
EllipticK

Notations

Traditional name

Complete elliptic integral of the first kind

Traditional notation

KHzL
Mathematica StandardForm notation

EllipticK@zD

Primary definition
08.02.02.0001.01

KHzL � F
Π

2
z

Specific values

Values at fixed points

08.02.03.0001.01

KH0L �
Π

2

08.02.03.0002.01

K
1

2
�

8 Π3�2
GJ- 1

4
N2

08.02.03.0030.01

KI17 - 12 2 N �
2 I2 + 2 N Π3�2

GJ- 1

4
N2

08.02.03.0003.01

KH1L � ¥�

08.02.03.0004.01

KH-1L �
GJ 1

4
N2

4 2 Π



Values at infinities

08.02.03.0005.01

KH¥L � 0

08.02.03.0006.01

KH-¥L � 0

08.02.03.0007.01

KHä ¥L � 0

08.02.03.0008.01

KH-ä ¥L � 0

08.02.03.0009.01

KH¥� L � 0

Singular values

08.02.03.0010.01

KI1 - z2M
KIz2M � 1 �; z �

1

2

08.02.03.0011.01

KI1 - z2M
KIz2M � 2 �; z � 2 - 1

08.02.03.0012.01

KI1 - z2M
KIz2M � 3 �; z �

3 - 1

2 2

08.02.03.0013.01

KI1 - z2M
KIz2M � 4 �; z � 3 - 2 2

08.02.03.0014.01

KI1 - z2M
KIz2M � 5 �; z �

1

2
- -2 + 5

08.02.03.0015.01

KI1 - z2M
KIz2M � 6 �; z � -3 - 2 2 + 2 3 + 6

08.02.03.0016.01

KI1 - z2M
KIz2M � 7 �; z �

1

4
8 - 3 7

08.02.03.0017.01

KI1 - z2M
KIz2M � 8 �; z � 5 + 4 2 - 2 2 I7 + 5 2 N
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08.02.03.0018.01

KI1 - z2M
KIz2M � 9 �; z �

1

194 + 112 3 + 4 4680 + 2702 3

08.02.03.0019.01

KI1 - z2M
KIz2M � 10 �; z � -9 + 3 10 - 2 38 - 12 10

08.02.03.0020.01

KI1 - z2M
KIz2M � 11 �; z �

1

2
. K32 32�3 + 3 I9 + 7 33 N1�3

- 4 31�3 I9 + 7 33 N2�3O �
6 I9 + 7 33 N1�3

+ 3 K-32 32�3 I9 + 7 33 N1�3
+ 9 I9 + 7 33 N2�3

+ 4 31�3 I9 + 7 33 NO
08.02.03.0021.01

KI1 - z2M
KIz2M � 12 �; z � 833 - 340 6 - 12 9602 - 3920 6

08.02.03.0022.01

KI1 - z2M
KIz2M � 13 �; z �

1

2 649 + 180 13 + 6 23 382 + 6485 13

08.02.03.0023.01

KI1 - z2M
KIz2M � 14 �; z � Iz; 1 - 7960 z - 3364 z2 - 42 152 z3 + 107 206 z4 - 42 152 z5 - 3364 z6 - 7960 z7 + z8M

1

-1

08.02.03.0024.01

KI1 - z2M
KIz2M � 15 �; z �

1

2 2 376 + 168 5 + 6 J47 067 + 21 049 5 N
08.02.03.0025.01

KI1 - z2M
KIz2M � 16 �; z � 4481 + 3168 2 - 24 69 708 + 49 291 2

08.02.03.0026.01

KI1 - z2M
KIz2M � 17 �; z �

1

2+4 -412-100 17 +5 13 598+3298 17

1649+400 17 -20 13 598+3298 17
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08.02.03.0027.01

KI1 - z2M
KIz2M � 18 �; z � 9603 - 6790 2 - 56 58 803 - 41 580 2

08.02.03.0028.01

KI1 - z2M
KIz2M � 19 �; z �

1

2

96 + J1 + 3 57 N1�3
- 12 J1 + 3 57 N2�3

2 J1 + 3 57 N1�3
+ 3 K4 + 12 57 - 32 J1 + 3 57 N1�3

+ J1 + 3 57 N2�3O
08.02.03.0029.01

KI1 - z2M
KIz2M � 20 �;
z � - Iz; 1 - 78 984 z - 290 020 z2 - 2 454 456 z3 + 6 695 494 z4 - 2 454 456 z5 - 290 020 z6 - 78 984 z7 + z8M

1

-1

General characteristics

Domain and analyticity

KHzL is an analytical function of z which is defined over the whole complex z-plane.

08.02.04.0001.01

z�KHzL � C�C

Symmetries and periodicities

Mirror symmetry

08.02.04.0002.01

KHz�L � KHzL �; z Ï H1, ¥L
Periodicity

The function KHzL is not periodic.

Poles and essential singularities

The function KHzL does not have poles and essential singularities.

08.02.04.0003.01

SingzHKHzLL � 8<
Branch points

The function KHzL has two branch points: z = 1, z = ¥� . 

08.02.04.0004.01

BPzHKHzLL � 81, ¥� <
08.02.04.0005.01

RzHKHzL, 1L � log
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08.02.04.0006.01

RzHKHzL, ¥� L � log

Branch cuts

The function KHzL is a single-valued function on the z-plane cut along the interval H1, ¥L.
The function KHzL is continuous from below on the interval H1, ¥L.

08.02.04.0007.01

BCzHKHzLL � 88H1, ¥L, ä<<
08.02.04.0008.01

lim
Ε®+0

KHx - ä ΕL � KHxL �; x > 1

08.02.04.0009.01

lim
Ε®+0

KHx + ä ΕL � 2 ä KH1 - xL + KHxL �; x > 1

Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

08.02.06.0017.01

KHzL µ KHz0L - 2 ä KH1 - z0L argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

+

1

2 Π
 G2,2

2,2 1 - z0
- 1

2
, - 1

2

0, -1
+

2 ä ΠHz0 - 1L z0

 
argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

HKH1 - z0L z0 - EH1 - z0LL Hz - z0L +

1

4 Π
 G2,2

2,2 1 - z0
- 3

2
, - 3

2

0, -2
+

ä ΠHz0 - 1L2 z0
2

argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

I-3 KH1 - z0L z0
2 + H4 EH1 - z0L + KH1 - z0LL z0 - 2 EH1 - z0LM Hz - z0L2 + ¼ �; Hz ® z0L

08.02.06.0018.01

KHzL µ KHz0L - 2 ä KH1 - z0L argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

+

1

2 Π
 G2,2

2,2 1 - z0
- 1

2
, - 1

2

0, -1
+

2 ä ΠHz0 - 1L z0

 
argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

HKH1 - z0L z0 - EH1 - z0LL Hz - z0L +

1

4 Π
 G2,2

2,2 1 - z0
- 3

2
, - 3

2

0, -2
+

ä ΠHz0 - 1L2 z0
2

argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

I-3 KH1 - z0L z0
2 + H4 EH1 - z0L + KH1 - z0LL z0 - 2 EH1 - z0LM Hz - z0L2 + OIHz - z0L3M
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08.02.06.0019.01

KHzL �
1

2 Π
 

â
k=0

¥ 1

k !
 G2,2

2,2 1 - z0

1

2
- k, 1

2
- k

0, -k
- 2 Π ä H-1Lk

argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

G k +
1

2

2

2F
�

1 k +
1

2
, k +

1

2
; k + 1; 1 - z0

Hz - z0Lk

08.02.06.0020.01

KHzL �
Π

2
â
k=0

¥ J 1

2
N
k

2

Hk !L2
 2F1 k +

1

2
, k +

1

2
; k + 1; z0 Hz - z0Lk

08.02.06.0021.01

KHzL µ KHz0L - 2 ä KH1 - z0L argH1 - z0L + Π

2 Π

argHz0 - zL
2 Π

+ OHz - z0L
Expansions on branch cuts

For the function itself

08.02.06.0022.01

KHzL µ K HxL - 2 ä KH1 - xL argHx - zL
2 Π

+
1

2 Π
 

2 ä ΠHx - 1L x
HKH1 - xL x - EH1 - xLL argHx - zL

2 Π
+ G2,2

2,2 1 - x
- 1

2
, - 1

2

0, -1
Hz - xL +

1

4 Π
 

ä ΠHx - 1L2 x2

argHx - zL
2 Π

 I-3 KH1 - xL x2 + H4 EH1 - xL + KH1 - xLL x - 2 EH1 - xLM + G2,2
2,2 1 - x

- 3

2
, - 3

2

0, -2
Hz - xL2 +

¼ �; Hz ® xL ß x Î R ß x > 1

08.02.06.0023.01

KHzL µ K HxL - 2 ä KH1 - xL argHx - zL
2 Π

+
1

2 Π
 

2 ä ΠHx - 1L x
HKH1 - xL x - EH1 - xLL argHx - zL

2 Π
+ G2,2

2,2 1 - x
- 1

2
, - 1

2

0, -1
Hz - xL +

1

4 Π
 

ä ΠHx - 1L2 x2

argHx - zL
2 Π

 I-3 KH1 - xL x2 + H4 EH1 - xL + KH1 - xLL x - 2 EH1 - xLM + G2,2
2,2 1 - x

- 3

2
, - 3

2

0, -2
Hz - xL2 +

OIHz - xL3M �; x Î R ß x > 1

08.02.06.0024.01

KHzL �
1

2 Π
 â
k=0

¥ 1

k !
 G2,2

2,2 1 - x
1

2
- k, 1

2
- k

0, -k
- 2 Π ä H-1Lk  

argHx - zL
2 Π

G k +
1

2

2

2F
�

1 k +
1

2
, k +

1

2
; k + 1; 1 - x Hz - xLk �;

x Î R ß x > 1

08.02.06.0025.01

KHzL µ K HxL - 2 ä KH1 - xL argHx - zL
2 Π

+ OHz - xL �; x Î R ß x > 1

Expansions at z � 0

For the function itself
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08.02.06.0001.02

KHzL µ
Π

2
 1 +

z

4
+

9 z2

64
+ ¼ �; Hz ® 0L

08.02.06.0026.01

KHzL µ
Π

2
 1 +

z

4
+

9 z2

64
+ OIz3M

08.02.06.0002.01

KHzL �
Π

2
â
k=0

¥ J 1

2
N
k

J 1

2
N
k

zk

k !2
�;  z¤ < 1

08.02.06.0003.01

KHzL �
Π

2
2F1

1

2
,

1

2
; 1; z �;  z¤ < 1

08.02.06.0004.02

KHzL µ
Π

2
+ OHzL

08.02.06.0027.01

KHzL � F¥HzL �; FnHzL �
Π

2
â
k=0

n J 1

2
N
k

J 1

2
N
k

zk

k !2
� KHzL -

zn+1 GJn + 3

2
N2

2 Hn + 1L !2
3F2 1, n +

3

2
, n +

3

2
; n + 2, n + 2; z í n Î N

Summed form of the truncated series expansion.

Expansions at z � 1

For the function itself

08.02.06.0005.02

KHzL µ -
1

2
logH1 - zL 1 -

z - 1

4
+

9

64
Hz - 1L2 + ¼ + logH4L +

1

4
H1 - logH4LL Hz - 1L +

3

128
H6 logH4L - 7L Hz - 1L2 + ¼ �; Hz ® 1L

08.02.06.0028.01

KHzL µ -
1

2
logH1 - zL 1 -

z - 1

4
+

9

64
Hz - 1L2 + OIHz - 1L3M +

logH4L +
1

4
H1 - logH4LL Hz - 1L +

3

128
H6 logH4L - 7L Hz - 1L2 + OIHz - 1L3M

08.02.06.0029.01

KHzL � -
1

2
logH1 - zL â

k=0

¥ H-1Lk J 1

2
N
k

2

Hk !L2
 Hz - 1Lk +

z - 1

4
+ 2 logH2L â

k=0

¥ H-1Lk J 1

2
N
k

2

Hk !L2
 Hz - 1Lk +

9

16
â
k=0

¥ H-1Lk J 5

2
N
k

2

HHk + 2L !L2
 

1

k + 1
+

1

k + 2
-

2

2 k + 3
- â

i=k+1

2 k+1 2

i
Hz - 1Lk+2 �;  z - 1¤ < 1
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08.02.06.0006.02

KHzL � -
1

2
logH1 - zL â

k=0

¥ H-1Lk J 1

2
N
k

2

k !2
 Hz - 1Lk + â

k=0

¥ H-1Lk J 1

2
N
k

2

k !2
 ΨHk + 1L - Ψ k +

1

2
 Hz - 1Lk �;  z - 1¤ < 1

08.02.06.0007.01

KHzL � -
logH1 - zL

Π
 KH1 - zL + â

k=0

¥ J 1

2
N
k

2

k !2
ΨHk + 1L - Ψ k +

1

2
 H1 - zLk �;  z - 1¤ < 1

08.02.06.0008.02

KHzL µ -
1

2
logH1 - zL H1 + OHz - 1LL + logH4L H1 + OHz - 1LL

08.02.06.0030.01

KHzL � F¥HzL �;
FnHzL �

1

2
â
k=0

n J 1

2
N
k

2

k !2
-logH1 - zL + 2 ΨHk + 1L - 2 Ψ k +

1

2
H1 - zLk � KHzL -

1

2 Π
 G4,4

2,4 1 - z
n + 1, n + 1, 1

2
, 1

2

n + 1, n + 1, 0, 0
í n Î N

Summed form of the truncated series expansion.

Expansions at z � ¥

For the function itself

08.02.06.0009.02

KHzL µ
logH-zL
2 -z

1 +
1

4 z
+

9

64 z2
+ ¼ +

1

-z
 log H4L +

logH4L - 1

4 z
+

3 H6 logH4L - 7L
128 z2

+ ¼ �; H z¤ ® ¥L
08.02.06.0031.01

KHzL µ
logH-zL
2 -z

1 +
1

4 z
+

9

64 z2
+ O

1

z3
+

1

-z
 log H4L +

logH4L - 1

4 z
+

3 H6 logH4L - 7L
128 z2

+ O
1

z3

08.02.06.0032.01

KHzL �
logH-zL
2 -z

 â
k=0

¥ J 1

2
N
k

2
z-k

Hk !L2
+

1

-z
 

9

16
â
k=0

¥ J 5

2
N
k

2

HHk + 2L !L2
 

1

k + 1
+

1

k + 2
-

2

2 k + 3
- 2 â

i=k+1

2 k+1 1

i
z-k-2 + 2 logH2L â

k=0

¥ J 1

2
N
k

2
z-k

Hk !L2
-

1

4 z
 â
i=0

¥

∆i-1 �;  z¤ > 1

08.02.06.0010.02

KHzL �
logH-zL
2 -z

â
k=0

¥ J 1

2
N
k

2
z-k

k !2
+

1

-z
 â
k=0

¥ J 1

2
N
k

2

k !2
ΨHk + 1L - Ψ

1

2
+ k z-k �;  z¤ > 1
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08.02.06.0011.01

KHzL �
logH-zL
Π -z

 K
1

z
+

1

-z
 â
k=0

¥ J 1

2
N
k

2

k !2
ΨHk + 1L - Ψ

1

2
+ k z-k �;  z¤ > 1

08.02.06.0012.02

KHzL µ
logH4L

-z
 1 + O

1

z
+

logH-zL
2 -z

 1 + O
1

z

08.02.06.0033.01

KHzL µ
-

ä logHzL
2 z

argHzL £ 0

ä logHzL
2 z

True
�; H z¤ ® ¥L

08.02.06.0034.01

KHzL � F¥HzL �; FnHzL �
1

2 -z
 â
k=0

m J 1

2
N
k

2

k !2
logH-zL + 2 ΨHk + 1L - Ψ

1

2
- k - Ψ k +

1

2
z-k �

KHzL -
1

2
G4,4

3,2 -z
-m - 1

2
, -m - 1

2
, 1

2
, 1

2

0, -m - 1

2
, -m - 1

2
, 0

í m Î N

Summed form of the truncated series expansion.

Residue representations

08.02.06.0013.01

KHzL �
1

2
â
j=0

¥

ress

GJ 1

2
- sN2

 H-zL-s

GH1 - sL  GHsL  H- jL �;  z¤ < 1

08.02.06.0014.01

KHzL � -
1

2
â
j=0

¥

ress

GHsL H-zL-s

GH1 - sL  G
1

2
- s

2

 j +
1

2
�;  z¤ > 1

Other series representations

08.02.06.0015.01

KHzL �
Π

2
2 â

k=1

¥

qHzLk2
+ 1

2

08.02.06.0016.01

KHzL �
Π

2
1 + 4 â

k=1

¥ qHzLk

qHzL2 k + 1

Integral representations

On the real axis

http://functions.wolfram.com 9



Of the direct function

08.02.07.0001.01

KHzL � à
0

Π

2 1

1 - z sin2HtL  â t �;  argH1 - zL¤ < Π

08.02.07.0002.01

KHzL � à
0

1 1

1 - t2 1 - z t2

 â t �;  argH1 - zL¤ < Π

08.02.07.0003.01

KHzL � à
1

¥ 1

t2 - 1 t2 - z

 â t �;  argH1 - zL¤ < Π

Contour integral representations

08.02.07.0004.01

KHzL �
1

4 Π ä
 à

L

GHsL GJ 1

2
- sN2

GH1 - sL  H-zL-s â s

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

08.02.13.0001.01H1 - zL z w¢¢HzL + H1 - 2 zL w¢HzL -
1

4
 wHzL � 0 �; wHzL � c1 KHzL + c2 KH1 - zL

08.02.13.0002.02

WzHKHzL, KH1 - zLL �
Π

4 Hz - 1L z

08.02.13.0003.01

w¢¢HzL +
H2 gHzL - 1L g¢HzLHgHzL - 1L gHzL -

g¢¢HzL
g¢HzL w¢HzL +

g¢HzL2

4 HgHzL - 1L gHzL wHzL � 0 �; wHzL � c1 KHgHzLL + c2 KH1 - gHzLL
08.02.13.0004.01

WzHKHgHzLL, H1 - g HzLLL �
Π g¢HzL

4 HgHzL - 1L gHzL
08.02.13.0005.01

w¢¢HzL +
H2 gHzL - 1L g¢HzLHgHzL - 1L gHzL -

2 h¢HzL
hHzL -

g¢¢HzL
g¢HzL w¢HzL +

g¢HzL2

4 HgHzL - 1L gHzL +
H1 - 2 gHzLL h¢HzL g¢HzLHgHzL - 1L gHzL hHzL +

2 h¢HzL2

hHzL2
+

h¢HzL g¢¢HzL
hHzL g¢HzL -

h¢¢HzL
hHzL wHzL �

0 �; wHzL � c1 hHzL KHgHzLL + c2 hHzL KH1 - gHzLL
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08.02.13.0006.01

WzHhHzL KHgHzLL, hHzL KH1 - g HzLLL �
Π hHzL2 g¢HzL

4 HgHzL - 1L gHzL
08.02.13.0007.01

4 z2Ha zr - 1L w¢¢HzL + 4 Ha Hr + 1L zr + s H2 - 2 a zrL - 1L z w¢HzL + Ia r2 zr - 4 a r s zr + 4 s2 Ha zr - 1LM wHzL � 0 �;
wHzL � c1 zs KHa zrL + c2 zs KH1 - a zrL

08.02.13.0008.01

WzHzs KHa zrL, zs KH1 - a zrLL �
Π r z2 s-1

4 Ha zr - 1L
08.02.13.0009.01

w¢¢HzL + 1 +
1

a rz - 1
logHrL - 2 logHsL w¢HzL +

a rz HlogHrL - 2 logHsLL2 - 4 log2HsL
4 Ha rz - 1L wHzL � 0 �;

wHzL � c1 sz KHa rzL + c2 sz KH1 - a rzL
08.02.13.0010.01

WzHsz KHa rzL, sz KH1 - a rzLL �
Π s2 z logHrL
4 Ha rz - 1L

Identities

Functional identities

08.02.17.0001.01

KHzL �
1

1 - z
 K

z

z - 1
�;  argH1 - zL¤ < Π

08.02.17.0004.01

KHzL �
1

1 - z
 K

z

z - 1
�; z Î R

08.02.17.0005.01

KHzL �
1

1 - z
 K

z

z - 1
+ ä

1

1 - z
-

1

1 - z
K

1

1 - z

08.02.17.0006.01

KKHzL �
1

z
K

1

z
+

1

1 - z
1 - z -

1

z
K 1 -

1

z

08.02.17.0007.01

KKHzL �
1

z
 K

1

z
+

1

1 - z
z H1 - zL -

1

z
KH1 - zL

08.02.17.0002.02

K
1

z
� z KHzL - -

1

z
 

1

1 - z
z H1 - zL KH1 - zL
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08.02.17.0003.01

KHzL �
2

1 + 1 - z
K

1 - 1 - z

1 + 1 - z

2

Complex characteristics

Real part

08.02.19.0001.01

ReHKHx + ä yLL �
Π

2
F2 ´ 1 ´ 1

4 ´ 0 ´ 0

3

4
, 3

4
, 5

4
, 5

4
;;;

1, 3

2
; 1

2
; 3

2
;

- y2, x2 +
Π x

8
 F2 ´ 1 ´ 1

4 ´ 0 ´ 0

1

4
, 1

4
, 3

4
, 3

4
;;;

1, 1

2
; 1

2
; 1

2
;

- y2, x2 �; x Î R ì y Î R

08.02.19.0003.01

ReIKIãä xMM �
1

2
cosK x

4
O KK1 - sin2K x

4
OO +

1

2
KKsin2K x

4
OO sinK x

4
O �; x Î R ß 0 < x < Π

Imaginary part

08.02.19.0002.01

ImHKHx + ä yLL �
Π y

8
 F2 ´ 1 ´ 1

4 ´ 0 ´ 0

3

4
, 5

4
, 3

4
, 5

4
;;;

1, 3

2
; 3

2
; 1

2
;

- y2, x2 +
9 Π x y

64
 F2 ´ 1 ´ 1

4 ´ 0 ´ 0

5

4
, 7

4
, 7

4
, 5

4
;;;

2, 3

2
; 3

2
; 3

2
;

- y2, x2 �; x Î R ì y Î R

08.02.19.0004.01

ImIKIãä xMM �
1

2
cosK x

4
O KKsin2K x

4
OO -

1

2
KK1 - sin2K x

4
OO sinK x

4
O �; x Î R ß 0 < x < Π

Differentiation

Low-order differentiation

08.02.20.0001.01

¶KHzL
¶z

�
EHzL - H1 - zL KHzL

2 H1 - zL z

08.02.20.0002.01

¶2 KHzL
¶z2

�
2 H2 z - 1L EHzL + I3 z2 - 5 z + 2M KHzL

4 Hz - 1L2 z2

Symbolic differentiation 

08.02.20.0003.02

¶n KHzL
¶zn

�

Π J 1

2
N
n

2

2 n!
 2F1 n +

1

2
, n +

1

2
; n + 1; z �; n Î N

08.02.20.0004.02

¶n KHzL
¶zn

�
Π z-n

2
2F

�
1

1

2
,

1

2
; 1 - n; z �; n Î N

http://functions.wolfram.com 12



Fractional integro-differentiation

08.02.20.0005.01

¶Α KHzL
¶zΑ

�
Π z-Α

2
2F

�
1

1

2
,

1

2
; 1 - Α; z

Integration

Indefinite integration

Involving only one direct function

08.02.21.0001.01à KHa zL â z �
2 HEHa zL + Ha z - 1L KHa zLL

a

08.02.21.0002.01à KHzL â z � 2 HEHzL + Hz - 1L KHzLL
Involving one direct function and elementary functions

Involving power function

Involving power

Linear argument

08.02.21.0003.01à zΑ-1 KHa zL â z �
Π

2 Α
 zΑ

3F2

1

2
,

1

2
, Α; 1, Α + 1; a z

08.02.21.0004.01à zΑ-1 KHzL â z �
Π zΑ

2 Α
 3F2

1

2
,

1

2
, Α; 1, Α + 1; z

08.02.21.0005.01

à z KHa zL â z �
2 IHa z + 4L EHa zL + I3 a2 z2 + a z - 4M KHa zLM

9 a2

08.02.21.0006.01à KHa zL
z

 â z � Π z 3F2

1

2
,

1

2
,

1

2
; 1,

3

2
; a z

08.02.21.0007.01à KHa zL
z

 â z �
1

8
Π a z 4F3 1, 1,

3

2
,

3

2
; 2, 2, 2; a z - 4 ý2 - 8 logH4L + 4 logH-a zL + 4

08.02.21.0008.01à KHa zL
z2

 â z �
1

128 z
 Π 9 a2

4F3 1, 1,
5

2
,

5

2
; 2, 3, 3; a z z2 + 16 H-2 a z HlogH4L - 1L + a z logH-a zL - 4L

http://functions.wolfram.com 13



Power arguments

08.02.21.0009.01à zΑ-1 KHa zrL â z �
Π

2 Α
zΑ

3F2

1

2
,

1

2
,

Α

r
; 1,

Α

r
+ 1; a zr

08.02.21.0010.01

à z KIa z2M â z �
EIa z2M + Ia z2 - 1M KIa z2M

a

08.02.21.0011.01

à z3 KIa z2M â z �
Ia z2 + 4M EIa z2M + I3 a2 z4 + a z2 - 4M KIa z2M

9 a2

08.02.21.0012.01à z5 KIa z2M â z �
1

225 a3
 II9 a2 z4 + 16 a z2 + 64M EIa z2M + I45 a3 z6 + 3 a2 z4 + 16 a z2 - 64M KIa z2MM

08.02.21.0013.01à KIa z2M â z �
1

2
Π z 3F2

1

2
,

1

2
,

1

2
; 1,

3

2
; a z2

08.02.21.0014.01

à KIa z2M
z

 â z �
1

16
Π a 4F3 1, 1,

3

2
,

3

2
; 2, 2, 2; a z2 z2 - 4 ý2 - 8 logH4L + 4 logI-a z2M + 4

08.02.21.0015.01

à KIa z2M
z2

 â z � -
EIa z2M

z

08.02.21.0016.01

à KIa z2M
z3

 â z �
1

256 z2
 Π 9 a2

4F3 1, 1,
5

2
,

5

2
; 2, 3, 3; a z2 z4 + 16 I-2 a HlogH4L - 1L z2 + a logI-a z2M z2 - 4M

Involving algebraic functions

08.02.21.0017.01

á z EIz2MI1 - z2M3�2  â z �
EIz2M + Iz2 - 1M KIz2M

1 - z2

Definite integration

For the direct function itself

08.02.21.0018.01à
0

1

tΑ-1 KHtL â t �
Π

2 Α
 3F2

1

2
,

1

2
, Α; 1, Α + 1; 1 �; ReHΑL > 0

08.02.21.0019.01

à
0

¥

tΑ-1 KH-tL â t �
GJ 1

2
- ΑN2

GHΑL
2 GH1 - ΑL �; 0 < ReHΑL <

1

2
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08.02.21.0020.01

à
0

¥ a2 + x2 - a

a2 + x2

1

b + b2 + x2

 K
b2 + x2 - b

b + b2 + x2

2

 â x �
a - a2 - b2

b
 sech2HΑL KIsech2HΑLM KItanh2HΑLM �;

ReHaL ³ ReHbL > 0 í cosh-1

b + 2 a2 - 2 a a2 - b2

2 b

Representations through more general functions

Through hypergeometric functions

Involving 2F1

08.02.26.0001.01

KHzL �
Π

2
2F1

1

2
,

1

2
; 1; z

Through Meijer G

Classical cases for the direct function itself

08.02.26.0002.01

K HzL �
1

2
G2,2

1,2 -z
1

2
, 1

2

0, 0

Classical cases involving algebraic functions

08.02.26.0142.01

KH1 - zL �
1

2 Π
 G2,2

2,2 z
1

2
, 1

2

0, 0
�; z Ï H-¥, -1L

08.02.26.0003.01

1

z + 1
 K 

1

z + 1
�

1

2
G2,2

2,1 z
1

2
, 1

2

0, 0
�; z Ï H-1, 0L

08.02.26.0004.01

1

z + 1
 K 

z

z + 1
�

1

2
G2,2

1,2 z
1

2
, 1

2

0, 0
�; z Ï H-¥, -1L

08.02.26.0005.01

K -
I z - 1N2

4 z
�

1

2 Π
 G2,2

2,2 z

3

4
, 3

4

1

4
, 1

4

�; z Ï H-¥, 0L
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08.02.26.0006.01

1

z + 1
 K 

4 zI z + 1N2
�

Π

2
G2,2

1,1 z
1

2
, 1

2

0, 0

08.02.26.0007.01

1

z + 1
 K 

1 - z

1 + z

2

�
1

4 Π
 G2,2

2,2 z
1

2
, 1

2

0, 0

08.02.26.0008.01

K 
1

2
I1 - z + 1 N �

Π

2 G J 1

4
N2

G2,2
1,2 z

3

4
, 3

4

0, 0

08.02.26.0009.01

1

z + 1
 K 

1 - z + 1

2
�

Π

2 G J 3

4
N2

G2,2
1,2 z

1

4
, 1

4

0, 0

08.02.26.0010.01

z + 1 - 1 K 
2 I z + 1 - 1N

z
�

Π

2 G J 1

4
N2

G2,2
2,1 z

5

4
, 5

4

1

2
, 1

2

� z Ï H-1, 0L
08.02.26.0011.01

z + 1 - 1

z + 1
 K 

2 I z + 1 - 1N
z

�
Π

2 G J 3

4
N2

 G2,2
2,1 z

3

4
, 3

4

1

2
, 1

2

� z Ï H-1, 0L
08.02.26.0012.01

1

z + 1 - 1

 K -
2 I z + 1 + 1N

z
�

Π

2 G J 1

4
N2

G2,2
2,1 z

3

4
, 3

4

0, 0
�; z Ï H-1, 0L

08.02.26.0013.01

1

z + 1 z + 1 - 1

 K -
2 I z + 1 + 1N

z
�

Π

2 G J 3

4
N2

G2,2
2,1 z

1

4
, 1

4

0, 0
�; z Ï H-1, 0L

08.02.26.0014.01

1

z + 1 - 1

 K 
2

1 - z + 1
�

Π

2 G J 1

4
N2

 G2,2
2,1 z

3

4
, 3

4

0, 0
�; z Ï H-1, 0L

08.02.26.0015.01

1

z + 1 z + 1 - 1

 K 
2

1 - z + 1
�

Π

2 G J 3

4
N2

G2,2
2,1 z

1

4
, 1

4

0, 0
�; z Ï H-1, 0L

08.02.26.0016.01

K 
z - z + 1

2 z
�

Π

2 G J 1

4
N2

G2,2
2,1 z

1, 1
1

4
, 1

4

� z Ï H-1, 0L
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08.02.26.0017.01

1

z + 1
 K 

z - z + 1

2 z
�

Π

2 G J 3

4
N2

G2,2
2,1 z

1

2
, 1

2

1

4
, 1

4

� z Ï H-1, 0L
08.02.26.0018.01

1

z + 1
4

 K 
z + 1 - 1

2 z + 1
�

1

2 2
 G2,2

1,2 z
1

4
, 3

4

0, 0

08.02.26.0019.01

1

z + 1
4

K 
z + 1 - z

2 z + 1
�

1

2 2
 G2,2

2,1 z

3

4
, 3

4

0, 1

2

�; z Ï H-1, 0L
08.02.26.0020.01

1

z + 1
4

K 
1

2 I z + z + 1 N z + 1
�

1

2 2
 G2,2

2,1 z

3

4
, 3

4

0, 1

2

�; z Ï H-1, 0L
08.02.26.0021.01

1

z + 1
4

K 
z

2 I z + 1 + 1N z + 1
�

1

2 2
 G2,2

1,2 z
3

4
, 1

4

0, 0

08.02.26.0022.01

1

z + 1 + 1

 K 
z + 1 - 1

z + 1 + 1
�

Π

2 2 G J 1

4
N2

G2,2
1,2 z

3

4
, 3

4

0, 0

08.02.26.0023.01

1

z + 1 z + 1 + 1

 K 
z + 1 - 1

z + 1 + 1
�

Π

2 2 G J 3

4
N2

 G2,2
1,2 z

1

4
, 1

4

0, 0

08.02.26.0024.01

1

z + 1 + 1

 K 
1 - z + 1

1 + z + 1
�

1

4
G2,2

1,2 z
1

4
, 3

4

0, 0

08.02.26.0025.01

1

z + z + 1

 K 
z + 1 - z

z + 1 + z
�

Π

2 2 G J 1

4
N2

 G2,2
2,1 z

3

4
, 3

4

0, 0
�; z Ï H-1, 0L

08.02.26.0026.01

1

z + 1 z + z + 1

 K 
z + 1 - z

z + z + 1
�

Π

2 2 G J 3

4
N2

 G2,2
2,1 z

1

4
, 1

4

0, 0
�; z Ï H-1, 0L

08.02.26.0027.01

1

z + z + 1

 K 
z - z + 1

z + z + 1
�

1

4
G2,2

2,1 z

3

4
, 3

4

0, 1

2

�; z Ï H-1, 0L
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08.02.26.0028.01

z + 1 - z  K 2 z2 + z - z �
Π

2 G J 1

4
N2

 G2,2
1,2 z

3

4
, 3

4

0, 0
�; Re HzL ³ 0

08.02.26.0029.01

z + 1 - z

z + 1
 K 2 z2 + z - z �

Π

2 G J 3

4
N2

 G2,2
1,2 z

1

4
, 1

4

0, 0
�; Re HzL ³ 0

08.02.26.0030.01

1

z + 1 - z

 K -2 z + z2 + z �
Π

2 G J 1

4
N2

 G2,2
1,2 z

3

4
, 3

4

0, 0
�; Re HzL ³ 0

08.02.26.0031.01

1

z + 1 z + 1 - z

 K -2 z + z2 + z �
Π

2 G J 3

4
N2

 G2,2
1,2 z

1

4
, 1

4

0, 0
�; Re HzL ³ 0

08.02.26.0032.01

I z + 1 - 1N K 
4 z + 1I z + 1 + 1N2

�
1

2
G2,2

2,1 z
3

2
, 3

2

1, 1
�; Re HzL ³ 0

08.02.26.0033.01

I z + 1 + 1N K -
4 z + 1I1 - z + 1 N2

�
1

2
G2,2

2,1 z
3

2
, 3

2

1, 1
�; Re HzL ³ 0

08.02.26.0034.01

I z + 1 - z N K 
4 z2 + zI z + z + 1 N2

�
1

2
G2,2

1,2 z
1

2
, 1

2

0, 0
�; Re HzL ³ 0

08.02.26.0035.01

I z + z + 1 N K -
4 z2 + zI z - z + 1 N2

�
1

2
G2,2

1,2 z
1

2
, 1

2

0, 0
�; Re HzL ³ 0

08.02.26.0036.01

1

z + 1
4

 K -
I z + 1 - 1N2

4 z + 1
�

1

2
G2,2

1,2 z
1

2
, 1

2

0, 0

08.02.26.0037.01

1

z + 1
4

 K -
I z + 1 - z N2

4 z z + 1
�

1

2
G2,2

2,1 z

3

4
, 3

4

1

4
, 1

4

�; z Ï H-1, 0L
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08.02.26.0038.01I z + 1 - z N K KI z - z + 1 N4O �
1

4
G2,2

2,1 z
1

2
, 1

2

0, 0
�; z Ï H-1, 0L

08.02.26.0039.01

1

z + z + 1
 K KI z - z + 1 N4O �

1

4
G2,2

2,1 z
1

2
, 1

2

0, 0
�; z Ï H-1, 0L

08.02.26.0040.01

I z + 1 - z N K 
1I z + z + 1 N4

�
1

4
G2,2

2,1 z
1

2
, 1

2

0, 0
�; z Ï H-1, 0L

08.02.26.0041.01

1

z + z + 1
 K 

1I z + z + 1 N4
�

1

4
G2,2

2,1 z
1

2
, 1

2

0, 0
�; z Ï H-1, 0L

08.02.26.0042.01

I z + 1 - 1N K 
I z + 1 - 1N4

z2
�

1

4
G2,2

1,2 z
3

2
, 3

2

1, 1

08.02.26.0043.01

1

z + 1 + 1
 K 

I1 - z + 1 N4

z2
�

1

4
G2,2

1,2 z
1

2
, 1

2

0, 0

08.02.26.0044.01

I z + 1 - 1N K 
z2

I z + 1 + 1N4
�

1

4
G2,2

1,2 z
3

2
, 3

2

1, 1

08.02.26.0045.01

1

z + 1 + 1
 K 

z2

I z + 1 + 1N4
�

1

4
G2,2

1,2 z
1

2
, 1

2

0, 0

Classical cases involving unit step Θ

08.02.26.0046.01

ΘH1 -  z¤L K H1 - zL �
Π

2
G2,2

2,0 z
1

2
, 1

2

0, 0
�; z Ï H-1, 0L

08.02.26.0047.01

ΘH z¤ - 1L K H1 - zL �
Π

2
G2,2

0,2 z
1

2
, 1

2

0, 0

08.02.26.0048.01

ΘH1 -  z¤L K 1 -
1

z
�

Π

2
G2,2

2,0 z
1, 1
1

2
, 1

2
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08.02.26.0049.01

ΘH z¤ - 1L K 1 -
1

z
�

Π

2
G2,2

0,2 z
1, 1
1

2
, 1

2

�; z Ï H-¥, -1L
08.02.26.0050.01

ΘH1 -  z¤L K 
1 - z

2
�

Π

2
G2,2

2,0 z

3

4
, 3

4

0, 1

2

�; z Ï H-1, 0L
08.02.26.0051.01

ΘH z¤ - 1L K 
1 - z

2
�

Π

2
G2,2

0,2 z

3

4
, 3

4

0, 1

2

08.02.26.0052.01

ΘH1 -  z¤L K 
z - 1

2 z
�

Π

2
 G2,2

2,0 z

1

2
, 1

1

4
, 1

4

�; z Ï H-1, 0L
08.02.26.0053.01

ΘH z¤ - 1L K 
z - 1

2 z
�

Π

2
G2,2

0,2 z

1

2
, 1

1

4
, 1

4

08.02.26.0054.01

ΘH1 -  z¤L
z + 1

K 
1 - z

1 + z
�

Π

2 2
G2,2

2,0 z
1

4
, 3

4

0, 0
�; z Ï H-1, 0L

08.02.26.0055.01

ΘH z¤ - 1L
z + 1

 K 
1 - z

1 + z
�

Π

2 2
G2,2

0,2 z
1

4
, 3

4

0, 0

08.02.26.0056.01

ΘH1 -  z¤L
z + 1

 K 
z - 1

z + 1
�

Π

2 2
 G2,2

2,0 z

3

4
, 3

4

0, 1

2

�; z Ï H-1, 0L
08.02.26.0057.01

ΘH z¤ - 1L
z + 1

 K 
z - 1

z + 1
�

Π

2 2
 G2,2

0,2 z

3

4
, 3

4

0, 1

2

08.02.26.0058.01

ΘH1 -  z¤L K -
I z - 1N2

4 z
�

Π

2
 G2,2

2,0 z

3

4
, 3

4

1

4
, 1

4

�; z Ï H-1, 0L
08.02.26.0059.01

ΘH z¤ - 1L K -
I z - 1N2

4 z
�

Π

2
G2,2

0,2 z

3

4
, 3

4

1

4
, 1

4
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08.02.26.0060.01

ΘH1 -  z¤L
z + 1

 K 
1 - z

1 + z

2

�
Π

4
G2,2

2,0 z
1

2
, 1

2

0, 0
�; z Ï H-1, 0L

08.02.26.0061.01

ΘH z¤ - 1L
z + 1

 K 
1 - z

1 + z

2

�
Π

4
G2,2

0,2 z
1

2
, 1

2

0, 0

08.02.26.0062.01

ΘH1 -  z¤L 1 - 1 - z K 
2 1 - z

1 - z + 1
�

Π

2
G2,2

2,0 z

3

4
, 5

4

1

2
, 1

2

�; z Ï H-1, 0L
08.02.26.0063.01

ΘH1 -  z¤L
1 - z + 1

 K 
2 1 - z

1 - z + 1
�

Π

2
G2,2

2,0 z
1

4
, 3

4

0, 0
�; z Ï H-1, 0L

08.02.26.0064.01

ΘH z¤ - 1L
1 - z + 1

 K 
2 1 - z

1 - z + 1
�

Π

2
G2,2

0,2 z
1

4
, 3

4

0, 0

08.02.26.0065.01

ΘH z¤ - 1L 1 - z + 1 K 
2 1 - z

1 - z - 1
�

Π

2
G2,2

0,2 z

3

4
, 5

4

1

2
, 1

2

�; z Ï H-¥, -1L
08.02.26.0066.01

ΘH1 -  z¤L
1 - 1 - z

 K 
2 1 - z

1 - z - 1
�

Π

2
 G2,2

2,0 z
1

4
, 3

4

0, 0
�; z Ï H-1, 0L

08.02.26.0067.01

ΘH z¤ - 1L
1 - 1 - z

 K 
2 1 - z

1 - z - 1
�

Π

2
G2,2

0,2 z
1

4
, 3

4

0, 0
�; z Ï H-¥, -1L

08.02.26.0068.01

ΘH1 -  z¤L
1 - z + 1

K 
4 1 - zI 1 - z + 1N2

�
Π

2
G2,2

2,0 z
1

2
, 1

2

0, 0
�; Re HzL > 0

08.02.26.0069.01

ΘH1 -  z¤L
1 - 1 - z

 K -
4 1 - zI 1 - z - 1N2

�
Π

2
G2,2

2,0 z
1

2
, 1

2

0, 0
�; Re HzL > 0

08.02.26.0070.01

ΘH1 -  z¤L 1 - 1 - z K 
2 1 - z I1 - 1 - z N

z
�

Π

2
 G2,2

2,0 z

3

4
, 5

4

1

2
, 1

2

�; z Ï H-1, 0L
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08.02.26.0071.01

ΘH z¤ - 1L z - z - 1 K J2 I z - z - 1 N z - 1 N �
Π

2
G2,2

0,2 z

3

4
, 3

4

0, 1

2

�; z Ï H-¥, -1L
08.02.26.0072.01

ΘH z¤ - 1L z - z - 1 K 
2 z - 1

z - 1 + z
�

Π

2
G2,2

0,2 z

3

4
, 3

4

0, 1

2

�; z Ï H-¥, -1L
08.02.26.0073.01

ΘH1 -  z¤L
z - 1 + z

 K 
2 z - 1

z - 1 + z
�

Π

2
G2,2

2,0 z

3

4
, 3

4

0, 1

2

�; z Ï H-1, 0L
08.02.26.0074.01

ΘH z¤ - 1L
z - 1 + z

 K 
2 z - 1

z - 1 + z
�

Π

2
G2,2

0,2 z

3

4
, 3

4

0, 1

2

�; z Ï H-¥, -1L
08.02.26.0075.01

ΘH1 -  z¤L z - 1 + z K 
2 z - 1

z - 1 - z
�

Π

2
G2,2

2,0 z

3

4
, 3

4

0, 1

2

�; z Ï H-1, 0L
08.02.26.0076.01

ΘH1 -  z¤L
z - z - 1

 K 
2 z - 1

z - 1 - z
�

Π

2
G2,2

2,0 z

3

4
, 3

4

0, 1

2

�; Ï H-1, 0L
08.02.26.0077.01

ΘH z¤ - 1L
z - 1 + z

 K 
2 z - 1

z - 1 + z
�

Π

2
G2,2

0,2 z

3

4
, 3

4

0, 1

2

08.02.26.0078.01

ΘH z¤ - 1L
z - 1 + z

 K 
4 z - 1 zI z - 1 + z N2

�
Π

2
G2,2

0,2 z
1

2
, 1

2

0, 0
�; Re HzL > 0

08.02.26.0079.01

ΘH z¤ - 1L
z - z - 1

 K -
4 z - 1 zI z - 1 - z N2

�
Π

2
 G2,2

0,2 z
1

2
, 1

2

0, 0
�; Re HzL > 0

Classical cases involving sgn

08.02.26.0080.01

sgn H1 -  z¤L
1 - z

 K -
4 zI z - 1N2

�
Π

2
G2,2

1,1 z
1

2
, 1

2

0, 0

Classical cases involving powers of complete elliptic integral K
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08.02.26.0081.01

K 
1 - z + 1

2

2

�
Π

4
 G3,3

1,3 z
1

2
, 1

2
, 1

2

0, 0, 0

08.02.26.0082.01

K 
z - z + 1

2 z

2

�
Π

4
G3,3

3,1 z
1, 1, 1
1

2
, 1

2
, 1

2

�; z Ï H-1, 0L
08.02.26.0083.01

1

z + z + 1
 K KI z + 1 - z N2O2

�
Π

8
G3,3

3,1 z
1

2
, 1

2
, 1

2

0, 0, 0
�; z Ï H-1, 0L

08.02.26.0084.01

1

z + 1 + 1
 K 

I z + 1 - 1N2

z

2

�
Π

8
G3,3

1,3 z
1

2
, 1

2
, 1

2

0, 0, 0
�; z Ï H-1, 0L

Generalized cases involving algebraic functions

08.02.26.0085.01

K -
Hz - 1L2

4 z
�

1

2 Π
 G2,2

2,2 z,
1

2

3

4
, 3

4

1

4
, 1

4

�; z Ï H-¥, 0L
08.02.26.0086.01

1

z + 1
 K 

4 zHz + 1L2
�

Π

2
 G2,2

1,1 z,
1

2

1

2
, 1

2

0, 0

08.02.26.0087.01

1

z + 1
 K 

H1 - zL2H1 + zL2
�

1

4 Π
 G2,2

2,2 z,
1

2

1

2
, 1

2

0, 0

08.02.26.0088.01

K 
z - z2 + 1

2 z
�

Π

2 G J 1

4
N2

G2,2
2,1 z,

1

2

1, 1
1

4
, 1

4

�; Re HzL > 0

08.02.26.0089.01

1

z2 + 1

 K 
z - z2 + 1

2 z
�

Π

2 G J 3

4
N2

G2,2
2,1 z,

1

2

1

2
, 1

2

1

4
, 1

4

�; Re HzL > 0

08.02.26.0090.01

1

z2 + 1
4

K 
z2 + 1 - z

2 z2 + 1

�
1

2 2
 G2,2

2,1 z,
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0

08.02.26.0091.01

1

z2 + 1
4

K 
1

2 z + z2 + 1 z2 + 1

�
1

2 2
 G2,2

2,1 z,
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0
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08.02.26.0092.01

1

z + z2 + 1

 K 
z2 + 1 - z

z2 + 1 + z

�
Π

2 2 G J 1

4
N2

 G2,2
2,1 z,

1

2

3

4
, 3

4

0, 0
�; Re HzL > 0

08.02.26.0093.01

1

z2 + 1 z2 + 1 + z

 K 
z2 + 1 - z

z2 + 1 + z

�
Π

2 2 G J 3

4
N2

G2,2
2,1 z,

1

2

1

4
, 1

4

0, 0
�; Re HzL > 0

08.02.26.0094.01

1

z + z2 + 1

 K 
z - z2 + 1

z + z2 + 1

�
1

4
G2,2

2,1 z,
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0

08.02.26.0095.01

z2 + 1 - z K 2 z z2 + 1 - z �
Π

2 G J 1

4
N2

G2,2
1,2 z,

1

2

3

4
, 3

4

0, 0

08.02.26.0096.01

z2 + 1 - z

z2 + 1

 K 2 z z2 + 1 - z �
Π

2 G J 3

4
N2

G2,2
1,2 z,

1

2

1

4
, 1

4

0, 0

08.02.26.0097.01

1

z2 + 1 - z

 K -2 z z + z2 + 1 �
Π

2 G J 1

4
N2

 G2,2
1,2 z,

1

2

3

4
, 3

4

0, 0

08.02.26.0098.01

1

z2 + 1 z2 + 1 - z

 K -2 z z + z2 + 1 �
Π

2 G J 3

4
N2

G2,2
1,2 z,

1

2

1

4
, 1

4

0, 0

08.02.26.0099.01

z2 + 1 - z K 
4 z z2 + 1

z + z2 + 1
2

�
1

2
G2,2

1,2 z,
1

2

1

2
, 1

2

0, 0
�; ä z Ï H-¥, -1L ì ä z Ï H1, ¥L

08.02.26.0100.01

z + z2 + 1 K -
4 z z2 + 1

z - z2 + 1
2

�
1

2
G2,2

1,2 z,
1

2

1

2
, 1

2

0, 0
�; ä z Ï H-¥, -1L ì ä z Ï H1, ¥L
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08.02.26.0101.01

1

z2 + 1
4

 K -

z2 + 1 - z
2

4 z z2 + 1

�
1

2
G2,2

2,1 z,
1

2

3

4
, 3

4

1

4
, 1

4

�; Re HzL > 0

08.02.26.0102.01

z2 + 1 - z K z - z2 + 1
4

�
1

4
G2,2

2,1 z,
1

2

1

2
, 1

2

0, 0
�; Re HzL > 0

08.02.26.0103.01

1

z + z2 + 1

 K z - z2 + 1
4

�
1

4
G2,2

2,1 z,
1

2

1

2
, 1

2

0, 0
�; Re HzL > 0

08.02.26.0104.01

z2 + 1 - z K 
1

z + z2 + 1
4

�
1

4
G2,2

2,1 z,
1

2

1

2
, 1

2

0, 0
�; Re HzL > 0

08.02.26.0105.01

1

z + z2 + 1

 K 
1

z + z2 + 1
4

�
1

4
G2,2

2,1 z,
1

2

1

2
, 1

2

0, 0
�; Re HzL > 0

Generalized cases involving unit step Θ

08.02.26.0106.01

ΘH1 -  z¤L K 
1 - z

2
�

Π

2
G2,2

2,0 z,
1

2

3

4
, 3

4

0, 1

2

08.02.26.0107.01

ΘH1 -  z¤L K 
z - 1

2 z
�

Π

2
G2,2

2,0 z,
1

2

1

2
, 1

1

4
, 1

4

08.02.26.0108.01

ΘH z¤ - 1L K 
1 - z

2
�

Π

2
G2,2

0,2 z,
1

2

3

4
, 3

4

0, 1

2

08.02.26.0109.01

ΘH z¤ - 1L K 
z - 1

2 z
�

Π

2
G2,2

0,2 z,
1

2

1

2
, 1

1

4
, 1

4

08.02.26.0110.01

ΘH1 -  z¤L
z + 1

 K 
z - 1

z + 1
�

Π

2 2
G2,2

2,0 z,
1

2

3

4
, 3

4

0, 1

2
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08.02.26.0111.01

ΘH1 -  z¤L
z + 1

 K 
1 - z

1 + z
�

Π

2 2
G2,2

2,0 z,
1

2

1

4
, 3

4

0, 0
�; z Ï H-1, 0L

08.02.26.0112.01

ΘH z¤ - 1L
z + 1

K 
z - 1

z + 1
�

Π

2 2
G2,2

0,2 z,
1

2

3

4
, 3

4

0, 1

2

�; z Ï H-¥, -1L
08.02.26.0113.01

ΘH z¤ - 1L
z + 1

K 
1 - z

1 + z
�

Π

2 2
G2,2

0,2 z,
1

2

1

4
, 3

4

0, 0

08.02.26.0114.01

ΘH1 -  z¤L K -
Hz - 1L2

4 z
�

Π

2
G2,2

2,0 z,
1

2

3

4
, 3

4

1

4
, 1

4

08.02.26.0115.01

ΘH z¤ - 1L K -
Hz - 1L2

4 z
�

Π

2
G2,2

0,2 z,
1

2

3

4
, 3

4

1

4
, 1

4

08.02.26.0116.01

ΘH1 -  z¤L
z + 1

 K 
H1 - zL2Hz + 1L2

�
Π

4
G2,2

2,0 z,
1

2

1

2
, 1

2

0, 0
�; z Ï H-1, 0L

08.02.26.0117.01

ΘH z¤ - 1L
z + 1

 K 
H1 - zL2Hz + 1L2

�
Π

4
G2,2

0,2 z,
1

2

1

2
, 1

2

0, 0
�; z Ï H-¥, -1L

08.02.26.0118.01

ΘH z¤ - 1L z - z2 - 1 K 2 z - z2 - 1 z2 - 1 �
Π

2
 G2,2

0,2 z,
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0

08.02.26.0119.01

ΘH z¤ - 1L z - z2 - 1 K 
2 z2 - 1

z + z2 - 1

�
Π

2
G2,2

0,2 z,
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0

08.02.26.0120.01

ΘH1 -  z¤L
z + z2 - 1

K 
2 z2 - 1

z + z2 - 1

�
Π

2
G2,2

2,0 z,
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0

08.02.26.0121.01

ΘH z¤ - 1L
z + z2 - 1

K 
2 z2 - 1

z + z2 - 1

�
Π

2
G2,2

0,2 z,
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0
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08.02.26.0122.01

ΘH1 -  z¤L z + z2 - 1 K 
2 z2 - 1

z2 - 1 - z

�
Π

2
G2,2

2,0 z,
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0

08.02.26.0123.01

ΘH1 -  z¤L
z - z2 - 1

K 
2 z2 - 1

z2 - 1 - z

�
Π

2
 G2,2

2,0 z,
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0

08.02.26.0124.01

ΘH z¤ - 1L
z - z2 - 1

K 
2 z2 - 1

z2 - 1 - z

�
Π

2
G2,2

0,2
1

2

3

4
, 3

4

0, 1

2

�; Re HzL > 0

Generalized cases involving sgn

08.02.26.0125.01

sgn H1 -  z¤L
1 - z

 K -
4 zHz - 1L2

�
Π

2
 G2,2

1,1 z,
1

2

1

2
, 1

2

0, 0

Generalized cases involving powers of complete elliptic integral K

08.02.26.0126.01

K 
z - z2 + 1

2 z

2

�
Π

4
G3,3

3,1 z,
1

2

1, 1, 1
1

2
, 1

2
, 1

2

�; Re HzL > 0

08.02.26.0127.01

K z2 + 1 - z
2 2

z + z2 + 1

�
Π

8
 G3,3

3,1 z,
1

2

1

2
, 1

2
, 1

2

0, 0, 0
�; Re HzL > 0

Through other functions

Involving incomplete elliptic integrals

08.02.26.0128.01

KHzL � P 0;
Π

2
z

08.02.26.0129.01

KHzL � PH0 È zL
08.02.26.0130.01

KHzL � F
Π

2
z

08.02.26.0131.01

KHzL �
1

z
 F sin-1I z N 1

z
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Involving elliptic theta functions

08.02.26.0132.01

KHmL �
Π

2
J3H0, qHmLL2

Involving inverse Jacobi functions

08.02.26.0134.01

KHzL � sn-1H1 È zL
08.02.26.0135.01

KHzL � dn-1I 1 - z É zN
08.02.26.0136.01

KHzL � cn-1H0 È zL �; z Î R ß z < 1

Involving some elliptic-type functions

08.02.26.0133.01

KHzL �
Π

2 agmI1, 1 - z N
08.02.26.0137.01

K q-1 exp
ä Π Ω2

Ω1

� e1 - e3 Ω1 �;
8e1, e2, e3< � 8ÃHΩ1; g2, g3L, ÃHΩ1 + Ω2; g2, g3L, ÃHΩ2; g2, g3L< ì 8g2, g3< � 9g2 HΩ1, Ω2L, g3 HΩ1, Ω2L=

08.02.26.0138.01

KH1 - zL
KHzL � -

ä Ω2

Ω1

�; z � q-1 exp
ä Π Ω2

Ω1

í 8Ω1, Ω2< � 9Ω1 Ig2, g3M, Ω2 Ig2, g3M=
Involving Legendre functions

08.02.26.0139.01

KHzL �
Π

2
P

-
1

2

H1 - 2 zL
08.02.26.0140.01

KHzL � Q
-

1

2

H2 z - 1L
Involving some hypergeometric-type functions

08.02.26.0141.01

KHzL � F1

1

2
;

1

2
,

1

2
;

3

2
; 1, z

Representations through equivalent functions

With inverse function

08.02.27.0001.01

amHKHmL È mL �
Π

2
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With related functions

08.02.27.0002.01

EHzL KH1 - zL - KHzL KH1 - zL + EH1 - zL KHzL �
Π

2

08.02.27.0003.01

KH2L �
2 Π3�2 GJ 3

4
N2

- Π2 EH2L
2 GJ 3

4
N4

Theorems

The period T  of a mathematical pendulum in a gravitational field

The period T  of a mathematical pendulum of length l in a gravitational field with acceleration g and maximal angle

of excursion  Α is given by T � 4 l
g

 KIsin2I Α
2

MM.
The partition function for a one-dimensional monatomic ideal classical gas

The partition function Z for a one-dimensional monatomic ideal classical gas of n atoms in a box of length l  at

temperature  T  is  given  by  Z � 1
2n  n!

 2
Π

 KJq-1JexpJ- 3 ΛHTL2

8 Π l2
NNN - 1

n

,  where  ΛHTL  is  the  thermal  de  Broglie

wavelength.

The magnetic induction of an infiniely long selenoid

The  magnetic  induction  B  of  an  infinitely  long  solenoid  formed  by  a  wire  (parametrized  by  Φ)8R cosHΦL, R sinHΦL, R Φ tanHΑL< carrying the current i0 is at the center line is given by 

B µ :0, -i0HcotHΑL K0HcotHΑLL + K1HcotHΑLLL, i0 
cot HΑL
2 Π R

>.

The lattice Green function for the body-centered cubic lattice

The lattice Green function GH¶L � 1

Π3
 Ù0

ΠÙ0

ΠÙ0

ΠI1 - ¶
3

 HcosHxL cosHyL cosHzLLM-1
 â x â y â z  for the simple cubic lattice

can be expressed as

4

Π2
 1 -

3

4
 Α2  

1

1 - Α
 K

1

2
+

Β

4
 4 - Β -

H2 - ΒL
4

 1 - Β  K
1

2
-

Β

4
 4 - Β -

H2 - ΒL
4

 1 - Β �;
Α �

1

2
+

¶2

6
-

1

2
 1 - ¶2  1 -

¶2

9
í Β �

Α

Α - 1
.
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The probability that a random walk in three dimensions will return to its origin

The probability p0 that a random walk in three dimensions will return to its point of origin is given by 

p0 = 1 -
Π2

72
 I6 + 2 3 + 6 N K  I35 + 24 2 - 20 3 - 14 6 N-2

» 0.34053732955099914283 ¼.

History

– A. M. Legendre (1811, 1825)

– C. G. J. Jacobi (1829)
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