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Notations

Traditional name

Chebyshev function of the second kind

Traditional notation

U,

Mathematica StandardForm notation

ChebyshevU[v, z]

Primary definition

07.05.02.0001.01
sin((v + 1) cos\(2))

Viz

UY(Z) =

Specific values

Specialized values

For fixed v

07.05.03.0001.01

V8%
U,0 =cof
2

07.05.03.0002.01
U@ =1+v

07.05.03.0003.01
U(-D=(-1"1+v)

For fixed z

07.05.03.0004.01

1
U_l(z) =
2 V2 vz+1
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07.05.03.0005.01

2z+1
Ui = ————
2 V2 Vz+1
07.05.03.0006.01
Up(9 =1
07.05.03.0007.01
Ui(9=2z
07.05.03.0008.01
Uy(9=47-1
07.05.03.0009.01
Ux(2==8Z -4z

07.05.03.0010.01
Us2=167-1272+1
07.05.03.0011.01
Us(2 =322 -327+62
07.05.03.0012.01
Ug(2) =642 -807 +247 -1
07.05.03.0013.01
U/(2)=1287 -1922° + 807 -8z

07.05.03.0014.01
Ug(2) == 256 2 — 4486 + 2407 - 402 + 1

07.05.03.0015.01
Ug(2) ==5122° - 10247 + 67222 - 1607 + 10z

07.05.03.0016.01
Ugp(2) = 1024710 — 2304 2 + 17922 - 5607 + 607 — 1

07.05.03.0017.01
B -D(n-k! @22k

Un(2 = ‘neN
. é ooz "E

07.05.03.0018.01
Un@ = (-0)"Fn1(2i2) /;neN

07.05.03.0019.01
i
Un(—a) =(-)"Fp ineN

07.05.03.0020.01

_1\n

( ) | [ | _1[ ZV+1]]
Up(2) == —— sin[2(n+ 1) sin /ineN

Vi-2 2

General characteristics

Domain and analyticity
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U,(2) is an analytical function of v and z which is defined over €2. For fixed z the function U, (2) is an entire
function of v. For integer v, U, (2) degenerates to a polynomial in z.

07.05.04.0001.01
vx2)—U,(2:: (CRC)—C
Symmetries and periodicities

Parity

07.05.04.0002.01
Un(-2 == (-D)"Un@ /;neN

07.05.04.0003.01
U, 2(2=-U,(2

Mirror symmetry

07.05.04.0004.02
Uy(2=U,(2) /; Z¢ (-0, —1)

Periodicity

No periodicity

Poles and essential singularities
With respect to z
For fixed v /; v ¢ Z, the function U, (2) does not have poles and essential singularities.

07.05.04.0005.01
Sing (U,(2)={} iv& Z

For integer v, the function U,(2) is polynomial and has pole of order v (for v > Q) or —v — 2(forv < -2) at z = .

07.05.04.0006.01
Sing (U,(2) = {{&, v}} /; veN*

07.05.04.0007.01
Sing (Uy(2) = {{&, -v-2}} ; -v-2eN"

With respect to v
For fixed z, the function U,,(2) has only one singular point at v = c. Itisan essentia singular point.
07.05.04.0008.01
Sing (Uy(2)) = {{, oo}}
Branch points
With respect to z

For fixed noninteger v, the function U, (2) has two branch points: z== -1, z== .
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For fixed integer v, the function U, (2) does not have branch points.

07.05.04.0009.01
BP(U(2) ={-1, 0} ;veZ

07.05.04.0010.01
BP,(U,(2)=={} ;veZ

07.05.04.0011.01
RU,(2, -1)=2/,v¢Z

07.05.04.0012.01
RA(U,(2), ) =log/; v ¢ Q

07.05.04.0013.01

.
Ro(U,(2), ) =s/;v=- N\ir,.5ez [\ s>1\ ged(r, 9 =1
S

With respect to v
For fixed z, the function U, (2) does not have branch points.
07.05.04.0014.01

BP,U,(2) = {}

Branch cuts
With respect to z
For fixed noninteger v, the function U, (2) is a single-valued function on the z-plane cut along the interval (—co, —1) where
it is continuous from above.

07.05.04.0015.01
BCAU,(2) ={{(-o0, -1), —i}} ;v ¢ Z

07.05.04.0016.01
BC(Un(2)=1{}/ineZ

07.05.04.0017.01

lim U,(X+ie)=U,(X)/; x< -1

e>+0

07.05.04.0018.01
Iirr}) U,X—ie)=2cos(vm)U,(-x) —U,(X) /; x< -1
€+
With respect to v
For fixed z, the function U, (2) does not have branch cuts.

07.05.04.0019.01
BC,(Uy(2) = {}

Series representations

Generalized power series
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Expansionsat generic point v == vg

For the function itself

07.05.06.0033.01

U, (2 «

1
(si n(cos*(2) (vo + 1)) + cos'(2) cos(cos H(2) (vo + 1)) (v — vp) — 3 cos’l(z)2 sin(cos™(2) (vo + 1) (v — vo)z) +
1-2
w5 (V2 v0)
07.05.06.0034.01
cos(z 1 L2 ,
U@ «Uy @+ —T,, 1@ (v =vo) - 5 cos (2 U,,@(=-vo) +...[; (v > v)
1-7

07.05.06.0035.01

1
U, (2 «

Vi-2
1
(si n(cos™(2) (vo + 1)) + cos *(2) cos(cos™(2) (vo + 1)) (v — vo) — 5 cos iz’ sin(cos () (vo + 1) (v - vo)z) +0((v - vp)®)

07.05.06.0036.01
1 o cosrl(z)k nk

Uy(2) = > sin[— +cos(2) (vo + 1)] v =o)X
[z ie X 2

07.05.06.0037.01

1 © ik cos1(2)
U,(2) = Z ! o @ ( 1-Z U, (@@ -kmod2) —iT, .1(2) (kmod 2)) v =v)¥
1-2 k0 :

07.05.06.0038.01
Tv(D < Ty, (2 (L + O(v - vg))

Expansionsat v==0

For the function itself

07.05.06.0001.02

zcosi(z)  cost(2)?
Uy(2) oc 1+ V- V= i (v=0)

Ji-7 2

07.05.06.0039.01

zcosi(z)  cosi(2)?
U,(2) c 1+ V- V2 - O(v3)

iz

07.05.06.0002.01

1 w (=DKs n(cos‘l(z) - %’r) cos‘l(z)k vk

k!
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07.05.06.0040.01

1 cosrl(z)2 v2| vzcosi(z) 3 cos*l(z)2 V2
+ oF1f; E; S —

Uy(2) = oFl[; E; - 2 2
V1-27

07.05.06.0003.02
U, (2 « 1+ O)
07.05.06.0041.01
1 n (=1 sin(cos‘l(z) - %") cos‘l(z)k VK
U,(2 == F(z, V) /|| Fn(z, v) == =

V1-2 k0 !

e iV cos1(2)

((i z+\V1-2 )F(n +1, —ivecos(2) + £2ive0s@ (\/ 1-72 —i z) rn+1,iv cosl(z)))] /\ ne N]
2nty1-2
Summed form of the truncated series expansion.

Expansions at generic point z== 7,

For the function itself

07.05.06.0042.01

sin(z v) 1\ rq:'))J 1 [ﬂg(ﬂo)J
Uy (2) o< — [ ] (Z+1) 2| 2r T,1(~20) +
1- ZS Zy + 1
arg(z- 1 arg(z—zo) | [ gl
. .’[ Q(ZWZO]J agz-z) ||agZ+1) +x 1 *5[ - J 74 9(2”Zo)j
cos(nv)|2ii 5 5 + 1 (Z+1) U,(-2) -
v/ 4 Zy+
sin(rv) 1 —% rg(;zo)J 1 [arg(z—Zo)J
32 [ + 1] (ZO + 1) 2 2n (ZO Tv+l(_z()) + (V + 1) (28 — 1) UV(_ZO)) +
(1-2)" %
ag|z— 1 an Z*ZO) gz
; { g(Z"ZO)J rrg(z_ ZO)J Pg@“ D+ [ 1 ]_E[TJ ‘§[ dz"ZO)J
cos(nv)|2ii 4 2+ 1)
Z% -1 27T 27{ ZO + 1

((v+ DT 1(-20) + 20U\ (-29)) |(z-2) +... [; (2> Z)
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07.05.06.0043.01

1 '3’9(1’20) 1 | gz
snxy) (1 *5{ o J 75[ g{z;‘))J
U(2) o - (z+1) Ty1(=2) +
1-2 Zp+1
arg(z- 1 arg(z—zo] arg|z-
Hfl (Z”ZO)J ag(z-zy) ||ag(zg+ 1) +n 1 ‘E[ 2r J —5{ (ZKZO)J
cos(mv)|2ii + (zp+1) U, (-2 —
2 2n Zp+1

) _E[HQ(Z_ZO)J 1 arg(z—zo]
sin(zrv) 1 2| " 2x —5[ o J
wlos) T @y T et o n @y uca) +
(1-2%)
arg(z— 1 arg(z—zo arg(z-
“—[ ggnzf’)J rrg(z—zo)Harg(Zo+l)+7r [ 1 )‘5[ 27 J —%[ g(ZKZO)J
cos(rv)|2ii + (z+1)
_ 2n 2n Zp+1
(O + D) Tya(-20) + 20 Uy(=20)) [ (2— ) +O((2— 2)?)
07.05.06.0044.01
sin2nxv)
U,(=——
4\n
3(17 arg|z arg(z—:
© 1 1 *z[%J _g[ s Z°)J _lml % ZO)j agz-2) || @Yz + D) +x
> —|2*Tk-»Tk+v+2) —[—) (Zo+1) " l-2e . 4 H
o K! Zp+1 2n 2n
N 3 7p+1
2F1[k—v,k+v+2;k+—; )—
2 2
arg(z— ) ag(z—
VT e 1 1 ‘%{ g(ZnZOJ 1—3[ 9(2:“)j - 3 . z+1 )
7T SEC(n v) (Z+1) [Zo+1] (Z+1) 2 1[V+5.—V—5.£— T ] (z-2y)
07.05.06.0045.01
arg(z-2) argfz—
sin(zrv) 1 ’%[ 27 J —%l 9(2”20)J
Uy(2) o - [ ] (»+D Ta(-20) +
1-2 Zp+1
arg(z- arg(z—zo] arg(z-
_.fl g(ZKZO)J arg(z—zo)Harg(Zo+l)+n [ 1 )‘%[ 27 J —5[ Q(Z:O)J
cos(mv)|2ii + (zp+1) U,(-z5) +0O(z-27)
2n 2n Zp+1

Expansions on branch cuts

For the function itself
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07.05.06.0046.01

_VW*X)J arg(z-x) ”{MJ sin(z v) M«{WJ
U, (2) o cos(rmv) (21212 2n { > +e 2n ]UV(—X) - e 2n IT,,1(=X) —
Vs
1-x2
cos(r v) ,l@J arg(z— x) ,”{MJ
[21'12 2n { J+e 2n )((v+1) T,11(=X) + XU, (—=x) +
x2—1 2n
sin i 2
Sne e % J(XTV+1(—X)+(XZ D)+ DU(=X) [@Z=-X+.../i 25> N AXeRAX< -1
(1-)"?
07.05.06.0047.01
_{arg(zﬂ()J arg(z_x) ﬂé{qufx)J Sn(ﬂ' V) ”&{QQ(Z—X)J
U,(2) « cos(rv) (Zii 2r { 5 +e L 27 ]Uv(_x) - e L 20 JT, 4(-X) -
T
1-x2
cos(r v) ,l@J arg(z— x) mrgﬂ%J
[Zii 2n { J+e 21 )((v+1) T,e1(=X) + XU, (—X)) +
x2-1 2n
sin | &gz
& em{ 2r J(XTV+1(—X) +(-1) v+ DUy(-x) |z=-0+0(z- %) ; xeRAx< -1
(1-x)%
07.05.06.0048.01
sn@2rv) & 1 i 79 P 3 11 x+1
U,,(Z) = - Zg(ﬁﬂ Wﬂ'\’)f [ 27 J(X+ 1) k 2 2F1(V+ 5, -V - E, E—k, T) +2_k F(k—v)F(k+v+2)
ANrm k=0
k) LT argz- X ) - 3 x+1
[e“{ 2 J+2M3 2 { 2 w g(2 )J]ZFl(k—V,k+V+2;k+£; T)](Z—X)k/;XE[R/\X<—1
T
07.05.06.0049.01
el e SN@Y) i 27
UV(Z)occos(nv)(Ziu' 2x { > +e 2x ]UV(—x) - e 2t T, 1(=X)+0(z-Xx) /; xeRAx< -1
Ve
1-x2

Expansionsat z==0

For the function itself

General case

07.05.06.0004.02
V8% v v
U,(2) cos(?) +v+ l)sin(?) Z-v(v+2) cos(?) Z+..[,(z>0)

07.05.06.0050.01
U,(2 « co{%) +(v+D sin(%) Z-v(v+2) cos(%) Z +0(2)

07.05.06.0005.01
o @ (=) (V+2)j i (-2)!

UL@=0+D) >

j=0 k=0 (g)Hk jrk! 2k

f1d<1
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07.05.06.0006.01
Vr =V (v + 2 (-2
U@ = — (v+ 1)22 <1
parey or(k+ ) (k= )1 2¢

07.05.06.0007.01
-V, v+25 1 z

2x0%0)
U@ =+DF 5.0 3... P e
30 2 2

07.05.06.0051.01

b 8% “(_%)k(£+1)k © 72~
Uy(z)::cos(?)gng2 +z(v+1)sm( )kzc; (E)k. Z2k/|z|<1

07.05.06.0052.01

2% vy v 1 1-v v+3 3
U,(2 == cos(—)zFl(——, —+1; = 22) +z(v+ 1)sm( ]zFl( 22)
2 22 2 2 2 2

(52), (22

I\J

07.05.06.0053.01
cos(— —(v+1sin (z))

Vi-2

07.05.06.0054.01

Uy,(@ =

U,(2) == cos(v cos (2)) +

sin(v cos %(2))
1-7

07.05.06.0055.01

(cos(g) cog(v+ D sin () + sin(ﬂ?v) sin((v+1) sin’l(z)))

UV(Z) ==
V1-2

07.05.06.0056.01

4
U,(2) == 005(5 (-2 sin"l(z))) +

N )
SIH(E (r—2sin (z)))
1-7
07.05.06.0008.02

V0%
U, (2) CO{?) 1+ 0(2)

07.05.06.0057.01

m (-2) m
U, (2 ==F(z,v) /;|| Fm(z, v) = cos(ﬂz—v)kz 2k 2 ki zZ(v+ 1)SI’{ )Z ==

- (%)k k! k=0 (_)k

2™2cos(T) (5 + 1)y (3 y y 3
U,(2 - 3F2(1,m——+1,m+—+2;m+ — m+2 22)—
m+D!(3) 2 2 2
23 () 4 1)sin(%)(1;—v)m(§)m+l , 3 , s
3F2[1 M- —+—, M+ —+—;Mm+2, m+— ) /\meN
m+D!(3) 2 2 22

Summed form of the truncated series expansion.
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Special cases

07.05.06.0009.01

v m-tr@zr e
Una =), RICECTTREG

k=0

07.05.06.0010.01

Un(@ o (-3)l2) (n+ 1™ 2L2) (1+0(Z)) /; z-> 0 AneN*

Generic formulas for main term

07.05.06.0058.01

v y—2|¥
U, « (—1)£va (v+1)2 tzJ veZ /(2> 0)
cos(;) True

Expansionsat z==
For the function itself

General case

07.05.06.0011.02

v(2+V) -vA-v)2+v)(3+V)
UV(Z)oc(v+l)(1+ (z-1+ o (z—1)2+...)/; (z- 1)
07.05.06.0059.01
v(2+V) -vA-v)2+v)(3+V)
U, < (v+1) (1 + 3 (z-1+ 0 (z- 1%+ 0O((z- 1)3))

07.05.06.0012.01

© (- +2 (1-2z\¢ |1-2z
U@=0+D ) — ( ) fi|—
k=0 (E)kk' 2

2
07.05.06.0013.01

<1

1—2]
)

N w

U@=w+1 zFl(—v, V+2

07.05.06.0060.01

11-z 11-z

U,(2 = (ZFI(_V_ Lv+2 - —)—zFl(—v, v+l - —])

2(z-1) 2" 2 2" 2

07.05.06.0061.01

L L

U,(2 = —4 (P& - P3+1(Z))

20-2¥*Vz+1

07.05.06.0062.01

142y 1+2v 1 3+2y 3+2v

o= P LI I

V2 1-2Vz+1 4 4 4 4

1
;= 1-7
2

)
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07.05.06.0063.01

ﬁ (co %(2v+ 1)sin"l(\/;)) - cos(% 2v+ S)Sin"l(\/;)))
-2Vz+

07.05.06.0015.02
U2 (v+1)(1+0z-1)

U,(2 =

07.05.06.0064.01

m (= (v + 2 (1-2)\
U@ = Fo(@ V) /; [|Fa@ W = +1) ) ( ]
k=0 (g)k k! 2

2™ 1-2™ (v 4+ 1) (V)1 (V + Dpes
uU,(2 - 3 3 2(
(m+1)! (5)

5 1-z
L, m-v+1 m+v+3;m+2 m+—: -~ /\meN
m+1

Summed form of the truncated series expansion.

Special cases

07.05.06.0014.01

N (—n(N+2) (1-2z\
Un(2=(n+1) /ineN

P

k=0 (5)kk! 2

Expansionsat z== -1

For the function itself

General case

07.05.06.0016.02

v(2+V) vAl-v)2+Vv)(3+V)
U,,(Z)oc(v+1)cos(71v)(1— 3 (z+1) - ” (z+1)% - )—

sin(v n) 1 3 11 1 3 5
—[1+(———v)(—+v)(z+l)+ —(———v)(——v][—+v)[—+v](z+1)2+...]/; (z--1)
V2 Vz+1 2 2 6\ 2 2 2 2

07.05.06.0065.01

v(2+V) vAl-v)2+Vv)(3+V)
Uy(2) o (v + 1) cos(r v) [1 g @D = (z+ 1% - O((z+ 1)3)) -

sin(v ) 1 3 1/ 1 1 3 5
7[1+(———v)(—+v](z+l)+ —(———v)(——v](—+v)[—+v](z+ 1)2+O((z+1)3))
NCRYE 2 2 6\ 2 2 2 2

07.05.06.0017.01

e

© (=V) (V+ 2 (z+1\¢ snvr) & )k z+1\¢ z+1
U@ =0+ 1)cos(v7r)2 [ ] - Z [—] Li|—I|<1
k=0 (g)kk! 2 V2 Vz+1 ko (%)kk! 2
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07.05.06.0018.01
3 z+1 sin(v ) 3 11 z+1
) - Fl(v + v ; )

U,@2=w+1 cos(wr)zFl[—v, V+2, - —— _
2 2 y2yze1

07.05.06.0066.01

1 _ [ _ _1[\/z+1]]
U,(2 == — sinjrv—-2(W+1)sn
1’1—22 \/7

07.05.06.0067.01

T gsn[v[ﬂ {22

07.05.06.0068.01

| | [ | _l[ Z+1 ]] {
sin(zv)|sin|2vsin + cod2vsint
V2
07.05.06.0019.02
sin(v )
U,(2) < (v+ D cos(rv) (1+0(z+1) - —— (L+Oz+ 1)
V2 Vz+1

07.05.06.0069.01

3 1
m(v)k(v+2)k(z+1)k_ sin(v ) i(v+§)k(_v_5)k(z+l)k

Uy(@ = Fo(2, V) /; || Fn(z ) = (v + Dy costy )

k=0 (E) k! 2 \/7\/2+1 k=0 (1) k! 2
k 2)k
271 (z4+ D™ (v + 1) oS V) (—V)imeq (V + Dt 5 z+1
U,(2 - . 3F2(1,m—v+1,m+v+3;m+2,m+ —; —]+
(m+1)!(5)m+1 2 2
™)™ (-v-1) (v+3) s
(z+D) Y7 2 en VT 2y SNV 1 5 3 7+1
3P|l m—v+ - m+v+—;m+ -, m+2, — /\meN
(L 2 2 2 2
(m+1)! 2t

Summed form of the truncated series expansion.

Special cases

07.05.06.0020.01

N (—n),(N+2) 1\K
Un(z)==(n+1)(—1)”z X k(“ )/'neN

k=0 (g)kk!

07.05.06.0021.02
Un@oc(1+nN(D"(1+0zZ+1)/;neN

Expansionsat z==
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For the function itself

Expansionsin1/z

07.05.06.0070.01
1-v 2-v)@B-v)
U,(2) « 2 zv[l + + +
47 327

07.05.06.0071.01

1-v 2-v)(3-v)
U,(2) « 2 zV[1 + + +
47 327
272 (27

07.05.06.0072.01

(_ %)k(l_Tv)

= k
U,(2) = 7 Z Z—Zk _ 2—V—2

k=0 (—V)k k'

07.05.06.0073.01

v 1-v 1
U@=2"7 2F1[— >

2 zZ

07.05.06.0074.01

U, (2 ==
2y 2-1
Z$(_11 O)AV$Z

07.05.06.0075.01

2 (), (-5) 7

e —] —v2 2 2F1[

ZV(\/?+\/Z)

3+v 4+v)(5+v)
+
47 R

] —2v2 z‘V‘Z(l +

12

+ ...)/; (1Z) = o0)

v z v 3+v (4+v)(5+v) 1
COS(?)_ an(7)][l+ 12 | 27 +O[§]]
_2

(v+3) (v+2)
[} 2 2
e LA ez

v+3 v+2 1
, TV+ 2, —)/;Z$(—1,0)/\V$Z
2 2 2

zZ

U
2 +(V7 N7 1)

U,(z)::Z"z”Z—/;neN*

k=0 k! (_n)k

07.05.06.0076.01
n 1-n 1

Un2=2"2"sF|-—, ——; -n; —|[/; neN*
2 2 1[ 2 2 22]/ €

07.05.06.0025.02

1 1
Uy(2) oc =272 z’V’Z[l + O[—)) +2 ZV[l + O[—)) iveZ
z

z

07.05.06.0027.02

1
Un(2 2" 2" (1+ O[—)) /ineN
z

Yz i1 + 1]v /
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07.05.06.0077.01
v 1-v v+3 v+2
n (-3 (), o (F) (5,
U@ =F.z W/ |Fuzv=272 )Y —— 72k_pv2772 Z — 7%=
= -kt v+ 2)k!
272Mv-4 724 T2 M4y + 4) v v 5 1
U,(2 + Foll,m+ —+2 M+ —+—;m+2,mM+v+3 —|—
I'm+2)I'(m+v+3) 2 2 2
272mv=2 72mMb-2 o m— y + 2) v v 3 1
s, m-—+1m-—+—-m+2,m-v+1, — /\meN /\veEZ
r(m+2)T(m-v+1) 2 2 2 2
Summed form of the truncated series expansion.
Expansionsinl/(1- 2
07.05.06.0022.02
v+2 v+3)(2v+5) v 1-v(1-2v)
U, (2«27 2@z-1)7"2|1+ + +.|+2@z-y1-—t—+ |/
1-z 4(1- 272 1-2 4(1-2?
(12> o) \N2veZ
07.05.06.0078.01
v+2 (v+3)(2v+5H) 1 v A-v)(1-2v) 1
U@ «272@z-1"2[1+ + +O[—) +2V (2= 1) 1——+7+O(—) L2veZ
1-z 4(1- 27 Ps 1-z 4(1-2° z
07.05.06.0023.02
1 3
o (—V)k(—V—E)k 2 \K o (V+2)k(v+§)k o K 11_7
U (=2 (z-1 7(—) —2’V’2(Z—1)’V’22 [ ) [i|— >1/\2vs€Z
= (2v-1Dk! \1-z o @v+3)k! \1-z 2

07.05.06.0024.01

1 2 2 ,
UV(Z) =2V (Z— 1)V 2F1(_V, i E, -2v— l, _) — 2—V—2 (Z— 1)_V_2 2F1[y + 2’ - E, ove 3, ]/’

1-2z
z¢ (L, HhDA2ve”Z

07.05.06.0079.01

2v+2
z+1

2V1-7z z-1)72

1-2z

-2v-2

UV(Z ==

22127 (z-1) [
V-z-1
07.05.06.0026.01

(- (-n-2
Un(@=2" (z—1)“zn: k( 2)k

k=0

:

z-1

5

k! (=2n-1),

07.05.06.0080.01

— *1 /iz¢ (-1, 1)
z-1

-z-1

1 2
Tn(@) = 2"_1(2—1)”2':1(_“, 5 1-2nm 1 )/?neN

07.05.06.0028.01
1

i (_V B %)k (=X
& m(

2
U,(2=2"(z-1 =

K 2 ,
—) _ov-1 (z- 1)-v-2 gFl(V +2,v+ E; 2v+3; 1_)

1
iv+—eN
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07.05.06.0030.01

3 3
1 2 _V_E (V+ E)k (V+2)k 2 3
U@ = 2" (z— 1) zFl(—v, IRV SR —) AR IR Y (—) J—
2 1-7 Zk@v+d, \1-z 2
07.05.06.0081.01
U2 =F(z V) /;

m (—V)k(—V— %)k o \k m (v+2)k(v+ g)k 5 \k
Fu(z v)=2'(z-1" )’ [ ] —272 (z—l)‘V‘ZZ—(—) =U,+
o (2v-1Dk! \1-z o @2v+3k! \1-z

2 M (<= 3) (Ve (2=

1 2
3F2(1, m-v+—,m—-v+1m+2 m-2v, —] -
M+D!'(-2v - D)1 2 1-z

om-v-1(_qym (v + g)m V + Dy (- 1)™3

M+ 2v+ 31

5 2
3F2[1, m+v+£, m+v+3;,m+2, m+2v+4 1—] /\meN /\ﬁ2veZ
-z

Summed form of the truncated series expansion.

Generic formulas for main term

07.05.06.0082.01
2"z Re(v) > -1
Uy o { —27272772 Re(v) <=1/, (|2 - )
22 —27"27v2 True

Asymptotic series expansions

Expansionsat v == oo

07.05.06.0083.01

[% - i ]e”ms_l@ —m<ag((v+1)cos(2) <0
2y 1-2
U,(2) [ iz_ . 3] et @ 0 <arg((v+ 1) cost@)<n [ (V] > o)
! 2y 1-2 2 ( )
ol N
sin((v+1) cos1(2) True
v 1-2

Other series representations

07.05.06.0032.01
5 N+1\ o k-1 2k .
Un(z ::Z( ok )z” (Z-1) [22+—1—1]/,neN

=0 n+
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Integral representations

On the real axis

Of thedirect function

07.05.07.0001.01

+1 pr v
U,(2) = VT [z+ VZ2-1 cos(t)) sint) dt/; z¢ (-0, 1)
0

Integral representations of negative integer order

Rodrigues-type formula.

07.05.07.0002.01

) Vr n+1 (-2
Un@ == /ineN

2“+1r(n+ g) Vi-2 oz

Generating functions
07.05.11.0001.01

Un(Z)::[[t”] )/;neN/\—1<z<1

t2-2tz+1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

With respect to v

07.05.13.0005.01

zcos 1z
W () + cos 22" Wiv) = 0 /: w(v) = Uy, (2) Awo =1 Awo= @

1-7
07.05.13.0006.01
W) +cos 1@ W) =0/, Wv) = ¢, Uy(@) + ¢, To(2)

07.05.13.0007.01

zcos(2)
WV(TV(Z)! Uv(z)) ==

Viz

07.05.13.0008.01

’’

W) - —

gm

W (V) + cosrl(Z)2 g > W) = 0/; W(v) = ¢; Ugo(D) + Co Tg)(2)
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07.05.13.0009.01
zcos (2 g (v)

iz

WV(UQ(V)(Z)a Tg(y)(Z)) = —

07.05.13.0010.01
2 g'O)
hovy)y g

w(v) = ¢ h(v) Uy (2) + ¢, h(v) Ty (2)

KM g’ 20’ —he) b )
+ w(v) =0/

W) + [— ]v\/(v) + [cos‘l(z)z g+

h(v) g'(v) h(v)?

07.05.13.0011.01
zcos 1 (2) hv)? g (v)

Viz

W, (h(v) Uge)(@), h(v) Tg)(2) == —

07.05.13.0012.01

VW) —(r+2s-1)vyw()+ (a2 r? cos‘l(z)2 V' s(r+ s)) W) =0/ W) = v¥ Uy (D + &V T, (D)

07.05.13.0013.01
arzv*2slcos(z)

Vi-2

WV(VS Uayr(Z), Vs Tavr (Z)) ==

07.05.13.0014.01
w’(v) = (log(r) + 21log(9)) W (v) + (az cos‘l(z)2 Iogz(r) r2r 4+ log(s) (log(r) + Iog(s))) w(v)=0/;
W) =€ 8" Uy (2 + €8 Ty (2

07.05.13.0015.01
ar’s?” zcos () log(r)

iz

W,(s' Uapr(2), 8" Tapr(2)) = —

With respect to z

07.05.13.0001.01

cos((v + 1) cos(2))
(1-Z2)W@-3zZW @+ (v +2yW@D =0/, WD) = ¢, U,(d + C,

iz

07.05.13.0002.01

cos((v + 1) cos %(2)) v+1
WZ UV(Z)I == 32
Vi-2 (1-7)

07.05.13.0003.01
cosh((v + 1) cosh_l(z))

Viz

(1-Z)W@-3ZW @+ (v +2yWD =0/, WD) = ¢, U,(d + ¢,
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07.05.13.0004.01

cosh((v + 1) cosh"l(z))

iz

(V1-2z cod(v+ 1) cos™(2)) cosh((v + 1) cosh"l(z)) -Vz-1 sin((v+ 1) cos™(2)) sinh((v + 1) cosh"l(z)))

W, U,(2),

v+1
(z-1%(z+ 1%
07.05.13.0016.01
(1-2)W'@-3zW @+ (v+2yW2 =0/;W2) = ¢, U,( +C, ; T,
Vi-2
07.05.13.0017.01

v+1

(1 _ 22)3/2

W, U, (2),

Tv+1(z)] ==
Vi1-2

07.05.13.0018.01
392 gz "(Z 2)d (272
V\/’(z)—( 929 . g”( )]W(Z)+ v(v+2)d'(2
1-g@2° 9@ 1-92?

1
W2 =0/,w2 =c¢, U, (9(2) + c; ——— T,,1(0(2)
1-92?

07.05.13.0019.01

v+ d @

(1-92?

W,
32

1
U,(92), — Ty+1(g(2))] =
1-92°

07.05.13.0020.01
(39(2) g@ 2h@h(@ g"(z)] vr+29@? 2n@° W@ (3g<z) g© g"(z)] h”(2)
w’'(2) — + + W (2) + + + + - W(Z
1-92? h(2)? g@ 1-92? h(2)? h@d\1-g2%> 9@ h(2)

1
0/, W@ = ¢, h(2U,(9(2) + ¢, h(2) —— T,,1(0(2)

1-9@?
07.05.13.0021.01
h(2 v+1h@2’g @
WZ h(Z) U,,(g(Z)), R TV+1(g(Z)) == —3/2
1-9(2? (1-9@?)

07.05.13.0022.01
@2 -1)wW' @ +(a®@2r-2s+ D2 +r+2s-1)zw (@ + (22" (s+rv)(s—r (v +2) - s +9)W@) =0/,

z
w2 =c¢ U @Z) +¢g— T,.4,(@7)
1-a22"
07.05.13.0023.01

arzZ+?s1ly+1

W
(1-a2 2"y

bad
sua 7wazr>]
1-a2 2"
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07.05.13.0024.01
(a®r?? - 1)w’(2) + (2 (log(r) — log(s)) r** + log(r) + 210g(s)) W' (2) +
(=@ (v + 2)log(r) — log(s)) (v log(r) + log(s)) r* — log(s) (log(r) + 10g(s))) W(2) = 0 /;
w2 =c U, @r? +c, ————T,4(ar?
1-— a2 rZZ
07.05.13.0025.01

.l arzs?Z(y + 1) log(r
WU @ar?), ——T,.,@ar?)| = (v +1)log(r)

V 1-a%r?? (1-& rZZ)S/Z

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

07.05.16.0001.01
U, »(2=-U,(2

07.05.16.0002.01
Un(-2) = (-1)"Un@ /;neN
Multiple arguments

07.05.16.0003.01

z+1
Uzv[,/ - ] =U,..2+U,(2

07.05.16.0004.01
Upn(@ = (D" (Up(1-22)-Upa(1-22)) ineZ

Identities

Recurrence identities

Consecutive neighbors

07.05.17.0001.01
U,(2 = 22Uv+1(z) - Uv+2(z)

07.05.17.0002.01
Uy(@d=22U,4(2 -V, 22
Distant neighbors

07.05.17.0008.01
U, (2 = Cm(v, 2 Uyim(2) = Ci-1(v, D Uy (2) /;
Cov,2=1AC1(v,2=2ZAC(v, 2 =2ZC-1(V, 2) = Crn_2(v, 2 Ame N*
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07.05.17.0009.01
U,(2) = Cm(v, D Uy-m(2) = Crn-1(vV, DU, 1(2) /;
Cov, 2=1AC1(v, 2 =2ZACm(v, 2 =22C-1(V, 2) = C2(v, ) AMme N*

07.05.17.0003.01

m+1

| (ZZ)lT

U, = 2(-1215] 7723 (zz)lme+EJ Uns(22 - 1) Upam(@ - 222

2

m
2

07.05.17.0004.01

;J UE(z z - 1) U, m@ -2 Zl—rszJ (22)[%1

2

m 1-m \‘m

U,(2) = 2(_1)2@ 23] (22)T+

Functional identities

Relations between contiguous functions

Recurrence relations

07.05.17.0005.01
Uv—l(z) + Uv+1(z) = ZZUV(Z)

07.05.17.0006.01

1
U,(2=—U,_1(2+U,,1(2)
2z

Normalized recurrence relation

07.05.17.0007.01

1
zpv, 2) == 2 pv-12+pv+1,2/; pv,2=2""U,(2

Complex characteristics

Real part

07.05.19.0001.01
g
Re(Un(X+i ) ==Z(-1)J 21500y ;xeRAyeRAneN
=0
Imaginary part
07.05.19.0002.01
B
IMUn(x+iy) = > (1) 21 CE 00y ixeRAyeRANEN
j=0

Differentiation

Low-order differentiation

|

|

m

2Um (22 -1)Uyyma(@ /s me N
2

m

2 U?_l(Z Z-1)U, m1(2/; meN*
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With respect to v

07.05.20.0001.01
U, (2 cosi2)

P == 1,412
Yooy1-2

07.05.20.0002.01
82U, (2)

= —cos‘l(z)2 U,
8v?

With respect to z

Forward shift operator:

07.05.20.0003.01
U, +1)T,.102-2U,(2

0z 2-1
07.05.20.0004.01
PU 2  (B(P+2v+3)-v(+2)U,D-320r+ D T,1(2)

07 (2-1)
Backward shift operator:
07.05.20.0005.01
(1-2) B = -+ DToa@

07.05.20.0006.01

6(@ UV(Z)) )

=-0+D(1-7) ?T,u®
0z

Symbolic differentiation

With respect to v

07.05.20.0007.02
oMU, (2 1 m . (Tm
== cos () sm(— +(r+1) cos‘l(z)) imeN
ovm 2

iz

07.05.20.0008.02

MU,(2 imcost)"
@ L @ (\/ 1-Z U,(&(A-mmod2) —iT,,1(2) (mmodZ)) ;meN

ov™m /1_22

With respect to z

07.05.20.0009.02
MU, (2

oz"

=2"m!C™l2 /i meN
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07.05.20.0010.02

MU, Vr 3 3 1-z
= (v+1)(z—1)‘”‘3F2[1, v, v+2, —,1-m; —)/;meN
oz" 2 2
07.05.20.0013.01
5mUn(Z) n-m n-m m+1
=2"m! ) ... St U @/, meNAneN

Fractional integro-differentiation

With respect to v

07.05.20.0011.01
0°U,(2

A%

i e t0+D cos1(z) @ R _ ) N
- ((—u‘ vcos1(2) (Q(-a, —iveos () - 1) +e* OV @ (iycos(2)) (1-Q(-a,iv cos’l(z))))

2y1-2

With respect to z

07.05.20.0012.01

”U,2 Vr ovgof Vi VFE2L, oz 1
=—Uw+1)Z" Fl><l><0
oz 2

3. ..
E,l—a/,, 2 2

Integration

Indefinite integration

Involving only one direct function

07.05.21.0001.01
1
U,(a2)dz== T,:1(@2)
f av+1

07.05.21.0002.01

1
f U(@dz=——-T,.(2
v+1
Involving one direct function and elementary functions

Involving power function

07.05.21.0003.01

fz“‘l U,(2dz== —(2‘”2”(2(2”\/ 1-72 ))7
2-a+v)(@+v)
(Tv(z)—i\/ 1-7 Uv_l(z))((Z—cHv)zFl[—a;V, l-a;1- a;—v; —272-2iy1-2 z+1)+

(@+v) [T2V+2(z)+i\/ 1-7 U2V+l(z))2F1(v;a +1,1-a; % +2,-272-2iV1-72 z+ 1)))
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Involving algebraic functions

07.05.21.0004.01

1

. 1-2) 7Y

[a-21"" vaz= % U1
4
07.05.21.0005.01

= 1-2)7

f (1-A)2 U,@dz=-——U, 12
v

Involving only one direct function with respect to v
07.05.21.0006.01

zT,(@+(Z-1)VU,.1.(2
f U,2dv=-
V1-2 cosi(2

Involving one direct function and elementary functionswith respect tov

Involving power function

07.05.21.0007.01
V(l

f VU@ dy = - ———
2y1-2

((\/ 1-72 - ziz) I'(a, v(Im(cos(2) - i Re(cos *(2))) (-v (Im(cos *(2)) - i Re(cos‘l(z))))a +

(_VZ (Im(cos™(2)) - i Re(cosfl(z)))z)_a

(\/ 1-7 +i z) (@, —v(Im(cos(2)) - i Re(cos™(2)))) (v (Im(cos *(2)) — i Re(cos’l(z))))a)

Definite integration

Involving the direct function

07.05.21.0008.01

1\/1—t2 Un(t)
al NITE RO,

t=-nTh (X /;neNA-1<x<1
1 t-X

Orthogonality:
07.05.21.0009.01

1 T
f 1-1? um(t)un(t)dt::E(sm,n/;meNAneN
-1

Summation

Infinite summation
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07.05.23.0001.01

o 1
ZUn(z)w":: —  l<z<1AW<1
e w2—2zw+1
07.05.23.0002.01

3
oo E n

(3) N
> Un@ W' = fi-l<z<1Ami<1
“(n+ 1!

VW -2wz+1 \/1+\/wz—2wz+l —zZw

07.05.23.0003.01

Un(2 W' ﬁnh(ﬁvw(z—l) )sjnh(ﬁ\/w(u 1))

Z = i-l<z<1Alw <1
n:o(g) (n+1)! 2Vwz-1) Vwz+1)
07.05.23.0004.01
© Un(2)w" 31
Z @ ::@WZOFl(; —;—(22—1)W2J/; “l<z<1AwW<1
“ (n+ 1! 2 4

07.05.23.0005.01

© (P (2= ) Un(@W" 31 31
==2F1(7, 2—vy: —; —(1—\/\Ar2—22w+1 —W)]ZFl(y, 2-v; E; E(l—\lwz—Zzw+1 +W))/;

- (g)n (n+1)! 22

o

-l<z<1Aw <1

07.05.23.0006.01
© y y+1 3 (Z-1)w
Z Un@W' = (1 - W2)™ ,F4| =, s fi-l<z<1AMW <1
2 2 2 (l—WZ)2

Pn
o (N+1)!

07.05.23.0007.01

& Vg 1 1
D Un(0 Un(y) = = S(x-y) /i —1<x<1A-1<y<1
n=0 2 Vi-x v 1-x2

Operations

Orthogonality, completeness, and Fourier expansions

The set of functions Un(x), n=0, 1, ..., forms a complete, orthogonal (with weight ; \/ 1-x?) system on the
interval (-1, 1).

07.05.25.0001.01
(2, 2
Z - V1-% Uy [ “N1-y? Un(y)]==6(x—y)/; —1<x<1lA-1<y<1
n=0 v/ v/

07.05.25.0002.01

i [2, [2,
f —y1-t Um(t)] —y1-t Un(t)]d’t:: Smn
-1 T T
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Any sufficiently smooth function f(x) can be expanded in the system { Un(®}p_g1... 8 ageneralized Fourier series, with its

sum converging to f(x) almost everywhere.

07.05.25.0003.01

0 1 2
f(x) ==ch1/’n(x) /3 Cn ==f l//n(t)f(t)clt/\tlfn(X) =.[- Vi-x Un(x)/\_l<x<l
n=0 -1 g

Representations through more general functions

Through hypergeometric functions

Involving ,F;

07.05.26.0001.01

3 1-z
U@ =W+ 1)2F1(—v, V+2 5; T)
07.05.26.0002.01
3 z+1 sin(v ) 3 11 z+1
U@=w+1 cos(wr)zFl(—v, V+2;, —; —]— _— 2F1(V+ T L, —)
2 2 V2 Vz+1 2 22 2

07.05.26.0003.01

1 2 3 2
U,2=2"(z-1" 2F1(—v, —v——;=2y-1; —) —272(z-1? zFl(v +2,v+—2v+3; —) /;
2 1-2z 2 1-2z

z¢ (-1, DA\2ve¢Z

Through hypergeometric functions of two variables
07.05.26.0004.01
-v,v+251 z]

2x0x0
UV(Z) =(v+ 1) F1>X<0>X<O[ g;;; 5: _5

Through Meijer G

Classical casesfor thedirect function itself

07.05.26.0005.01

sn(@v) 4, z-1 v+l -v-1
U, (2 =- 2:2— O—E LveZ
2V )
07.05.26.0006.01
1 z—1| mM+1,-m-1
U, (2) = - —— lim sin(r m) Gy2| — 1 |lhvez
2 m-v ! 2 0, -3
07.05.26.0007.01
sin(rv) 12 v+l —-v-1
U, 2z+1) =- Gyl z 0 _1 LveZ
2vVn T2

Classical casesinvolving algebraic functions
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07.05.26.0008.01

1
1-z 22y -v-1-v-=
—y—2 _ 12 21, _ _
(z+1) UV(:Z)—— —1"(2y+2) GZ,Z[Z 0 1 ]/1252( 00, —1)
73
07.05.26.0009.01
-2 z-1 & 2l | VL _V_%
(Z+1) Uv(m)zzm 2’22 _%’ /yz¢(_1xo)
07.05.26.0010.01
. 1 2 -3 -
@+, ]:: G%ﬁ[z‘ 22 ]
Vzz1) T+ -2
07.05.26.0011.01
Z 2V _K ﬂ
@+ | — |=——G3j|z| * ?|hze-10
z+1 v+l (o} 3
07.05.26.0012.01
v z+2 1 0,-v-1
z+1727Uy, = Ggﬁ(z‘ ’ )
2vVz+1 rev+1 - 0-1
07.05.26.0013.01
v 2z+1 -2, 1-2
@+ 20, | ——————|=G¥Yz| ¥, 2|/ze(-10
2,2 v v 1
2Vz Vz+1 “zt
07.05.26.0014.01
s Z+2z+2 1 12| 0,-2v-2
zZ+D)™" % @zZ+2U, = 232( ’ 0 -1 )/;Z¢(—oo, -1
2(z+1) r@2v+2) '
07.05.26.0015.01
_— -2y 272 +2z+1 1 - —y,l—y/ 1o
@2+ 1) 2+ 1" (z‘ );ze(—, )
| 2z@z+ 1) rev+2 22U -vv+2
Classical casesinvolving unit step 6
07.05.26.0016.01
Vr v+1) vyl
Vi-z 9(1—|z|)uv(2z—1)::fc;§;gz > hze1,0
-1
07.05.26.0017.01
1 ool | V-3 v+ g
Vz-1614-1)U,2z-1)=-Vr (v+1) G2z
2,2 1
2 E, 0
07.05.26.0018.01
2 1 20 32
Vi-z6d-12)U, |- -1|=-Vr v+1)GYz| 2
2,2
z 2 ' -V, v+2
07.05.26.0019.01
2 1 02 22
Vz-1 6(2 —1)uv(— —1) =-Vr v+1)Gylz| 2 /;2¢& (—co, =1)
z 2 -V, v+2
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07.05.26.0020.01

Z+1 1-v,v+3
. 20 '
(1-2)ea-12U, [7] =2(r+1 szz(z —v,v+2 )
07.05.26.0021.01
2Z+1 1-v,v+3
. 02 '
(22—1)0(|Z|—1)Uy[7] -—2(V+1)G2,2(Z v, v+2 )

07.05.26.0022.01

3
—2y—
4

1
Vz-1 2z-1)6(4- DU, (82 -8z+1) = Ex/?(wl)egﬁ

, 2V + g]
/iRe(@ >0

2
1
2
07.05.26.0023.01

8
Vi-z 2-2601- |z|)u(;——+1J== \/_(v+1)622[z
z

5

23 ]/; Re(2 >0
-2v,2(v+2)

Generalized casesinvolving algebraic functions

07.05.26.0024.01

i z 2 | 155
(Z+1)2 U, = G|z = /;Re(>0
ro+1 72| o
VZ+1 12
07.05.26.0025.01
v 272+1 1 1] -51-3
(Z+1)7 U, = Ggé[z > 2 21]/; Re(2)>0
22\ 2 +1 o+ 2’2
Generalized casesinvolving unit step 0
07.05.26.0026.01
1|8
V1-Z 6d-12)U, @) = - «/—(v+1)622[z5 2 ]/;véz
12
07.05.26.0027.01
v v+2
VZ-1604-1)V, @ = - \/_(v+1)\/ Gz = ‘ ) 2]/;veEZ
-5.0
07.05.26.0028.01
13
vi-2 6a- |z|)U( ) ~Vr v+1) G 2 ]/;vq_:Z
z _y o2
2’ 2

07.05.26.0029.01

1y 1 1
VZ2-1 0(|z|—1)uv(—]::Ex/?(wl)\/z2 GyalZ >
z

Through other functions

I nvolving some hyper geometric-type functions
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07.05.26.0030.01

v+1 _t
U,(2) = l ‘/ P2
Vz+1 "2

07.05.26.0031.01

v+1 z+1
U,(2) == 1(2)
Vz+1 Y z-1 V+_

07.05.26.0032.01

! 11
Uy(z) — (V+ ) (2 2)

3),

07.05.26.0033.01

@

v+1) P(VE'E)(z)

11
P(VZ’Z)(l)
07.05.26.0034.01
U,(2==CL2

UV(Z) ==

Involving spheroidal functions

07.05.26.0035.01
V2
U@ =-—"——==QS .02
\/7 4’ l— 22 2 2

Representations through equivalent functions

With related functions

07.05.27.0001.01
ZTv+l(Z) - Tv+2(z)

U, (2 =
1-7
07.05.27.0002.01
1 aTv+1(z)
UV(Z) ==
v+1l 9z

07.05.27.0003.01

1 80(0’1(2)
U@==-

0z

07.05.27.0004.01

Tn+1(t)
n(X)———Pf —  dt/;neN"*A-1<x<1
1- t2 (t-x

With elementary functions
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07.05.27.0005.01

inv -v-1 inv v+l
U,(2 == [@T(iz+ 1—22) +e_7(i’2+ 1—22) ]
2 1-2
07.05.27.0006.01
sin((v + 1) cosY(2))
Uu@=—7#7¥——/¥—

Viz

07.05.27.0007.01

U, (2 == sinf2(v+1)sin
Vi-2 V2

Theorems

Expansions in generalized Fourier series

2
s

e 1 1
0= ) Gk /; G = f lf(t) U dt, Y = [ = (1-3%)7 U, keN.
k=0 -

One property of a unimodular matrix

If A isaunimodular matrix, then AN == A Un_1(Tr(2A)) -1 Un_g(Tr(zA)) ineZzZ*.

The length of the hypotenuse of the rth Pythagorean triangle

The length of the hypotenuse of the r th Pythagorean triangle with consecutive integer legsis U,(3) — U,_1(3).

History
—P. L. Chebyshev (1855, 1859)
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