poles and essential singularities.

07.05.04.0005.01

SingzHUΝHzLL � 8< �; Ν Ï Z

For integer Ν, the function UΝHzL is polynomial and has pole of order Ν (for Ν > 0) or -Ν - 2(for Ν < -2) at z = ¥� .

07.05.04.0006.01

SingzHUΝHzLL � 88¥� , Ν<< �; Ν Î N+

07.05.04.0007.01

SingzHUΝHzLL � 88¥� , -Ν - 2<< �; -Ν - 2 Î N+

With respect to Ν

For fixed z, the function UΝHzL has only one singular point at Ν = ¥� .  It is an essential singular point.

07.05.04.0008.01

SingΝHUΝHzLL � 88¥� , ¥<<
Branch points

With respect to z

For fixed noninteger Ν, the function UΝHzL has two branch points: z � -1, z � ¥� .

http://functions.wolfram.com 3



For fixed integer Ν, the function UΝHzL does not have branch points.

07.05.04.0009.01

BPzHUΝHzLL � 8-1, ¥� < �; Ν Ï Z

07.05.04.0010.01

BPzHUΝHzLL � 8< �; Ν Î Z

07.05.04.0011.01

RzHUΝHzL, -1L � 2 �; Ν Ï Z

07.05.04.0012.01

RzHUΝHzL, ¥� L � log �; Ν Ï Q

07.05.04.0013.01

RzHUΝHzL, ¥� L � s �; Ν �
r

s
í 8r, s< Î Z í s > 1 í gcdHr, sL � 1

With respect to Ν

For fixed z, the function UΝHzL does not have branch points.

07.05.04.0014.01

BPΝHUΝHzLL � 8<
Branch cuts

With respect to z

For fixed noninteger Ν, the function UΝHzL is a single-valued function on the z-plane cut along the interval H-¥, -1L where

it is continuous from above.

07.05.04.0015.01

BCzHUΝHzLL � 88H-¥, -1L, -ä<< �; Ν Ï Z

07.05.04.0016.01

BCzHUnHzLL � 8< �; n Î Z

07.05.04.0017.01

lim
Ε®+0

UΝHx + ä ΕL � UΝHxL �; x < -1

07.05.04.0018.01

lim
Ε®+0

UΝHx - ä ΕL � 2 cosHΝ ΠL UΝH-xL - UΝHxL �; x < -1

With respect to Ν

For fixed z, the function UΝHzL does not have branch cuts.

07.05.04.0019.01

BCΝHUΝHzLL � 8<
Series representations

Generalized power series
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Expansions at generic point Ν � Ν0

For the function itself

07.05.06.0033.01

UΝHzL µ
1

1 - z2

 sinIcos-1HzL HΝ0 + 1LM + cos-1HzL cosIcos-1HzL HΝ0 + 1LM HΝ - Ν0L -
1

2
cos-1HzL2

sinIcos-1HzL HΝ0 + 1LM HΝ - Ν0L2 +

¼ �; HΝ ® Ν0L
07.05.06.0034.01

UΝHzL µ UΝ0
HzL +

cos-1HzL
1 - z2

TΝ0+1HzL HΝ - Ν0L -
1

2
cos-1HzL2

UΝ0
HzL HΝ - Ν0L2 + ¼ �; HΝ ® Ν0L

07.05.06.0035.01

UΝHzL µ
1

1 - z2

 

sinIcos-1HzL HΝ0 + 1LM + cos-1HzL cosIcos-1HzL HΝ0 + 1LM HΝ - Ν0L -
1

2
cos-1HzL2

sinIcos-1HzL HΝ0 + 1LM HΝ - Ν0L2 + OIHΝ - Ν0L3M
07.05.06.0036.01

UΝHzL �
1

1 - z2

 â
k=0

¥ cos-1HzLk

k !
sin

Π k

2
+ cos-1HzL HΝ0 + 1L HΝ - Ν0Lk

07.05.06.0037.01

UΝHzL �
1

1 - z2

 â
k=0

¥ äk cos-1HzLk

k !
1 - z2 UΝ0

HzL H1 - k mod 2L - ä TΝ0+1HzL Hk mod 2L HΝ - Ν0Lk

07.05.06.0038.01

TΝHzL µ TΝ0
HzL H1 + OHΝ - Ν0LL

Expansions at Ν � 0

For the function itself

07.05.06.0001.02

UΝHzL µ 1 +
z cos-1HzL

1 - z2

 Ν -
cos-1 HzL2

2
 Ν2 - ¼ �; HΝ ® 0L

07.05.06.0039.01

UΝHzL µ 1 +
z cos-1HzL

1 - z2

 Ν -
cos-1 HzL2

2
 Ν2 - OIΝ3M

07.05.06.0002.01

UΝHzL �
1

1 - z2

 â
k=0

¥ H-1Lk sinJcos-1HzL - k Π

2
N cos-1HzLk

Νk

k !
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07.05.06.0040.01

UΝHzL � 0F1 ;
1

2
; -

cos-1HzL2
Ν2

4
+

Ν z cos-1HzL
1 - z2

0F1 ;
3

2
; -

cos-1HzL2
Ν2

4

07.05.06.0003.02

UΝHzL µ 1 + OHΝL
07.05.06.0041.01

UΝHzL � F¥Hz, ΝL �; FnHz, ΝL �
1

1 - z2

 â
k=0

n H-1Lk sinJcos-1HzL - k Π

2
N cos-1HzLk

Νk

k !
�

ã-ä Ν cos-1HzL
2 n! 1 - z2

 ä z + 1 - z2 GIn + 1, -ä Ν cos-1HzLM + ã2 ä Ν cos-1HzL 1 - z2 - ä z GIn + 1, ä Ν cos-1HzLM í n Î N

Summed form of the truncated series expansion.

Expansions at generic point z � z0

For the function itself

07.05.06.0042.01

UΝHzL µ -
sinHΠ ΝL

1 - z0
2

 
1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 TΝ+1H-z0L +

cosHΠ ΝL 2 ä ä
-

argJz-z0N
2 Π

argHz - z0L
2 Π

argHz0 + 1L + Π

2 Π
+

1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 UΝH-z0L -

sinHΠ ΝL
I1 - z0

2M3�2  
1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 Iz0 TΝ+1H-z0L + HΝ + 1L Iz0
2 - 1M UΝH-z0LM +

1

z0
2 - 1

 cosHΠ ΝL 2 ä ä
-

argJz-z0N
2 Π

argHz - z0L
2 Π

argHz0 + 1L + Π

2 Π
+

1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 

HHΝ + 1L TΝ+1H-z0L + z0 UΝH-z0L L  Hz - z0L + ¼ �; Hz ® z0L
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07.05.06.0043.01

UΝHzL µ -
sinHΠ ΝL

1 - z0
2

 
1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 TΝ+1H-z0L +

cosHΠ ΝL 2 ä ä
-

argJz-z0N
2 Π

argHz - z0L
2 Π

argHz0 + 1L + Π

2 Π
+

1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 UΝH-z0L -

sinHΠ ΝL
I1 - z0

2M3�2  
1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 Iz0 TΝ+1H-z0L + HΝ + 1L Iz0
2 - 1M UΝH-z0LM +

1

z0
2 - 1

 cosHΠ ΝL 2 ä ä
-

argJz-z0N
2 Π

argHz - z0L
2 Π

argHz0 + 1L + Π

2 Π
+

1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 

HHΝ + 1L TΝ+1H-z0L + z0 UΝH-z0L L  Hz - z0L + OIHz - z0L2M
07.05.06.0044.01

UΝHzL �
sinH2 Π ΝL

4 Π
 

â
k=0

¥ 1

k !
 2-k GHk - ΝL GHk + Ν + 2L -

1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

- 2 ã
-

1

2
ä Π

argJz-z0N
2 Π

ä
argHz - z0L

2 Π

argHz0 + 1L + Π

2 Π

2F
�

1 k - Ν, k + Ν + 2; k +
3

2
;

z0 + 1

2
-

Π secHΠ ΝL 2 Hz0 + 1L-k-
1

2

1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

2F
�

1 Ν +
3

2
, -Ν -

1

2
;

1

2
- k;

z0 + 1

2
Hz - z0Lk

07.05.06.0045.01

UΝHzL µ -
sinHΠ ΝL

1 - z0
2

 
1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 TΝ+1H-z0L +

cosHΠ ΝL 2 ä ä
-

argJz-z0N
2 Π

argHz - z0L
2 Π

argHz0 + 1L + Π

2 Π
+

1

z0 + 1

-
1

2

argJz-z0N
2 Π Hz0 + 1L-

1

2

argJz-z0N
2 Π

 UΝH-z0L + OHz - z0L

Expansions on branch cuts

For the function itself
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07.05.06.0046.01

UΝHzL µ cos HΠ ΝL 2 ä ä
-g argHz-xL

2 Π
w argHz - xL

2 Π
+ ã

Π ä g argHz-xL
2 Π

w
 UΝH-xL -

sinHΠ ΝL
1 - x2

ã
Π ä g argHz-xL

2 Π
w
 TΝ+1H-xL -

cosHΠ ΝL
x2 - 1

 2 ä ä
-g argHz-xL

2 Π
w argHz - xL

2 Π
+ ã

Π ä g argHz-xL
2 Π

w
 HHΝ + 1L TΝ+1H-xL + x UΝH-xLL +

sinHΠ ΝL
I1 - x2M3�2  ã

Π ä g argHz-xL
2 Π

wIx TΝ+1H-xL + Ix2 - 1M HΝ + 1L UΝH-xLM Hz - xL + ¼ �; Hz ® xL ß x Î R ß x < -1

07.05.06.0047.01

UΝHzL µ cos HΠ ΝL 2 ä ä
-g argHz-xL

2 Π
w argHz - xL

2 Π
+ ã

Π ä g argHz-xL
2 Π

w
 UΝH-xL -

sinHΠ ΝL
1 - x2

ã
Π ä g argHz-xL

2 Π
w
 TΝ+1H-xL -

cosHΠ ΝL
x2 - 1

 2 ä ä
-g argHz-xL

2 Π
w argHz - xL

2 Π
+ ã

Π ä g argHz-xL
2 Π

w
 HHΝ + 1L TΝ+1H-xL + x UΝH-xLL +

sinHΠ ΝL
I1 - x2M3�2  ã

Π ä g argHz-xL
2 Π

wIx TΝ+1H-xL + Ix2 - 1M HΝ + 1L UΝH-xLM Hz - xL + OIHz - xL2M �; x Î R ß x < -1

07.05.06.0048.01

UΝHzL � -
sinH2 Π ΝL

4 Π
â
k=0

¥ 1

k !
 2 Π secHΠ ΝL ã

Π ä g argHz-xL
2 Π

w Hx + 1L-k-
1

2  2F
�

1 Ν +
3

2
, -Ν -

1

2
;

1

2
- k;

x + 1

2
+ 2-k G Hk - ΝL GHk + Ν + 2L

ã
Π ä g argHz-xL

2 Π
w

+ 2 ä ã
-

1

2
ä Π g argHz-xL

2 Π
w argHz - xL

2 Π
 2F

�
1 k - Ν, k + Ν + 2; k +

3

2
;

x + 1

2
Hz - xLk �; x Î R ß x < -1

07.05.06.0049.01

UΝHzL µ cos HΠ ΝL 2 ä ä
-g argHz-xL

2 Π
w argHz - xL

2 Π
+ ã

Π ä g argHz-xL
2 Π

w
 UΝH-xL -

sinHΠ ΝL
1 - x2

ã
Π ä g argHz-xL

2 Π
w
 TΝ+1H-xL + OHz - xL �; x Î R ß x < -1

Expansions at z � 0

For the function itself

General case

07.05.06.0004.02

UΝHzL µ cos
Π Ν

2
+ HΝ + 1L sin

Π Ν

2
z - Ν HΝ + 2L cos

Π Ν

2
z2 + ¼ �; Hz ® 0L

07.05.06.0050.01

UΝHzL µ cos
Π Ν

2
+ HΝ + 1L sin

Π Ν

2
z - Ν HΝ + 2L cos

Π Ν

2
z2 + OIz3M

07.05.06.0005.01

UΝHzL � HΝ + 1L â
j=0

¥ â
k=0

¥ H-ΝL j+k HΝ + 2L j+k H-zL j

J 3

2
N

j+k
j ! k ! 2 j+k

�;  z¤ < 1

http://functions.wolfram.com 8



07.05.06.0006.01

UΝHzL �
Π

2
 HΝ + 1L â

k=0

¥ â
j=0

k H-ΝLk HΝ + 2Lk H-zL j

GJk + 3

2
N j ! Hk - jL ! 2k

�;  z¤ < 1

07.05.06.0007.01

UΝHzL � HΝ + 1L F1 ´ 0 ´ 0
2 ´ 0 ´ 0

-Ν, Ν + 2;;;
3

2
;;;

 
1

2
, -

z

2

07.05.06.0051.01

UΝHzL � cos
Π Ν

2
â
k=0

¥ I- Ν

2
M
k

I Ν

2
+ 1M

k

J 1

2
N
k

k !
 z2 k + z HΝ + 1L sin

Π Ν

2
â
k=0

¥ J 1-Ν

2
N
k

J Ν+3

2
N
k

J 3

2
N
k

k !
 z2 k �;  z¤ < 1

07.05.06.0052.01

UΝHzL � cos
Π Ν

2
2F1 -

Ν

2
,

Ν

2
+ 1;

1

2
; z2 + z HΝ + 1L sin

Π Ν

2
2F1

1 - Ν

2
,

Ν + 3

2
;

3

2
; z2

07.05.06.0053.01

UΝHzL �
cosI Π Ν

2
- HΝ + 1L sin-1HzLM

1 - z2

07.05.06.0054.01

UΝHzL � cosIΝ cos-1HzLM +
z

1 - z2

sinIΝ cos-1HzLM
07.05.06.0055.01

UΝHzL �
1

1 - z2

 cos
Π Ν

2
cosIHΝ + 1L sin-1HzLM + sin

Π Ν

2
sinIHΝ + 1L sin-1HzLM

07.05.06.0056.01

UΝHzL � cos
Ν

2
 IΠ - 2 sin-1HzLM +

z

1 - z2

 sin
Ν

2
IΠ - 2 sin-1HzLM

07.05.06.0008.02

UΝHzL µ cos
Π Ν

2
H1 + OHzLL

07.05.06.0057.01

UΝHzL � F¥Hz, ΝL �; FmHz, ΝL � cos
Π Ν

2
â
k=0

m I- Ν

2
M
k

I Ν

2
+ 1M

k

J 1

2
N
k

k !
 z2 k + z HΝ + 1L sin

Π Ν

2
â
k=0

m J 1-Ν

2
N
k

J Ν+3

2
N
k

J 3

2
N
k

k !
 z2 k �

UΝHzL -
z2 m+2 cosI Π Ν

2
M I Ν

2
+ 1M

m+1
I- Ν

2
M
m+1

Hm + 1L ! J 1

2
N
m+1

3F2 1, m -
Ν

2
+ 1, m +

Ν

2
+ 2; m +

3

2
, m + 2; z2 -

z2 m+3 HΝ + 1L sinI Π Ν

2
M J 1-Ν

2
N
m+1

J Ν+3

2
N
m+1

Hm + 1L ! J 3

2
N
m+1

 3F2 1, m -
Ν

2
+

3

2
, m +

Ν

2
+

5

2
; m + 2, m +

5

2
; z2 í m Î N

Summed form of the truncated series expansion.
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Special cases

07.05.06.0009.01

UnHzL � â
k=0

f n

2
v H-1Lk Hn - kL ! H2 zLn-2 k

k ! Hn - 2 kL !
�; n Î N

07.05.06.0010.01

UnHzL µ H-1Lf n

2
v HHn + 1L zLn-2 f n

2
v I1 + OIz2MM �; Hz ® 0L ì n Î N+

Generic formulas for main term

07.05.06.0058.01

UΝHzL µ
H-1Lf Ν

2
v HHΝ + 1L zLΝ-2 f Ν

2
v Ν Î Z

cosI Π Ν

2
M True

�; Hz ® 0L
Expansions at z � 1

For the function itself

General case

07.05.06.0011.02

UΝHzL µ HΝ + 1L 1 +
Ν H2 + ΝL

3
 Hz - 1L +

-Ν H1 - ΝL H2 + ΝL H3 + ΝL
30

 Hz - 1L2 + ¼ �; Hz ® 1L
07.05.06.0059.01

UΝHzL µ HΝ + 1L 1 +
Ν H2 + ΝL

3
 Hz - 1L +

-Ν H1 - ΝL H2 + ΝL H3 + ΝL
30

 Hz - 1L2 + OIHz - 1L3M
07.05.06.0012.01

UΝHzL � HΝ + 1L â
k=0

¥ H-ΝLk HΝ + 2Lk

J 3

2
N
k

k !

1 - z

2

k �; 1 - z

2
< 1

07.05.06.0013.01

UΝHzL � HΝ + 1L 2F1 -Ν, Ν + 2;
3

2
;

1 - z

2

07.05.06.0060.01

UΝHzL �
1

2 Hz - 1L  2F1 -Ν - 1, Ν + 2;
1

2
;

1 - z

2
- 2F1 -Ν, Ν + 1;

1

2
;

1 - z

2

07.05.06.0061.01

UΝHzL �
Π

2 H1 - zL3�4 z + 1
4

PΝ

1

2 HzL - PΝ+1

1

2 HzL
07.05.06.0062.01

UΝHzL �
1

2 H1 - zL z + 1
 2F1

1 + 2 Ν

4
, -

1 + 2 Ν

4
;

1

2
; 1 - z2 - 2F1

3 + 2 Ν

4
, -

3 + 2 Ν

4
;

1

2
; 1 - z2
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07.05.06.0063.01

UΝHzL �
1

2 H1 - zL z + 1
 cos

1

2
H2 Ν + 1L sin-1 1 - z2 - cos

1

2
H2 Ν + 3L sin-1 1 - z2

07.05.06.0015.02

UΝHzL µ HΝ + 1L H1 + OHz - 1LL
07.05.06.0064.01

UΝHzL � F¥Hz, ΝL �; FmHz, ΝL � HΝ + 1L â
k=0

m H-ΝLk HΝ + 2Lk

J 3

2
N
k

k !
 

1 - z

2

k

�

UΝHzL -
2-m-1 H1 - zLm+1 HΝ + 1L H-ΝLm+1 HΝ + 2Lm+1

Hm + 1L ! J 3

2
N
m+1

3F2 1, m - Ν + 1, m + Ν + 3; m + 2, m +
5

2
;

1 - z

2
í m Î N

Summed form of the truncated series expansion.

Special cases

07.05.06.0014.01

UnHzL � Hn + 1L â
k=0

n H-nLk Hn + 2Lk

J 3

2
N
k

k !

1 - z

2

k �; n Î N

Expansions at z � -1

For the function itself

General case

07.05.06.0016.02

UΝHzL µ HΝ + 1L cosHΠ ΝL 1 -
Ν H2 + ΝL

3
 Hz + 1L -

Ν H1 - ΝL H2 + ΝL H3 + ΝL
30

 Hz + 1L2 - ¼ -

sinHΝ ΠL
2 z + 1

 1 + -
1

2
- Ν

3

2
+ Ν  Hz + 1L +

1

6
 -

1

2
- Ν

1

2
- Ν

3

2
+ Ν

5

2
+ Ν  Hz + 1L2 + ¼ �; Hz ® -1L

07.05.06.0065.01

UΝHzL µ HΝ + 1L cosHΠ ΝL 1 -
Ν H2 + ΝL

3
 Hz + 1L -

Ν H1 - ΝL H2 + ΝL H3 + ΝL
30

 Hz + 1L2 - OIHz + 1L3M -

sinHΝ ΠL
2 z + 1

 1 + -
1

2
- Ν

3

2
+ Ν  Hz + 1L +

1

6
 -

1

2
- Ν

1

2
- Ν

3

2
+ Ν

5

2
+ Ν  Hz + 1L2 + OIHz + 1L3M

07.05.06.0017.01

UΝHzL � HΝ + 1L cosHΝ ΠL â
k=0

¥ H-ΝLk HΝ + 2Lk

J 3

2
N
k

k !
 

z + 1

2

k

-
sinHΝ ΠL
2 z + 1

 â
k=0

¥ JΝ + 3

2
N
k

J-Ν - 1

2
N
k

J 1

2
N
k

k !
 

z + 1

2

k �; z + 1

2
< 1
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07.05.06.0018.01

UΝHzL � HΝ + 1L cosHΝ ΠL 2F1 -Ν, Ν + 2;
3

2
;

z + 1

2
-

sinHΝ ΠL
2 z + 1

2F1 Ν +
3

2
, -Ν -

1

2
;

1

2
;

z + 1

2

07.05.06.0066.01

UΝHzL � -
1

1 - z2

 sin Π Ν - 2 HΝ + 1L sin-1
z + 1

2

07.05.06.0067.01

UΝHzL � cos Ν Π - 2 sin-1
z + 1

2
+

z

1 - z2

 sin Ν Π - 2 sin-1
z + 1

2

07.05.06.0068.01

UΝHzL � cosHΠ ΝL cos 2 Ν sin-1
z + 1

2
-

z

1 - z2

 sin 2 Ν sin-1
z + 1

2
+

sinHΠ ΝL sin 2 Ν sin-1
z + 1

2
+

z

1 - z2

 cos 2 Ν sin-1
z + 1

2

07.05.06.0019.02

UΝHzL µ HΝ + 1L cosHΠ ΝL H1 + OHz + 1LL -
sinHΝ ΠL
2 z + 1

H1 + OHz + 1LL
07.05.06.0069.01

UΝHzL � F¥Hz, ΝL �; FmHz, ΝL � HΝ + 1L cosHΝ ΠL â
k=0

m H-ΝLk HΝ + 2Lk

J 3

2
N
k

k !
 

z + 1

2

k

-
sinHΝ ΠL
2 z + 1

â
k=0

m JΝ + 3

2
N
k

J-Ν - 1

2
N
k

J 1

2
N
k

k !
 

z + 1

2

k

�

UΝHzL -
2-m-1 Hz + 1Lm+1 HΝ + 1L cosHΠ ΝL H-ΝLm+1 HΝ + 2Lm+1

Hm + 1L ! J 3

2
N
m+1

3F2 1, m - Ν + 1, m + Ν + 3; m + 2, m +
5

2
;

z + 1

2
+

2-m-
3

2 Hz + 1Lm+
1

2 J-Ν - 1

2
N
m+1

JΝ + 3

2
N
m+1

sinHΠ ΝL
Hm + 1L ! J 1

2
N
m+1

 3F2 1, m - Ν +
1

2
, m + Ν +

5

2
; m +

3

2
, m + 2;

z + 1

2
í m Î N

Summed form of the truncated series expansion.

Special cases

07.05.06.0020.01

UnHzL � Hn + 1L H-1Ln â
k=0

n H-nLk Hn + 2Lk

J 3

2
N
k

k !
 

z + 1

2

k �; n Î N

07.05.06.0021.02

UnHzL µ H1 + nL H-1Ln H1 + OHz + 1LL �; n Î N

Expansions at z � ¥
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For the function itself

Expansions in 1 � z

07.05.06.0070.01

UΝHzL µ 2Ν zΝ 1 +
1 - Ν

4 z2
+

H2 - ΝL H3 - ΝL
32 z4

+ ¼ - 2-Ν-2 z-Ν-2 1 +
3 + Ν

4 z2
+

H4 + ΝL H5 + ΝL
32 z4

+ ¼ �; H z¤ ® ¥L
07.05.06.0071.01

UΝHzL µ 2Ν zΝ 1 +
1 - Ν

4 z2
+

H2 - ΝL H3 - ΝL
32 z4

+ O
1

z6
+

2-Ν-2 I-z2M-
Ν

2
-1

 cos
Π Ν

2
-

z

-z2

 sin
Π Ν

2
1 +

3 + Ν

4 z2
+

H4 + ΝL H5 + ΝL
32 z4

+ O
1

z6

07.05.06.0072.01

UΝHzL � 2Ν zΝ â
k=0

¥ I- Ν

2
M
k

J 1-Ν

2
N
k

H-ΝLk k !
 z-2 k - 2-Ν-2 z-Ν-2 â

k=0

¥ J Ν+3

2
N
k

J Ν+2

2
N
k

HΝ + 2Lk k !
 z-2 k �;  z¤ > 1 ì Ν Ï Z

07.05.06.0073.01

UΝHzL � 2Ν zΝ 2F1 -
Ν

2
,

1 - Ν

2
; -Ν;

1

z2
- 2-Ν-2 z-Ν-2 2F1

Ν + 3

2
,

Ν + 2

2
; Ν + 2;

1

z2
�; z Ï H-1, 0L ì Ν Ï Z

07.05.06.0074.01

UΝHzL �
1

2 z2 - 1

 zΝ z2 + z2 - 1
z2 z2 - 1

z2
+ 1

Ν

-
1

zΝ z2 + z2 - 1

 
z2 z2 - 1

z2
+ 1

-Ν

�;

z Ï H-1, 0L ì Ν Ï Z

07.05.06.0075.01

UnHzL � 2n zn â
k=0

f n

2
v J 1-n

2
N
k

I- n

2
M
k

z-2 k

k ! H-nLk

�; n Î N+

07.05.06.0076.01

UnHzL � 2n zn
2F1 -

n

2
,

1 - n

2
; -n;

1

z2
�; n Î N+

07.05.06.0025.02

UΝHzL µ -2-Ν-2 z-Ν-2 1 + O
1

z
+ 2Ν zΝ 1 + O

1

z
�; Ν Ï Z

07.05.06.0027.02

UnHzL µ 2n zn 1 + O
1

z
�; n Î N
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07.05.06.0077.01

UΝHzL � F¥Hz, ΝL �; FmHz, ΝL � 2Ν zΝ â
k=0

m I- Ν

2
M
k

J 1-Ν

2
N
k

H-ΝLk k !
 z-2 k - 2-Ν-2 z-Ν-2 â

k=0

m J Ν+3

2
N
k

J Ν+2

2
N
k

HΝ + 2Lk k !
 z-2 k �

UΝHzL +
2-2 m-Ν-4 z-2 m-Ν-4 GH2 m + Ν + 4L

GHm + 2L GHm + Ν + 3L 3F2 1, m +
Ν

2
+ 2, m +

Ν

2
+

5

2
; m + 2, m + Ν + 3;

1

z2
-

2-2 m+Ν-2 z-2 m+Ν-2 GH2 m - Ν + 2L
GHm + 2L GHm - Ν + 1L  3F2 1, m -

Ν

2
+ 1, m -

Ν

2
+

3

2
; m + 2, m - Ν + 1;

1

z2
í m Î N í Ν Ï Z

Summed form of the truncated series expansion.

Expansions in 1 � H1 - zL
07.05.06.0022.02

UΝHzL µ 2-Ν-2 Hz - 1L-Ν-2 1 +
Ν + 2

1 - z
+

HΝ + 3L H2 Ν + 5L
4 H1 - zL2

+ ¼ + 2Ν Hz - 1LΝ 1 -
Ν

1 - z
+

H1 - ΝL H1 - 2 ΝL
4 H1 - zL2

+ ¼ �;
H z¤ ® ¥L ì 2 Ν Ï Z

07.05.06.0078.01

UΝHzL µ 2-Ν-2 Hz - 1L-Ν-2 1 +
Ν + 2

1 - z
+

HΝ + 3L H2 Ν + 5L
4 H1 - zL2

+ O
1

z3
+ 2Ν Hz - 1LΝ 1 -

Ν

1 - z
+

H1 - ΝL H1 - 2 ΝL
4 H1 - zL2

+ O
1

z3
�; 2 Ν Ï Z

07.05.06.0023.02

UΝHzL � 2Ν Hz - 1LΝ â
k=0

¥ H-ΝLk J-Ν - 1

2
N
k

H-2 Ν - 1Lk k !

2

1 - z

k

- 2-Ν-2 Hz - 1L-Ν-2 â
k=0

¥ HΝ + 2Lk JΝ + 3

2
N
k

H2 Ν + 3Lk k !
 

2

1 - z

k �; 1 - z

2
> 1 í 2 Ν Ï Z

07.05.06.0024.01

UΝHzL � 2Ν Hz - 1LΝ
2F1 -Ν, -Ν -

1

2
; -2 Ν - 1;

2

1 - z
- 2-Ν-2 Hz - 1L-Ν-2

2F1 Ν + 2, Ν +
3

2
; 2 Ν + 3;

2

1 - z
�;

z Ï H-1, 1L ì 2 Ν Ï Z

07.05.06.0079.01

UΝHzL �
2-Ν-2 1 - z Hz - 1LΝ

-z - 1

z + 1

z - 1
+ 1

2 Ν+2

-
2Ν 1 - z Hz - 1L-Ν-2

-z - 1
 

z + 1

z - 1
+ 1

-2 Ν-2

�; z Ï H-1, 1L
07.05.06.0026.01

UnHzL � 2n Hz - 1Ln â
k=0

n H-nLk J-n - 1

2
N
k

k ! H-2 n - 1Lk

 
2

1 - z

k �; n Î N

07.05.06.0080.01

TnHzL � 2n-1 Hz - 1Ln
2F1 -n,

1

2
- n; 1 - 2 n;

2

1 - z
�; n Î N

07.05.06.0028.01

UΝHzL � 2Ν Hz - 1LΝ â
k=0

Ν+
1

2 J-Ν - 1

2
N
k

H-ΝLk

k ! H-2 Ν - 1Lk

 
2

1 - z

k

- 2-Ν-1 Hz - 1L-Ν-2
2F1 Ν + 2, Ν +

3

2
; 2 Ν + 3;

2

1 - z
�; Ν +

1

2
Î N
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07.05.06.0030.01

UΝHzL � 2Ν+1 Hz - 1LΝ
2F1 -Ν, -Ν -

1

2
; -2 Ν - 1;

2

1 - z
- 2-Ν-2 Hz - 1L-Ν-2 â

k=0

-Ν-
3

2 JΝ + 3

2
N
k

HΝ + 2Lk

k ! H2 Ν + 3Lk

 
2

1 - z

k �; -Ν -
3

2
Î N

07.05.06.0081.01

UΝHzL � F¥Hz, ΝL �;
FmHz, ΝL � 2Ν Hz - 1LΝ â

k=0

m H-ΝLk J-Ν - 1

2
N
k

H-2 Ν - 1Lk k !
 

2

1 - z

k

- 2-Ν-2 Hz - 1L-Ν-2 â
k=0

m HΝ + 2Lk JΝ + 3

2
N
k

H2 Ν + 3Lk k !
 

2

1 - z

k

� UΝHzL +

2m+Ν+1 H-1Lm J-Ν - 1

2
N
m+1

H-ΝLm+1 Hz - 1L-m+Ν-1

Hm + 1L ! H-2 Ν - 1Lm+1

 3F2 1, m - Ν +
1

2
, m - Ν + 1; m + 2, m - 2 Ν;

2

1 - z
-

2m-Ν-1 H-1Lm JΝ + 3

2
N
m+1

HΝ + 2Lm+1 Hz - 1L-m-Ν-3

Hm + 1L ! H2 Ν + 3Lm+1

 

3F2 1, m + Ν +
5

2
, m + Ν + 3; m + 2, m + 2 Ν + 4;

2

1 - z
í m Î N í Ø 2 Ν Î Z

Summed form of the truncated series expansion.

Generic formulas for main term

07.05.06.0082.01

UΝHzL µ

2Ν zΝ ReHΝL > -1

-2-Ν-2 z-Ν-2 ReHΝL < -1

2Ν zΝ - 2-Ν-2 z-Ν-2 True

�; H z¤ ® ¥L

Asymptotic series expansions

Expansions at Ν � ¥

07.05.06.0083.01

UΝHzL µ

1

2
- ä z

2 1-z2
ãä Ν cos-1HzL -Π < argIHΝ + 1L cos-1HzLM < 0

ä z

2 1-z2
+ 1

2
ã-ä Ν cos-1HzL 0 < argIHΝ + 1L cos-1HzLM < Π

sinIHΝ+1L cos-1HzLM
1-z2

True

�; H Ν¤ ® ¥L

Other series representations

07.05.06.0032.01

UnHzL � â
k=0

f n+1

2
v

n + 1

2 k
zn-2 k Iz2 - 1Mk-1

z2 +
2 k

n + 1
- 1 �; n Î N
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Integral representations

On the real axis

Of the direct function

07.05.07.0001.01

UΝHzL �
Ν + 1

2
 à

0

Π

z + z2 - 1 cosHtL Ν

sinHtL â t �; z Ï H-¥, -1L
Integral representations of negative integer order

Rodrigues-type formula.

07.05.07.0002.01

UnHzL �
H-1Ln Π Hn + 1L

2n+1 GJn + 3

2
N 1 - z2

 
¶n I1 - z2Mn+

1

2

¶zn
�; n Î N

Generating functions
07.05.11.0001.01

UnHzL � @tn D 
1

t2 - 2 t z + 1
�; n Î N ß -1 < z < 1

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

With respect to Ν

07.05.13.0005.01

w¢¢HΝL + cos-1HzL2
 wHΝL � 0 �; wHΝL � UΝHzL í wH0L � 1 í w¢H0L �

z cos-1HzL
1 - z2

07.05.13.0006.01

w¢¢HΝL + cos-1HzL2
 wHΝL � 0 �; wHΝL � c1 UΝHzL + c2 TΝHzL

07.05.13.0007.01

WΝHTΝHzL, UΝHzLL � -
z cos-1HzL

1 - z2

07.05.13.0008.01

w¢¢HΝL -
g¢¢HΝL
g¢HΝL  w¢HΝL + cos-1HzL2

g¢HΝL2 wHΝL � 0 �; wHΝL � c1 UgHΝLHzL + c2 TgHΝLHzL
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07.05.13.0009.01

WΝIUgHΝLHzL, TgHΝLHzLM � -
z cos-1HzL g¢HΝL

1 - z2

07.05.13.0010.01

w¢¢HΝL + -
2 h¢HΝL
hHΝL -

g¢¢HΝL
g¢HΝL w¢HΝL + cos-1HzL2

g¢HΝL2 +
h¢HΝL g¢¢HΝL
hHΝL g¢HΝL +

2 h¢HΝL2 - hHΝL h¢¢HΝL
hHΝL2

wHΝL � 0 �;
wHΝL � c1 hHΝL UgHΝLHzL + c2 hHΝL TgHΝLHzL

07.05.13.0011.01

WΝIhHΝL UgHΝLHzL, hHΝL TgHΝLHzLM � -
z cos-1HzL hHΝL2 g¢HΝL

1 - z2

07.05.13.0012.01

Ν2 w¢¢HΝL - Hr + 2 s - 1L Ν w¢HΝL + Ja2 r2 cos-1HzL2
Ν2 r + s Hr + sLN wHΝL � 0 �; wHΝL � c1 Νs Ua Νr HzL + c2 Νs Ta Νr HzL

07.05.13.0013.01

WΝIΝs Ua Νr HzL, Νs Ta Νr HzLM � -
a r z Νr+2 s-1 cos-1HzL

1 - z2

07.05.13.0014.01

w¢¢HΝL - HlogHrL + 2 logHsLL w¢HΝL + Ja2 cos-1HzL2
log2HrL r2 Ν + logHsL HlogHrL + logHsLLN wHΝL � 0 �;

wHΝL � c1 sΝ Ua rΝ HzL + c2 sΝ Ta rΝ HzL
07.05.13.0015.01

WΝIsΝ Ua rΝ HzL, sΝ Ta rΝ HzLM � -
a rΝ s2 Ν z cos-1HzL logHrL

1 - z2

With respect to z

07.05.13.0001.01

I1 - z2M w¢¢HzL - 3 z w¢HzL + HΝ + 2L Ν wHzL � 0 �; wHzL � c1 UΝHzL + c2 
cosIHΝ + 1L cos-1HzLM

1 - z2

07.05.13.0002.01

Wz UΝHzL, cosIHΝ + 1L cos-1HzLM
1 - z2

�
Ν + 1

I1 - z2M3�2

07.05.13.0003.01

I1 - z2M w¢¢HzL - 3 z w¢HzL + HΝ + 2L Ν wHzL � 0 �; wHzL � c1 UΝHzL + c2 
coshIHΝ + 1L cosh-1HzLM

1 - z2
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07.05.13.0004.01

Wz UΝHzL, coshIHΝ + 1L cosh-1HzLM
1 - z2

�

Ν + 1

Hz - 1L2 Hz + 1L3�2 I 1 - z cosIHΝ + 1L cos-1HzLM coshIHΝ + 1L cosh-1HzLM - z - 1  sinIHΝ + 1L cos-1HzLM sinhIHΝ + 1L cosh-1HzLMN
07.05.13.0016.01

I1 - z2M w¢¢HzL - 3 z w¢HzL + HΝ + 2L Ν wHzL � 0 �; wHzL � c1 UΝHzL + c2 
1

1 - z2

 TΝ+1HzL
07.05.13.0017.01

Wz UΝHzL, 1

1 - z2

 TΝ+1HzL �
Ν + 1

I1 - z2M3�2

07.05.13.0018.01

w¢¢HzL -
3 gHzL g¢HzL
1 - gHzL2

+
g¢¢HzL
g¢HzL w¢HzL +

Ν HΝ + 2L g¢HzL2

1 - gHzL2
 wHzL � 0 �; wHzL � c1 UΝHgHzLL + c2 

1

1 - gHzL2

 TΝ+1HgHzLL
07.05.13.0019.01

Wz UΝHgHzLL, 1

1 - gHzL2

 TΝ+1HgHzLL �
HΝ + 1L g¢HzL

I1 - gHzL2M3�2

07.05.13.0020.01

w¢¢HzL -
3 gHzL g¢HzL
1 - gHzL2

+
2 hHzL h¢HzL

hHzL2
+

g¢¢HzL
g¢HzL w¢HzL +

Ν HΝ + 2L g¢HzL2

1 - gHzL2
+

2 h¢HzL2

hHzL2
+

h¢HzL
hHzL  

3 gHzL g¢HzL
1 - gHzL2

+
g¢¢HzL
g¢HzL -

h¢¢HzL
hHzL wHzL �

0 �; wHzL � c1 hHzL UΝHgHzLL + c2 hHzL 1

1 - gHzL2

 TΝ+1HgHzLL
07.05.13.0021.01

Wz hHzL UΝHgHzLL, hHzL
1 - gHzL2

 TΝ+1HgHzLL �
HΝ + 1L hHzL2 g¢HzL

I1 - gHzL2M3�2

07.05.13.0022.01

z2Ia2 z2 r - 1M w¢¢HzL + Ia2 H2 r - 2 s + 1L z2 r + r + 2 s - 1M z w¢HzL + Ia2 z2 r Hs + r ΝL Hs - r HΝ + 2LL - s Hr + sLM wHzL � 0 �;
wHzL � c1 zs UΝHa zrL + c2 

zs

1 - a2 z2 r

 TΝ+1Ha zrL
07.05.13.0023.01

Wz zs UΝHa zrL, zs

1 - a2 z2 r

 TΝ+1Ha zrL �
a r zr+2 s-1 HΝ + 1L

I1 - a2 z2 rM3�2
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07.05.13.0024.01Ia2 r2 z - 1M w¢¢HzL + I2 a2 HlogHrL - logHsLL r2 z + logHrL + 2 logHsLM w¢HzL +

I-a2 HHΝ + 2L logHrL - logHsLL HΝ logHrL + logHsLL r2 z - logHsL HlogHrL + logHsLLM wHzL � 0 �;
wHzL � c1 sz UΝHa rzL + c2 

sz

1 - a2 r2 z

 TΝ+1Ha rzL
07.05.13.0025.01

Wz sz UΝHa rzL, sz

1 - a2 r2 z

 TΝ+1Ha rzL �
a rz s2 z HΝ + 1L logHrL

I1 - a2 r2 zM3�2

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

07.05.16.0001.01

U-Ν-2HzL � -UΝHzL
07.05.16.0002.01

UnH-zL � H-1Ln UnHzL �; n Î N

Multiple arguments

07.05.16.0003.01

U2 Ν

z + 1

2
� UΝ-1HzL + UΝHzL

07.05.16.0004.01

U2 nHzL � H-1Ln IUnI1 - 2 z2M - Un-1I1 - 2 z2MM �; n Î Z

Identities

Recurrence identities

Consecutive neighbors

07.05.17.0001.01

UΝHzL � 2 z UΝ+1HzL - UΝ+2HzL
07.05.17.0002.01

UΝHzL � 2 z UΝ-1HzL - UΝ-2HzL
Distant neighbors

07.05.17.0008.01

UΝHzL � CmHΝ, zL UΝ+mHzL - Cm-1HΝ, zL UΝ+m+1HzL �;
C0HΝ, zL � 1 ì C1HΝ, zL � 2 z ì CmHΝ, zL � 2 z Cm-1HΝ, zL - Cm-2HΝ, zL ì m Î N+
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07.05.17.0009.01

UΝHzL � CmHΝ, zL UΝ-mHzL - Cm-1HΝ, zL UΝ-m-1HzL �;
C0HΝ, zL � 1 ì C1HΝ, zL � 2 z ì CmHΝ, zL � 2 z Cm-1HΝ, zL - Cm-2HΝ, zL ì m Î N+

07.05.17.0003.01

UΝHzL � 2 H-1L2 f m

2
v zm-2 f m

2
v Iz2M 1-m

2
+f m

2
v
U m-1

2

I2 z2 - 1M UΝ+mHzL - 2 z1-m+2 f m

2
v Iz2Mf m+1

2
v-

m

2 U m

2
-1

I2 z2 - 1M UΝ+m+1HzL �; m Î N+

07.05.17.0004.01

UΝHzL � 2 H-1L2 f m

2
v zm-2 f m

2
v Iz2M 1-m

2
+f m

2
v
U m-1

2

I2 z2 - 1M UΝ-mHzL - 2 z1-m+2 f m

2
v Iz2Mf m+1

2
v-

m

2 U m

2
-1

I2 z2 - 1M UΝ-m-1HzL �; m Î N+

Functional identities

Relations between contiguous functions

Recurrence relations

07.05.17.0005.01

UΝ-1HzL + UΝ+1HzL � 2 z UΝHzL
07.05.17.0006.01

UΝHzL �
1

2 z
 HUΝ-1HzL + UΝ+1HzLL

Normalized recurrence relation

07.05.17.0007.01

z pHΝ, zL �
1

4
pHΝ - 1, zL + pHΝ + 1, zL �; pHΝ, zL � 2-Ν UΝHzL

Complex characteristics

Real part

07.05.19.0001.01

ReHUnHx + ä yLL � â
j=0

f n

2
v H-1L j 22 j Cn-2 j

2 j+1HxL y2 j �; x Î R ì y Î R ì n Î N

Imaginary part

07.05.19.0002.01

ImHUnHx + ä yLL � â
j=0

f n-1

2
v H-1L j 22 j+1 C-2 j+n-1

2 j+2 HxL y2 j+1 �; x Î R ì y Î R ì n Î N

Differentiation

Low-order differentiation
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With respect to Ν

07.05.20.0001.01

¶UΝHzL
¶Ν

�
cos-1HzL

1 - z2

 TΝ+1HzL
07.05.20.0002.01

¶2 UΝHzL
¶Ν2

� -cos-1HzL2
UΝHzL

With respect to z

Forward shift operator:

07.05.20.0003.01

¶UΝHzL
¶z

�
HΝ + 1L TΝ+1HzL - z UΝHzL

z2 - 1

07.05.20.0004.01

¶2 UΝHzL
¶z2

�
Iz2 IΝ2 + 2 Ν + 3M - Ν HΝ + 2LM UΝHzL - 3 z HΝ + 1L TΝ+1HzL

Iz2 - 1M2

Backward shift operator:

07.05.20.0005.01

I1 - z2M ¶UΝHzL
¶z

- z UΝHzL � -HΝ + 1L TΝ+1HzL
07.05.20.0006.01

¶ 1 - z2 UΝHzL
¶z

� -HΝ + 1L I1 - z2M-
1

2 TΝ+1HzL
Symbolic differentiation 

With respect to Ν

07.05.20.0007.02

¶m UΝHzL
¶Νm

�
1

1 - z2

 cos-1HzLm
sin

Π m

2
+ HΝ + 1L cos-1HzL �; m Î N

07.05.20.0008.02

¶m UΝHzL
¶Νm

�
äm cos-1HzLm

1 - z2

1 - z2 UΝHzL H1 - m mod 2L - ä TΝ+1HzL Hm mod 2L �; m Î N

With respect to z

07.05.20.0009.02

¶m UΝHzL
¶zm

� 2m m! CΝ-m
m+1HzL �; m Î N
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07.05.20.0010.02

¶m UΝHzL
¶zm

�
Π

2
HΝ + 1L Hz - 1L-m

3F
�

2 1, -Ν, Ν + 2;
3

2
, 1 - m;

1 - z

2
�; m Î N

07.05.20.0013.01

¶m UnHzL
¶zm

� 2m m! â
i1=0

n-m

¼ â
im+1=0

n-m

∆Új=1
m+1i j ,n-m ä

j=1

m+1

Ui j
HzL �; m Î N ß n Î N

Fractional integro-differentiation

With respect to Ν

07.05.20.0011.01

¶Α UΝHzL
¶ΝΑ

�

-
ä ã-ä HΝ+1L cos-1HzL Ν-Α

2 1 - z2

 JI-ä Ν cos-1HzLMΑ
 IQI-Α, -ä Ν cos-1HzLM - 1M + ã2 ä HΝ+1L cos-1HzL Iä Ν cos-1HzLMΑ I1 - QI-Α, ä Ν cos-1HzLMMN

With respect to z

07.05.20.0012.01

¶Α UΝHzL
¶zΑ

�
Π

2
HΝ + 1L z-Α F

�
1 ´ 1 ´ 0
2 ´ 1 ´ 0 -Ν, Ν + 2; 1; ;

3

2
; 1 - Α; ;

-
z

2
,

1

2

Integration

Indefinite integration

Involving only one direct function

07.05.21.0001.01

à UΝHa zL â z �
1

aHΝ + 1L  TΝ+1Ha zL
07.05.21.0002.01

à UΝHzL â z �
1

Ν + 1
 TΝ+1HzL

Involving one direct function and elementary functions

Involving power function

07.05.21.0003.01

à zΑ-1 UΝHzL â z �
1

H2 - Α + ΝL HΑ + ΝL  2-Α zΑ z z + ä 1 - z2
-Α

TΝHzL - ä 1 - z2 UΝ-1HzL H2 - Α + ΝL 2F1 -
Α + Ν

2
, 1 - Α; 1 -

Α + Ν

2
; -2 z2 - 2 ä 1 - z2 z + 1 +

HΑ + ΝL T2 Ν+2HzL + ä 1 - z2 U2 Ν+1HzL 2F1

Ν - Α

2
+ 1, 1 - Α;

Ν - Α

2
+ 2; -2 z2 - 2 ä 1 - z2 z + 1
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Involving algebraic functions

07.05.21.0004.01

à I1 - z2M 1

2
H-Ν-3L

UΝHzL â z �
I1 - z2M 1

2
H-Ν-1L

Ν + 2
 UΝ+1HzL

07.05.21.0005.01

à I1 - z2M Ν-1

2 UΝHzL â z � -
I1 - z2M Ν+1

2

Ν
 UΝ-1HzL

Involving only one direct function with respect to Ν

07.05.21.0006.01

à UΝHzL â Ν � -
z TΝHzL + Iz2 - 1M UΝ-1HzL

1 - z2 cos-1HzL
Involving one direct function and elementary functions with respect  to Ν

Involving power function

07.05.21.0007.01

à ΝΑ-1 UΝHzL â Ν � -
ΝΑ

2 1 - z2

 J-Ν2 IImIcos-1HzLM - ä ReIcos-1HzLMM2N-Α
 

1 - z2 - ä z GIΑ, Ν IImIcos-1HzLM - ä ReIcos-1HzLMMM I-Ν IImIcos-1HzLM - ä ReIcos-1HzLMMMΑ
+

1 - z2 + ä z GIΑ, -Ν IImIcos-1HzLM - ä ReIcos-1HzLMMM IΝ IImIcos-1HzLM - ä ReIcos-1HzLMMMΑ

Definite integration

Involving the direct function

07.05.21.0008.01

P à
-1

1 1 - t2 UnHtL
t - x

 â t � -Π Tn+1HxL �; n Î N ß -1 < x < 1

Orthogonality:

07.05.21.0009.01

à
-1

1

1 - t2 UmHtL UnHtL â t �
Π

2
∆m,n �; m Î N ß n Î N

Summation

Infinite summation
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07.05.23.0001.01

â
n=0

¥

UnHzL wn �
1

w2 - 2 z w + 1
�; -1 < z < 1 ß  w¤ < 1

07.05.23.0002.01

â
n=0

¥ J 3

2
N
n

Hn + 1L !
 UnHzL wn �

2

w2 - 2 w z + 1  1 + w2 - 2 w z + 1 - z w

�; -1 < z < 1 ß  w¤ < 1

07.05.23.0003.01

â
n=0

¥ UnHzL wn

J 3

2
N
n

Hn + 1L !
�

sinhI 2 w Hz - 1L N sinhI 2 w Hz + 1L N
2 w Hz - 1L w Hz + 1L �; -1 < z < 1 ß  w¤ < 1

07.05.23.0004.01

â
n=0

¥ UnHzL wn

Hn + 1L !
� ãw z

0F1 ;
3

2
;

1

4
Iz2 - 1M w2 �; -1 < z < 1 ß  w¤ < 1

07.05.23.0005.01

â
n=0

¥ HΓLn H2 - ΓLn UnHzL wn

J 3

2
N
n

Hn + 1L !
� 2F1 Γ, 2 - Γ;

3

2
;

1

2
1 - w2 - 2 z w + 1 - w 2F1 Γ, 2 - Γ;

3

2
;

1

2
1 - w2 - 2 z w + 1 + w �;

-1 < z < 1 ß  w¤ < 1

07.05.23.0006.01

â
n=0

¥ HΓLn

Hn + 1L !
 UnHzL wn � H1 - w zL-Γ

2F1

Γ

2
,

Γ + 1

2
;

3

2
;

Iz2 - 1M w2

H1 - w zL2
�; -1 < z < 1 ß  w¤ < 1

07.05.23.0007.01

â
n=0

¥

UnHxL UnHyL �
Π

2
 

1

1 - x24

1

1 - x24

∆Hx - yL �; -1 < x < 1 ì -1 < y < 1

Operations

Orthogonality, completeness, and Fourier expansions

The set of functions UnHxL, n = 0, 1, ¼,  forms a complete, orthogonal (with weight 2
Π

 1 - x2 ) system on the

interval H-1, 1L. 
07.05.25.0001.01

â
n=0

¥ 2

Π
1 - x24

 UnHxL 2

Π
1 - y24

 UnHyL � ∆Hx - yL �; -1 < x < 1 ì -1 < y < 1

07.05.25.0002.01

à
-1

1 2

Π
1 - t24

UmHtL 2

Π
1 - t24

UnHtL  â t � ∆m,n
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Any sufficiently smooth function f HxL can be expanded in the system 8UnHxL<n=0,1,¼ as a generalized Fourier series, with its

sum converging to f HxL almost everywhere.

07.05.25.0003.01

f HxL � â
n=0

¥

cn ΨnHxL �; cn � à
-1

1

ΨnHtL f HtL â t í ΨnHxL �
2

Π
1 - x24

UnHxL í -1 < x < 1

Representations through more general functions

Through hypergeometric functions

Involving 2F1

07.05.26.0001.01

UΝHzL � HΝ + 1L 2F1 -Ν, Ν + 2;
3

2
;

1 - z

2

07.05.26.0002.01

UΝHzL � HΝ + 1L cosHΝ ΠL 2F1 -Ν, Ν + 2;
3

2
;

z + 1

2
-

sinHΝ ΠL
2 z + 1

 2F1 Ν +
3

2
, -Ν -

1

2
;

1

2
;

z + 1

2

07.05.26.0003.01

UΝHzL � 2Ν Hz - 1LΝ
2F1 -Ν, -Ν -

1

2
; -2 Ν - 1;

2

1 - z
- 2-Ν-2 Hz - 1L-Ν-2

2F1 Ν + 2, Ν +
3

2
; 2 Ν + 3;

2

1 - z
�;

z Ï H-1, 1L ì 2 Ν Ï Z

Through hypergeometric functions of two variables

07.05.26.0004.01

UΝHzL � HΝ + 1L F1 ´ 0 ´ 0
2 ´ 0 ´ 0

-Ν, Ν + 2;;;
3

2
;;;

 
1

2
, -

z

2

Through Meijer G

Classical cases for the direct function itself

07.05.26.0005.01

UΝ HzL � -
sin HΠ ΝL
2 Π

G2,2
1,2

z - 1

2

Ν + 1, -Ν - 1

0, - 1

2

�; Ν Ï Z

07.05.26.0006.01

UΝ HzL � -
1

2 Π
 lim
m®Ν

sin HΠ mL G2,2
1,2

z - 1

2

m + 1, -m - 1

0, - 1

2

�; Ν Î Z

07.05.26.0007.01

UΝ H2 z + 1L � -
sin HΠ ΝL
2 Π

G2,2
1,2 z

Ν + 1, -Ν - 1

0, - 1

2

�; Ν Ï Z

Classical cases involving algebraic functions
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07.05.26.0008.01

Hz + 1L-Ν-2 UΝ 
1 - z

1 + z
�

22 Ν

G H2 Ν + 2L  G2,2
1,2 z

-Ν - 1, -Ν - 1

2

0, - 1

2

�; z Ï H-¥, -1L
07.05.26.0009.01

Hz + 1L-Ν-2 UΝ 
z - 1

z + 1
�

4Ν

G H2 Ν + 2L G2,2
2,1 z

-Ν - 1, -Ν - 1

2

- 1

2
, 0

�; z Ï H-1, 0L
07.05.26.0010.01

Hz + 1L-
Ν

2
-1 UΝ 

1

z + 1
�

2Ν

G HΝ + 1L G2,2
1,2 z

- Ν

2
, - Ν+1

2

0, - 1

2

07.05.26.0011.01

Hz + 1L-
Ν

2
-1 UΝ 

z

z + 1
�

2Ν

G HΝ + 1L  G2,2
2,1 z

- Ν

2
, 1-Ν

2

0, 1

2

�; z Ï H-1, 0L
07.05.26.0012.01

Hz + 1L-
Ν

2
-1 UΝ 

z + 2

2 z + 1
�

1

G HΝ + 1L  G2,2
1,2 z

0, -Ν - 1

0, -1

07.05.26.0013.01

Hz + 1L-
Ν

2
-1 UΝ 

2 z + 1

2 z z + 1
� G2,2

2,1 z
- Ν

2
, 1 - Ν

2

- Ν

2
, Ν

2
+ 1

�; z Ï H-1, 0L
07.05.26.0014.01

Hz + 1L-Ν-2 Hz + 2L UΝ 
z2 + 2 z + 2

2 Hz + 1L �
1

G H2 Ν + 2L  G2,2
1,2 z

0, -2 Ν - 2

0, -1
�; z Ï H-¥, -1L

07.05.26.0015.01

H2 z + 1L Hz + 1L-Ν-2 UΝ 
2 z2 + 2 z + 1

2 z Hz + 1L �
1

G H2 Ν + 2L  G2,2
2,1 z

-Ν, 1 - Ν

-Ν, Ν + 2
�; z Ï H-1, 0L

Classical cases involving unit step Θ

07.05.26.0016.01

1 - z ΘH1 -  z¤L UΝ H2 z - 1L �
Π HΝ + 1L

2
G2,2

2,0 z
-Ν - 1

2
, Ν + 3

2

- 1

2
, 0

�; z Ï H-1, 0L
07.05.26.0017.01

z - 1 ΘH z¤ - 1L UΝ H2 z - 1L �
1

2
Π HΝ + 1L G2,2

0,2 z
-Ν - 1

2
, Ν + 3

2

- 1

2
, 0

07.05.26.0018.01

1 - z ΘH1 -  z¤L UΝ 
2

z
- 1 �

1

2
Π HΝ + 1L G2,2

2,0 z
3

2
, 2

-Ν, Ν + 2

07.05.26.0019.01

z - 1 ΘH z¤ - 1L UΝ 
2

z
- 1 �

1

2
Π HΝ + 1L G2,2

0,2 z
3

2
, 2

-Ν, Ν + 2
�; z Ï H-¥, -1L
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07.05.26.0020.01

I1 - z2M ΘH1 -  z¤L UΝ 
z2 + 1

2 z
� 2 HΝ + 1L G2,2

2,0 z
1 - Ν, Ν + 3

-Ν, Ν + 2

07.05.26.0021.01

Iz2 - 1M ΘH z¤ - 1L UΝ 
z2 + 1

2 z
� 2 HΝ + 1L G2,2

0,2 z
1 - Ν, Ν + 3

-Ν, Ν + 2

07.05.26.0022.01

z - 1 H2 z - 1L ΘH z¤ - 1L UΝ I8 z2 - 8 z + 1M �
1

2
Π HΝ + 1L G2,2

0,2 z
-2 Ν - 3

2
, 2 Ν + 5

2

- 1

2
, 0

�; Re HzL > 0

07.05.26.0023.01

1 - z H2 - zL ΘH1 -  z¤L UΝ 
8

z2
-

8

z
+ 1 �

1

2
Π HΝ + 1L G2,2

2,0 z
5

2
, 3

-2 Ν, 2 HΝ + 2L �; Re HzL > 0

Generalized cases involving algebraic functions

07.05.26.0024.01

Iz2 + 1M-
Ν

2
-1

UΝ 
z

z2 + 1

�
2Ν

G HΝ + 1L  G2,2
2,1 z,

1

2

- Ν

2
, 1-Ν

2

0, 1

2

�; Re HzL > 0

07.05.26.0025.01

Iz2 + 1M-
Ν

2
-1

UΝ 
2 z2 + 1

2 z z2 + 1

�
1

G HΝ + 1L  G2,2
2,1 z,

1

2

- Ν

2
, 1 - Ν

2

- Ν

2
, Ν

2
+ 1

�; Re HzL > 0

Generalized cases involving unit step Θ

07.05.26.0026.01

1 - z2 ΘH1 -  z¤L UΝ HzL �
1

2
Π HΝ + 1L G2,2

2,0 z,
1

2

Ν+3

2
, 1-Ν

2

0, 1

2

�; Ν Ï Z

07.05.26.0027.01

z2 - 1 ΘH z¤ - 1L UΝ HzL �
1

2
Π HΝ + 1L z2 G2,2

0,2 z,
1

2

- Ν

2
, Ν+2

2

- 1

2
, 0

�; Ν Ï Z

07.05.26.0028.01

1 - z2 ΘH1 -  z¤L UΝ 
1

z
�

1

2
Π HΝ + 1L G2,2

2,0 z,
1

2

1, 3

2

- Ν

2
, Ν+2

2

�; Ν Ï Z

07.05.26.0029.01

z2 - 1 ΘH z¤ - 1L UΝ 
1

z
�

1

2
Π HΝ + 1L z2 G2,2

0,2 z,
1

2

1

2
, 1

- Ν+1

2
, Ν+1

2

�; Ν Ï Z

Through other functions

Involving some hypergeometric-type functions
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07.05.26.0030.01

UΝHzL �
Π

2
 

Ν + 1

z + 1
4

 
1

1 - z
4 P

Ν+
1

2

-
1

2 HzL
07.05.26.0031.01

UΝHzL �
Π

2
 

Ν + 1

z + 1
 

z + 1

z - 1
4 P

Ν+
1

2

-
1

2 HzL
07.05.26.0032.01

UΝHzL �
HΝ + 1L !

J 3

2
N

Ν

 PΝ
J 1

2
,
1

2
NHzL

07.05.26.0033.01

UΝHzL �
HΝ + 1L PΝ

J 1

2
,
1

2
NHzL

PΝ
J 1

2
,
1

2
NH1L

07.05.26.0034.01

UΝHzL � CΝ
1HzL

Involving spheroidal functions

07.05.26.0035.01

UΝHzL � -
2

Π 1 - z24

 QS
Ν+

1

2
,
1

2

H0, zL

Representations through equivalent functions

With related functions

07.05.27.0001.01

UΝHzL �
z TΝ+1HzL - TΝ+2HzL

1 - z2

07.05.27.0002.01

UΝHzL �
1

Ν + 1
 
¶TΝ+1HzL

¶z

07.05.27.0003.01

UΝHzL �
1

2

¶CΝ+1
H0L HzL
¶z

07.05.27.0004.01

UnHxL �
1

Π
 P à

-1

1 Tn+1HtL
1 - t2 Ht - xL  â t �; n Î N+ ì -1 < x < 1

With elementary functions
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07.05.27.0005.01

UΝHzL �
1

2 1 - z2

 ã
ä Π Ν

2 ä z + 1 - z2
-Ν-1

+ ã-
ä Π Ν

2 ä z + 1 - z2
Ν+1

07.05.27.0006.01

UΝHzL �
sinIHΝ + 1L cos-1HzLM

1 - z2

07.05.27.0007.01

UΝHzL �
1

1 - z2

 sin 2 HΝ + 1L sin-1
1 - z

2

Theorems

Expansions in generalized Fourier series

f HxL � â
k=0

¥

ck  ΨkHxL �; ck � à
-1

1

f HtL ΨkHtL â t, ΨkHxL �
2

Π
 I1 - x2M 1

4 UkHxL, k Î N.

One property of a unimodular matrix

If A is a unimodular matrix, then  An � A Un-1I TrHAL
2

M - I Un-2I TrHAL
2

M �; n Î Z+ .

The length of the hypotenuse of the rth Pythagorean triangle

The length of the hypotenuse of the r th Pythagorean triangle with consecutive integer legs is UrH3L - Ur-1H3L.
History

– P. L. Chebyshev (1855, 1859)

http://functions.wolfram.com 29



Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas 

involving the special functions of mathematics. For a key to the notations used here, see 

http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for 

example: 

http://functions.wolfram.com/Constants/E/

To refer to a particular formula, cite functions.wolfram.com followed by the citation number.

e.g.:  http://functions.wolfram.com/01.03.03.0001.01

This document is currently in a preliminary form. If you have comments or suggestions, please email 

comments@functions.wolfram.com.

© 2001-2008, Wolfram Research, Inc.

http://functions.wolfram.com 30


