RESEARCH

WOLFRAM — functions.wolfram.com

A Ll . S, P R R I I
onrce of itnformation abont mathematical fun 13

DedekindEta

Wiow the onling version at Download the
® functions. wolfram.com ® PDF File
Notations

Traditional name

Dedekind eta modular function

Traditional notation

12

Mathematica StandardForm notation

Dedeki ndEt a[z]

Primary definition

09.49.02.0001.01
N2 =e2 l_[(l - e?™%7) 11 1m(2) > 0

k=1

Specific values

Values at fixed points

09.49.03.0003.01

==
n(i) == v Z

09.49.03.0001.01

1
(@) = | 56"1(0, e’™)

Values at infinities

09.49.03.0002.01
i ) == 0

General characteristics

Domain and analyticity

n(2) isan anaytical function of zwhich is defined over the upper haf of the complex z-plane.
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09.49.04.0001.01
z—n(2::C—C
Symmetries and periodicities
Symmetry
No symmetry
Periodicity
09.49.04.0002.01
n2=nd4k+2/,ke”Z
Poles and essential singularities
On the boundary of analyticity (the real axis) the function 1(z) has a dense set of poles.
09.49.04.0003.01
Sing,n(2) == {} /;Im(2) > 0
Branch points
The function n(2) does not have branch points.
09.49.04.0004.01
BP,(n(2) == {}
Branch cuts

The function A(z) does not have branch cuts.

09.49.04.0005.01
BC,(n(2) == {}

Natural boundary of analyticity

Therea axisIm(z) == 0 isthe natural boundary of the region of analyticity.

09.49.04.0006.01
AB(11(2) = {(—0, o)}

Series representations

Exponential Fourier series

09.49.06.0001.01

T](Z —— e%l Z (_1)keﬂik(3kfl)2

k=—c0

09.49.06.0002.01

0

3 TizZ
— (2K 12)
S B L

k=0
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g-series

Expansionsat z==0

09.49.06.0006.01

1 _in _2:_7r _Ml _10!'7{ _14!'7{ _24!'7{ _30!'7{ _44!'7{ _52i7r _70£

n(2) « elZZ(l—e z —¢e 2 +e *Z +e 2 —e ? —e * +e * +e z —e * +...)/;(z—>0)/\Re(z)>0
-iz
09.49.06.0007.01

n2) = 3 Z(—l)k 2k+1) g2k /= 22 /\(Z—> 0)/\ Re?) >0

-1z k=0

09.49.06.0008.01

1 in 2in
N2 o e 2z [1+ o[e’T)) /;(z- 0)ARe(2 >0
—iz

Expansionsat z==i co

09.49.06.0009.01

1 in 2in 4in 10in 14in 24in 30in 44in 52in 70in
[1—@ + )/.

z —¢ 2 4+e 2 +te * —e  —e * te ? +te ? —e *?

Py

n(2) o
—iz

Ve
(12 - o) [\ arg(2) = 5

09.49.06.0010.01
ni

Py

k(k+1)mi

ki _kktD7i Vg
3 kZ(—nke = 2k+D) /; (|z|eoo)/\arg(z)=5
=0

n(2 =
iz

09.49.06.0011.01

1 i _2in n
@ o e v (1+O[e : )) i (12— o) [\ &g = 5

-iz

Other series representations

09.49.06.0012.01

i

e 12z i Kk+Dmi

02 = s Z(—l)ke_—z k+1) /124 <27 ARe@z) >0
—-iz k=0
09.49.06.0013.01
32 2 Ky
3 _ 4|og(e”2) _ 1k mg(e”fz)
ne’= ——————e Z( ke k+1)
(gt

09.49.06.0003.01

& iz )
n(2) == Z (01kmod12 — O5kmod 12 — 07kmod 12 + 011 kmod 12) eXP[E K )
k=1

09.49.06.0004.01
1

20 pk) exp(zmr(k— %) z)

n(z) ==
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09.49.06.0005.01
niz 0 o0 eZnian]

0@ = exp[z 22

n=1k=1

Integral representations

On the real axis

Of thedirect function

09.49.07.0001.01

w0 = i)
4

2

Product representations

09.49.08.0001.01
niz (2 X
n@=ce [ [(1-¢*"*7)/Im@ >0
k=1

Differential equations

Ordinary nonlinear differential equations
09.49.13.0001.01

W22 (33w (27 + W2 WP(2) - 18W (2" + 122w W' (D W (2* - 28W(2° WO (@ W (2) == 0 /; W(2) == (2)

09.49.13.0002.01
72
n(2

36W (2% - 24W (WD) + W [Z] = 0 /: W(2) ==

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations
09.49.16.0001.01

nz+1) = e n@)
09.49.16.0002.01

nz-1)=e 2 n@
09.49.16.0003.01

l i
n(— —) =Vz e i@

z

Identities
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Functional identities
09.49.17.0001.01
n@=e 2nz+1)
09.49.17.0002.01
n@=e2nz-1
09.49.17.0003.01
1 = 1
o= eif )
vz 2
09.49.17.0004.01
1\ e=p2°
S
n(2n42

2
09.49.17.0005.01
3

1 i 1.
n(z+ 5) =e2n2°+3V3 e 2" p92?
09.49.17.0006.01
e 1 X z+ 1\ 2\ (z+ 1\ i z41\®  _2xi ,7\16) ,7z\16
e
7 256 7 2 '72 7 2 7 2 772 ]72

09.49.17.0007.01
62" n@42°n182° n(362°n22°

1832 n92°n(362° @427
09.49.17.0008.01
n2*n(42)n62° - 272 122 n32° N(42° (122 N6 2° + n(22°*n(32°n(122° = 0

09.49.17.0009.01
-n22? 132" +9n@* 122" n(62° n32°®+n2°n22°n62* 32" - N2 n62'* =0

09.49.17.0010.01

e atd a+d
77( + z) —id+c2 1@ exp[ﬂ'[ 1; +9(d, —c)]]@(—c)+ -i(d+c2 n exp[m'( 1;
c C

d+cz

ez \bez Necz f\oez Aasbemt fyan =5 E( M| )

o |

+5(—d, C)]] 6(c) /;

Differentiation

Low-order differentiation
09.49.20.0005.01
i
V2 r(—}l)

OE
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09.49.20.0006.01

@ i
— = -2 {1, 9(1, 2, g3(1, 2)
0z Vs
09.49.20.0001.02
@
0z B

4096 K(A(2)" ) u 2 ) 5
- (K(/\(z)) MA@ -2@+1) (2A2°-312°-3A(2 +2)
847288609443 713 n(22 (I - 1* I2° A2 - V™ 1™
(810@ - 1I@ M@ - 1* 1@ (41@° - 1112° + 612" + 412° + 1312 - 18A(2) + 6) -

273 -4 (1-222)* MA@ - 2° M@ + 1’ (M@ - DA@ + 1)) -

8LEQ(2) (@ - 1)@ A - 2° A@ - 1’ A1@° W@ + 1)° 22@ - 1D° (A@° - 1@ + 1)12)

09.49.20.0002.01

on2 nwi niz o .
——=—n@+ezin (—l)kk(3k—1)@”k(3k*1)z
0z 12 1 Z

k=—c0

09.49.20.0007.01

3n2 i
=" 7@ (zgzu, 2- 6((2z+ iV -2 ]4(1; 6L, 2, 0L, 2)2 + 29'(L; Go(1, 2, g (L, z»))
612 -2
09.49.20.0003.01
3n2 2 P T k=122
=-—n@-— ) (-DFk@Ek-1) (18K - 6k+1) e
622 144 k=—co

09.49.20.0008.01

Pn@ 812K (A@* - @) + 1)lo @ -2)*

07  717897987691852588770249 7% n(2* (J(2) - 1B I (2 - DZ A2

(—892 194905743479 72 EA(2)2 J(2) - 1)° I2° A2 - 22 A2 - D™ 12 A2 + 1’ 219 - 1°

2% -2 + 1)2 n(2* - 22029503845518 2 E(\(2)) K(A(2) 32 - 1* I@° A2 - 2) (A(2) - D™
22" @ +1° 212 -1’ (M@* - 2@ +1) (-8(A@ - 2° W@ + 1 (1- 212’ (M@ - D A@ + 1)° -
8122 (A2 - D*A2* A2 A2 A2 (A2 - 2) A(D) (4A(2) — 3) + 4) + 13) — 18) + 6) +
J2 (M@ - 1D AD (A2 - 1) A2 A2 A2 AD QD) A2) (2A(D) (28 (A(2) — 4) A(2) + 309) — 989) + 122) + 954) +
745) — 1444) + 948) + 336) + 56))
n(2% - 3138105960972 K(A(2)° (32 - 13 I2* A2 - DZ 122 @ + D* 212 - D*
(32200 -2 2@ + ' 1-22@)* (W@ - DA@ +1)° - 1632 (1 - 2A(2)° (A2 - 2° (A + 1)
(A2 - 1) A2 (AD - D A2 A2 AD A2 (A2 (A(2) (4A(2) (64 (A(D) — 4) A(2) + 687) — 4300) + 442) + 4284) +
3155) — 6254) + 4218) + 1536) + 256) (A(2) — 1) A(2) + 1)° + 2187 3(2* (A(2) - 1)*
12" A2 A2 M@ A A2 A2 A2 A2 AD (8A(2) (A(2) (24 A(2) — 131) + 248) — 1115) + 187) —
3064) + 5062) — 1270) + 772) — 5275) + 6027) — 2712) + 452) —
54J(2° (M2 - 1*A2° (M2 A2 MA@ A2 A2 A@) A2 A2 A@) A2 A2 MA@ A2 2A2)
(A2 (4A(2) (91 A(2) (4A(2) — 35) + 13683) — 150361) +
268475) — 548481) + 256 199) — 288895) + 959211) —

1126144) + 313748) — 87915) + 1046911) —
1701035) + 1308669) — 604 480) + 186 944) — 39312) + 4368) +
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J2% (M@ - DA (A2 - 1) A2 A2 A2 A2 (A2 A2 A D) A2 A2 A2 A2 A2) (A (4A(2) (A
2) (412 (\(2) (4A(2) (224 (A(2) - 10) \(2) + 13605) — 230559) +
655185) — 4868517) + 5490 353) — 9582 965) — 7161009) —
2091543) + 37198 791) — 41766 450) — 3485674) +
31562929) — 700317) — 42139839) + 51 756 825) —
34928928) + 15939572) — 4748000) + 1123296) + 172032) + 14336))
n(2%* + 309049344 E(\(2)° KA@2)? 3@ - 1222 A2 - 2° A2 - *
12"
A@ +D*?
2@ -D*?
(@222 +1)
47104
KQ@)™
A@ -2°
A@ + 1Y
2@ -1

+

(22 -12+1)"

(B@ -2 @ +1*(1-222)° (M@ - DAD +1°+

81322 M@ - 1’ A2 (M2 A2 A (A2 - 2) A@) (4A(2) - 3) +4) + 13) - 18) + 6) +
I (- - D AD (A@ - D A@ (A(D A@ A2 A2 A@) (212 (28 (\(2) - 4) A(2) + 309) — 989) + 122) +
954) + 745) — 1444) + 948) + 336) — 56))2 +
7630848 E(A(2) K1(2)" (J@ - 1D I@ W@ -2 W@ - D’ 2@’ 0@ + D" 2A@) - D™
M@ -2@+1)
(-80@-2° M@+ 1’ 1-222) (W@ - DA@ + 1’ -

81J(2% (A2 - l)2 /\(Z)2 A2 A@D A (AM2D-2DA(D(4A2-3)+4) +13)-18)+6) +
J2 (M2-1) A2 (A2 -1 A2 (A2 (M2 (A2 (M) (M(2) (2A(2) (28 (A(2) — 4) A(2) + 309) — 989) + 122) + 954) +

745) — 1444) + 948) + 336) + 56)))

Fractional integro-differentiation

09.49.20.0004.01

*n(2) T\ & niz @ niz
=|=| z —1)k (— 1—6k2) i (1-6k)? [— 0, — 1—6k2)
b (12)2 k;f ) ep 12( i "9 Qe 12( )

Integration

Indefinite integration

Involving only one direct function
09.49.21.0001.01

12i & (DX miz )
fn(Z)de—— [exp(—(ek—l) )—1)
T (k- 1) 12
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Operations

Limit operation
09.49.25.0001.01

lim nie)==0

e>+0

Representations through equivalent functions

With related functions

Involving Weler strass functions

09.49.27.0001.01

g - 2703

n@* = ——— /{6 G} = {02 (1, 2, G5(1, D} A IM(2) > 0
T

09.49.27.0002.01
3 2

0, - 2793 1 z 1 z
@* = ———— /;{%, G} = [—, —), (—, —) Im@ >0
! an2 0O lo 2'2) %22 I
Involving theta functions

09.49.27.0007.01

1 moomiz
n(z) = —(92(—, e 3 )/; Im(2) > 0A |Re(2)] < 3

NERRU

09.49.27.0003.01

riz  (m(z+1)
N2 =en (93(

,@3”“) /:1m(2) > 0

09.49.27.0004.01

1 A
n(2)® = Eovl(o, "% /;1m(z) > 0A|Re(2) = 1

09.49.27.0005.01

1
n@2)° = E&z(o, €"'%) 35(0, €"7?) 94(0, €"*%) /; Im(2) > OA |Re(2)] < 1

Involving other related functions

09.49.27.0006.01

1 0J

6
) /;1m(2) >0
(4872)° 32* (1- @)%\ 92

Theorems

Modular form of order 12
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The 24th power of the Dedekind Eta function 7(2) is a modular form of order 12. (This means that under all argu-
ment substitutions of the form z— zZ = (az + b)/(cz + d) where a, b, ¢, and d are integers with a==1mod 12,
b==0mod12, c==0mod12, d==1mod12, andad-bc==1theidentity n(Z)* = (cz + d)*?n2?* holds.)

Kronecker's first limit formula

s

i = 1+27r(y—Iog(2)—Iog(\/;‘n(X+iy)|)2+O(S—1)/:Re(S)>1/\X,Y€[R

k=0 |k(X+Ey)+I|2S S—
{k,}+{0,0}

The number of representations of n as a sum of triangular numbers

18 _n(—ilog@)m)? ))

The number v,, of representations of n as a sum of triangular numbersis vy, == ([q”] (q o0/

One product-series representation

n<r)”2+2==(—1>(ngl)(ﬁi] i [[Zin:liq n+1]( D [ (k- k) qUOPERO | /g

!
ke K! ) ko T n 2 1<r<s<n
kimodn::I

€£27TT

One series representation

(e

1@ =) Tk e

k=1

l (o)
= > (ks — ko) (ks — k) (ka — ka) (ks = ks) (ko — ka)
ke Ka,ka,Ke ks =—00 {K1,ko,K3,Ka,ks } mod 5==(1,2,3,4,5}
Ky +ky kg +ky +kg=1

k%+k%+k§+k‘2t+k%::10n

(ko — ka) (ko — ks) (k3 — Kg) (k3 — ks) (ka — ks)

History

—R. Dedekind (1877) introduced the name "elliptic modular function"
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