
DivisorSigma

Notations

Traditional name

Sum of divisor powers

Traditional notation

ΣkHnL
Mathematica StandardForm notation

DivisorSigma@k, nD

Primary definition
13.05.02.0001.01

ΣkHnL � â
d j ýn

d j
k �; d j Î divisorsHnL ì n Î N+

13.05.02.0002.01

ΣkH-nL � ΣkHnL �; n Î N+

For positive integer n, the function ΣkHnL is the sum of the kth powers of the positive divisors of n.

In particular, Σ0HnL is the total number of divisors of n, Σ1HnL is the sum of divisors of n.

Examples:  The  divisors  of  4  are  1,  2,  and  4,  so  ΣkH4L � 1 + 2k + 4k;  the  divisors  of  5  are  1,  and  5,  so

ΣkH5L � 1 + 5k; the divisors of 6 are 1, 2, 3, and 6, so ΣkH6L � 1 + 2k + 3k + 6k.

Specific values

Specialized values

For fixed k

13.05.03.0001.01

ΣkHpL � pk + 1 �; p Î P

13.05.03.0002.01

ΣkH2nL �
2Hn+1L k - 1

2k - 1
�; n Î N ì k ¹ 1

13.05.03.0003.01

ΣkH1L � 1



13.05.03.0004.01

ΣkH2L � 1 + 2k

13.05.03.0005.01

ΣkH3L � 1 + 3k

13.05.03.0006.01

ΣkH4L � 1 + 2k + 4k

13.05.03.0007.01

ΣkH5L � 1 + 5k

13.05.03.0008.01

ΣkH6L � 1 + 2k + 3k + 6k

13.05.03.0009.01

ΣkH7L � 1 + 7k

13.05.03.0010.01

ΣkH8L � 1 + 2k + 4k + 8k

13.05.03.0011.01

ΣkH9L � 1 + 3k + 9k

13.05.03.0012.01

ΣkH10L � 1 + 2k + 5k + 10k

13.05.03.0013.01

ΣkH11L � 1 + 11k

13.05.03.0014.01

ΣkH12L � 1 + 2k + 3k + 4k + 6k + 12k

13.05.03.0015.01

ΣkH13L � 1 + 13k

13.05.03.0016.01

ΣkH14L � 1 + 2k + 7k + 14k

13.05.03.0017.01

ΣkH15L � 1 + 3k + 5k + 15k

13.05.03.0018.01

ΣkH16L � 1 + 2k + 4k + 8k + 16k

13.05.03.0019.01

ΣkH17L � 1 + 17k

13.05.03.0020.01

ΣkH18L � 1 + 2k + 3k + 6k + 9k + 18k

13.05.03.0021.01

ΣkH19L � 1 + 19k

13.05.03.0022.01

ΣkH20L � 1 + 2k + 4k + 5k + 10k + 20k
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13.05.03.0023.01

ΣkH21L � 1 + 3k + 7k + 21k

13.05.03.0024.01

ΣkH22L � 1 + 2k + 11k + 22k

13.05.03.0025.01

ΣkH23L � 1 + 23k

13.05.03.0026.01

ΣkH24L � 1 + 2k + 3k + 4k + 6k + 8k + 12k + 24k

13.05.03.0027.01

ΣkH25L � 1 + 5k + 25k

13.05.03.0028.01

ΣkH26L � 1 + 2k + 13k + 26k

13.05.03.0029.01

ΣkH27L � 1 + 3k + 9k + 27k

13.05.03.0030.01

ΣkH28L � 1 + 2k + 4k + 7k + 14k + 28k

13.05.03.0031.01

ΣkH29L � 1 + 29k

13.05.03.0032.01

ΣkH30L � 1 + 2k + 3k + 5k + 6k + 10k + 15k + 30k

13.05.03.0033.01

ΣkH31L � 1 + 31k

13.05.03.0034.01

ΣkH32L � 1 + 2k + 4k + 8k + 16k + 32k

13.05.03.0035.01

ΣkH33L � 1 + 3k + 11k + 33k

13.05.03.0036.01

ΣkH34L � 1 + 2k + 17k + 34k

13.05.03.0037.01

ΣkH35L � 1 + 5k + 7k + 35k

13.05.03.0038.01

ΣkH36L � 1 + 2k + 3k + 4k + 6k + 9k + 12k + 18k + 36k

13.05.03.0039.01

ΣkH37L � 1 + 37k

13.05.03.0040.01

ΣkH38L � 1 + 2k + 19k + 38k

13.05.03.0041.01

ΣkH39L � 1 + 3k + 13k + 39k
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13.05.03.0042.01

ΣkH40L � 1 + 2k + 4k + 5k + 8k + 10k + 20k + 40k

13.05.03.0043.01

ΣkH41L � 1 + 41k

13.05.03.0044.01

ΣkH42L � 1 + 2k + 3k + 6k + 7k + 14k + 21k + 42k

13.05.03.0045.01

ΣkH43L � 1 + 43k

13.05.03.0046.01

ΣkH44L � 1 + 2k + 4k + 11k + 22k + 44k

13.05.03.0047.01

ΣkH45L � 1 + 3k + 5k + 9k + 15k + 45k

13.05.03.0048.01

ΣkH46L � 1 + 2k + 23k + 46k

13.05.03.0049.01

ΣkH47L � 1 + 47k

13.05.03.0050.01

ΣkH48L � 1 + 2k + 3k + 4k + 6k + 8k + 12k + 16k + 24k + 48k

13.05.03.0051.01

ΣkH49L � 1 + 7k + 49k

13.05.03.0052.01

ΣkH50L � 1 + 2k + 5k + 10k + 25k + 50k

13.05.03.0058.01

ΣkH100L � I1 + 2k + 4kM I1 + 5k + 25kM
13.05.03.0059.01

ΣkH1000L � I1 + 2k + 4k + 8kM I1 + 5k + 25k + 125kM
13.05.03.0060.01

ΣkH10 000L �
I-1 + 55 kM I-1 + 32kM

I-1 + 2kM I-1 + 5kM
For fixed n

13.05.03.0053.01

Σ0HnL � â
k=1

n n

k
-

n - 1

k

13.05.03.0054.01

Σ0HnL � 2 logn ä
d j ýn

d j �; d j Î divisorsHnL ì n Î N+
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13.05.03.0055.01

Σ0HnL �
1

n
 â
d j Én

Σ1

n

d j

ΦId jM �; d j Î divisorsHnL
13.05.03.0056.01

Σ1HnL � â
d j Én

ΦId jM Σ0

n

d j

�; d j Î divisorsHnL
13.05.03.0061.01

Σ0HnL � â
kÈn

1

Values at fixed points

13.05.03.0057.01

Σ0H1L � 1

General characteristics

Domain and analyticity

ΣkHnL is an analytical function of k. ΣkHnL is defined in the whole complex k -plane and for n Î Z .

13.05.04.0001.01Hk * nL �ΣkHnL � HC Ä ZL �C

Symmetries and periodicities

Parity

ΣkHnL is an even function with respect to n.

13.05.04.0002.01

ΣkH-nL � ΣkHnL
Periodicity

No periodicity

Series representations

Other series representations

13.05.06.0005.01

ΣkHnL � â
m=1

n

mk-1 â
j=1

m

cos
2 Π j n

m

13.05.06.0004.01

ΣkHnL � â
d j Én

d j
k �; d j Î divisorsHnL ì n Î N+
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13.05.06.0006.01

Σ0HnL � â
m=1

¥ H-1Lm+1 H2 Π nL2 m â
j=1

m H-1L j H2 ΠL2 j B2 j
2

2 HH2 jL !L2 H2 m - 2 j + 1L !

Jose Sousa (2007)

Product representations
13.05.08.0001.01

ΣkHnL � ä
j=1

m p j
In j+1M k

- 1

p j
k - 1

�; n � ä
j=1

m

p j
n j í p j Î P í n j Î N+

13.05.08.0002.01

ΣkHnL � ä
j=1

m

ΣkIp j
n j M �; factorsHnL � 88p1, n1<, ¼, 8pm, nm<< ì p j Î P ì k Î Z ì n Î N+

Transformations

Multiple arguments

13.05.16.0001.01

ΣkHm nL � â
d j ÉgcdHn,mL

d j
k ΜId jM Σk

m

d j

Σk

n

d j

Products, sums, and powers of the direct function

Products of the direct function

13.05.16.0002.01

ΣkHmL ΣkHnL � â
d j ÉgcdHn,mL

d j
k Σ k

m n

d j
2

Identities

Functional identities

13.05.17.0006.01

Σ1HnL � â
d j Én

Σ0

n

d j

 ΦId jM �; d j Î divisorsHnL ì n Î N+

13.05.17.0001.01

â
d j Én

IΣ0Id jMM3
� â

d j Én
Σ0Id jM

2

�; d j Î divisorsHnL
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13.05.17.0002.01

â
d j Én

Σ1Id jM � â
d j Én

n

d j

Σ0 Id jM �; d j Î divisorsHnL
13.05.17.0003.01

â
d j Én

Σ1Id jM Σ1

n

d j

� â
d j Én

d j Σ0Id jM Σ0

n

d j

�; d j Î divisorsHnL
13.05.17.0004.01

â
d j Én

d j
Μ-Ν

ΣΝ+ΤId jM ΣΜ+Ρ

n

d j

� â
d j Én

d j
Μ-Ν

ΣΝ+ΡId jM ΣΜ+Τ

n

d j

�; d j Î divisorsHnL ì Μ Î Z ì Ν Î Z ì Ρ Î Z ì Τ Î Z

13.05.17.0005.01

â
d j Én

d j
Μ

 ΣΜId jM � â
d j Én

n

d j

2 Μ

 ΣΜId jM �; d j Î divisors HnL ì Μ Î Z

Summation

Finite summation

13.05.23.0001.01

â
n=1

m

ΣkHnL � â
n=1

m

nk
m

n

13.05.23.0002.01

â
k=1

f n

2
v

Σ1HkL Σ1Hn - 2 kL �
1

12
 Σ3HnL -

3 n - 1

24
Σ1HnL �; n - 1

2
Î N

13.05.23.0003.01

â
k=1

n-1

ΣrHkL ΣsHn - kL �

GHr + 1L GHs + 1L ΖHr + 1L ΖHs + 1L
GHr + s + 2L ΖHr + s + 2L  Σr+s+1HnL -

1

2
ΣsHnL ΖH-rL +

n

r + s
 Σr+s-1HnL ΖH1 - rL + ΖH1 - sL -

1

2
ΣrHnL ΖH-sL �;

r � 1 ß s � 3 ê r � 1 ì s � 5 ê r � 1 ß s � 7 ê r � 1 ß s � 11 ê
r � 3 ß s � 3 ê r � 3 ì s � 5 ê r � 3 ß s � 9 ê r � 5 ì s � 7

13.05.23.0004.01

â
l=1

n

lm ΜHlL â
k=1

n

l

ΣmHkL � n �; n Î N+ ì m Î N+

13.05.23.0005.01

â
d j Én

ΦId jM Σ0

n

d j

� Σ1HnL �; d j Î divisorsHnL
13.05.23.0006.01

â
d j Én

Φ
n

d j

 ΣkId jM � n Σk-1HnL �; d j Î divisorsHnL ì k Î Z
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Infinite summation

13.05.23.0007.01

â
n=1

¥ ΣkHnL
ns

� ΖHsL ΖHs - kL �; s > 1 ì s > k + 1

Asymptotic finite summation

13.05.23.0008.01

â
j=1

n

Σ0H jL µ H2 ý - 1L n + logHnL n + OK n
3

 logHnLO �; Hn ® ¥L
13.05.23.0009.01

â
j=1

n

Σ1H jL µ
Π2

12
 n2 + OHn logHnLL �; Hn ® ¥L

13.05.23.0010.01

â
j=1

n

ΣkH jL µ
ΖHk + 1L nk+1

k + 1
+ OInkM �; Hn ® ¥L ì k - 1 Î N+

13.05.23.0011.01

â
j=1

n

ΣkH jL2 µ
ΖH2 k + 1L ΖHk + 1L2

H2 k + 1L ΖH2 k + 2L  n2 k+1 + OIn2 kM �; Hn ® ¥L ì k Î N+

13.05.23.0012.01

â
j=1

n

ΣkH jL ΣlH j + ∆L µ
ΖHk + 1L ΖHl + 1L

Hk + l + 1L ΖHk + l + 2L  Σ-k-l-1H∆L nk+l+1 + OInk+1M �; Hn ® ¥L ì k Î N+ ì l Î k Î N+ ì ∆ Î k Î N

13.05.23.0013.01

â
j=1

n Σ1H jL
j

µ
Π2

6
 n - logHnL + O log

2

3 HnL �; Hn ® ¥L
13.05.23.0014.01

â
j=1

n 1

logHΣkH jLL µ
n

logHkL logHlogHnLL + O
n

log2HlogHnLL �; Hn ® ¥L ì k Î N

13.05.23.0015.01

maxI8Σ0HkL<k,1,nM µ 2

logHnL
logIlogHnLM +O

logHnL logIlogIlogHxLMM
log2 IlogHnLM �; Hn ® ¥L

13.05.23.0016.01

â
k=1

x

boole
Σ0HkL

p
Î N µ x 1 -

ΖHpL
ΖHp - 1L + O x

1

p-1 �; Hx ® ¥L ì p Î P

13.05.23.0017.01

â
n=1

x â
k=1

n

Σ0HkL - Hn logHnL - H2 ý - 1L nL µ ý -
1

4
x +

1

2
 x logHxL + OIx3�4M �; Hx ® ¥L
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13.05.23.0018.01

â
k=1

n

Σ0Hpk - 1L µ
315 ΖH3L

2 Π4
 pk �; Hn ® ¥L ì pk Î P

Asymptotic infinite summation

13.05.23.0019.01

â
n=1

¥

ΘHΣ1HnL - mL µ c m + oHmL �; m Î R í m > 0 í c = ä
j=1

¥

1 -
1

p j

â
k=1

¥ p j - 1

p j
k+1 - 1

í p j Î P

Operations

Limit operation

13.05.25.0001.01

lim
n®¥

log max
Σ1H2L

2 logHlogH2LL ,
Σ1H3L

3 logHlogH3LL , ¼,
Σ1HnL

n logHlogHnLL � ý

13.05.25.0002.01

lim
n®¥

ΣnHm + nL
ΣnHnL � ãm �; n Î N+ ì m Î N+

Representations through equivalent functions

With related functions

13.05.27.0001.01

ΣkHnL � ä
j=1

m p j
In j+1M k

- 1

p j
k - 1

�; factorsHnL � 88p1, n1<, ¼, 8pm, nm<< ì pk Î P ì n > 0

13.05.27.0002.01

ΣkHnL � â
d j Én

d j
k �; d j Î divisorsHnL ì n Î N+

Inequalities
13.05.29.0002.01

ΣkHnL ³ ΦHnLk + Σ0HnL2 �; k ³ 2 ì n ³ 3

13.05.29.0003.01

Σ0HnL < 2 n

13.05.29.0004.01

Σ1HnL £ Σ0HnL Hn - ΦHnLL + ΦHnL
13.05.29.0005.01

Σ1HnL £ n Σ0HnL + ΦHnL
13.05.29.0032.01

Σ1HnL £ n2
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Aardvark

13.05.29.0006.01

Σ0HnL <
n2

ΦHnL
13.05.29.0007.01

Σ0HnL £ 2
1.5379 logHnL

logIlogHnLM �; n ³ 3

13.05.29.0008.01

Σ0HnL £ 2

logHnL
logIlogHnLM +1.9349

logHnL
log2 IlogHnLM

13.05.29.0009.01

Σ0HnL £ 2

logHnL
logIlogHnLM +

logHnL
log2 IlogHnLM +4.7624

logHnL
log3 IlogHnLM �; n ³ 3

13.05.29.0010.01

Σ0HnL £ 2
logHnL

logIlogHnLM-1.39177 �; n ³ 57

13.05.29.0011.01

Σ0HnL >
n

ΦHnL �; n ³ 3

13.05.29.0012.01

Σ0HnL < ΦHnL �; n ¹ 1 ß n ¹ 3 ß n ¹ 8 ß n ¹ 10 ß n ¹ 24 ß n ¹ 30

13.05.29.0013.01

Σ0In2M ³ Σ0HnL 3

2

m �; n ³ 2 í n � ä
k=1

m

pk
nk í pk Î P í nk Î N í pk < pk+1 í 1 £ k £ m - 1

13.05.29.0014.01

Σ1HnL ³ n + n �; n Ï P

13.05.29.0015.01

Σ1HnL < n n �; n ³ 3

13.05.29.0016.01

Σ1HnL <
6

Π2
n n �; n ³ 9

13.05.29.0017.01

Σ1HnL < 2.59 n logHlogHnLL �; n ³ 7

13.05.29.0018.01

Σ1HnL < ãý n logHlogHnLL �; n ³ 5041

This inequalities holds if the Riemann hypothesis holds.

13.05.29.0033.01

Σ1HnL < Χ n logHlogHnLL �; Χ � ãý +
6482

log2HlogH3LL
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13.05.29.0019.01

Σ1HnL <
7 m + 10

6
n �; n � ä

k=1

m

pk
nk í pk Î P í nk Î N+ í pk < pk+1 í 1 £ k £ m - 1

13.05.29.0020.01

Σ1HnL >
n

ΦHnL �; n ³ 2

13.05.29.0021.01

Σ1HnL >
n + ΦHnL - 1

Σ0HnL
13.05.29.0022.01

Σ1HnL >
n + ΦHnL - 1

ΦHnL
13.05.29.0001.01

Σ1HnL £
n J2 I1 - 2 N - logH4 ΠL + ýN

log
1

2 HnL + ãý n logHlogHnLL �; n > 18

13.05.29.0023.01

Σ1HnL £ Hn + ãHn logHHnL �; n Î N+

If the Riemann hypothesis holds.

13.05.29.0024.01

6

Π2
<

Σ1HnL ΦHnL
n2

< 1 �; n ³ 2

13.05.29.0025.01

nk ä
j=1

m p j
2 k - 1

p j
k Ip j

k - 1M £ ΣkHnL < nk ä
j=1

m p j
k

p j
k - 1

�; k Î N+ í n � ä
k=1

m

pk
nk í pk Î P í nk Î N+ í pk < pk+1 í 1 £ k £ m - 1

13.05.29.0026.01

Σ0Hm nL2 ³ Σ0HmL Σ0HnL
13.05.29.0027.01

Σ0Hm nL
Σ0HmL Σ0HnL £

Σ1Hm nL
Σ1HmL Σ1HnL

13.05.29.0028.01

Σ0Im2 nM Σ0Ik2 nM
Σ0Hm n kL2

³
Σ0Im2M Σ0Ik2M

Σ0Hm kL2

13.05.29.0029.01

Σ0Hm nL
Σ0HmL ³

Σ1Hm nL
n Σ1HmL

13.05.29.0030.01

Σ0HnL nk £ ΣkHnL £ Σ0HnL nk + 1

2
�; k Î N
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13.05.29.0031.01

ΣkHnL £
Σk�2HnL2

Σ0HnL
nk +1

2

2

nk

�; k Î R ì k > 0

Other identities

Congruence properties

13.05.32.0001.01Hp Σ1HpLL mod Hp - 1L � 2 �; p Î P ì p > 3

Theorems

Inversion of one sum transformation

f HnL � â
dÈn

g
n

d
 Σ0HdL �gHnL � â

dÈn
f

n

d
 ∆HdL �; ∆HdL � ä

dÈn
2
nk

 H-1Lnk �; d � ä
k=1

r

pk
nk

History

– R. Decartes (1638)

– J. Wallis (1658)

– E. Waring (1770)

– S. Ramanujan (1911) introduced the sum of the integer powers of divisors

– L. E. Dickson (1920) introduced symbol ΣkHnL
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