
Csc

Notations

Traditional name

Cosecant

Traditional notation

cscHzL
Mathematica StandardForm notation

Csc@zD

Primary definition
01.10.02.0001.01

cscHzL �
1

sinHzL �
2 ä

ãä z - ã-ä z

Specific values

Specialized values

01.10.03.0001.01

cscHΠ mL � ¥� �; m Î Z

01.10.03.0002.01

csc Π
1

2
+ m � H-1Lm �; m Î Z

Values at fixed points

01.10.03.0003.01

cscH0L � ¥�

01.10.03.0004.01

csc
Π

12
� 2 + 6

01.10.03.0005.01

csc
Π

12
� Iz; z4 - 16 z2 + 16M

4

-1



01.10.03.0006.01

csc
Π

10
� 1 + 5

01.10.03.0007.01

csc
Π

9
�

4 2
3

Iä + 3 N -1 + ä 3
3

+ I-ä + 3 N -1 - ä 3
3

01.10.03.0008.01

csc
Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

6

-1

01.10.03.0009.01

csc
Π

9
�

2 H-1L11�18

-1 + H-1L2�9
01.10.03.0010.01

csc
Π

8
� 2 I2 + 2 N

01.10.03.0011.01

csc
Π

8
� Iz; z4 - 8 z2 + 8M

4

-1

01.10.03.0012.01

csc
Π

8
�

2 H-1L5�8
-1 + -1

4

01.10.03.0013.01

csc
Π

7
� 24 14 - 42 ä 3

3 �
2

3 Iä + 3 N 28 - 84 ä 3
3

- 2 ä 7 14 + ä 7 + 3 21
3

+ 2 I 7 + ä 21 N 14 - ä 7 - 3 21
3

+

I-ä + 3 N 28 + 2 ä 7 + 6 21
3 I14 - ä 7 - 3 21 N2�3

- 4 75�6 2 - 6 ä 3
3

01.10.03.0014.01

csc
Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

6

-1

01.10.03.0015.01

csc
Π

7
�

2 H-1L9�14

-1 + H-1L2�7
01.10.03.0016.01

csc
Π

6
� 2

01.10.03.0017.01

csc
Π

5
� 2 +

2

5
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01.10.03.0018.01

csc
Π

5
� Iz; 5 z4 - 20 z2 + 16M

4

-1

01.10.03.0019.01

csc
2 Π

9
� -

2 ä

- 1

2
ä I-ä + 3 N3 - 1

2
ä Iä + 3 N3

01.10.03.0020.01

csc
2 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

5

-1

01.10.03.0021.01

csc
2 Π

9
�

2 H-1L13�18

-1 + H-1L4�9
01.10.03.0022.01

csc
Π

4
� 2

01.10.03.0023.01

csc
2 Π

7
�

24 14 - 42 ä 3
3 � 4 75�6 2 - 6 ä 3

3

+ 2
3

2 28 - 84 ä 3
3

+ 7 ä - 21 ä 14 + ä 7 + 3 21
3

+

4 7 14 - ä 7 - 3 21
3

+ Iä + 3 N 28 + 2 ä 7 + 6 21
3 I14 - ä 7 - 3 21 N2�3

01.10.03.0024.01

csc
2 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

5

-1

01.10.03.0025.01

csc
2 Π

7
�

2 H-1L11�14

-1 + H-1L4�7
01.10.03.0026.01

csc
3 Π

10
� 5 - 1

01.10.03.0027.01

csc
Π

3
�

2

3

01.10.03.0028.01

csc
3 Π

8
�

2

2 + 2

01.10.03.0029.01

csc
3 Π

8
� Iz; z4 - 8 z2 + 8M

3

-1
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01.10.03.0030.01

csc
3 Π

8
�

2 H-1L7�8
-1 + H-1L3�4

01.10.03.0031.01

csc
2 Π

5
� 2 -

2

5

01.10.03.0032.01

csc
2 Π

5
� Iz; 5 z4 - 20 z2 + 16M

3

-1

01.10.03.0033.01

csc
5 Π

12
� 6 - 2

01.10.03.0034.01

csc
5 Π

12
� Iz; z4 - 16 z2 + 16M

3

-1

01.10.03.0035.01

csc
3 Π

7
� 24 7 - 21 ä 3

3 � 4 75�6 1 - 3 ä 3
3

+ 4 7 14 + ä 7 + 3 21
3

-

2 ä I14 - ä 7 - 3 21 N2�3
28 + 2 ä 7 + 6 21

3

+ 3 I14 + ä 7 + 3 21 N2�3
28 - 2 ä 7 - 6 21

3

-

ä 28 - 2 ä 7 - 6 21
3 I14 + ä 7 + 3 21 N2�3

+ 2 7 Iä + 3 N 14 - ä 7 - 3 21
3

ä

01.10.03.0036.01

csc
3 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

4

-1

01.10.03.0037.01

csc
3 Π

7
�

2 H-1L13�14

-1 + H-1L6�7
01.10.03.0038.01

csc
4 Π

9
�

4

Iä + 3 N - 1

2
ä I-ä + 3 N3 + I-ä + 3 N 1

2
ä Iä + 3 N3

01.10.03.0039.01

csc
4 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

4

-1

01.10.03.0040.01

csc
4 Π

9
�

2 H-1L17�18

-1 + H-1L8�9
01.10.03.0041.01

csc
Π

2
� 1
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01.10.03.0042.01

csc
5 Π

9
�

4

Iä + 3 N - 1

2
ä I-ä + 3 N3 + I-ä + 3 N 1

2
ä Iä + 3 N3

01.10.03.0043.01

csc
5 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

4

-1

01.10.03.0044.01

csc
5 Π

9
�

2 -1
18

1 + -1
9

01.10.03.0045.01

csc
4 Π

7
� 24 7 - 21 ä 3

3 � 4 75�6 1 - 3 ä 3
3

+ 4 7 14 + ä 7 + 3 21
3

-

2 ä I14 - ä 7 - 3 21 N2�3
28 + 2 ä 7 + 6 21

3

+ 3 I14 + ä 7 + 3 21 N2�3
28 - 2 ä 7 - 6 21

3

-

ä 28 - 2 ä 7 - 6 21
3 I14 + ä 7 + 3 21 N2�3

+ 2 7 Iä + 3 N 14 - ä 7 - 3 21
3

ä

01.10.03.0046.01

csc
4 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

4

-1

01.10.03.0047.01

csc
4 Π

7
�

2 -1
14

1 + -1
7

01.10.03.0048.01

csc
7 Π

12
� 6 - 2

01.10.03.0049.01

csc
7 Π

12
� Iz; z4 - 16 z2 + 16M

3

-1

01.10.03.0050.01

csc
3 Π

5
� 2 -

2

5

01.10.03.0051.01

csc
3 Π

5
� Iz; 5 z4 - 20 z2 + 16M

3

-1

01.10.03.0052.01

csc
5 Π

8
�

2

2 + 2

01.10.03.0053.01

csc
5 Π

8
� Iz; z4 - 8 z2 + 8M

3

-1
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01.10.03.0054.01

csc
5 Π

8
�

2 -1
8

1 + -1
4

01.10.03.0055.01

csc
2 Π

3
�

2

3

01.10.03.0056.01

csc
7 Π

10
� 5 - 1

01.10.03.0057.01

csc
5 Π

7
�

24 14 - 42 ä 3
3 � 4 75�6 2 - 6 ä 3

3

+ 2
3

2 28 - 84 ä 3
3

+ 7 ä - 21 ä 14 + ä 7 + 3 21
3

+

4 7 14 - ä 7 - 3 21
3

+ Iä + 3 N 28 + 2 ä 7 + 6 21
3 I14 - ä 7 - 3 21 N2�3

01.10.03.0058.01

csc
5 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

5

-1

01.10.03.0059.01

csc
5 Π

7
�

2 H-1L3�14

1 + H-1L3�7
01.10.03.0060.01

csc
3 Π

4
� 2

01.10.03.0061.01

csc
7 Π

9
� -

2 ä

- 1

2
ä I-ä + 3 N3 - 1

2
ä Iä + 3 N3

01.10.03.0062.01

csc
7 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

5

-1

01.10.03.0063.01

csc
7 Π

9
�

2 H-1L5�18

1 + H-1L5�9
01.10.03.0064.01

csc
4 Π

5
� 2 +

2

5

01.10.03.0065.01

csc
4 Π

5
� Iz; 5 z4 - 20 z2 + 16M

4

-1
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01.10.03.0066.01

csc
5 Π

6
� 2

01.10.03.0067.01

csc
6 Π

7
� 24 14 - 42 ä 3

3 �
2

3 Iä + 3 N 28 - 84 ä 3
3

- 2 ä 7 14 + ä 7 + 3 21
3

+ 2 I 7 + ä 21 N 14 - ä 7 - 3 21
3

+

I-ä + 3 N 28 + 2 ä 7 + 6 21
3 I14 - ä 7 - 3 21 N2�3

- 4 75�6 2 - 6 ä 3
3

01.10.03.0068.01

csc
6 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

6

-1

01.10.03.0069.01

csc
6 Π

7
�

2 H-1L5�14

1 + H-1L5�7
01.10.03.0070.01

csc
7 Π

8
� 2 I2 + 2 N

01.10.03.0071.01

csc
7 Π

8
� Iz; z4 - 8 z2 + 8M

4

-1

01.10.03.0072.01

csc
7 Π

8
�

2 H-1L3�8
1 + H-1L3�4

01.10.03.0073.01

csc
8 Π

9
�

4 2
3

Iä + 3 N -1 + ä 3
3

+ I-ä + 3 N -1 - ä 3
3

01.10.03.0074.01

csc
8 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

6

-1

01.10.03.0075.01

csc
8 Π

9
�

2 H-1L7�18

1 + H-1L7�9
01.10.03.0076.01

csc
9 Π

10
� 1 + 5

01.10.03.0077.01

csc
11 Π

12
� 6 + 2
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01.10.03.0078.01

csc
11 Π

12
� Iz; z4 - 16 z2 + 16M

4

-1

01.10.03.0079.01

cscHΠL � ¥�

01.10.03.0080.01

csc
13 Π

12
� -2 2 + 3

01.10.03.0081.01

csc
13 Π

12
� Iz; z4 - 16 z2 + 16M

1

-1

01.10.03.0082.01

csc
11 Π

10
� -1 - 5

01.10.03.0083.01

csc
10 Π

9
� -

4 2
3

Iä + 3 N -1 + ä 3
3

+ I-ä + 3 N -1 - ä 3
3

01.10.03.0084.01

csc
10 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

1

-1

01.10.03.0085.01

csc
10 Π

9
� -

2 H-1L7�18

1 + H-1L7�9
01.10.03.0086.01

csc
9 Π

8
� - 2 I2 + 2 N

01.10.03.0087.01

csc
9 Π

8
� Iz; z4 - 8 z2 + 8M

1

-1

01.10.03.0088.01

csc
9 Π

8
� -

2 H-1L3�8
1 + H-1L3�4

01.10.03.0089.01

csc
8 Π

7
� - 24 14 - 42 ä 3

3 �
2

3 Iä + 3 N 28 - 84 ä 3
3

- 2 ä 7 14 + ä 7 + 3 21
3

+ 2 I 7 + ä 21 N 14 - ä 7 - 3 21
3

+

I-ä + 3 N 28 + 2 ä 7 + 6 21
3 I14 - ä 7 - 3 21 N2�3

- 4 75�6 2 - 6 ä 3
3

01.10.03.0090.01

csc
8 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

1

-1
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01.10.03.0091.01

csc
8 Π

7
� -

2 H-1L5�14

1 + H-1L5�7
01.10.03.0092.01

csc
7 Π

6
� -2

01.10.03.0093.01

csc
6 Π

5
� - 2 +

2

5

01.10.03.0094.01

csc
6 Π

5
� Iz; 5 z4 - 20 z2 + 16M

1

-1

01.10.03.0095.01

csc
11 Π

9
�

2 ä

- 1

2
ä I-ä + 3 N3 - 1

2
ä Iä + 3 N3

01.10.03.0096.01

csc
11 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

2

-1

01.10.03.0097.01

csc
11 Π

9
� -

2 H-1L5�18

1 + H-1L5�9
01.10.03.0098.01

csc
5 Π

4
� - 2

01.10.03.0099.01

csc
9 Π

7
�

- 24 14 - 42 ä 3
3 � 4 75�6 2 - 6 ä 3

3

+ 2
3

2 28 - 84 ä 3
3

+ 7 ä - 21 ä 14 + ä 7 + 3 21
3

+

4 7 14 - ä 7 - 3 21
3

+ Iä + 3 N 28 + 2 ä 7 + 6 21
3 I14 - ä 7 - 3 21 N2�3

01.10.03.0100.01

csc
9 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

2

-1

01.10.03.0101.01

csc
9 Π

7
� -

2 H-1L3�14

1 + H-1L3�7
01.10.03.0102.01

csc
13 Π

10
� 1 - 5
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01.10.03.0103.01

csc
4 Π

3
� -

2

3

01.10.03.0104.01

csc
11 Π

8
� -

2

2 + 2

01.10.03.0105.01

csc
11 Π

8
� Iz; z4 - 8 z2 + 8M

2

-1

01.10.03.0106.01

csc
11 Π

8
� -

2 -1
8

1 + -1
4

01.10.03.0107.01

csc
7 Π

5
� - 2 -

2

5

01.10.03.0108.01

csc
7 Π

5
� Iz; 5 z4 - 20 z2 + 16M

2

-1

01.10.03.0109.01

csc
17 Π

12
� 2 - 6

01.10.03.0110.01

csc
17 Π

12
� Iz; z4 - 16 z2 + 16M

2

-1

01.10.03.0111.01

csc
10 Π

7
� - 24 7 - 21 ä 3

3 � 4 75�6 1 - 3 ä 3
3

+ 4 7 14 + ä 7 + 3 21
3

-

2 ä I14 - ä 7 - 3 21 N2�3
28 + 2 ä 7 + 6 21

3

+ 3 I14 + ä 7 + 3 21 N2�3
28 - 2 ä 7 - 6 21

3

-

ä 28 - 2 ä 7 - 6 21
3 I14 + ä 7 + 3 21 N2�3

+ 2 7 Iä + 3 N 14 - ä 7 - 3 21
3

ä

01.10.03.0112.01

csc
10 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

3

-1

01.10.03.0113.01

csc
10 Π

7
� -

2 -1
14

1 + -1
7

01.10.03.0114.01

csc
13 Π

9
� -

4

Iä + 3 N - 1

2
ä I-ä + 3 N3 + I-ä + 3 N 1

2
ä Iä + 3 N3
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01.10.03.0115.01

csc
13 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

3

-1

01.10.03.0116.01

csc
13 Π

9
� -

2 -1
18

1 + -1
9

01.10.03.0117.01

csc
3 Π

2
� -1

01.10.03.0118.01

csc
14 Π

9
� -

4

Iä + 3 N - 1

2
ä I-ä + 3 N3 + I-ä + 3 N 1

2
ä Iä + 3 N3

01.10.03.0119.01

csc
14 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

3

-1

01.10.03.0120.01

csc
14 Π

9
� -

2 H-1L17�18

-1 + H-1L8�9
01.10.03.0121.01

csc
11 Π

7
� - 24 7 - 21 ä 3

3 � 4 75�6 1 - 3 ä 3
3

+ 4 7 14 + ä 7 + 3 21
3

-

2 ä I14 - ä 7 - 3 21 N2�3
28 + 2 ä 7 + 6 21

3

+ 3 I14 + ä 7 + 3 21 N2�3
28 - 2 ä 7 - 6 21

3

-

ä 28 - 2 ä 7 - 6 21
3 I14 + ä 7 + 3 21 N2�3

+ 2 7 Iä + 3 N 14 - ä 7 - 3 21
3

ä

01.10.03.0122.01

csc
11 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

3

-1

01.10.03.0123.01

csc
11 Π

7
� -

2 H-1L13�14

-1 + H-1L6�7
01.10.03.0124.01

csc
19 Π

12
� 2 - 6

01.10.03.0125.01

csc
8 Π

5
� - 2 -

2

5

01.10.03.0126.01

csc
8 Π

5
� Iz; 5 z4 - 20 z2 + 16M

2

-1
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01.10.03.0127.01

csc
13 Π

8
� -

2

2 + 2

01.10.03.0128.01

csc
13 Π

8
� Iz; z4 - 8 z2 + 8M

2

-1

01.10.03.0129.01

csc
13 Π

8
� -

2 H-1L7�8
-1 + H-1L3�4

01.10.03.0130.01

csc
5 Π

3
� -

2

3

01.10.03.0131.01

csc
17 Π

10
� 1 - 5

01.10.03.0132.01

csc
12 Π

7
�

- 24 14 - 42 ä 3
3 � 4 75�6 2 - 6 ä 3

3

+ 2
3

2 28 - 84 ä 3
3

+ 7 ä - 21 ä 14 + ä 7 + 3 21
3

+

4 7 14 - ä 7 - 3 21
3

+ Iä + 3 N 28 + 2 ä 7 + 6 21
3 I14 - ä 7 - 3 21 N2�3

01.10.03.0133.01

csc
12 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

2

-1

01.10.03.0134.01

csc
12 Π

7
� -

2 H-1L11�14

-1 + H-1L4�7
01.10.03.0135.01

csc
7 Π

4
� - 2

01.10.03.0136.01

csc
16 Π

9
�

2 ä

- 1

2
ä I-ä + 3 N3 - 1

2
ä Iä + 3 N3

01.10.03.0137.01

csc
16 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

2

-1

01.10.03.0138.01

csc
16 Π

9
� -

2 H-1L13�18

-1 + H-1L4�9
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01.10.03.0139.01

csc
9 Π

5
� - 2 +

2

5

01.10.03.0140.01

csc
9 Π

5
� Iz; 5 z4 - 20 z2 + 16M

1

-1

01.10.03.0141.01

csc
11 Π

6
� -2

01.10.03.0142.01

csc
13 Π

7
� - 24 14 - 42 ä 3

3 �
2

3 Iä + 3 N 28 - 84 ä 3
3

- 2 ä 7 14 + ä 7 + 3 21
3

+ 2 I 7 + ä 21 N 14 - ä 7 - 3 21
3

+

I-ä + 3 N 28 + 2 ä 7 + 6 21
3 I14 - ä 7 - 3 21 N2�3

- 4 75�6 2 - 6 ä 3
3

01.10.03.0143.01

csc
13 Π

7
� Iz; 7 z6 - 56 z4 + 112 z2 - 64M

1

-1

01.10.03.0144.01

csc
13 Π

7
� -

2 H-1L9�14

-1 + H-1L2�7
01.10.03.0145.01

csc
15 Π

8
� - 2 I2 + 2 N

01.10.03.0146.01

csc
15 Π

8
� Iz; z4 - 8 z2 + 8M

1

-1

01.10.03.0147.01

csc
15 Π

8
� -

2 H-1L5�8
-1 + -1

4

01.10.03.0148.01

csc
17 Π

9
� -

4 2
3

Iä + 3 N -1 + ä 3
3

+ I-ä + 3 N -1 - ä 3
3

01.10.03.0149.01

csc
17 Π

9
� Iz; 3 z6 - 36 z4 + 96 z2 - 64M

1

-1

01.10.03.0150.01

csc
17 Π

9
� -

2 H-1L11�18

-1 + H-1L2�9
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01.10.03.0151.01

csc
19 Π

10
� -1 - 5

01.10.03.0152.01

csc
23 Π

12
� -2 2 + 3

01.10.03.0153.01

csc
23 Π

12
� Iz; z4 - 16 z2 + 16M

1

-1

01.10.03.0154.01

cscH2 ΠL � ¥�

01.10.03.0155.01

csc
Π

17
� 4 � . 8 - . 2 . 2 2 I17 - 17 N + 6 17 - 34 I17 - 17 N + 8 2 I17 + 17 N + 34 +

17 - 2 I17 - 17 N + 15

01.10.03.0156.01

csc
Π

30
� 2 + 5 + 15 + 6 5

cscI n Π
m

M can be expressed using only square roots if n Î Z and m is a product of a power of 2 and distinct Fermat

primes {3, 5, 17, 257, …}. 

Values at infinities

01.10.03.0157.01

cscHä ¥L � 0

01.10.03.0158.01

cscH-ä ¥L � 0

01.10.03.0159.01

cscH¥� L � È

General characteristics

Domain and analyticity

cscHzL is an analytical function of z which is defined in the whole complex z-plane with the exception of countably

many points z = k Π �; k Î Z.

01.10.04.0001.01

z�cscHzL � C�C

Symmetries and periodicities

Parity
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 cscHzL is an odd function.

01.10.04.0002.01

cscH-zL � -cscHzL
Mirror symmetry

01.10.04.0003.01

cscHz�L � cscHzL
Periodicity

 cscHzL is a periodic function with period 2 Π .

01.10.04.0010.01

cscHz + 2 ΠL � cscHzL
01.10.04.0004.01

cscHz + 2 Π mL � cscHzL �; m Î Z

01.10.04.0005.01

cscHz + Π mL � H-1Lm cscHzL �; m Î Z

Poles and essential singularities

The function cscHzL has an infinite set of singular points:

a) z � Π k �; k Î Z are the simple poles with residues H-1Lk;

b) z � ¥�  is an essential singular point.

01.10.04.0006.01

SingzHcscHzLL � 888Π k, 1< �; k Î Z<, 8¥� , ¥<<
01.10.04.0007.01

reszHcscHzLL HΠ kL � H-1Lk �; k Î Z

Branch points

The function cscHzL does not have branch points.

01.10.04.0008.01

BPzHcscHzLL � 8<
Branch cuts

The function cscHzL does not have branch cuts.

01.10.04.0009.01

BCzHcscHzLL � 8<
Series representations

Generalized power series

Expansions at z � z0
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For the function itself

01.10.06.0023.01

cscHzL µ cscHz0L - cot Hz0L cscHz0L Hz - z0L + 3 cscHz0L 1

3
cosH2 z0L csc2Hz0L +

1

2
Hz - z0L2 + ¼ �; Hz ® z0L

01.10.06.0024.01

cscHzL µ cscHz0L - cot Hz0L cscHz0L Hz - z0L + 3 cscHz0L 1

3
cosH2 z0L csc2Hz0L +

1

2
Hz - z0L2 + OIHz - z0L3M

01.10.06.0025.01

â
j=0

¥ H-äLk+1

k !
 â
j=0

k H-1L j j !

2 j
Sk

H jL Kä cotK z0

2
O + 1O j Kä cotK z0

2
O - 1O - 2k Hä cotHz0L + 1L j Hä cotHz0L - 1L Hz - z0Lk

01.10.06.0026.01

cscHzL � cscHz0L â
k=0

¥

∆k + Hk + 1L â
m=0

k â
j=0

f m-1

2
v H-1L j+k 21-m Hm - 2 jLk cscmHz0LHm + 1L j ! Hm - jL ! Hk - mL !

 cos
Π Hm - kL

2
+ Hm - 2 jL z0 Hz - z0Lk

01.10.06.0027.01

cscHzL µ cscHz0L H1 + OHz - z0LL
Expansions at z � 0

For the function itself

01.10.06.0001.02

cscHzL µ
1

z
+

z

6
+

7 z3

360
+ ¼ �; Hz ® 0L

01.10.06.0028.01

cscHzL µ
1

z
+

z

6
+

7 z3

360
+ OIz5M

01.10.06.0002.01

cscHzL �
1

z
+ â

k=1

¥ H-1Lk-1 2 I22 k-1 - 1M B2 k z2 k-1H2 kL !
�;  z¤ < Π

01.10.06.0003.02

cscHzL µ
1

z
+

z

6
+ OIz3M

Expansions at z � Π
2

For the function itself

01.10.06.0004.02

cscHzL µ 1 +
1

2
z -

Π

2

2

+
5

24
z -

Π

2

4

+ ¼ �; z ®
Π

2
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01.10.06.0029.01

cscHzL µ 1 +
1

2
z -

Π

2

2

+
5

24
z -

Π

2

4

+ O z -
Π

2

6

01.10.06.0005.01

cscHzL � â
k=0

¥ H-1LkH2 kL !
 E2 k z -

Π

2

2 k �; z -
Π

2
<

Π

2

01.10.06.0006.02

cscHzL µ 1 + O z -
Π

2

2

q-series

01.10.06.0007.01

cscHzL � -2 ä â
k=1

¥

q2 k-1 �; q � ãä z

Dirichlet series

01.10.06.0008.01

cscHzL � -2 ä ãä z â
k=0

¥

ã2 ä z k �; ImHzL > 0

01.10.06.0009.01

cscHzL � 2 ä ã-ä z â
k=0

¥

ã-2 ä z k �; ImHzL < 0

Asymptotic series expansions

01.10.06.0010.01

cscHzL µ -2 ä ãä z
1F0I1; ; ã2 ä zM �; ImHzL > 0 ß H z¤ ® ¥L

01.10.06.0011.01

cscHzL µ -2 ä ãä z I1 + OIã2 ä zMM �; ImHzL > 0 ß H z¤ ® ¥L
01.10.06.0012.01

cscHzL µ 2 ä ã-ä z
1F0I1; ; ã-2 ä zM �; ImHzL < 0 ß H z¤ ® ¥L

01.10.06.0013.01

cscHzL µ 2 ä ã-ä z I1 + OIã-2 ä zMM �; ImHzL < 0 ß H z¤ ® ¥L
01.10.06.0014.01

cscHzL µ cscHzL �; ImHzL � 0 ß H z¤ ® ¥L
01.10.06.0015.01

cscHzL µ -2 ä ãä z �; Iz ® ãä Φ ¥M í 0 < Φ < Π

01.10.06.0016.01

cscHzL µ 2 ä ã-ä z �; Iz ® ãä Φ ¥M í -Π < Φ < 0
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01.10.06.0030.01

cscHzL µ

2 ä ã-ä z -Π < argHzL < 0

-2 ä ãä z 0 < argHzL < Π
cscHzL True

�; H z¤ ® ¥L
Other series representations

01.10.06.0017.01

cscHzL �
1

z
+ 2 z â

k=1

¥ H-1Lk

z2 - Π2 k2
�; z

Π
Ï Z

01.10.06.0018.01

cscHzL �
1

z
+

z

Π
 â
k¹0

k=-¥

¥ H-1Lk

k Hz - Π kL �; z

Π
Ï Z

01.10.06.0019.01

cscHzL � â
k=-¥

¥ H-1Lk z

z2 - Π2 k2
�; z

Π
Ï Z

01.10.06.0020.01

logHz cscHzLL � â
k=1

¥ ΖH2 kL
k

 
z

Π

2 k �;  z¤ < Π

01.10.06.0021.01

csc2HzL � â
k=-¥

¥ 1Hz - Π kL2
�; z

Π
Ï Z

01.10.06.0022.01

csc2HzL � â
k=-¥

¥ 1Hz + Π kL2
�; z

Π
Ï Z

Integral representations

On the real axis

Of the direct function

01.10.07.0001.01

cscHzL �
1

Π
 à

0

¥ 1

t2 + t
 tz�Π â t �; 0 < ReHzL < Π

Product representations
01.10.08.0001.01

cscHzL �
1

z
 ä
k=1

¥ Π2 k2

Π2 k2 - z2
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01.10.08.0002.01

cscHzL �
1

z
ä
k=1

¥

sec
z

2k
�;  z¤ < 1

Limit representations
01.10.09.0001.01

cscHzL � lim
n®¥

â
k=-n

n H-1Lk

z - Π k
�; z

Π
Ï Z

Differential equations

Ordinary nonlinear differential equations

01.10.13.0001.01

w¢HzL2 - wHzL4 + wHzL2 � 0 �; wHzL � cscHzL
Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

01.10.16.0001.01

cscH-zL � -cscHzL
01.10.16.0002.01

cscHa Hb zcLmL �
Hb zcLm cscHa bm zm cL

bm zm c
�; 2 m Î Z

01.10.16.0003.01

csc z2 �
z2 cscHzL

z

Argument involving inverse trigonometric and hyperbolic functions

Involving sin-1

01.10.16.0004.01

cscIsin-1HzLM �
1

z

01.10.16.0016.01

csc
1

2
sin-1HzL �

2 z2

z 1 - 1 - z2
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01.10.16.0060.01

cscIä sin-1HzLM �
2 ä ä z + 1 - z2

ä

ä z + 1 - z2
2 ä

- 1

01.10.16.0061.01

cscIa sin-1HzLM �
2 ä ä z + 1 - z2

a

ä z + 1 - z2
2 a

- 1

Involving cos-1

01.10.16.0005.01

cscIcos-1HzLM �
1

1 - z2

01.10.16.0017.01

csc
1

2
cos-1HzL �

2

1 - z

01.10.16.0062.01

cscIä cos-1HzLM �
2 ä ãΠ�2 ä z + 1 - z2

ä

1 - ãΠ ä z + 1 - z2
2 ä

01.10.16.0063.01

cscIa cos-1HzLM �
2 ä ã

ä a Π

2 ä z + 1 - z2
a

ãä a Π - ä z + 1 - z2
2 a

Involving tan-1

01.10.16.0006.01

cscItan-1HzLM �
1 + z2

z

01.10.16.0064.01

cscItan-1Hx, yLM �
x2 + y2

y

01.10.16.0018.01

csc
1

2
tan-1HzL �

2 z2

z 1 - 1

z2+1
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01.10.16.0065.01

csc
1

2
tan-1Hx, yL �

2 Hä x + yL x+ä y

x2+y2

-x + ä y + x2 + y2

01.10.16.0066.01

cscIä tan-1HzLM � -
2 ä Iz2 + 1Mä�2

H1 - ä zLä - Hä z + 1Lä

01.10.16.0067.01

cscIä tan-1Hx, yLM �
2 ä

x+ä y

x2+y2

ä

x+ä y

x2+y2

2 ä

- 1

01.10.16.0068.01

cscIa tan-1HzLM � -
2 ä Iz2 + 1Ma�2

H1 - ä zLa - Hä z + 1La

01.10.16.0069.01

cscIa tan-1Hx, yLM �
2 ä

x+ä y

x2+y2

a

x+ä y

x2+y2

2 a

- 1

Involving cot-1

01.10.16.0007.01

cscIcot-1HzLM � 1 +
1

z2
z

01.10.16.0019.01

csc
1

2
cot-1HzL �

1

z2
 

2 z

1 - 1

1+
1

z2

01.10.16.0070.01

cscIä cot-1HzLM �
2 ä J1 + 1

z2
Nä�2

J ä+z

z
Nä

- J -ä+z

z
Nä

01.10.16.0071.01

cscIa cot-1HzLM �
2 ä J1 + 1

z2
Na�2

J ä+z

z
Na

- J -ä+z

z
Na
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Involving csc-1

01.10.16.0008.01

cscIcsc-1HzLM � z

01.10.16.0020.01

csc
1

2
csc-1HzL �

1

z2
 

2 z

1 - 1 - 1

z2

01.10.16.0072.01

cscIä csc-1HzLM �
2 ä 1 - 1

z2
+ ä

z

ä

1 - 1

z2
+ ä

z

2 ä

- 1

01.10.16.0073.01

cscIa csc-1HzLM �
2 ä 1 - 1

z2
+ ä

z

a

1 - 1

z2
+ ä

z

2 a

- 1

Involving sec-1

01.10.16.0009.01

cscIsec-1HzLM �
z2

z2 - 1

01.10.16.0021.01

csc
1

2
sec-1HzL �

2 z

z - 1

01.10.16.0074.01

cscIä sec-1HzLM � -

2 ä ãΠ�2 1 - 1

z2
+ ä

z

ä

ãΠ 1 - 1

z2
+ ä

z

2 ä

- 1

01.10.16.0075.01

cscIa sec-1HzLM � -

2 ä ã
1

2
H-ΠL ä a 1 - 1

z2
+ ä

z

a

ã-Π ä a 1 - 1

z2
+ ä

z

2 a

- 1
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Involving sinh-1

01.10.16.0076.01

cscIsinh-1HzLM �
2 ä z + z2 + 1

ä

z + z2 + 1
2 ä

- 1

01.10.16.0010.01

cscIä sinh-1HzLM � -
ä

z

01.10.16.0022.01

csc
ä

2
sinh-1HzL � -

ä 2 z2

z z2 + 1 - 1

01.10.16.0077.01

cscIa sinh-1HzLM �
2 ä z + z2 + 1

ä a

z + z2 + 1
2 ä a

- 1

Involving cosh-1

01.10.16.0078.01

cscIcosh-1HzLM �
2 ä Iz + z - 1 z + 1 Nä

Iz + z - 1 z + 1 N2 ä
- 1

01.10.16.0011.01

cscIä cosh-1HzLM � -
ä

z - 1 z + 1

01.10.16.0023.01

csc
ä

2
cosh-1HzL � -

ä 2

z - 1

01.10.16.0079.01

cscIa cosh-1HzLM �
2 ä Iz + z - 1 z + 1 Nä a

Iz + z - 1 z + 1 N2 ä a
- 1

Involving tanh-1
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01.10.16.0080.01

cscItanh-1HzLM � -
2 ä I1 - z2Mä�2

H1 - zLä - Hz + 1Lä

01.10.16.0012.01

cscIä tanh-1HzLM � -
ä 1 - z2

z

01.10.16.0024.01

csc
ä

2
tanh-1HzL � -

ä 2 z2

z 1

1-z2
- 1

01.10.16.0081.01

cscIa tanh-1HzLM � -
2 ä I1 - z2M ä a

2H1 - zLä a - Hz + 1Lä a

Involving coth-1

01.10.16.0082.01

cscIcoth-1HzLM �
2 ä J1 - 1

z2
Nä�2

J1 + 1

z
Nä

- J1 - 1

z
Nä

01.10.16.0013.01

cscIä coth-1HzLM � -ä 1 -
1

z2
z

01.10.16.0025.01

csc
ä

2
coth-1HzL � -

1

z2
 

ä 2 z

1

1-
1

z2

- 1

01.10.16.0083.01

cscIa coth-1HzLM �
2 ä J1 - 1

z2
N ä a

2

J1 + 1

z
Nä a

- J1 - 1

z
Nä a

Involving csch-1
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01.10.16.0084.01

cscIcsch-1HzLM �
2 ä 1 + 1

z2
+ 1

z

ä

1 + 1

z2
+ 1

z

2 ä

- 1

01.10.16.0014.01

cscIä csch-1HzLM � -ä z

01.10.16.0026.01

csc
ä

2
csch-1HzL � -

1

z2
 

ä 2 z

1 + 1

z2
- 1

01.10.16.0085.01

cscIa csch-1HzLM �
2 ä 1 + 1

z2
+ 1

z

ä a

1 + 1

z2
+ 1

z

2 ä a

- 1

Involving sech-1

01.10.16.0086.01

cscIsech-1HzLM �

2 ä 1

z
- 1 1 + 1

z
+ 1

z

ä

1

z
- 1 1 + 1

z
+ 1

z

2 ä

- 1

01.10.16.0015.01

cscIä sech-1HzLM � -
ä z

1 - z
 

1 - z

1 + z

01.10.16.0027.01

csc
ä

2
sech-1HzL � -

1

z
 

ä 2  z

1 - z

01.10.16.0087.01

cscIa sech-1HzLM �

2 ä 1

z
- 1 1 + 1

z
+ 1

z

ä a

1

z
- 1 1 + 1

z
+ 1

z

2 ä a

- 1

Addition formulas
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01.10.16.0028.01

cscHa + bL �
1

cosHbL sinHaL + cosHaL sinHbL
01.10.16.0029.01

cscHa - bL �
1

cosHbL sinHaL - cosHaL sinHbL
01.10.16.0030.01

cscHa + b äL �
2 coshHbL sinHaL - 2 ä cosHaL sinhHbL

coshH2 bL - cosH2 aL
01.10.16.0031.01

cscHa - ä bL �
2 coshHbL sinHaL + 2 ä cosHaL sinhHbL

coshH2 bL - cosH2 aL
Half-angle formulas

01.10.16.0032.02

cscK z

2
O �

2

1 - cosHzL �; 0 < ReHzL < 2 Π Þ ReHzL � 0 ß ImHzL > 0 Þ ReHzL � 2 Π ß ImHzL < 0

01.10.16.0033.01

cscK z

2
O �

2 z2

z 1 - cosHzL �;  ReHzL¤ < 2 Π

01.10.16.0034.01

cscK z

2
O �

2 H-1Lf ReHzL
2 Π

v
1 - cosHzL  1 - 1 + H-1Lf ReHzL

2 Π
v+f-

ReHzL
2 Π

v
ΘH-ImHzLL

Multiple arguments

Argument involving numeric multiples of variable

01.10.16.0035.01

cscH2 zL �
1

2
cscHzL secHzL

01.10.16.0043.02

cscH3 zL �
csc3HzL

3 csc2HzL - 4

Argument involving symbolic multiples of variable

01.10.16.0044.01

cscHn zL �
cscHzL

Úk=0

f n-1

2
v H-1Lk -k + n - 1

k
2-2 k+n-1 cos-2 k+n-1HzL �; n Î N+

01.10.16.0036.01

cscHn zL � 21-n ä
k=0

n-1

csc
Π k

n
+ z �; n Î N
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01.10.16.0037.01

cscHn zL �
cscHzL

Un-1HcosHzLL
Products, sums, and powers of the direct function

Products of the direct function

01.10.16.0045.01

cscHaL cscHbL �
2

cosHa - bL - cosHa + bL
Products involving the direct function

01.10.16.0046.01

cscHaL secHbL �
2

sinHa - bL + sinHa + bL
Sums of the direct function

01.10.16.0038.01

cscHaL + cscHbL � 2 sin
a + b

2
cos

a - b

2
cscHaL cscHbL

01.10.16.0039.01

cscHaL - cscHbL � -2 sin
a - b

2
cos

a + b

2
cscHaL cscHbL

Sums involving the direct function

Involving other trigonometric functions

Involving sec 

01.10.16.0047.01

cscHzL + secHzL � 2 cos z -
Π

4
cscHzL secHzL

01.10.16.0048.01

cscHzL - secHzL � 2 cos z +
Π

4
cscHzL secHzL

01.10.16.0049.01

cscHaL + secHbL � 2 cos
a - b

2
-

Π

4
cos

a + b

2
-

Π

4
cscHaL secHbL

01.10.16.0050.01

cscHaL - secHbL � 2 cos
a + b

2
+

Π

4
cos

a - b

2
+

Π

4
cscHaL secHbL

01.10.16.0051.01

a cscHzL + b secHzL � 2 b 1 +
a2

b2
sin z + tan-1

a

b
cscH2 zL

http://functions.wolfram.com 27



Involving hyperbolic functions

Involving csch 

01.10.16.0052.01

cscHzL + ä cschHzL � 2 ä sin
z ã-

1

4
Hä ΠL

2
cos

z ã
ä Π

4

2
cscHzL cschHzL

01.10.16.0053.01

cscHzL - ä cschHzL � -2 ä sin
z ã

ä Π

4

2
cos

z ã-
1

4
Hä ΠL

2
cscHzL cschHzL

01.10.16.0054.01

cscHaL + ä cschHbL � 2 ä sin
1

2
Ha - ä bL cos

1

2
Ha + b äL cscHaL cschHbL

01.10.16.0055.01

cscHaL - ä cschHbL � -2 ä sin
1

2
Ha + b äL cos

1

2
Ha - ä bL cscHaL cschHbL

Involving sech 

01.10.16.0056.01

cscHzL + sechHzL � 2 cos
z ã-

1

4
Hä ΠL

2
-

Π

4
cos

z ã
ä Π

4

2
-

Π

4
cscHzL sechHzL

01.10.16.0057.01

cscHzL - sechHzL � 2 cos
ã

ä Π

4 z

2
+

Π

4
cos

ã-
1

4
Hä ΠL z

2
+

Π

4
cscHzL sechHzL

01.10.16.0058.01

cscHaL + sechHbL � 2 cos
1

2
Ha - ä bL -

Π

4
cos

1

2
Ha + b äL -

Π

4
cscHaL sechHbL

01.10.16.0059.01

cscHaL - sechHbL � 2 cos
1

2
Ha + b äL +

Π

4
cos

1

2
Ha - ä bL +

Π

4
cscHaL sechHbL

Powers of the direct function

01.10.16.0040.01

csc2HzL �
2 secH2 zL

secH2 zL - 1

Powers involving the direct function

01.10.16.0041.01

csc2HaL - csc2HbL � -csc2HaL csc2HbL sinHa - bL sinHa + bL
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01.10.16.0042.01

csc2HaL - sec2HbL � cosHa - bL cosHa + bL csc2HaL sec2HbL
Identities

Functional identities

01.10.17.0001.01

4 csc2H2 zL Icsc2HzL - 1M � csc4HzL
01.10.17.0002.01

csc4Hz1L csc4Hz2L - 2 csc2Hz1L Icsc2Hz1L + csc2Hz2L - 2M csc2Hz1 + z2L csc2Hz2L + Icsc2Hz1L - csc2Hz2LM2
csc4Hz1 + z2L � 0

Complex characteristics

Real part

01.10.19.0001.01

ReHcscHx + ä yLL � -
2 coshHyL sinHxL

cosH2 xL - coshH2 yL
01.10.19.0007.01

ReHcscHzLL � -
2 coshHImHzLL sinHReHzLL

cosH2 ReHzLL - coshH2 ImHzLL
Imaginary part

01.10.19.0002.01

ImHcscHx + ä yLL �
2 cosHxL sinhHyL

cosH2 xL - coshH2 yL
01.10.19.0008.01

ImHcscHzLL �
2 cosHReHzLL sinhHImHzLL

cosH2 ReHzLL - coshH2 ImHzLL
Absolute value

01.10.19.0003.01

 cscHx + ä yL¤ �
2

coshH2 yL - cosH2 xL
01.10.19.0009.01

 cscHzL¤ �
2

coshH2 ImHzLL - cosH2 ReHzLL
Argument

01.10.19.0004.01

argHcscHx + ä yLL � tan-1 -
2 coshHyL sinHxL

cosH2 xL - coshH2 yL ,
2 cosHxL sinhHyL

cosH2 xL - coshH2 yL
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01.10.19.0005.01

argHcscHx + ä yLL �
Π

2
 sgn

sgnHcosHxL sinhHyLL
sgnHcosH2 xL - coshH2 yLL +

1

2

sgnHcoshHyL sinHxLL
sgnHcosH2 xL - coshH2 yLL + 1 - tan-1HcotHxL tanhHyLL

01.10.19.0010.01

argHcscHzLL � tan-1 -
2 coshHImHzLL sinHReHzLL

cosH2 ReHzLL - coshH2 ImHzLL ,
2 cosHReHzLL sinhHImHzLL

cosH2 ReHzLL - coshH2 ImHzLL
01.10.19.0011.01

argHcscHzLL �

1

2
Π sgn

sgnHcosHReHzLL sinhHImHzLLL
sgnHcosH2 ReHzLL - coshH2 ImHzLLL +

1

2

sgnHcoshHImHzLL sinHReHzLLL
sgnHcosH2 ReHzLL - coshH2 ImHzLLL + 1 - tan-1HcotHReHzLL tanhHImHzLLL

Conjugate value

01.10.19.0006.01

cscHx + ä yL �
1

coshHyL sinHxL - ä cosHxL sinhHyL
01.10.19.0012.01

cscHzL �
1

coshHImHzLL sinHReHzLL - ä cosHReHzLL sinhHImHzLL
Signum value

01.10.19.0013.01

sgnHcscHx + ä yLL �
coshH2 yL - cosH2 xL

2 HcoshHyL sinHxL + ä cosHxL sinhHyLL
01.10.19.0014.01

sgnHcscHzLL �
coshH2 ImHzLL - cosH2 ReHzLL

2 HcoshHImHzLL sinHReHzLL + ä cosHReHzLL sinhHImHzLLL
Differentiation

Low-order differentiation

01.10.20.0001.01

¶cscHzL
¶z

� -cotHzL cscHzL
01.10.20.0002.01

¶2 cscHzL
¶z2

� cscHzL Icot2HzL + csc2HzLM
Symbolic differentiation 

01.10.20.0003.01

¶n cscHzL
¶zn

� H-1Ln n! z-n-1 + â
k=1

¥ H-1Lk-1

k H2 k - n - 1L !
 I22 k-1 - 1M B2 k z2 k-n-1 �;  z¤ < Π ì n Î N+
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01.10.20.0006.01

¶n cscHzL
¶zn

� H-äLn+1 â
k=0

n H-1Lk k ! Sn
HkL

2k
Kä cotK z

2
O + 1Ok Kä cotK z

2
O - 1O - 2n Hä cotHzL + 1Lk Hä cotHzL - 1L �; n Î N

01.10.20.0004.01

¶n cscHzL
¶zn

� cscHzL ∆n + Hn + 1L ! â
k=0

n â
j=0

f k-1

2
v H-1L j+n 21-k Hk - 2 jLn csckHzLHk + 1L j ! Hk - jL ! Hn - kL !

 cos
Π Hk - nL

2
+ Hk - 2 jL z �; n Î N

01.10.20.0007.01

¶n cscHzL
¶zn

� än cscHzL â
j=0

n â
k=0

j H-1Lk n

j
2 j-k k ! S j

HkL H1 - cotHzL äLk �; n Î N

Victor Adamchik (2005)

Fractional integro-differentiation

01.10.20.0005.02

¶Α cscHzL
¶zΑ

� FCexp
HΑL Hz, -1L z-Α-1 + â

k=1

¥ H-1Lk-1 I22 k-1 - 1M B2 k z2 k-Α-1

GH2 k - ΑL k
�;  z¤ < Π

01.10.20.0008.01

cscHΑLHc zL � lim
Ν®Α

Hc zL-Ν-1

GH-ΝL  H4 logH2L + 2 logHΠL - logH-c zL + ΨH-ΝL + ýL -

Π-Α-1 H-c zLΑ Hc zL-Α ΨHΑL -
c z

Π
- ΨHΑL c z

Π
+ 2-Α Π-Α-1 H-c zLΑ Hc zL-Α ΨHΑL -

c z

2 Π
- ΨHΑL c z

2 Π

Integration

Indefinite integration

Involving only one direct function

01.10.21.0019.01

à cscHb + a zL â z �
logJtanJ 1

2
Hb + a zLNN

a

01.10.21.0020.01

à cscHa zL â z �
logItanI a z

2
MM

a

01.10.21.0021.01à cscHzL â z � logKtanK z

2
OO

Involving one direct function and elementary functions

Involving power function
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Involving power

Involving znand  linear arguments

01.10.21.0022.01à z cscHa z + bL â z �

1

a2
 Hb + a zL IlogI1 - ãä Hb+a zLM - logI1 + ãä Hb+a zLMM - b log tan

1

2
Hb + a zL + ä ILi2I-ãä Hb+a zLM - Li2Iãä Hb+a zLMM

01.10.21.0023.01à zn cscHa zL â z � -2 ä ãä a z n! â
j=0

n 1Hn - jL !
 H-1L j zn- j Hä aL- j-1

j+2F j+1

1

2
, ¼,

1

2
, 1;

3

2
, ¼,

3

2
; ã2 ä a z �; n Î N

01.10.21.0024.01

à z cscHa zL â z �
a z IlogI1 - ãä a zM - logI1 + ãä a zMM + ä ILi2I-ãä a zM - Li2Iãä a zMM

a2

01.10.21.0025.01

à z2 cscHa zL â z �
a2 IlogI1 - ãä a zM - logI1 + ãä a zMM z2 + 2 a ä ILi2I-ãä a zM - Li2Iãä a zMM z + 2 ILi3Iãä a zM - Li3I-ãä a zMM

a3

01.10.21.0026.01à z3 cscHa zL â z �
1

8 a4
 

Iä I2 a4 z4 - 8 ä a3 logI1 - ã-ä a zM z3 + 8 a3 ä logI1 + ãä a zM z3 + 24 a2 Li2Iã-ä a zM z2 + 24 a2 Li2I-ãä a zM z2 - 48 ä a Li3Iã-ä a zM z +

48 a ä Li3I-ãä a zM z - Π4 - 48 Li4Iã-ä a zM - 48 Li4I-ãä a zMMM
01.10.21.0027.01à z4 cscHa zL â z �

1

10 a5
 

I2 a5 ä z5 + 10 a4 logI1 - ã-ä a zM z4 - 10 a4 logI1 + ãä a zM z4 + 40 a3 ä Li2Iã-ä a zM z3 + 40 a3 ä Li2I-ãä a zM z3 + 120 a2 Li3Iã-ä a zM
z2 - 120 a2 Li3I-ãä a zM z2 - 240 ä a Li4Iã-ä a zM z - 240 ä a Li4I-ãä a zM z - ä Π5 - 240 Li5Iã-ä a zM + 240 Li5I-ãä a zMM

Involving exponential function

Involving exp

Involving ab z

01.10.21.0028.01

à ab z cscHc zL â z � -
2 ab z ãä c z

c - ä b logHaL  2F1

c - ä b logHaL
2 c

, 1;
3

2
-

ä b logHaL
2 c

; ã2 ä c z

01.10.21.0029.01

à ãb z cscHa zL â z � -
2 ãHb+ä a L z

a - ä b
2F1

a - ä b

2 a
, 1;

3

2
-

ä b

2 a
; ã2 ä a z
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01.10.21.0030.01

à ã-ä a z cscHa zL â z �
logI-1 + ã-2 ä a zM

a

01.10.21.0031.01

à ãä a z cscHa zL â z �
logI-1 + ã2 ä a zM

a

Involving exponential function and a power function

Involving exp and power

Involving zn ãb z

01.10.21.0032.01à zn ãb z cscHc zL â z � -2 ä n! ãHb+ä cL z

â
j=0

n 1Hn - jL !
 H-1L j zn- j Hb + ä cL- j-1

j+2F j+1

-ä b + c

2 c
, ¼,

-ä b + c

2 c
, 1;

-ä b + c

2 c
+ 1, ¼,

-ä b + c

2 c
+ 1; ã2 ä c z �; n Î N

01.10.21.0033.01

à zn ã-ä c z cscHc zL â z � -
2 ä z1+n

1 + n
- 2 ä ã2 ä c z n! â

j=0

n H-1L j 2- j-1 Hä cL- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; ã2 ä c zM �; n Î N

01.10.21.0034.01

à zn ã-ä c z H2 q+1L cscHc zL â z � 2 ä n! -
zn+1Hn + 1L !

+ ã2 ä c z â
j=0

n H-2 ä cL- j-1 zn- jHn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; ã2 ä c zM +

â
j=0

n â
k=0

q-1 ã2 ä c Hk-qL z H2 ä c Hq - kLL- j-1 zn- jHn - jL !
�; n Î N ì q Î N+

Arguments involving inverse trigonometric functions

Involving sin-1

01.10.21.0035.01à cscIsin-1HzLM â z � logHzL
01.10.21.0036.01à cscIa sin-1HzLM â z �

-
1

a2 - 1
 ãä Ha-1L sin-1HzL Ha + 1L 2F1

a - 1

2 a
, 1;

3

2
-

1

2 a
; ã2 ä a sin-1HzL + Ha - 1L ã2 ä sin-1HzL

2F1

a + 1

2 a
, 1;

1

2
3 +

1

a
; ã2 ä a sin-1HzL

Involving cos-1

http://functions.wolfram.com 33



01.10.21.0037.01à cscIcos-1HzLM â z � sin-1HzL
01.10.21.0038.01à cscIa cos-1HzLM â z �

1

a2 - 1
 ä ã-ä cos-1HzL

Ha + 1L ãä a cos-1HzL
2F1

a - 1

2 a
, 1;

3

2
-

1

2 a
; ã2 ä a cos-1HzL - Ha - 1L ãä Ha+2L cos-1HzL

2F1

a + 1

2 a
, 1;

1

2
3 +

1

a
; ã2 ä a cos-1HzL

Involving tan-1

01.10.21.0039.01à cscItan-1HzLM â z � logHzL - log z2 + 1 + 1 + z2 + 1

Involving cot-1

01.10.21.0040.01

à cscIcot-1HzLM â z �

1 + 1

z2
z z2 + 1 z + sinh-1HzL

2 z2 + 1

Involving csc-1

01.10.21.0041.01

à cscIcsc-1HzLM â z �
z2

2

Involving sec-1

01.10.21.0042.01

à cscIsec-1HzLM â z � 1 -
1

z2
z

Arguments involving inverse hyperbolic functions

Involving sinh-1

01.10.21.0043.01à cscIsinh-1HzLM â z �

1

2
ãH-1+äL sinh-1HzL H-1 - äL ã2 sinh-1HzL

2F1

1

2
-

ä

2
, 1;

3

2
-

ä

2
; ã2 ä sinh-1HzL - H1 - äL 2F1

1

2
+

ä

2
, 1;

3

2
+

ä

2
; ã2 ä sinh-1HzL
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01.10.21.0044.01à cscIa sinh-1HzLM â z �

-
1

a2 + 1
 ãä Ha+äL sinh-1HzL Ha + äL ã2 sinh-1HzL

2F1

a - ä

2 a
, 1;

3

2
-

ä

2 a
; ã2 ä a sinh-1HzL + Ha - äL 2F1

a + ä

2 a
, 1;

3

2
+

ä

2 a
; ã2 ä a sinh-1HzL

Involving cosh-1

01.10.21.0045.01à cscIcosh-1HzLM â z �

-
1

2
-

ä

2
ãH-1+äL cosh-1HzL ä 2F1

1

2
+

ä

2
, 1;

3

2
+

ä

2
; ã2 ä cosh-1HzL + ã2 cosh-1HzL

2F1

1

2
-

ä

2
, 1;

3

2
-

ä

2
; ã2 ä cosh-1HzL

01.10.21.0046.01à cscIa cosh-1HzLM â z �

1

a2 + 1
 ãä Ha+äL cosh-1HzL Ha - äL 2F1

a + ä

2 a
, 1;

3

2
+

ä

2 a
; ã2 ä a cosh-1HzL - Ha + äL ã2 cosh-1HzL

2F1

a - ä

2 a
, 1;

3

2
-

ä

2 a
; ã2 ä a cosh-1HzL

Involving trigonometric functions

Involving sin

Involving sinHb zL
01.10.21.0047.01

à sinHb zL cscHc zL â z �
ä ãä Hc-bL zHb - cL Hb + cL  Hb + cL 2F1

c - b

2 c
, 1;

3

2
-

b

2 c
; ã2 ä c z + Hb - cL ã2 ä b z

2F1

b + c

2 c
, 1;

b + 3 c

2 c
; ã2 ä c z

Involving power of sin

Involving sinmHb zL
01.10.21.0048.01à sinmHb zL cscHc zL â z �

21-m tanh-1Iãä c zM Hm mod 2 - 1L
c

 
m
m

2

- 21-m ãä c z â
s=0

f m-1

2
v H-1Ls m

s

ã
ä m Π

2
-ä b Hm-2 sL z

2F1J c-b Hm-2 sL
2 c

, 1; c-b Hm-2 sL
2 c

+ 1; ã2 ä c zN
c - b Hm - 2 sL +

ãä b Hm-2 sL z-
ä m Π

2 2F1J c+b Hm-2 sL
2 c

, 1; c+b Hm-2 sL
2 c

+ 1; ã2 ä c zN
c + b Hm - 2 sL �; m Î N+

Involving cos
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Involving cosHb zL
01.10.21.0049.01

à cosHb zL cscHc zL â z �
ãä Hc-bL zHb - cL Hb + cL  Hb + cL 2F1

c - b

2 c
, 1;

3

2
-

b

2 c
; ã2 ä c z - Hb - cL ã2 ä b z

2F1

b + c

2 c
, 1;

b + 3 c

2 c
; ã2 ä c z

Involving power of cos

Involving cosmHb zL
01.10.21.0050.01

à cosmHb zL cscHc zL â z �
21-m tanh-1Iãä c zM Hm mod 2 - 1L

c
 

m
m

2

- 21-m ãä c z â
s=0

f m-1

2
v

m

s

ã-ä b Hm-2 sL z
2F1J c-b Hm-2 sL

2 c
, 1; c-b Hm-2 sL

2 c
+ 1; ã2 ä c zN

c - b Hm - 2 sL +
ãä b Hm-2 sL z

2F1J c+b Hm-2 sL
2 c

, 1; c+b Hm-2 sL
2 c

+ 1; ã2 ä c zN
c + b Hm - 2 sL �; m Î N+

Involving trigonometric and a power functions

Involving sin and power

Involving zn  sinHa + b zL
01.10.21.0051.01à zn sinHa + b zL cscHc zL â z �

ã-ä a+ä Hc-bL z n! â
j=0

n 1Hn - jL !
 H-1L j H-ä b + ä cL- j-1 zn- j

j+2F j+1

c - b

2 c
, ¼,

c - b

2 c
, 1;

c - b

2 c
+ 1, ¼,

c - b

2 c
+ 1; ã2 ä c z -

ãä a+ä Hc+bL z n! â
j=0

n 1Hn - jL !
 H-1L j Hä b + ä cL- j-1 zn- j

j+2F j+1

b + c

2 c
, ¼,

b + c

2 c
, 1;

b + c

2 c
+ 1, ¼,

b + c

2 c
+ 1; ã2 ä c z �; n Î N

01.10.21.0052.01à zn sinHb zL cscHc zL â z �

-ä ãä c z n! ã-
1

2
Hä ΠL+ä b z â

j=0

n H-1L j Hä b + ä cL- j-1 zn- jHn - jL !
 j+2F j+1

b + c

2 c
, ¼,

b + c

2 c
, 1;

b + c

2 c
+ 1, ¼,

b + c

2 c
+ 1; ã2 ä c z +

ã
ä Π

2
-ä b z â

j=0

n H-1L j H-ä b + ä cL- j-1 zn- jHn - jL !
 j+2F j+1

-b + c

2 c
, ¼,

-b + c

2 c
, 1;

-b + c

2 c
+ 1, ¼,

-b + c

2 c
+ 1; ã2 ä c z �; n Î N

Involving powers of sin and power
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Involving zn  sinmHb zL
01.10.21.0053.01à zn sinmHb zL cscHc zL â z �

ä 21-m ãä c z
m
m

2

n! Hm mod 2 - 1L â
j=0

n 1Hn - jL !
 H-1L j zn- j Hä cL- j-1

j+2F j+1

1

2
, ¼,

1

2
, 1;

3

2
, ¼,

3

2
; ã2 ä c z -

ä 21-m ãä c z n! â
k=0

f m-1

2
v H-1Lk m

k
ãb ä Hm-2 kL z-

ä m Π

2 â
j=0

n 1Hn - jL !
 H-1L j zn- j Hb ä Hm - 2 kL + ä cL- j-1

j+2F j+1

c + b H-2 k + mL
2 c

, ¼,
c + b H-2 k + mL

2 c
, 1;

c + b H-2 k + mL
2 c

+ 1, ¼,
c + b H-2 k + mL

2 c
+ 1; ã2 ä c z +

ã
ä Π m

2
-ä b Hm-2 kL z â

j=0

n 1Hn - jL !
 H-1L j zn- j H-ä b Hm - 2 kL + ä cL- j-1

j+2F j+1

c - b H-2 k + mL
2 c

, ¼,

c - b H-2 k + mL
2 c

, 1;
c - b H-2 k + mL

2 c
+ 1, ¼,

c - b H-2 k + mL
2 c

+ 1; ã2 ä c z �; n Î N ì m Î N+

Involving cos and power

Involving zn  cosHa + b zL
01.10.21.0054.01à zn cosHa + b zL cscHc zL â z �

-ä ãä a+ä Hc+bL z n! â
j=0

n H-1L j Hä c + ä b L- j-1 zn- jHn - jL !
 j+2F j+1

b + c

2 c
, ¼,

b + c

2 c
, 1;

b + c

2 c
+ 1, ¼,

b + c

2 c
+ 1; ã2 ä c z -

ä ã-ä a+ä Hc-bL z n! â
j=0

n H-1L j Hä c - ä bL- j-1 zn- jHn - jL !
 j+2F j+1

-b + c

2 c
, ¼,

-b + c

2 c
, 1;

-b + c

2 c
+ 1, ¼,

-b + c

2 c
+ 1; ã2 ä c z �; n Î N

01.10.21.0055.01à zn cosHb zL cscHc zL â z �

-ä ãä c z n! ã-ä b z â
j=0

n H-1L j zn- j H-ä b + ä cL- j-1Hn - jL !
 j+2F j+1

-b + c

2 c
, ¼,

-b + c

2 c
, 1;

-b + c

2 c
+ 1, ¼,

-b + c

2 c
+ 1; ã2 ä c z +

ãä b z â
j=0

n H-1L j zn- j Hä b + ä cL- j-1Hn - jL !
 j+2F j+1

b + c

2 c
, ¼,

b + c

2 c
, 1;

b + c

2 c
+ 1, ¼,

b + c

2 c
+ 1; ã2 ä c z �; n Î N

Involving powers of cos and power

Involving zn  cosmHb zL
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01.10.21.0056.01à zn cosmHb zL cscHc zL â z �

ä 21-m ãä c z
m
m

2

n! Hm mod 2 - 1L â
j=0

n 1Hn - jL !
 H-1L j zn- j Hä cL- j-1

j+2F j+1

1

2
, ¼,

1

2
, 1;

3

2
, ¼,

3

2
; ã2 ä c z -

ä 21-m ãä c z n! â
k=0

f m-1

2
v

m

k
ãb ä Hm-2 kL z â

j=0

n 1Hn - jL !
 H-1L j zn- j Hb ä Hm - 2 kL + ä cL- j-1

j+2F j+1

c + b H-2 k + mL
2 c

, ¼,
c + b H-2 k + mL

2 c
, 1;

c + b H-2 k + mL
2 c

+ 1, ¼,
c + b H-2 k + mL

2 c
+ 1; ã2 ä c z +

ã-ä b Hm-2 kL z â
j=0

n 1Hn - jL !
 H-1L j zn- j H-ä b Hm - 2 kL + ä cL- j-1

j+2F j+1

c - b H-2 k + mL
2 c

, ¼,

c - b H-2 k + mL
2 c

, 1;
c - b H-2 k + mL

2 c
+ 1, ¼,

c - b H-2 k + mL
2 c

+ 1; ã2 ä c z �; n Î N ì m Î N+

Involving trigonometric and exponential  functions

Involving sin and exp

Involving ãp z sinHb zL
01.10.21.0057.01à ãp z sinHb zL cscHc zL â z �

ãä c z
ãH-ä b+pL z

2F1J1, - b

2 c
+ 1

2
-

ä p

2 c
; - b

2 c
+ 3

2
-

ä p

2 c
; ã2 ä c zN

-ä b + ä c + p
-

ãHä b+pL z
2F1J1, b

2 c
+ 1

2
-

ä p

2 c
; b

2 c
+ 3

2
-

ä p

2 c
; ã2 ä c zN

ä b + ä c + p

01.10.21.0058.01

à ãä Ha-cL z sinHa zL cscHc zL â z � z +
ä ã2 ä a z

2F1J1, a

c
; a+c

c
; ã2 ä c zN

2 a
+

ä logI1 - ã2 ä c zM
2 c

01.10.21.0059.01

à ã-ä Ha+cL z sinHa zL cscHc zL â z � -z +
ã-2 ä a z ä

2 a
 2F1 1, -

a

c
; 1 -

a

c
; ã2 ä c z -

ä logI1 - ã2 ä c zM
2 c

Involving powers of sin and exp

Involving ãp z sinmHb zL
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01.10.21.0060.01

à ãp z sinmHb zL cscHc zL â z � ä 
21-m ãHä c+pL z Hm mod 2 - 1L

ä c + p

m
m

2

 2F1

-ä p + c

2 c
, 1;

-ä p + c

2 c
+ 1; ã2 ä c z -

ä 21-m ãä c z â
s=0

f m-1

2
v H-1Ls m

s

ãHp+b ä Hm-2 sLL z-
ä m Π

2 2F1J b Hm-2 sL-ä p+c

2 c
, 1;

b Hm-2 sL-ä p+c

2 c
+ 1; ã2 ä c zN

ä c + p + b ä Hm - 2 sL +

ã
ä Π m

2
+Hp-ä b Hm-2 sLL z

2F1J -ä p-b Hm-2 sL+c

2 c
, 1;

-ä p-b Hm-2 sL+c

2 c
+ 1; ã2 ä c zN

ä c + p - ä b Hm - 2 sL �; m Î N+

Involving cos and exp

Involving ãp z  cosHb zL
01.10.21.0061.01à ãp z cosHb zL cscHc zL â z �

1

2
I1 - ã2 ä c zM cscHc zL

ãHä b+pL z
2F1J1, b

2 c
+ 1

2
-

ä p

2 c
; b

2 c
+ 3

2
-

ä p

2 c
; ã2 ä c zN

ä b + ä c + p
+

ãH-ä b+pL z
2F1J1, - b

2 c
+ 1

2
-

ä p

2 c
; - b

2 c
+ 3

2
-

ä p

2 c
; ã2 ä c zN

-ä b + ä c + p

01.10.21.0062.01

à ãä Ha-cL z cosHa zL cscHc zL â z � -ä z -
ã2 ä a z

2 a
 2F1 1,

a

c
; 1 +

a

c
; ã2 ä c z +

logI1 - ã2 ä c zM
2 c

01.10.21.0063.01

à ã-ä Ha+cL z cosHa zL cscHc zL â z � -ä z +
ã-2 ä a z

2 a
2F1 1, -

a

c
; 1 -

a

c
; ã2 ä c z +

logI1 - ã2 ä c zM
2 c

Involving powers of cos and exp

Involving ãp z cosmHb zL
01.10.21.0064.01

à ãp z cosmHb zL cscHc zL â z �
ä 21-m ãHä c+pL z

p + ä c
 

m
m

2

Hm mod 2 - 1L 2F1

c - ä p

2 c
, 1;

c - ä p

2 c
+ 1; ã2 ä c z -

ä 21-m ãä c z â
s=0

f m-1

2
v

m

s

ãHp+b ä Hm-2 sLL z
2F1J c-ä p+b Hm-2 sL

2 c
, 1;

c-ä p+b Hm-2 sL
2 c

+ 1; ã2 ä c zN
p + ä b Hm - 2 sL + ä c

+

ãHp-ä b Hm-2 sLL z
2F1J c-ä p-b Hm-2 sL

2 c
, 1;

c-ä p-b Hm-2 sL
2 c

+ 1; ã2 ä c zN
p - ä b Hm - 2 sL + ä c

�; m Î N+

Involving trigonometric, exponential and a power functions
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Involving sin, exp and power

Involving zn ãp z sinHa + b zL cscH c zL
01.10.21.0065.01à zn ãp z sinHa + b zL cscHc zL â z � ã-ä a+Hä c-ä b +pL z n!

â
j=0

n H-1L j Hä c - ä b + pL- j-1 zn- jHn - jL !
 j+2F j+1

c - b - ä p

2 c
, ¼,

c - b - ä p

2 c
, 1;

c - b - ä p

2 c
+ 1, ¼,

c - b - ä p

2 c
+ 1; ã2 ä c z -

ãä a+Hä c+ä b +pL z n! â
j=0

n H-1L j Hä c + ä b + pL- j-1 zn- jHn - jL !
 

j+2F j+1

c + b - ä p

2 c
, ¼,

c + b - ä p

2 c
, 1;

c + b - ä p

2 c
+ 1, ¼,

c + b - ä p

2 c
+ 1; ã2 ä c z �; n Î N

01.10.21.0066.01à zn ãp z sinHb zL cscHc zL â z �

ãä c z n! ãH-ä b+pL z â
j=0

n H-1L j zn- j H-ä b + p + ä cL- j-1Hn - jL !
 j+2F j+1

-b - ä p + c

2 c
, ¼,

-b - ä p + c

2 c
, 1;

-b - ä p + c

2 c
+ 1,

¼,
-b - ä p + c

2 c
+ 1; ã2 ä c z - ãHä b+pL z â

j=0

n H-1L j zn- j Hä b + p + ä cL- j-1Hn - jL !
 j+2F j+1

b - ä p + c

2 c
, ¼,

b - ä p + c

2 c
, 1;

b - ä p + c

2 c
+ 1, ¼,

b - ä p + c

2 c
+ 1; ã2 ä c z �; n Î N ì p + ä a ¹ -ä c ì p - ä a ¹ -ä c

01.10.21.0067.01

à zn ãä Hb-cL z sinHb zL cscHc zL â z �
zn+1

n + 1
+ ã2 ä c z n! â

j=0

n H-1L j zn- j H2 ä cL- j-1Hn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; ã2 ä c zM -

ã2 ä b z n! â
j=0

n H-1L j zn- j H2 ä bL- j-1Hn - jL !
 j+2F j+1

b

c
, ¼,

b

c
, 1;

b

c
+ 1, ¼,

b

c
+ 1; ã2 ä c z �; n Î N

01.10.21.0068.01

à zn ã-ä Hb+cL z sinHb zL cscHc zL â z � -
zn+1

n + 1
- n! ã2 ä c z â

j=0

n H-1L j zn- j H2 ä cL- j-1Hn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; ã2 ä c zM -

n! ã-2 ä b z â
j=0

n zn- j H2 ä bL- j-1Hn - jL !
 j+2F j+1 -

b

c
, ¼, -

b

c
, 1; 1 -

b

c
, ¼, 1 -

b

c
; ã2 ä c z �; n Î N

Involving powers of sin, exp and power

Involving zn ãp z sinmHb zL cscHc zL
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01.10.21.0069.01à zn ãp z sinmHb zL cscHc zL â z � ä 21-m ãHä c+pL z
m
m

2

n! Hm mod 2 - 1L 

â
j=0

n 1Hn - jL !
 H-1L j zn- j Hp + ä cL- j-1

j+2F j+1

c - ä p

2 c
, ¼,

c - ä p

2 c
, 1;

c - ä p

2 c
+ 1, ¼,

c - ä p

2 c
+ 1; ã2 ä c z -

ä 21-m ãä c z n! â
k=0

f m-1

2
v H-1Lk m

k
ãHb ä Hm-2 kL+pL z-

ä m Π

2

â
j=0

n 1Hn - jL !
 H-1L j zn- j Hb ä Hm - 2 kL + p + ä cL- j-1

j+2F j+1

c - ä p + b H-2 k + mL
2 c

, ¼,
c - ä p + b H-2 k + mL

2 c
,

1;
c - ä p + b H-2 k + mL

2 c
+ 1, ¼,

c - ä p + b H-2 k + mL
2 c

+ 1; ã2 ä c z + ã
ä Π m

2
+H-ä b Hm-2 kL+pL z

â
j=0

n 1Hn - jL !
 H-1L j zn- j H-ä b Hm - 2 kL + p + ä cL- j-1

j+2F j+1

c - ä p - b H-2 k + mL
2 c

, ¼,
c - ä p - b H-2 k + mL

2 c
,

1;
c - ä p - b H-2 k + mL

2 c
+ 1, ¼,

c - ä p - b H-2 k + mL
2 c

+ 1; ã2 ä c z �; n Î N ì m Î N+

Involving cos, exp and power

Involving zn ãp z cosHa + b zL cscH c zL
01.10.21.0070.01à zn ãp z cosHa + b zL cscHc zL â z � -ä ã-ä a+Hä c-ä b +pL z n!

â
j=0

n H-1L j Hä c - ä b + pL- j-1 zn- jHn - jL !
 j+2F j+1

c - b - ä p

2 c
, ¼,

c - b - ä p

2 c
, 1;

c - b - ä p

2 c
+ 1, ¼,

c - b - ä p

2 c
+ 1; ã2 ä c z -

ä ãä a+Hä c+ä b +pL z n! â
j=0

n H-1L j Hä c + ä b + pL- j-1 zn- jHn - jL !
 

j+2F j+1

c + b - ä p

2 c
, ¼,

c + b - ä p

2 c
, 1;

c + b - ä p

2 c
+ 1, ¼,

c + b - ä p

2 c
+ 1; ã2 ä c z �; n Î N

01.10.21.0071.01à zn ãp z cosHb zL cscHc zL â z �

-ä ãä c z n! ãH-ä b+pL z â
j=0

n H-1L j zn- j H-ä b + p + ä cL- j-1Hn - jL !
 j+2F j+1

c - b - ä p

2 c
, ¼,

c - b - ä p

2 c
, 1;

c - b - ä p

2 c
+ 1,

¼,
c - b - ä p

2 c
+ 1; ã2 ä c z + ãHä b+pL z â

j=0

n H-1L j zn- j Hä b + p + ä cL- j-1Hn - jL !
 

j+2F j+1

c + b - ä p

2 c
, ¼,

c + b - ä p

2 c
, 1;

c + b - ä p

2 c
+ 1, ¼,

c + b - ä p

2 c
+ 1; ã2 ä c z �; n Î N
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01.10.21.0072.01

à zn ãä Hb-cL z cosHb zL cscHc zL â z � -
ä zn+1

n + 1
- ä ã2 ä c z n! â

j=0

n H-1L j zn- j H2 ä cL- j-1Hn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; ã2 ä c zM -

ä ã2 ä b z n! â
j=0

n H-1L j zn- j H2 ä bL- j-1Hn - jL !
 j+2F j+1

b

c
, ¼,

b

c
, 1;

b

c
+ 1, ¼,

b

c
+ 1; ã2 ä c z �; n Î N

01.10.21.0073.01

à zn ã-ä Hb+cL z cosHb zL cscHc zL â z � -
ä zn+1

n + 1
- ä n! ã2 ä c z â

j=0

n H-1L j zn- j H2 ä cL- j-1Hn - jL !
 j+2F j+1I1, ¼, 1, 1; 2, ¼, 2; ã2 ä c zM +

ä n! ã-2 ä b z â
j=0

n zn- j H2 ä bL- j-1Hn - jL !
 j+2F j+1 -

b

c
, ¼, -

b

c
, 1; 1 -

b

c
, ¼, 1 -

b

c
; ã2 ä c z �; n Î N

Involving powers of cos, exp and power

Involving zn ãp z cosmHb zL cscHc zL
01.10.21.0074.01à zn ãp z cosmHb zL cscHc zL â z � ä 21-m ãHä c+pL z

m
m

2

n! Hm mod 2 - 1L 

â
j=0

n 1Hn - jL !
 H-1L j zn- j Hp + ä cL- j-1

j+2F j+1

c - ä p

2 c
, ¼,

c - ä p

2 c
, 1;

c - ä p

2 c
+ 1, ¼,

c - ä p

2 c
+ 1; ã2 ä c z - ä

21-m ãä c z n! â
k=0

f m-1

2
v

m

k
ãHb ä Hm-2 kL+pL z

â
j=0

n 1Hn - jL !
 H-1L j zn- j Hb ä Hm - 2 kL + p + ä cL- j-1

j+2F j+1

c - ä p + b H-2 k + mL
2 c

, ¼,
c - ä p + b H-2 k + mL

2 c
,

1;
c - ä p + b H-2 k + mL

2 c
+ 1, ¼,

c - ä p + b H-2 k + mL
2 c

+ 1; ã2 ä c z + ãH-ä b Hm-2 kL+pL z

â
j=0

n 1Hn - jL !
 H-1L j zn- j H-ä b Hm - 2 kL + p + ä cL- j-1

j+2F j+1

c - ä p - b H-2 k + mL
2 c

, ¼,
c - ä p - b H-2 k + mL

2 c
,

1;
c - ä p - b H-2 k + mL

2 c
+ 1, ¼,

c - ä p - b H-2 k + mL
2 c

+ 1; ã2 ä c z �; n Î N ì m Î N+

Involving functions of the direct function 

Involving powers of the direct function

Involving powers of csc

Linear argument
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01.10.21.0075.01

à cscΝHc zL â z � -
cosHc zL cscΝ-1Hc zL sin2Hc zL Ν-1

2

c
 2F1

1

2
,

Ν + 1

2
;

3

2
; cos2Hc zL

01.10.21.0076.01à csc2Hc zL â z � -
cotHc zL

c

01.10.21.0077.01

à csc3Hc zL â z � -
cotHc zL cscHc zL + logIcosI c z

2
MM - logIsinI c z

2
MM

2 c

01.10.21.0078.01

à csc4Hc zL â z � -
cotHc zL Icsc2Hc zL + 2M

3 c

01.10.21.0079.01

à csc5Hc zL â z � -
cotHc zL cscHc zL I2 csc2Hc zL + 3M + 3 logIcosI c z

2
MM - 3 logIsinI c z

2
MM

8 c

01.10.21.0080.01

à csc6Hc zL â z � -
cotHc zL I3 csc4Hc zL + 4 csc2Hc zL + 8M

15 c

01.10.21.0081.01

à csc7Hc zL â z �
15 IlogIsinI c z

2
MM - logIcosI c z

2
MMM - cotHc zL cscHc zL I8 csc4Hc zL + 10 csc2Hc zL + 15M

48 c

01.10.21.0082.01

à csc8Hc zL â z � -
cotHc zL I5 csc6Hc zL + 6 csc4Hc zL + 8 csc2Hc zL + 16M

35 c

01.10.21.0159.01

à csc2 nHc zL â z � -
cosHc zL csc2 n-1Hc zL

c H2 n - 1L â
k=0

n-1 H1 - nLk sin2 kHc zLJ 3

2
- nN

k

�; n Î N+

01.10.21.0160.01

à csc2 n+1Hc zL â z �
4-n

c
 

2 n

n
KlogKsinK c z

2
OO - logKcosK c z

2
OOO -

cosHc zL J 1

2
N
n

c H2 n!L â
k=1

n csc2 kHc zL Hk - 1L !J 1

2
N
k

�; n Î N

01.10.21.0161.01

à csc2 nHc zL â z � -
cosHc zL csc2 n-1Hc zL

c H2 n - 1L 2F1 1, 1 - n;
3

2
- n; sin2Hc zL �; n Î N+

01.10.21.0162.01

à csc2 n+1Hc zL â z �

2 n

n

4n c
Ktanh-1HcosHc zLL - logKcosK c z

2
OO + logKsinK c z

2
OOO -

cosHc zL
c

 2F1

1

2
, n + 1;

3

2
; cos2Hc zL �; n Î N
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01.10.21.0083.01

à csc
1

2 Hc zL â z � -
2 csc

1

2 Hc zL sin
1

2 Hc zL
c

 F
1

4
HΠ - 2 c zL 2

01.10.21.0084.01

á 1

csc
1

2 Hc zL  â z � -
2

c csc
1

2 Hc zL sin
1

2 Hc zL E
1

4
HΠ - 2 c zL 2

Involving products of the direct functions

01.10.21.0085.01à cscHb + a zL cscHa zL â z �
cscHbL HlogHsinHa zLL - logHsinHb + a zLLL

a

01.10.21.0086.01à cscHb - a zL cscHa zL â z �
cscHbL HlogH-sinHa zLL - logHsinHb - a zLLL

a

Involving powers of products of the direct function

01.10.21.0087.01

à cscHc zL cscH2 c zL  â z � -
23�4 I-cot2Hc zLM3�4

cscHc zL cscH2 c zL tanHc zL
3 c cscHc zL

cosH2 c zL+1

 
cscHc zL
cos2Hc zL 2F1

3

4
,

3

4
;

7

4
; csc2Hc zL

Involving rational functions of the direct function

Involving Ha + b cscHzLL-n

01.10.21.0088.01

à 1

a + b cscHzL  â z �
1

a
 z -

2 b

b2 - a2

 tan-1
a + b tanI z

2
M

b2 - a2

01.10.21.0089.01à 1Ha + b cscHzLL2
 â z �

cscHzL Hb + a sinHzLL
a2 Ha + b cscHzLL2

 
a cotHzL b2

b2 - a2
-

2 Ib2 - 2 a2M cscHzL Hb + a sinHzLL bIb2 - a2M3�2  tan-1
a + b tanI z

2
M

b2 - a2

+ z Ha + b cscHzLL
Involving Ia + b csc2HzLM-n

01.10.21.0090.01

à 1

a + b csc2HzL  â z �
1

a
 z -

b

a + b
 tan-1

a + b tanHzL
b
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01.10.21.0091.01

á 1Ia + b csc2HzLM2
 â z �

1

8 a2 Ib csc2HzL + aM2
 HcosH2 zL a - a - 2 bL csc4HzL

2 z HcosH2 zL a - a - 2 bL +

b H3 a + 2 bL tan-1 a+b tanHzL
b

H-cosH2 zL a + a + 2 bL
Ha + bL3�2 -

a b sinH2 zL
a + b

Involving algebraic functions of the direct function

Involving Ha + b cscHc zLLΒ

01.10.21.0092.01à cscHc zL Ha + b cscHc zLLΒ â z �

-
Ha + b cscHc zLLΒ+1 tanHc zL

b c H Β + 1L  
b HcscHc zL + 1L

b - a

b - b cscHc zL
a + b

 F1 Β + 1;
1

2
,

1

2
; Β + 2;

a + b cscHc zL
a + b

,
a + b cscHc zL

a - b

01.10.21.0093.01

à cscHc zL a + b cscHc zL  â z � 2 ä HcscHc zL + 1L b - b cscHc zL
a + b

E ä sinh-1 -
1

a + b
a + b cscHc zL a + b

a - b
- F ä sinh-1 -

1

a + b
a + b cscHc zL a + b

a - b

tanHc zL � -
1

a + b
c

b HcscHc zL + 1L
b - a

01.10.21.0094.01à cscHc zL
a + b cscHc zL  â z �

-
ä

b - a c b HsinHc zL+1L
b+a sinHc zL

2
b HcscHc zL - 1L
a + b cscHc zL F ä sinh-1

b - a

a + b cscHc zL a + b

a - b
secHc zL HsinHc zL + 1L

Involving HHa + b cscHc zLLnLΒ
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01.10.21.0095.01à cscHc zL HHa + b cscHc zLLnLΒ
 â z � -

1

b c Hn Β + 1L  F1 n Β + 1;
1

2
,

1

2
; n Β + 2;

a + b cscHc zL
a + b

,
a + b cscHc zL

a - b

b HcscHc zL + 1L
b - a

b - b cscHc zL
a + b

HHa + b cscHc zLLnLΒ
secHc zL Hb + a sinHc zLL

01.10.21.0096.01à cscHc zL Ha + b cscHc zLL3  â z �

2 cosHc zL HcscHc zL + 1L Ha + b cscHc zLL3 sin3Hc zL -2 b Hb + a sinHc zLL cot2Hc zL -
1

b-b cscHc zL
a+b

 

HcscHc zL - 1L a + b cscHc zL
a + b

-8 a
b HcscHc zL + 1L

b - a
Hb - aL E sin-1

a + b cscHc zL
a + b

a + b

a - b
+

8 a b
b HcscHc zL + 1L

b - a
F sin-1

a + b cscHc zL
a + b

a + b

a - b
+

2 I3 a2 + b2M cscHc zL + 1 F sin-1
b - b cscHc zL

a + b

a + b

2 b
sinHc zL �

3 c cos2Hc zL cosH2 c zL + 1 HsinHc zL + 1L Hb + a sinHc zLL2

01.10.21.0097.01

á cscHc zL
Ha + b cscHc zLL3

 â z � - 2 Ha + b cscHc zLL3�2 1

- 1

a+b

 ä Ha - bL b HcscHc zL + 1L
b - a

b - b cscHc zL
a + b

E ä sinh-1 -
1

a + b
a + b cscHc zL a + b

a - b
- F ä sinh-1 -

1

a + b
a + b cscHc zL a + b

a - b
-

b2 cot2Hc zL
a + b cscHc zL tanHc zL � b Ia2 - b2M c Ha + b cscHc zLL3

Involving Ia + b csc2Hc zLMΒ
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01.10.21.0098.01à Ia + b csc2Hc zLMΒ
 â z �

-
cos2Hc zL Ib csc2Hc zL + aMΒ

tanHc zL
2 c Β - c

 
a sin2Hc zL

b
+ 1

-Β

F1

1

2
- Β;

1

2
, - Β;

3

2
- Β; sin2Hc zL, -

a sin2Hc zL
b

01.10.21.0099.01

à a + b csc2Hc zL  â z �
1

c cosH2 c zL a - a - 2 b
 2 b csc2Hc zL + a

a logK 2 a cosHc zL + cosH2 c zL a - a - 2 b O - -b tanh-1
2 -b cosHc zL

cosH2 c zL a - a - 2 b
sinHc zL

01.10.21.0100.01

á 1

a + b csc2Hc zL  â z � -
cosH2 c zL a - a - 2 b cscHc zL logJ 2 a cosHc zL + cosH2 c zL a - a - 2 b N

2 a c b csc2Hc zL + a

01.10.21.0101.01à cscHc zL Ia + b csc2Hc zLMΒ
 â z �

-
-cot2Hc zL Ib csc2Hc zL + aMΒ J b csc2Hc zL

a
+ 1N-Β

secHc zL
c

 F1

1

2
;

1

2
, - Β;

3

2
; csc2Hc zL, -

b csc2Hc zL
a

01.10.21.0102.01

à cscHc zL a + b csc2Hc zL  â z � -
-cot2Hc zL b csc2Hc zL + a  tanHc zL

c b csc2Hc zL
a

+ 1

E sin-1HcscHc zLL -
b

a

01.10.21.0103.01

á cscHc zL
a + b csc2Hc zL  â z �

cscHc zL
2 c a + b csc2Hc zL  

-cosH2 c zL a + a + 2 b

b
F c z -

a

b

Involving IIa + b csc2Hc zLMnMΒ

01.10.21.0104.01à IIa + b csc2Hc zLMnMΒ
 â z � -

1

2 c n Β - c
 

F1

1

2
- n Β;

1

2
, -n Β;

3

2
- n Β; sin2Hc zL, -

a sin2Hc zL
b

cos2Hc zL IIb csc2Hc zL + aMnMΒ a sin2Hc zL
b

+ 1

-n Β

tanHc zL
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01.10.21.0105.01

á Ia + b csc2Hc zLM3
 â z � Ib csc2Hc zL + aM3

sinHc zL
-b Kb cosHc zL cosH2 c zL a - a - 2 b - 2 2 a3�2 logK 2 a cosHc zL + cosH2 c zL a - a - 2 b O sin2Hc zLO -

2 b H3 a + bL tanh-1
2 -b cosHc zL

cosH2 c zL a - a - 2 b
sin2Hc zL � K -b c HcosH2 c zL a - a - 2 bL3�2O

01.10.21.0106.01

á 1

Ia + b csc2Hc zLM3

 â z �

csc2Hc zL 2 HcosH2 c zL a - a - 2 bL3�2 cscHc zL logK 2 a cosHc zL + cosH2 c zL a - a - 2 b O -

2 a b HcosH2 c zL a - a - 2 bL cotHc zL
a + b

� 4 a3�2 c Ib csc2Hc zL + aM3

01.10.21.0107.01à cscHc zL IIa + b csc2Hc zLMnMΒ
 â z �

-
-cot2Hc zL IIb csc2Hc zL + aMnMΒ J b csc2Hc zL

a
+ 1N-n Β

secHc zL
c

 F1

1

2
;

1

2
, -n Β;

3

2
; csc2Hc zL, -

b csc2Hc zL
a

01.10.21.0108.01

á cscHc zL Ia + b csc2Hc zLM3
 â z �

Ib csc2Hc zL + aM3
-4 2 b H2 a + bL -cosH2 c zL a + a + 2 b

b
E c z -

a

b
sin3Hc zL +

2 2
-cosH2 c zL a + a + 2 b

b
I3 a2 + 5 b a + 2 b2M F c z -

a

b
sin3Hc zL - cosHc zL

I6 a2 + 13 b a + H2 a + bL cosH4 c zL a + 8 b2 - 2 I4 a2 + 7 b a + 2 b2M cosH2 c zLM � I3 c H-cosH2 c zL a + a + 2 bL2M
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01.10.21.0109.01

á cscHc zL
Ia + b csc2Hc zLM3

 â z �

HcosH2 c zL a - a - 2 bL csc3Hc zL 2
-cosH2 c zL a + a + 2 b

b
b E c z -

a

b
- 2 Ha + bL -cosH2 c zL a + a + 2 b

b

F c z -
a

b
+ a sinH2 c zL � 4 a Ha + bL c Ib csc2Hc zL + aM3

Involving functions of the direct function and a power function

Involving powers of the direct function and a power function

Involving powers of csch and power

Involving znand  linear arguments

01.10.21.0110.01

à zn cscΝHc zL â z � n! cscΝHc zL I1 - ã2 ä c zMΝ
 â
j=0

n H-1L j zn- jHn - jL ! Hä c ΝL j+1
j+2F j+1

Ν

2
, ¼,

Ν

2
, Ν;

Ν

2
+ 1, ¼,

Ν

2
+ 1; ã2 ä c z �; n Î N+

01.10.21.0111.01

à z cscΝHc zL â z �
I1 - ã2 ä c zMΝ

cscΝHc zL
c2 Ν2

 3F2

Ν

2
,

Ν

2
, Ν;

Ν

2
+ 1,

Ν

2
+ 1; ã2 ä c z - ä c z Ν 2F1

Ν

2
, Ν;

Ν

2
+ 1; ã2 ä c z

01.10.21.0112.01à z csc2Hc zL â z �
logHsinHc zLL - c z cotHc zL

c2

01.10.21.0113.01

à z csc3Hc zL â z � -
c z cotHc zL cscHc zL + cscHc zL - c z logI1 - ãä c zM + c z logI1 + ãä c zM - ä Li2I-ãä c zM + ä Li2Iãä c zM

2 c2

01.10.21.0114.01

à z csc4Hc zL â z � -
csc2Hc zL + 2 c z cotHc zL Icsc2Hc zL + 2M - 4 logHsinHc zLL

6 c2

01.10.21.0115.01à z csc5Hc zL â z � -
1

24 c2
 I6 c z cotHc zL csc3Hc zL + 2 csc3Hc zL + 9 c z cotHc zL cscHc zL +

9 cscHc zL - 9 c z logI1 - ãä c zM + 9 c z logI1 + ãä c zM - 9 ä Li2I-ãä c zM + 9 ä Li2Iãä c zMM
01.10.21.0116.01

à z2 csc2Hc zL â z � -
c z Iä c z + c cotHc zL z - 2 logI1 - ã2 ä c zMM + ä Li2Iã2 ä c zM

c3
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01.10.21.0117.01à z3 csc3Hc zL â z � -
1

16 c4
 I-2 ä c4 z4 + 8 c3 cotHc zL cscHc zL z3 - 8 c3 logI1 - ã-ä c zM z3 + 8 c3 logI1 + ãä c zM z3 +

24 c2 cscHc zL z2 - 24 ä c2 Li2Iã-ä c zM z2 - 48 c logI1 - ãä c zM z + 48 c logI1 + ãä c zM z - 48 c Li3Iã-ä c zM z +

48 c Li3I-ãä c zM z + ä Π4 - 24 ä Ic2 z2 + 2M Li2I-ãä c zM + 48 ä Li2Iãä c zM + 48 ä Li4Iã-ä c zM + 48 ä Li4I-ãä c zMM
Involving functions of the direct function and exponential function

Involving powers of the direct function and exponential function

Involving  exp

Involving ãb z

01.10.21.0118.01

à ãb z cscΝHc zL â z �
ãb z I1 - ã2 ä c zMΝ

cscΝHc zL
b + ä c Ν

2F1

-ä b + c Ν

2 c
, Ν;

1

2
2 -

ä b

c
+ Ν ; ã2 ä c z

01.10.21.0119.01

à ã-ä c Ν z cscΝHc zL â z �
ä ã-ä c z Ν I1 - ã-2 ä c zMΝ

cscΝHc zL
2 c Ν

 2F1IΝ, Ν; Ν + 1; ã-2 ä c zM
01.10.21.0120.01

à ãä c z csc2Hc zL â z � -
ä

c
-logI-1 + ãä c zM + logI1 + ãä c zM +

2 ãä c z

-1 + ã2 ä c z

01.10.21.0121.01

à ã2 ä c z csc2Hc zL â z � -
2 ä J 1

-1+ã2 ä c z
- logI-1 + ã2 ä c zMN

c

01.10.21.0122.01

à ã2 ä c z csc4Hc zL â z �
8 ä I1 - 3 ã2 ä c z + 3 ã4 ä c zM

3 c I-1 + ã2 ä c zM3

01.10.21.0123.01

à ã-2 ä c z csc4Hc zL â z �
8 ä ã2 ä c z I3 - 3 ã2 ä c z + ã4 ä c zM

3 c I-1 + ã2 ä c zM3

Involving functions of the direct function, exponential and a power functions

Involving powers of the direct function, exponential and a power functions

Involving  exp and power

Involving zn ãb z
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01.10.21.0124.01à zn ãb z cscΝHc zL â z � n! cscΝHc zL I1 - ã2 ä c zMΝ
ãb z 

â
j=0

n H-1L j zn- j

Hn - jL ! Hb + ä c ΝL j+1
j+2F j+1

c Ν - ä b

2 c
, ¼,

c Ν - ä b

2 c
, Ν;

c Ν - ä b

2 c
+ 1, ¼,

c Ν - ä b

2 c
+ 1; ã2 ä c z �; n Î N ì b ¹ -ä c Ν

01.10.21.0125.01à zn ã-ä c Ν z cscΝHc zL â z �

I1 - ã2 ä c zMΝ
ã-ä c Ν z cscΝHc zL zn+1

n + 1
+ ã2 ä c z Ν n! â

j=0

n H-1L j H2 ä cL- j-1 zn- jHn - jL !
 j+3F j+2I1, ¼, 1, Ν + 1; 2, ¼, 2; ã2 ä c zM �; n Î N

01.10.21.0126.01à zn ã-ä c z H2 q+ΝL cscΝHc zL â z � n! I1 - ã2 ä c zMΝ
cscΝHc zL

ã-ä c z Ν GHq + ΝL zn+1Hn + 1L ! q! GHΝL -
HΝLq+1 ã-ä c z HΝ-2LHq + 1L !

 â
j=0

n zn- jH-2 ä cL j+1 Hn - jL !
 j+3F j+2I1, ¼, 1, q + Ν + 1; 2, ¼, 2, q + 2; ã2 ä c zM -

â
j=0

n â
k=0

q-1 HΝLk ãä c z H2 k-2 q-ΝL zn- j

H2 ä c Hq - kLL j+1 k ! Hn - jL !
�; n Î N ì q Î N+

Involving functions of the direct function and trigonometric functions

Involving powers of the direct function and trigonometric functions

Involving sin

Involving sinHb zL
01.10.21.0127.01à sinHb zL cscΝHc zL â z � -

1

2 Ib2 - c2 Ν2M  ã-ä b z I1 - ã2 ä c zMΝ
cscΝHc zL

ã2 ä b z Hb - c ΝL 2F1

b + c Ν

2 c
, Ν;

1

2

b

c
+ Ν + 2 ; ã2 ä c z + Hb + c ΝL 2F1 -

b - c Ν

2 c
, Ν;

1

2
-

b

c
+ Ν + 2 ; ã2 ä c z

Involving powers of sin

Involving sinmHb zL
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01.10.21.0128.01

à sinmHb zL cscΝHc zL â z � -
ä 2-m I1 - ã2 ä c zMΝ

 H1 - m mod 2L cscΝHc zL
c Ν

 
m
m

2

 2F1

Ν

2
, Ν;

Ν

2
+ 1; ã2 ä c z -

ä 2-m I1 - ã2 ä c zMΝ
cscΝHc zL â

s=0

f m-1

2
v H-1Ls m

s

ã
ä m Π

2
-ä b Hm-2 sL z

2F1J c Ν-b Hm-2 sL
2 c

, Ν; c Ν-b Hm-2 sL
2 c

+ 1; ã2 ä c zN
c Ν - b Hm - 2 sL +

ãä b Hm-2 sL z-
ä m Π

2 2F1J b Hm-2 sL+c Ν

2 c
, Ν; b Hm-2 sL+c Ν

2 c
+ 1; ã2 ä c zN

b Hm - 2 sL + c Ν
�; m Î N+

Involving cos

Involving cosHb zL
01.10.21.0129.01à cosHb zL cscΝHc zL â z �

1

2 Hb - c ΝL Hb + c ΝL  ä ã-ä b z I1 - ã2 ä c zMΝ
cscΝHc zL

Hb + c ΝL 2F1 -
b - c Ν

2 c
, Ν;

1

2
-

b

c
+ Ν + 2 ; ã2 ä c z - ã2 ä b z Hb - c ΝL 2F1

b + c Ν

2 c
, Ν;

1

2

b

c
+ Ν + 2 ; ã2 ä c z

Involving powers of cos

Involving cosmHb zL
01.10.21.0130.01

à cosmHb zL cscΝHc zL â z �
-ä 2-m I1 - ã2 ä c zMΝ H1 - m mod 2L cscΝHc zL

c Ν
 

m
m

2

 2F1

Ν

2
, Ν;

Ν

2
+ 1; ã2 ä c z -

ä 2-m I1 - ã2 ä c zMΝ
cscΝHc zL â

s=0

f m-1

2
v

m

s

ã-ä b Hm-2 sL z

c Ν - b Hm - 2 sL  2F1

c Ν - b Hm - 2 sL
2 c

, Ν;
c Ν - b Hm - 2 sL

2 c
+ 1; ã2 ä c z +

ãä b Hm-2 sL z

b Hm - 2 sL + c Ν
 2F1

b Hm - 2 sL + c Ν

2 c
, Ν;

b Hm - 2 sL + c Ν

2 c
+ 1; ã2 ä c z �; m Î N+

Involving functions of the direct function, trigonometric and a power functions

Involving powers of the direct function, trigonometric and a power functions

Involving sin and power

Involving zn  sinHa + b zL cscΝH c zL
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01.10.21.0131.01à zn sinHa + b zL cscΝHc zL â z � -
ä

2
I1 - ã2 ä c zMΝ

cscΝHc zL n! 

ãä a+ä b z â
j=0

n H-1L j zn- j Hä b + ä c ΝL- j-1Hn - jL !
 j+2F j+1

b + c Ν

2 c
, ¼,

b + c Ν

2 c
, Ν;

b + c Ν

2 c
+ 1, ¼,

b + c Ν

2 c
+ 1; ã2 ä c z -

ã-ä a-ä b z â
j=0

n H-1L j zn- j H-ä b + ä c ΝL- j-1Hn - jL !
 

j+2F j+1

-b + c Ν

2 c
, ¼,

-b + c Ν

2 c
, Ν;

-b + c Ν

2 c
+ 1, ¼,

-b + c Ν

2 c
+ 1; ã2 ä c z �; n Î N ì b ¹ -c Ν ì b ¹ c Ν

01.10.21.0132.01à zn sinHb zL cscΝHc zL â z �
ä

2
I1 - ã2 ä c zMΝ

cscΝHc zL n! 

ã-ä b z â
j=0

n H-1L j zn- j H-ä b + ä c ΝL- j-1Hn - jL !
 j+2F j+1

-b + c Ν

2 c
, ¼,

-b + c Ν

2 c
, Ν;

-b + c Ν

2 c
+ 1, ¼,

-b + c Ν

2 c
+ 1; ã2 ä c z -

ãä b z â
j=0

n H-1L j zn- j Hä b + ä c ΝL- j-1Hn - jL !
 j+2F j+1

b + c Ν

2 c
, ¼,

b + c Ν

2 c
, Ν;

b + c Ν

2 c
+ 1, ¼,

b + c Ν

2 c
+ 1; ã2 ä c z �; n Î N

01.10.21.0133.01à zn sinHc Ν zL cscΝHc zL â z �

1

2
ä I1 - ã2 ä c zMΝ

cscΝHc zL ã-ä c Ν z zn+1

n + 1
+ ã-ä c HΝ-2L z Ν n! â

j=0

n IH-1L j H2 ä cL- j-1 zn- jMHn - jL !
 j+3F j+2I1, ¼, 1, Ν + 1; 2, ¼, 2; ã2 ä c zM -

n! ãä c Ν z â
j=0

n IH-1L j zn- jMHn - jL ! H2 ä c ΝL j+1
 j+2F j+1IΝ, ¼, Ν, Ν; Ν + 1, ¼, Ν + 1; ã2 ä c zM �; n Î N

01.10.21.0134.01

à zn sinHq Ν c zL cscΝHc zL â z � -
ä

2
n! cscΝHc zL I1 - ã2 ä c zMΝ

-
ã-ä c Ν z GJ Ν Hq+1L

2
N zn+1

GJ Ν Hq-1L
2

+ 1N GHΝL Hn + 1L !
+

ãä q Ν c z â
j=0

n H-1L j zn- jHn - jL ! Hä c Ν Hq + 1LL j+1
 j+2F j+1

Ν Hq + 1L
2

, ¼,
Ν Hq + 1L

2
, Ν;

Ν Hq + 1L
2

+ 1, ¼,
Ν Hq + 1L

2
+ 1; ã2 ä c z +

â
j=0

n ãä c z H2-ΝL HΝL Hq-1L Ν

2
+1

zn- j

Hn - jL ! H-2 ä cL j+1 J Hq-1L Ν

2
+ 1N !

 j+3F j+2 1, ¼, 1,
Hq + 1L Ν

2
+ 1; 2, ¼, 2,

Hq - 1L Ν

2
+ 2; ã2 ä c z +

â
j=0

n â
k=0

Hq-1L Ν

2
-1 HΝLk zn- j ãä c z H2 k-q ΝL

Hä c H-2 k + q Ν - ΝLL j+1 Hn - jL ! k !
�; n Î N í Hq - 1L Ν

2
Î N+

Involving powers of sin and power
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Involving zn  sinmHb zL cscΝHc zL
01.10.21.0135.01à zn sinmHb zL cscΝHc zL â z � 2-m

m
m

2

H1 - m mod 2L I1 - ã2 ä c zMΝ
n! cscΝHc zL

â
j=0

n 1Hn - jL !
 H-1L j zn- j Hä c ΝL- j-1

j+2F j+1

Ν

2
, ¼,

Ν

2
, Ν;

Ν

2
+ 1, ¼,

Ν

2
+ 1; ã2 ä c z + 2-m I1 - ã2 ä c zMΝ

n! cscΝHc zL 

â
k=0

f m-1

2
v H-1Lk m

k
ãHb ä Hm-2 kLL z-

ä m Π

2 â
j=0

n 1Hn - jL !
 H-1L j zn- j Hb ä Hm - 2 kL + ä c ΝL- j-1

j+2F j+1

c Ν + b H-2 k + mL
2 c

,

¼,
c Ν + b H-2 k + mL

2 c
, Ν;

c Ν + b H-2 k + mL
2 c

+ 1, ¼,
c Ν + b H-2 k + mL

2 c
+ 1; ã2 ä c z +

ã
ä Π m

2
+H-ä b Hm-2 kLL z â

j=0

n 1Hn - jL !
 H-1L j zn- j H-ä b Hm - 2 kL + ä c ΝL- j-1

j+2F j+1

c Ν - b H-2 k + mL
2 c

, ¼,

c Ν - b H-2 k + mL
2 c

, Ν;
c Ν - b H-2 k + mL

2 c
+ 1, ¼,

c Ν - b H-2 k + mL
2 c

+ 1; ã2 ä c z �; n Î N ì m Î N+

Involving cos and power

Involving zn  cosHa + b zL cscv H c zL
01.10.21.0136.01à zn cosHa + b zL cscΝHc zL â z �

1

2
I1 - ã2 ä c zMΝ

cscΝHc zL n! 

ãä a+ä b z â
j=0

n H-1L j zn- j Hä b + ä c ΝL- j-1Hn - jL !
 j+2F j+1

b + c Ν

2 c
, ¼,

b + c Ν

2 c
, Ν;

b + c Ν

2 c
+ 1, ¼,

b + c Ν

2 c
+ 1; ã2 ä c z +

ã-ä a-ä b z â
j=0

n H-1L j zn- j H-ä b + ä c ΝL- j-1Hn - jL !
 

j+2F j+1

-b + c Ν

2 c
, ¼,

-b + c Ν

2 c
, Ν;

-b + c Ν

2 c
+ 1, ¼,

-b + c Ν

2 c
+ 1; ã2 ä c z �; n Î N ì b ¹ c Ν ì b ¹ -c Ν

01.10.21.0137.01à zn cosHb zL cscΝHc zL â z �
1

2
I1 - ã2 ä c zMΝ

cscΝHc zL n!

ã-ä b z â
j=0

n IH-1L j zn- j H-ä b + ä c ΝL- j-1MHn - jL !
j+2F j+1

c Ν - b

2 c
, ¼,

c Ν - b

2 c
, Ν;

c Ν - b

2 c
+ 1, ¼,

c Ν - b

2 c
+ 1; ã2 ä c z +

ãä b z â
j=0

n IH-1L j zn- j Hä b + ä c ΝL- j-1MHn - jL !
j+2F j+1

b + c Ν

2 c
, ¼,

b + c Ν

2 c
, Ν;

b + c Ν

2 c
+ 1, ¼,

b + c Ν

2 c
+ 1; ã2 ä c z �; n Î N
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01.10.21.0138.01à zn cosHc Ν zL cscΝHc zL â z �

1

2
I1 - ã2 ä c zMΝ

cscΝHc zL ã-ä c Ν z zn+1

n + 1
+ ã-ä c HΝ-2L z Ν n! â

j=0

n IH-1L j H2 ä cL- j-1 zn- jMHn - jL !
 j+3F j+2I1, ¼, 1, Ν + 1; 2, ¼, 2; ã2 ä c zM +

ãä c Ν z n! â
j=0

n IH-1L j zn- jMHn - jL ! H2 ä c ΝL j+1
 j+2F j+1IΝ, ¼, Ν, Ν; Ν + 1, ¼, Ν + 1; ã2 ä c zM �; n Î N

01.10.21.0139.01

à zn cosHq Ν c zL cscΝHc zL â z �
1

2
n! cscΝHc zL I1 - ã2 ä c zMΝ

ã-ä c Ν z GJ 1

2
Ν Hq + 1LN zn+1

GJ 1

2
Hq - 1L Ν + 1N GHΝL Hn + 1L !

-

â
j=0

n ãä c z H2-ΝL HΝL 1

2
Hq-1L Ν+1

zn- j

Hn - jL ! H-2 ä cL j+1 J 1

2
Hq - 1L Ν + 1N !

 j+3F j+2 1, ¼, 1,
1

2
Hq + 1L Ν + 1; 2, ¼, 2,

1

2
Hq - 1L Ν + 2; ã2 ä c z +

ãä q Ν c z â
j=0

n IH-1L j zn- jMHn - jL ! Hä c Ν Hq + 1LL j+1
 j+2F j+1

1

2
Hq + 1L Ν, ¼,

1

2
Hq + 1L Ν, Ν;

1

2
Hq + 1L Ν + 1, ¼,

1

2
Hq + 1L Ν + 1; ã2 ä c z -

â
j=0

n â
k=0

1

2
Ν Hq-1L-1 IHΝLk zn- jM ãä c z H2 k-q ΝL

Hä c H-2 k + q Ν - ΝLL j+1 Hn - jL ! k !
�; n Î N í Hq - 1L Ν

2
Î N+

Involving powers of cos and power

Involving zn  cosmHb zL cscΝHc zL
01.10.21.0140.01à zn cosmHb zL cscΝHc zL â z �

2-m I1 - ã2 ä c zMΝ m
m

2

n! H1 - m mod 2L â
j=0

n H-1L j zn- j Hä c ΝL- j-1Hn - jL !
 j+2F j+1

Ν

2
, ¼,

Ν

2
, Ν;

Ν

2
+ 1, ¼,

Ν

2
+ 1; ã2 ä c z cscΝHc zL +

2-m I1 - ã2 ä c zMΝ
n! cscΝHc zL â

k=0

f m-1

2
v

m

k
ã-ä b Hm-2 kL z â

j=0

n H-1L j zn- j Hä c Ν - ä b Hm - 2 kLL- j-1Hn - jL !
 

j+2F j+1

c Ν - b Hm - 2 kL
2 c

, ¼,
c Ν - b Hm - 2 kL

2 c
, Ν;

c Ν - b Hm - 2 kL
2 c

+ 1, ¼,
c Ν - b Hm - 2 kL

2 c
+ 1; ã2 ä c z +

ãä b Hm-2 kL z â
j=0

n H-1L j zn- j Hb ä Hm - 2 kL + ä c ΝL- j-1Hn - jL !
 j+2F j+1

b Hm - 2 kL + c Ν

2 c
, ¼,

b Hm - 2 kL + c Ν

2 c
,

Ν;
b Hm - 2 kL + c Ν

2 c
+ 1, ¼,

b Hm - 2 kL + c Ν

2 c
+ 1; ã2 ä c z �; n Î N ì m Î N+
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Involving functions of the direct function, trigonometric and exponential functions

Involving powers of the direct function, trigonometric and exponential functions 

Involving sin and exp

Involving ãp z sinHa zL cscv H c zL
01.10.21.0141.01à ãp z sinHa zL cscΝHc zL â z �

1

2
ä I1 - ã2 ä c zMΝ

cscΝHc zL
ä ãHä a+pL z

2F1J a

2 c
+ Ν

2
-

ä p

2 c
, Ν; a

2 c
+ Ν

2
-

ä p

2 c
+ 1; ã2 ä c zN

a - ä p + c Ν
+

ãH-ä a+pL z
2F1J- a

2 c
+ Ν

2
-

ä p

2 c
, Ν; - a

2 c
+ Ν

2
-

ä p

2 c
+ 1; ã2 ä c zN

-ä a + p + ä c Ν
�; p ¹

ä a - ä c Ν ì p ¹ -ä a - ä c Ν

01.10.21.0142.01à ãä Ha-c ΝL z sinHa zL cscΝHc zL â z �

1

4 a c
 ã-ä c z Ν I1 - ã2 ä c zMΝ

cscΝHc zL 2 ä a c z - c ã2 ä a z
2F1

a

c
, Ν;

a

c
+ 1; ã2 ä c z + a ã2 ä c z Ν 3F2I1, 1, Ν + 1; 2, 2; ã2 ä c zM

01.10.21.0143.01à ã-ä Ha+c ΝL z sinHa zL cscΝHc zL â z �

-
1

4 a c
 ã-ä z H2 a+c ΝL I1 - ã2 ä c zMΝ

cscΝHc zL c 2F1 -
a

c
, Ν; 1 -

a

c
; ã2 ä c z + a ã2 ä a z I2 ä c z + ã2 ä c z Ν 3F2I1, 1, Ν + 1; 2, 2; ã2 ä c zMM

Involving powers of sin and exp

Involving ãp z sinmHa zL cscΝHc zL
01.10.21.0144.01

à ãp z sinmHa zL cscΝHc zL â z �
2-m ãp z I1 - ã2 ä c zMΝ H1 - m mod 2L cscΝHc zL

p + ä c Ν
 

m
m

2
2F1

c Ν - ä p

2 c
, Ν;

c Ν - ä p

2 c
+ 1; ã2 ä c z +

2-m I1 - ã2 ä c zMΝ
cscΝHc zL â

s=0

f m-1

2
v H-1Ls m

s

ãHp+a ä Hm-2 sLL z-
ä m Π

2 2F1J -ä p+a Hm-2 sL+c Ν

2 c
, Ν;

-ä p+a Hm-2 sL+c Ν

2 c
+ 1; ã2 ä c zN

p + a ä Hm - 2 sL + ä c Ν
+

ã
ä Π m

2
+Hp-ä a Hm-2 sLL z

2F1J -ä p-a Hm-2 sL+c Ν

2 c
, Ν;

-ä p-a Hm-2 sL+c Ν

2 c
+ 1; ã2 ä c zN

p - ä a Hm - 2 sL + ä c Ν
�; m Î N+

Involving cos and exp
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Involving ãp z  cosHa zL cscv H c zL
01.10.21.0145.01à ãp z cosHa zL cscΝHc zL â z �

1

2
I1 - ã2 ä c zMΝ

cscΝHc zL
ãHä a+pL z

2F1J a

2 c
+ Ν

2
-

ä p

2 c
, Ν; a

2 c
+ Ν

2
-

ä p

2 c
+ 1; ã2 ä c zN

ä a + p + ä c Ν
+

ãH-ä a+pL z
2F1J- a

2 c
+ Ν

2
-

ä p

2 c
, Ν; - a

2 c
+ Ν

2
-

ä p

2 c
+ 1; ã2 ä c zN

-ä a + p + ä c Ν
�; p ¹

ä a - ä c Ν ì p ¹ -ä a - ä c Ν

01.10.21.0146.01à ãä Ha-c ΝL z cosHa zL cscΝHc zL â z �

1

4 a c
 ã-ä c z Ν I1 - ã2 ä c zMΝ

cscΝHc zL 2 a c z - ä c ã2 ä a z
2F1

a

c
, Ν;

a

c
+ 1; ã2 ä c z - ä a ã2 ä c z Ν 3F2I1, 1, Ν + 1; 2, 2; ã2 ä c zM

01.10.21.0147.01à ã-ä Ha+c ΝL z cosHa zL cscΝHc zL â z �

1

4 a c
 ã-ä z H2 a+c ΝL I1 - ã2 ä c zMΝ

cscΝHc zL c ä 2F1 -
a

c
, Ν; 1 -

a

c
; ã2 ä c z + a ã2 ä a z I2 c z - ä ã2 ä c z Ν 3F2I1, 1, Ν + 1; 2, 2; ã2 ä c zMM

Involving powers of cos and exp

Involving ãp z cosmHa zL cscΝHc zL
01.10.21.0148.01

à ãp z cosmHa zL cscΝHc zL â z �
2-m ãp z I1 - ã2 ä c zMΝ H1 - m mod 2L cscΝHc zL

p + ä c Ν
 

m
m

2

 2F1

c Ν - ä p

2 c
, Ν;

c Ν - ä p

2 c
+ 1; ã2 ä c z +

2-m I1 - ã2 ä c zMΝ
cscΝHc zL â

s=0

f m-1

2
v

m

s

ãHp-ä a Hm-2 sLL z
2F1J -ä p-a Hm-2 sL+c Ν

2 c
, Ν;

-ä p-a Hm-2 sL+c Ν

2 c
+ 1; ã2 ä c zN

p - ä a Hm - 2 sL + ä c Ν
+

ãHp+a ä Hm-2 sLL z
2F1J -ä p+a Hm-2 sL+c Ν

2 c
, Ν;

-ä p+a Hm-2 sL+c Ν

2 c
+ 1; ã2 ä c zN

p + a ä Hm - 2 sL + ä c Ν
�; m Î N+

Involving functions of the direct function, trigonometric, exponential and a power functions

Involving powers of the direct function, trigonometric, exponential and a power functions

Involving sin, exp and power

Involving zn ãp z sinHa + b zL cscv H c zL
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01.10.21.0149.01

à zn ãp z sinHa + b zL cscΝHc zL â z � -
ä

2
I1 - ã2 ä c zMΝ

cscΝHc zL n! ãä a+Hp+ä bL z â
j=0

n H-1L j zn- j Hä b + p + ä c ΝL- j-1Hn - jL !
 

j+2F j+1

b - ä p + c Ν

2 c
, ¼,

b - ä p + c Ν

2 c
, Ν;

b - ä p + c Ν

2 c
+ 1, ¼,

b - ä p + c Ν

2 c
+ 1; ã2 ä c z -

ã-ä a+Hp-ä bL z â
j=0

n H-1L j zn- j H-ä b + p + ä c ΝL- j-1Hn - jL !
 j+2F j+1

-b - ä p + c Ν

2 c
, ¼,

-b - ä p + c Ν

2 c
, Ν;

-b - ä p + c Ν

2 c
+ 1, ¼,

-b - ä p + c Ν

2 c
+ 1; ã2 ä c z �; n Î N ì p + ä b ¹ -ä c Ν ì p - ä b ¹ -ä c Ν

01.10.21.0150.01

à zn ãp z sinHb zL cscΝHc zL â z �
ä

2
I1 - ã2 ä c zMΝ

cscΝHc zL n! ãH-ä b+pL z â
j=0

n H-1L j zn- j H-ä b + p + ä c ΝL- j-1Hn - jL !
 

j+2F j+1

-b - ä p + c Ν

2 c
, ¼,

-b - ä p + c Ν

2 c
, Ν;

-b - ä p + c Ν

2 c
+ 1, ¼,

-b - ä p + c Ν

2 c
+ 1; ã2 ä c z -

ãHä b+pL z â
j=0

n H-1L j zn- j Hä b + p + ä c ΝL- j-1Hn - jL !
 j+2F j+1

b - ä p + c Ν

2 c
, ¼,

b - ä p + c Ν

2 c
, Ν;

b - ä p + c Ν

2 c
+ 1,

¼,
b - ä p + c Ν

2 c
+ 1; ã2 ä c z �; n Î N ì p + ä b ¹ -ä c Ν ì p - ä b ¹ -ä c Ν

01.10.21.0151.01à zn ãä Hb-c ΝL z sinHb zL cscΝHc zL â z �

ä

2
I1 - ã2 ä c zMΝ

cscΝHc zL ã-ä c Ν z zn+1

n + 1
+ ãä c H2-ΝL z Ν n! â

j=0

n H-1L j zn- j H2 ä cL- j-1Hn - jL !
 j+3F j+2I1, ¼, 1, Ν + 1; 2, ¼, 2; ã2 ä c zM -

ãä H2 b-c ΝL z n! â
j=0

n H-1L j zn- j H2 ä bL- j-1Hn - jL !
 j+2F j+1

b

c
, ¼,

b

c
, Ν;

b

c
+ 1, ¼,

b

c
+ 1; ã2 ä c z �; n Î N

01.10.21.0152.01à zn ã-ä Hb+c ΝL z sinHb zL cscΝHc zL â z �

-
ä

2
I1 - ã2 ä c zMΝ

cscΝHc zL ã-ä c Ν z zn+1

n + 1
+ ãä c H2-ΝL z Ν n! â

j=0

n H-1L j zn- j H2 ä cL- j-1Hn - jL !
 j+3F j+2I1, ¼, 1, Ν + 1; 2, ¼, 2; ã2 ä c zM +

ã-ä H2 b+c ΝL z n! â
j=0

n zn- j H2 ä bL- j-1Hn - jL !
 j+2F j+1 -

b

c
, ¼, -

b

c
, Ν; 1 -

b

c
, ¼, 1 -

b

c
; ã2 ä c z �; n Î N

Involving powers of sin, exp and power

Involving zn ãp z sinmHb zL cscΝHc zL
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01.10.21.0153.01à zn ãp z sinmHb zL cscΝHc zL â z � 2-m
m
m

2

H1 - m mod 2L I1 - ã2 ä c zMΝ
n! cscΝHc zL ãp z

â
j=0

n 1Hn - jL !
 H-1L j zn- j Hp + ä c ΝL- j-1

j+2F j+1

c Ν - ä p

2 c
, ¼,

c Ν - ä p

2 c
, Ν;

c Ν - ä p

2 c
+ 1, ¼,

c Ν - ä p

2 c
+ 1; ã2 ä c z +

2-m I1 - ã2 ä c zMΝ
n! cscΝHc zL â

k=0

f m-1

2
v H-1Lk m

k

ãHb ä Hm-2 kL+pL z-
ä m Π

2 â
j=0

n 1Hn - jL !
 H-1L j zn- j Hb ä Hm - 2 kL + p + ä c ΝL- j-1

j+2F j+1

c Ν - ä p + b H-2 k + mL
2 c

, ¼,

c Ν - ä p + b H-2 k + mL
2 c

, Ν;
c Ν - ä p + b H-2 k + mL

2 c
+ 1, ¼,

c Ν - ä p + b H-2 k + mL
2 c

+ 1; ã2 ä c z +

ã
ä Π m

2
+H-ä b Hm-2 kL+pL z â

j=0

n 1Hn - jL !
 H-1L j zn- j H-ä b Hm - 2 kL + p + ä c ΝL- j-1

j+2F j+1

c Ν - ä p - b H-2 k + mL
2 c

, ¼,
c Ν - ä p - b H-2 k + mL

2 c
, Ν;

c Ν - ä p - b H-2 k + mL
2 c

+ 1, ¼,
c Ν - ä p - b H-2 k + mL

2 c
+ 1; ã2 ä c z �; n Î N ì m Î N+

Involving cos, exp and power

Involving zn ãp z cosHa + b zL cscv H c zL
01.10.21.0154.01

à zn ãp z cosHa + b zL cscΝHc zL â z �
1

2
I1 - ã2 ä c zMΝ

cscΝHc zL n! ãä a+Hp+ä bL z â
j=0

n H-1L j zn- j Hä b + p + ä c ΝL- j-1Hn - jL !
 

j+2F j+1

b - ä p + c Ν

2 c
, ¼,

b - ä p + c Ν

2 c
, Ν;

b - ä p + c Ν

2 c
+ 1, ¼,

b - ä p + c Ν

2 c
+ 1; ã2 ä c z +

ã-ä a+Hp-ä bL z â
j=0

n H-1L j zn- j H-ä b + p + ä c ΝL- j-1Hn - jL !
 j+2F j+1

-b - ä p + c Ν

2 c
, ¼,

-b - ä p + c Ν

2 c
, Ν;

-b - ä p + c Ν

2 c
+ 1, ¼,

-b - ä p + c Ν

2 c
+ 1; ã2 ä c z �; n Î N ì p + ä b ¹ -ä c Ν ì p - ä b ¹ -ä c Ν
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01.10.21.0155.01

à zn ãp z cosHb zL cscΝHc zL â z �
1

2
I1 - ã2 ä c zMΝ

cscΝHc zL n! ãH-ä b+pL z â
j=0

n H-1L j zn- j H-ä b + p + ä c ΝL- j-1Hn - jL !
 

j+2F j+1

-b - ä p + c Ν

2 c
, ¼,

-b - ä p + c Ν

2 c
, Ν;

-b - ä p + c Ν

2 c
+ 1, ¼,

-b - ä p + c Ν

2 c
+ 1; ã2 ä c z +

ãHä b+pL z â
j=0

n H-1L j zn- j Hä b + p + ä c ΝL- j-1Hn - jL !
 j+2F j+1

b - ä p + c Ν

2 c
, ¼,

b - ä p + c Ν

2 c
, Ν;

b - ä p + c Ν

2 c
+ 1,

¼,
b - ä p + c Ν

2 c
+ 1; ã2 ä c z �; n Î N ì p + ä b ¹ -ä c Ν ì p - ä b ¹ -ä c Ν

01.10.21.0156.01à zn ãä Hb-c ΝL z cosHb zL cscΝHc zL â z �

1

2
I1 - ã2 ä c zMΝ

cscΝHc zL ã-ä c Ν z zn+1

n + 1
+ ãä c H2-ΝL z Ν n! â

j=0

n H-1L j zn- j H2 ä cL- j-1Hn - jL !
 j+3F j+2I1, ¼, 1, Ν + 1; 2, ¼, 2; ã2 ä c zM +

ãä H2 b-c ΝL z n! â
j=0

n H-1L j zn- j H2 ä bL- j-1Hn - jL !
 j+2F j+1

b

c
, ¼,

b

c
, Ν;

b

c
+ 1, ¼,

b

c
+ 1; ã2 ä c z �; n Î N

01.10.21.0157.01à zn ã-ä Hb+c ΝL z cosHb zL cscΝHc zL â z �

1

2
I1 - ã2 ä c zMΝ

cscΝHc zL ã-ä c Ν z zn+1

n + 1
+ ãä c H2-ΝL z Ν n! â

j=0

n H-1L j zn- j H2 ä cL- j-1Hn - jL !
j+3F j+2I1, ¼, 1, Ν + 1; 2, ¼, 2; ã2 ä c zM -

n! ã-ä H2 b+c ΝL z â
j=0

n zn- j H2 ä bL- j-1Hn - jL !
j+2F j+1 -

b

c
, ¼, -

b

c
, Ν; 1 -

b

c
, ¼, 1 -

b

c
; ã2 ä c z �; n Î N

Involving powers of cos, exp and power

Involving zn ãp z cosmHb zL cscΝHc zL
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01.10.21.0158.01à zn ãp z cosmHb zL cscΝHc zL â z � 2-m
m
m

2

H1 - m mod 2L I1 - ã2 ä c zMΝ
cscΝHc zL n! ãp z 

â
j=0

n 1Hn - jL !
 H-1L j zn- j Hp + ä c ΝL- j-1

j+2F j+1

c Ν - ä p

2 c
, ¼,

c Ν - ä p

2 c
, Ν;

c Ν - ä p

2 c
+ 1, ¼,

c Ν - ä p

2 c
+ 1; ã2 ä c z +

2-m I1 - ã2 ä c zMΝ
n! cscΝHc zL â

k=0

f m-1

2
v

m

k
ãHb ä Hm-2 kL+pL z â

j=0

n 1Hn - jL !
 H-1L j zn- j Hb ä Hm - 2 kL + p + ä c ΝL- j-1

j+2F j+1

c Ν - ä p + b H-2 k + mL
2 c

, ¼,
c Ν - ä p + b H-2 k + mL

2 c
, Ν;

c Ν - ä p + b H-2 k + mL
2 c

+ 1,

¼,
c Ν - ä p + b H-2 k + mL

2 c
+ 1; ã2 ä c z + ãH-ä b Hm-2 kL+pL z â

j=0

n 1Hn - jL !
 H-1L j zn- j

H-ä b Hm - 2 kL + p + ä c ΝL- j-1
j+2F j+1

c Ν - ä p - b H-2 k + mL
2 c

, ¼,
c Ν - ä p - b H-2 k + mL

2 c
,

Ν;
c Ν - ä p - b H-2 k + mL

2 c
+ 1, ¼,

c Ν - ä p - b H-2 k + mL
2 c

+ 1; ã2 ä c z �; n Î N ì m Î N+

Definite integration

For the direct function itself

01.10.21.0163.01

à Π

4

Π

2
cscHtL â t �

1

2
JlogI 2 + 2N - logI2 - 2 NN

01.10.21.0164.01

à
0

Π

2
t cscHtL â t � 2 C

01.10.21.0165.01

à
0

Π

2
t2 cscHtL â t � 2 C Π -

7 ΖH3L
2

Summation

Finite summation

01.10.23.0002.01

â
k=1

n-1

csc2
k Π

n
�

1

3
In2 - 1M �; n Î N+

01.10.23.0001.01

â
k=0

n-1

csc2
Π H2 k + 1L

2 n
� n2 �; n Î N
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01.10.23.0003.01â
k=1

n

csc2
k Π

2 n + 1
�

2

3
n Hn + 1L �; n Î N

01.10.23.0004.01

â
k=0

n-1

csc2
Π k

n
+ z � n2 csc2Hn zL �; n Î N+

01.10.23.0005.01â
k=0

n

csc
z

2k
� cot

z

2n+1
- cotHzL �; n Î N

01.10.23.0006.01

â
k=1

f n-1

2
v
csc2

k Π

n
�

1

12
I2 n2 - 3 H-1Ln - 5M �; n Î N+

01.10.23.0007.01

â
k=0

f n-2

2
v
csc2

H2 k + 1L Π

2 n
�

1

4
I2 n2 + H-1Ln - 1M �; n Î N

Infinite summation

01.10.23.0008.01

â
k=1

¥ cscIk Π 2 N
k3

� -
13 Π3

360 2

Products

Finite products

01.10.24.0001.01

ä
k=1

n-1

csc
k Π

n
�

2n-1

n
�; n Î N+

01.10.24.0002.01

ä
k=0

n-1

csc
Π k

n
+ z � 2n-1 cscHn zL �; n Î N+

Representations through more general functions

Through hypergeometric functions

01.10.26.0029.01

cscHzL �
2

z
3F2 1, -

z

Π
,

z

Π
; 1 -

z

Π
,

z

Π
+ 1; -1 -

1

z

Brychkov Yu.A. (2005)
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01.10.26.0001.01

cscHzL �
1

z 0F1J; 3

2
; - z2

4
N

Through Meijer G

Classical cases for the direct function itself

01.10.26.0002.01

csc HzL �
z2

z Π G0,2
1,0J z2

4
Ë 1

2
, 0N

Generalized cases for the direct function itself

01.10.26.0003.01

csc HzL �
1

Π G0,2
1,0J z

2
, 1

2
Ë 1

2
, 0N

Through other functions

Involving Bessel functions

01.10.26.0004.01

cscHzL �
2

Π
 

1

z J 1

2

HzL
01.10.26.0005.01

cscHzL �
2

Π
 

ä

ä z I 1

2

Hä zL
01.10.26.0006.01

cscHzL �
2

Π
 

1

z Y
-

1

2

HzL
Involving Jacobi functions

01.10.26.0007.01

cscHzL �
1

cdI Π

2
- z É 0M

01.10.26.0008.01

cscHzL �
1

cnI Π

2
- z É 0M

01.10.26.0009.01

cscHzL � cn
Π ä

2
- ä z 1
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01.10.26.0010.01

cscHzL � ä csHä z È 1L
01.10.26.0011.01

cscHzL � dc
Π

2
- z 0

01.10.26.0012.01

cscHzL � dn
Π ä

2
- ä z 1

01.10.26.0013.01

cscHzL � dsHz È 0L
01.10.26.0014.01

cscHzL � ä dsHä z È 1L
01.10.26.0015.01

cscHzL � nc
Π

2
- z 0

01.10.26.0016.01

cscHzL �
1

ncJ Π ä

2
- ä z Ë 1N

01.10.26.0017.01

cscHzL �
1

ndJ Π ä

2
- ä z Ë 1N

01.10.26.0018.01

cscHzL � nsHz È 0L
01.10.26.0019.01

cscHzL �
ä

scHä z È 1L
01.10.26.0020.01

cscHzL �
ä

sdHä z È 1L
01.10.26.0021.01

cscHzL �
1

sdHz È 0L
01.10.26.0022.01

cscHzL �
1

snHz È 0L
Involving Mathieu functions

01.10.26.0023.01

cscI a zN �
1

SeHa, 0, zL
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01.10.26.0024.01

cscI a zN � -
a

CezHa, 0, zL
Involving some hypergeometric-type functions

01.10.26.0025.01

cscHΠ zL �
GH1 - zL GHzL

Π

01.10.26.0026.01

cscHzL �

2

Π

z H
-

1

2

HzL
01.10.26.0027.01

cscHzL �
2

Π
 

ä

ä z L
-

1

2

Hä zL
01.10.26.0028.01

cscHn zL �
cscHzL

Un-1HcosHzLL
Representations through equivalent functions

With inverse function

01.10.27.0001.01

cscIcsc-1HzLM � z

01.10.27.0002.02

csc-1HcscHzLL � z �; -
Π

2
< ReHzL <

Π

2
ë ReHzL � -

Π

2
í ImHzL ³ 0 ë ReHzL �

Π

2
í ImHzL £ 0

01.10.27.0072.01

csc-1HcscHzLL � -z - Π �; -
3 Π

2
< ReHzL < -

Π

2
ë ReHzL � -

3 Π

2
í ImHzL ³ 0 ë ReHzL � -

Π

2
í ImHzL £ 0

01.10.27.0073.01

csc-1HcscHzLL � Π - z �; Π

2
< ReHzL <

3 Π

2
ë ReHzL �

Π

2
í ImHzL ³ 0 ë ReHzL �

3 Π

2
í ImHzL £ 0

01.10.27.0074.01

csc-1HcscHzLL � H-1Lk Hz - Π kL �;
k Π -

Π

2
< ReHzL < Π k +

Π

2
ë ReHzL � k Π -

Π

2
í ImHzL ³ 0 ë ReHzL � Π k +

Π

2
í ImHzL £ 0 í k Î Z

01.10.27.0003.01

csc-1HcscHzLL �H-1Lf ReHzL
Π

-
1

2
v

1 + H-1Lf ReHzL
Π

+
1

2
v+f-

ReHzL
Π

-
1

2
v

ΘH-ImHzLL - 1 z - Π
ReHzL

Π
+

1

2
+

Π

2
1 + H-1Lf ReHzL

Π
+

1

2
v+f-

ReHzL
Π

-
1

2
v

ΘH-ImHzLL
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01.10.27.0075.01

csc-1HcscHzLL �
H-1Lf 2 ReHzL+Π

2 Π
v JΠ f 2 ReHzL-Π

2 Π
v - zN 2 ReHzL+Π

2 Π
Î Z í ImHzL £ 0

H-1Lf 2 ReHzL+Π

2 Π
v Jz - Π f 2 ReHzL+Π

2 Π
vN True

With related functions

Involving exp

01.10.27.0004.01

cscHzL �
2 ä

ãä z - ã-ä z

01.10.27.0005.01

cscHzL �
2 ä ãä z

ã2 ä z - 1

Involving sin

01.10.27.0006.01

cscHzL �
1

sinHzL
Involving cos

01.10.27.0007.01

cscHzL �
1

cosI Π

2
- zM

01.10.27.0008.01

cscHzL � -
1

cosI Π

2
+ zM

01.10.27.0009.01

cscHzL �
2

1 - cosH2 zL �; 0 < ReHzL < Π

01.10.27.0010.01

cscHzL �
2

1 - cosH2 zL  H-1Lf ReHzL
Π

v
 1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘH-ImHzLL

01.10.27.0011.01

cscHzL �
z2

z
 

1

1 - cos2HzL �;  ReHzL¤ < Π

01.10.27.0012.01

cscHzL �
1

1 - cos2HzL �; 0 < ReHzL < Π
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01.10.27.0013.01

cscHzL �
1

1 - cos2HzL  H-1Lf ReHzL
Π

v
1 - H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
+ 1 ΘH-ImHzLL

01.10.27.0014.01

csc2HzL �
1

1 - cos2HzL
01.10.27.0015.01

csc
Π

2
+ z �

1

cosHzL
01.10.27.0016.01

csc
Π

2
- z �

1

cosHzL
Involving tan

01.10.27.0017.01

cscHzL �
tan2I z

2
M + 1

2 tanI z

2
M

01.10.27.0018.01

cscHzL �
tan2HzL + 1

tanHzL �;  ReHzL¤ <
Π

2

01.10.27.0019.01

cscHzL �
tan2HzL + 1

tanHzL  H-1Lf 1

2
-

ReHzL
Π

v
1 - 1 + H-1Lf ReHzL

Π
-

1

2
v+f 1

2
-

ReHzL
Π

v
ΘH-ImHzLL

01.10.27.0020.01

csc2HzL �
tan2HzL + 1

tan2HzL
Involving cot

01.10.27.0021.01

cscHzL �
cot2I z

2
M + 1

2 cotI z

2
M

01.10.27.0022.01

cscHzL � z 
1

z2
 cot2HzL + 1 �;  ReHzL¤ < Π

01.10.27.0023.01

cscHzL � 1 + cot2HzL �; 0 < ReHzL < Π

01.10.27.0024.01

cscHzL � cot2HzL + 1 H-1Lf ReHzL
Π

v
1 - H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
+ 1 ΘHImHzLL
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01.10.27.0025.01

csc2HzL � 1 + cot2HzL
Involving sec

01.10.27.0026.01

cscHzL � sec
Π

2
- z

01.10.27.0027.01

cscHzL � -sec
Π

2
+ z

01.10.27.0028.01

cscHzL �
z2

z
 

secHzL
sec2HzL - 1

�;  ReHzL¤ <
Π

2

01.10.27.0029.01

cscHzL �
secHzL

sec2HzL - 1

�; 0 < ReHzL <
Π

2

01.10.27.0030.01

cscHzL �
secHzL

sec2HzL - 1

H-1Lf 2 ReHzL
Π

v
1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘH-ImHzLL 1 - 1 + H-1Lf ReHzL

Π
+

1

2
v+f-

ReHzL
Π

-
1

2
v

ΘHImHzLL
01.10.27.0031.01

csc2HzL �
sec2HzL

sec2HzL - 1

01.10.27.0032.01

csc2HzL + sec2HzL � 4 csc2H2 zL
01.10.27.0033.01

csc2HzL - sec2HzL �
csc2HzL Icsc2HzL - 2M

csc2HzL - 1

01.10.27.0034.01

cscHzL + ä secHzL � 2 ãä z cscH2 zL
01.10.27.0035.01

cscHzL - ä secHzL � 2 ã-ä z cscH2 zL
01.10.27.0036.01

cscHzL + secHzL �
2 2 cscH2 zL

cscIz + Π

4
M

01.10.27.0037.01

cscHzL - secHzL � -
2 2 cscH2 zL

cscIz - Π

4
M
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01.10.27.0038.01

a cscHzL + b secHzL � 2
b2

a2
+ 1 a cos z - tan-1

b

a
cscH2 zL

01.10.27.0039.01

csc
Π

2
+ z � secHzL

01.10.27.0040.01

csc
Π

2
- z � secHzL

Involving sinh

01.10.27.0041.01

cscHzL �
ä

sinhHä zL
01.10.27.0042.01

cscHä zL � -
ä

sinhHzL
Involving cosh

01.10.27.0043.01

cscHzL �
1

coshJ Π ä

2
- ä zN

01.10.27.0044.01

cscHzL � -
1

coshJ Π ä

2
+ ä zN

01.10.27.0045.01

cscHzL �
z2

z
 

2

1 - coshH2 ä zL �;  ReHzL¤ < Π

01.10.27.0046.01

cscHzL �
2

1 - coshH2 ä zL �; 0 < ReHzL < Π

01.10.27.0047.01

cscHzL �
2

1 - coshH2 ä zL H-1Lf ReHzL
Π

v
 1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘH-ImHzLL

01.10.27.0048.01

cscHzL �
z2

z
 

1

1 - cosh2Hä zL �;  ReHzL¤ < Π

01.10.27.0049.01

cscHzL � -
1

1 - cosh2Hä zL H-1Lf-
ReHzL

Π
v
 1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘHImHzLL
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01.10.27.0050.01

cscHzL �
-z2

z
 

1

cosh2Hä zL - 1

�;  ReHzL¤ <
Π

2

01.10.27.0051.01

cscHzL �
-z2

z
 

1

cosh2Hä zL - 1

 H-1Lf ReHzL
Π

+
1

2
v
 1 - 1 + H-1Lf ReHzL

Π
+

1

2
v+f-

ReHzL
Π

-
1

2
v

ΘH-ImHzLL �; 2 z - Π

2 Π
Ï Z

01.10.27.0052.01

csc2HzL �
2

1 - coshH2 ä zL
01.10.27.0053.01

csc2HzL �
1

1 - cosh2Hä zL
Involving tanh

01.10.27.0054.01

cscHzL �
ä J1 - tanh2J z ä

2
NN

2 tanhJ z ä

2
N

01.10.27.0055.01

cscHzL �
ä 1 - tanh2Hä zL

tanhHä zL �;  ReHzL¤ <
Π

2

01.10.27.0056.01

cscHzL � -
ä 1 - tanh2Hä zL

tanhHä zL  H-1Lf-
ReHzL

Π
-

1

2
v

1 - 1 + H-1Lf ReHzL
Π

-
1

2
v+f 1

2
-

ReHzL
Π

v
ΘH-ImHzLL

01.10.27.0057.01

csc2HzL �
tanh2Hä zL - 1

tanh2Hä zL
Involving coth

01.10.27.0058.01

cscHzL �
ä Jcoth2J ä z

2
N + 1N

2 cothJ ä z

2
N

01.10.27.0059.01

cscHzL � 1 - coth2Hä zL �; 0 < ReHzL < Π

01.10.27.0060.01

cscHzL � 1 - coth2Hä zL  H-1Lf ReHzL
Π

v
1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘHImHzLL

01.10.27.0061.01

csc2HzL � 1 - coth2Hä zL
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Involving csch

01.10.27.0062.01

cscHzL � ä cschHä zL
01.10.27.0063.01

cscHä zL � -ä cschHzL
Involving sech

01.10.27.0064.01

cscHzL � sech
Π ä

2
- ä z

01.10.27.0065.01

cscHzL � -sech
Π ä

2
+ ä z

01.10.27.0066.01

cscHzL �
z2

z
 

sechHä zL
sech2Hä zL - 1

�;  ReHzL¤ <
Π

2

01.10.27.0067.01

cscHzL �
sechHä zL

sech2Hä zL - 1

H-1Lf 2 ReHzL
Π

v
1 - 1 + H-1Lf ReHzL

Π
v+f-

ReHzL
Π

v
ΘH-ImHzLL 1 - 1 + H-1Lf ReHzL

Π
+

1

2
v+f-

ReHzL
Π

-
1

2
v

ΘHImHzLL
01.10.27.0068.01

cscHzL � -z -
1

z2
 

sechHä zL
1 - sech2Hä zL �; ImHzL ¹ 0

01.10.27.0069.01

cscHzL � -
ä sechHä zL

1 - sech2Hä zL �; ImHzL > 0

01.10.27.0070.01

csc2HzL �
sech2Hä zL

sech2Hä zL - 1

Involving trigonometric and hyperbolic functions

01.10.27.0071.01

csc2HzL - sec2HzL � 4 cotH2 zL cscH2 zL
Inequalities

01.10.29.0001.01

x cscHxL + y cscHxL < 2 sec
x + y

2
�; 0 < x <

Π

2
í 0 < y <

Π

2

01.10.29.0002.01

x cscHxL <
Π

2
�; -

Π

2
< x <

Π

2
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01.10.29.0003.01

cscHxL >
1

x
�; x > 0

01.10.29.0004.01 cscHxL¤ > 1 �; x Î R

Other information

Value properties

01.10.33.0001.01Hx Î Q ì cscHx °L Î QL Þ cscHxL � 1 Þ cscHxL � -1 Þ cscHxL � 2 Þ cscHxL � -2

History

– L. Euler (1748)

– T. Olivier, Wait and Jones (1881)

The function csc is encountered often in mathematics and the natural sciences.
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