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Notations

Traditional name

Complete dliptic integral of the third kind

Traditional notation

Hnfm

Mathematica StandardForm notation

EllipticPi [n, m]

Primary definition

08.03.02.0001.01

Ve
(n| m == H[n; -

21"

Specific values

Specialized values

For fixed n
08.03.03.0001.01

II(n| 0) =
2v1-n

08.03.03.0002.01

nn|l)=-———
sgn(n - 1)

08.03.03.0003.01

E(n)
fn|n) = —
1

For fixed m

08.03.03.0004.01
I1(0 | m) = K(m)

08.03.03.0005.01
| m =&
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Values at infinities

08.03.03.0006.01
H(co | M) ==0

08.03.03.0007.01
T(—co | M) =0

08.03.03.0008.01
(| c0)==0

08.03.03.0009.01
II(n| —0)==0

General characteristics

Domain and analyticity

TI(n | m) isan analytical function of n and mwhich is defined over C2.
08.03.04.0001.01
(n=m—Infm:: (C®C)—C
Symmetries and periodicities

Mirror symmetry

08.03.04.0002.01
Hm|m =TIn|m

Periodicity

The function II(n | m) is not periodic.

Poles and essential singularities
With respect tom

The function II(n | m) does not have poles and essential singularities with respect to m.

08.03.04.0003.01
Sing,, (I(n | M) == {}

With respect ton
The function I1(n | m) does not have poles and essential singularities with respect to n.

08.03.04.0004.01
Sing, (I(n | m) == {}

Branch points
With respect tom

For fixed n, the function TT(n | m) has two branch points at m==1 and m == co.
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08.03.04.0005.01
BPmIIN| m)) = {1, &}

08.03.04.0006.01
RN M), 1)==2

08.03.04.0007.01
R(II(N | M), S0) =2
With respect ton

For fixed m, the function I(n | m) has two branch pointsat n==1 and n == .

08.03.04.0008.01
BPII(N | M) == {1, &}

08.03.04.0009.01
Ra(l(n|m), 1) =2

08.03.04.0010.01

Rn(II(n | M), &) =2

Branch cuts

With respect ton
For fixed generic m, the function TT(n | m) is a single-valued function on the n-plane cut along the interval (1, o), whereitis
continuous from below.

08.03.04.0011.01
BCyI(n | m), M) = {{(1, c0), i}}

08.03.04.0012.01

1 n 1
lim O(n+ie|lm= —H(—; sin"l(\/m)‘ —)/; n>1
e->+0 m m m

08.03.04.0013.01
limIIn+ie|m=ION|M+ ——/;n>1

e—>+0

1-n [1-1

08.03.04.0014.01

lim O(n-ie|m=TII(n|m/;n>1
e—->+0

With respect tom

For fixed generic n, the function I1(n | m) is a single-valued function on the m-plane cut along the interval (1, o), whereitis
continuous from below.

For fixed real n> 1, the function I1(n | m) is a single-valued function on the m-plane cut along the interval (-0, 1). It is
continuous from below along the interval (—oco, 0) and it continuous from above along theinterval (0, 1).

08.03.04.0015.01
BCm(I(n|m), M) = {(1, o), i}
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08.03.04.0016.01

lim II(n| m+ie)=TI(n| m) +

2im ndl-m
o
e—>+0 m-n

‘1—m)/;m>1
n-m

08.03.04.0017.01

] 1 n|l im nl-m)
lim H(n|m+ie)=—H(— —)+ H( ‘1—m)/;m>1
€40 Yvm ‘mim/ m-n n-m

08.03.04.0018.01
lim I(n|m+ie)=I(n|m)/;n>1Am<0
e->+0

08.03.04.0019.01
Iin})H(n|m—ie)=H(n|m)/;m>1\/(n>1/\0<m<1)
€+

08.03.04.0020.01
] 1 n|l im nal-m
lim H(n|m—ie)=—l‘[(— —]— H( ‘l—m)/;m>1
e~+0 \/ﬁ m|m m-n n-m

08.03.04.0021.01
) 2in
I|mOH(n|m—ie):H(n|m)+—/;n>1/\m<0
€+

D m+n-1
n

08.03.04.0022.01
] 2irw
limIOn|m+ie)=II(n|mM+ ————/;n>1A0<m< 1
e->+0

o m+n-1
n

Series representations

Generalized power series

Expansions at generic point n == ng

For the function itself

08.03.06.0008.01
2
1 m-n3

on|m e (ng | M + ——— [ E(M) —
2(m-ng) (Ng — 1) No

I(ng | m) + K(m) (E - 1]] (n—ng) +

No

1
(—Em) ng (2ng m+m-+ng (2 - 51g)) + K(m) (1 - 4ng) m? + 319 (3 — 1) m+n§ (2- 5np)) +

8(m-ny)? (Ng — 1)? n

TI(N | M) (3§ +2mM(2-5ng) Ng + NP (4ng — 1))) (=) + ... /; (N = Np)
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08.03.06.0009.01
2
m-n3

1
nmn|m e Ing|m+ —— [E(m) -

H(ng | m) + K(m)(E - 1] (N—ng) +
2(m-ng) (Ng — 1)

No No

1

(—Em) ng (2o m+m-+ng (2 5ng)) + K(m) (1 = 4ng) m? + 31 (3ng — 1) m+ ng (2— 5np)) +
8(m-ng)? (ng — 1?3

T(no | M) (31§ +2m(2 - 5ng) Ny + P (41g — 1)) (N = np) + O((n — ng)®)

08.03.06.0010.01

1
H(I)”i(z)kF(klkllkl )( "
nim=— — | K+ — K+ 1, =K+ 1, ng, m{(N—Ng
24k 2 2

08.03.06.0011.01

21
fzim =) 1% | m (n-ny
k=0 ™*

08.03.06.0012.01
II(n| m) « II(ng | M) (1 + O(n — ng))

Expansions on branch cuts

08.03.06.0013.01

arg(x—n) i —in
II(n| m) « { e

2n
(X=1) (x-m)
X

( (-mn-x (3x*+2m@2-5x x+ M (4x- 1)) (n-x?
1

2r 2r

nag[%+l)ag($]j+wg<nm> J]

+. |+ X M)+

+ +
2(m=x) (Xx—=1)x 8(M—x)2 (x— 1)2x2

b 3 1 3 5 1
—Fl(—;z, — 2 X, m)(n—x)+—F1 -3, =3 x,m (n—x)2+.../; N->XAXeRAX>1
4 2 2 16 2 2
08.03.06.0014.01
(3)
2)k

arg(x—n) i 1 = 1 1
H(nlm):{ J +—ﬂZ—F1[k+—;k+1,—;k+1;x,m](n—x)k/;xe[R/\x>1
- 2 2 2
1-4

2n k!
vn-1 l

08.03.06.0015.01

B | N
T & \2)k 1 1 i arg(x—ny| 7 27 *{ 2r J
H(n|m)=—Z—'F1(k+E;k+l, E;k+1;x,m)(n—x)k+ . Je

2 v k! D e T

X

o kel CD(=3) (3).(3).
Zk: ] iv(( IZ)]fj-)k()f)lek (x= DM (x=m) T (=% /i xeRAX>1
k=0 j=0 i=0 A -
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08.03.06.0016.01

2n

”76'4%+1]7a'g[2) r—argn-m)
+[ 2n

arg(x—n) ni ”[
e

2r
(X=1) (x-m)
X

II(n| m) o< II(X | M) (1 + O(n = X)) +

(1+0n-x)/;

nN->xAxeRAXx>1

Expansionsat n==0

08.03.06.0017.01
big 31 3 51

II(n| m) o« K(m) + —zFl(—, -2 m)n+ —oF =, =3 m n"+.../;(n>0)
4 2 2 16 2 2

08.03.06.0018.01

E(m) — K(m) 2(m+1) E(m) — (m+ 2) K(m)
n n

3n?

II(n | m) o« K(M) —

?+0(n’)
08.03.06.0019.01

i(ﬁ)

n|m = !
Viemis (1)

S
m-1

08.03.06.0004.01

(3)

p gl 2 )k 11

II(n | m) ==—Z ZFl(k+—, — k+1; m)/; Inf<1
215 k! 2 2

08.03.06.0020.01
I1(n | m) oc K(M) (1 + O(N))
Expansionsat n ==

08.03.06.0021.01

T E(m)
II(n| m) + 1+K(m)+

2 /1—? 1-n

(m+ 1) E(m) + (m— 1) K(m) (2m? = 7m-3) E(m) — (M + 2m- 3) K(m)
(n-1)- n-1%+.../;(n>1
3(m- 1)y 15(m-1)3

08.03.06.0022.01
()
1_arg n(1-m arg(l—m>J

2 27 27

m E(m)

+K(m) +
1

H(nlm)oc;(—l) (n-1)+

1-
2VI-mVi-n 2A-m 8(1-m?

(m+ 1) Em) + (m- 1) K(m) (2m? - 7m-3) E(m) — (m? + 2m- 3) K(m)
(n-1)- n=%+.../;(n>1)
3(m- 1)y 15(m-1)%

(n-1)2 + ]+

08.03.06.0023.01

| " mﬂ(F(Bsz) F[352] 1 F372 1?|+0((n- 1)
nim e -— - = 2m|- - = 2Zmlh-1+ (—,—;;m)(n—))+ n-1)
4 P22 22 N2 2

2 1-? 1-n
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08.03.06.0024.01

er[ n-m )
1 ag(l-m 9 n(1-m ‘

(=1 rm 3 3
nn|im= ——Z(—l)"zFl(—,m—; 2, m)(n—l)k
4 i3 2 2
2V1-m |5 Vi-n
08.03.06.0025.01
bis mmg 3 3
nn|im = ——Z(—l)kzFl(—,m—; 2, m)(n—l)k
o 2 2
[ m m
2 /[1-—+«v1-n
n
08.03.06.0026.01
T E(m)
II(n| m) + ( + K(m)) (1+0(n-1)
2 [1-T «1-n
n

Expansionsat n == oo

08.03.06.0027.01

T m+1 3mP+2m+3
II(n| m) 1+ + +... |+
2V -n

2n 8n?
4(m+2)K(m) —8(m+ 1) E(m)  4((8m? +7m+8) E(m) — (4n? + 3m+ 8) K(m))
3n " 15n?

1
— [4(E(m) - K(m)) — + ] /i (n] -
4n

©0)

08.03.06.0028.01

Pis [ m+1 3mP+2m+3 1
In|m « 1+ + +O[—)
2vV-n 2n 8n? n3
1 [ 4m+2)Km -8m+1)E(m)  4((8mP+7m+8)E(m) — (41 + 3m+ 8)K(m)) 1
— | aEm - k) - + +o[_]
4n 3n 15n2 n3
08.03.06.0029.01
1 3
Vg i (E)k 1 1 Tm (E)krd( 1 3
nn|m = Z—zFl(—,—k; —-k; m)n"‘—— zFl(—,k+—;k+2; m)n‘k
2v-n = k! 2 2 4an & k+ D! 2 2

08.03.06.0030.01

bg 1 E(m) — K(m) 1
In|m « [1+O[—))+7(1+ O(—))/; (In| = o0)
2v"n n n n

Expansions at generic point m == mg

For the function itself
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08.03.06.0031.01

1 1
H(nlm)ocﬂ(nl%)+7[—E(rrb)+ﬂ(nlrrb)](m—rrb)+
2(n—mg) \mp -1

1

4m—(N+2)Mmy—n 3
- K(mp) + E(mg) + ————TI(n| mp) [(M—mp)? + ... /; (M > )
214y —1mg(mp—n) 4(my — 12 my (Mg — n)? 4(my —n)?

08.03.06.0032.01

1 1
H(nlm)ocﬂ(nl%)+7[—E(%)+H(nlnb)](m—ﬁb)+
2(n-mpy) \mg -1

1[ 1 4Am—(N+2)My—n
2

3
K(mp) + E(mp) + ————TI(n | mp) [ (M- mp)? + O((m - my)?)
4(mg— 1) my (M — ) 4 (mg — 1)? my (Mg — n)? 4(mp — n)?

08.03.06.0033.01

1 2

p g (E)k
n|m=—

215 (k2

1 1
Fl(k+ E; 1, k+ 5; k+1;n, mo)(m—rrb)k

08.03.06.0034.01

> 1
neim=>y" 19| mo) (m—mo)*
k=0 ™*

08.03.06.0035.01
II(n | m) o TI(n | mp) (1 + O(M - my))

Expansions on branch cuts

l) i
= X}
(2 j+k

08.03.06.0036.01

1 22 1 1 3nl )
Innfm=— Zfﬁ[j+k+—;l, —j+k+—=;—, —)(m—x)1+
X j=0k=0j!k!(2]+2k+1) 2 2 2" x X
P ) N 1) (1
e { 21 Ji\/x—l o« D (k+ 2)](2)1( ) 1 3 1 n(x-1) )
ZZ.—X"’kFl(—;k+l, 1, —1-—, )(m—x)’/;xe[R/\x>1
(n-Hx 120 koo jrk! 2 2 X (N-1)x

08.03.06.0037.01

1
1 2 (E)k 3 n1l
II(n|m « —27F1(k+—;1, - ; )+
VX o KI2k+1) 2 2 2 X X

i arg(x—m) l K
e ”l 2 Ju‘\/x—l s (2)kx 1 3 1 n(x-1)
Z Fl[—;k+1, 1, - 1-—, ) A+0(Mm=-Xx)/;(Mm->X)AXeRAX>1
(n-1x o K 2 2 X (n=1)x

Expansionsat m==0

08.03.06.0038.01

Vg 3 2
(N | M) o - (Vl—n—l)m— n- +2|mP+.../;(m>0)
2vV1-n 4v1-nn 32n? 1-n
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08.03.06.0039.01

3 2
mnime — " (Vi- -1)m- i [n— +2)mZ+o(mS)
2V1-n 4vY1-nn 32n? 1-n
08.03.06.0040.01
1 2
1 & (z)k nkk! 2k k1 (1-K); 1y
l_[(nlm):—nz - —-— - [1——) e/ m < 1
n “ n
) |[VI-n(3), " (3)
08.03.06.0005.01
1 2
n|m=— 2F1(1 k+— k+1; n)mk/ Im <1
2 k=0 (k')
08.03.06.0041.01
| m) < 1+ O(m))
2V1-n
Expansionsat m ==
08.03.06.0042.01
(| m o
1| logd-m) (h+1m-1) 3(*-6n-3)(m-1)> \/F(Iog(\/ﬁ+1)—Iog(1—«/?))—4log(2)
—|- 1 - -
2 1-n " 4(n-1) 64 (n— 1)2 " ’ n-1
(Zn log(2) + 21og(2) + Vn (Iog(l - \/W) ~log(vVn + 1)) - l) (m-1) 1
+
2(n-17? 64(n-1)°

(—5n2+ 12n+24(|og(\/F+1)—|og(1—\/F))«/F+12((n—6)n—3)|og(2)+21) (m-1)2 + ...]/; (m- 1)

08.03.06.0043.01
n | m =

o a-mk(3)°

1 00
—|-log2 - m) 42&(1 k+— - n)+
2 é (k!)? g (k1?2

12
- O P
Y(k+1) -y +§ 2F1| 1, +5,E,n—
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08.03.06.0044.01
2
k(1
1| @-mk(3)

H(nlm):EZ X i

(k+ %)J (2¢(k+ l)—xﬁ(k+ %)—w(k+ i+ %)) ni

k=0 (k!)2 =0 (%)]
1y 2

| i(l‘m)J(E),- 11

og(1-m 72&(1: i+- = n) fiim=-1<1
= 22

08.03.06.0045.01
log(1—m) \/F(Iog(\/ﬁ+1)—Iog(l—\/ﬁ))—4log(2)
H(nlm)ocm(l+0(m—l))+ (1+O(m—l))

2(n-1)
Expansionsat m == oo

08.03.06.0046.01

log(-m) 2n+1 3(8n2+4n+3)
II(n| m) 1+ + + ..+
2+ -m 4m 64 m?
2log(2) +n(4log(2) -1)—1 28n?+26n-12(8n?+4n+3)log(2) + 21
4log(2) + - o]

2/ -m 2m 64 P
\/Fsin‘l(\/F) n o 3m
—[1+—+—+ ..)/;(|m|—>oo)
Vicnvom | 2m g

08.03.06.0047.01

log(-m) 2n+1 3(8n?+4n+3) 1
II(n| m) « 1+ + +O(—)
2vV-m 4m 64 m?

2log(2) + n(4log2)-1)—1 28n?+26n-12(8n?+4n+3)log(2) + 21 1
4log(2) + - +o[—]
2m 64 m

+
2V -m

08.03.06.0048.01
- 1 1) 2
Vi sn (Vi) « nk(g)k L logem) & (E)k
mm | m = m D —2
Vi-n+vV-m i K 2vV-m i (k)?

2
1 —k
2o m

1 [e5]
F (1, -k ——k; n) mK+ log(16) +
1 2 J Z

2V -m ia K

( 2 1) & [ R B 1 1
log(16) - » —— + —] +Y ——— liog16) - S
(%—k)k[ itk Kk j:o(l ! Z | Z -
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08.03.06.0049.01

\/Fsin_l(\/ﬁ) 0o nk(%)k K, log(-m) & (%)kz

om| m = m Z zFl(l, -k E—k; n) mK+
Vi-nvV-m i K 2vV-m o (k? 2
1 i(%)kzmk ) (=i -k 5)+pke D= glk+ 5]+ g +k+ D)
2vV-m i K j=0 (%—k)j (k=)

08.03.06.0050.01

log(—16 m) 1
nmmnjmoe —— (1+ O(—))
2V -m

Expansionsat {m, n} == {0, 0}

08.03.06.0001.02

n m 9m* 25m® n 3mn 15mPn 3n® 5mn? 5nd
nnjimoe -1+ —+—+ + -+ + + —+ +—+...[/i(M=>0AM-0)
2 4 64 256 2 16 128 8 32 16

08.03.06.0002.01
13RI m ki
H(nlm)::—Z — /M <1AIN <1
oo 4<4ik’*jr?
08.03.06.0003.01

n 1.1.4.
(n | m) = EFiiéié[ 2’2" 7 m, n]

Residue representations

08.03.06.0006.01

II(n| m) = %iiresst

k=0 j=0

[r(% —s—t) e TA-9T() r(% —t)

(—n)‘s(—m)‘t] (=i, -k
F(l-s—1)

Other series representations

08.03.06.0007.01

n 2in & m)k k n
nnjm=_[ —— Km) i Z am sin[ " sn‘l[ | —
(m-n(n-1) KM i 1-gqmy?c (KM m

-l<n=<1lA-1=mx1l

]] [(m-n(n-1) ]
mij|+ _— /;
n

Integral representations

On the real axis

Of thedirect function
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08.03.07.0001.01

3 1
IIn|m)== dt

° (1- nsinz(t)) vV 1-msin(t)

08.03.07.0002.01
1

1
[ “
" (1-n?)Y1-2 y1-me

08.03.07.0005.01

1 1 1
H(nlm):—f dt
2J0 \[t A-ntHh)V1-t ViI-mt

08.03.07.0003.01

K(m) 1
Ti(n | m) == f S
0 1-nsnt|m?

mn| m =

Contour integral representations

08.03.07.0004.01
r(% —s- t) e TA-9T) r(% - t)

1
I(n|m) == f f (=S (-mdsdt
2Qnui2Jrdzr [1-s-1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

With respect ton

08.03.13.0002.01
3Bw(n) 8%w(n) Aw(n)
+(-13n*+8mn+8n-3m) +4mM-4n+1) —— —2w(n) = 0/; w(n) == ITI(n | m)
ond an? on

2(n=1)(M-n)n

With respect tom

08.03.13.0001.01

ABwm) Aw(m)

d
+4(11n? - 6nm-7m+2n) +6(7Tm-n-2)

w(m)
8(Mm-1)m(m-n) +3w(m) == 0/; w(m) == II(n | m)
m

anm?
Identities
Functional identities
08.03.17.0001.01
1 n m
n(n|m) = H( ‘ )/; larg(l-m)| <7 Alarg(l - n)| <z
1-mvyi-m ‘n-1im-1
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08.03.17.0002.01

z[ﬁr)[ ).

1 1 m 1-
[ H( ‘ )_[1 _] im (n( m)‘l—m)
1-n 1-m n-1/m-1 1 m m-n n-m

08.03.17.0003.01

m .
H(n|m)=K(m)—H(—‘m)+—M ;(0<n<1A0<m<1)V(O<n<1lAO<arg(m) <n)
n

2 %—m+n—l

08.03.17.0004.01
II(n| m) = K(m) — ( ‘ ) — /i (0<n<1Am>1)VO<n<l1lAIm(m) < 0)

——m+n 1

Differentiation

Low-order differentiation

With respect ton

08.03.20.0001.01

ATI(n | m) 1 m-n n? -m
= E(m) + K(m) + I(n | m)
on 2(m-n)(n-1) n n
08.03.20.0002.01
Iinim  Gn-2n+m(l-4n) m@2n+1)+n2-5n) 3nt+2m@2-5nn+@n-1)n?
= K(m) - E(m) + | m
on? 4(m-n)(n-1)>2n? 4(m-n)?(n-1)2%n 4(m-n?(n-12%n2

With respect tom

08.03.20.0003.01

oTI(n | m) 1 E(m)
= ( +II(n| m))
om 2 (n—m)
08.03.20.0004.01
In|m  4mP-(N+2)m-n 1 3
= E(m) + K(m) + I1(n; z| m)
onm? 4(m-1?> m(m-n)? 4(m-1)m(m-n) 4(m-n)?

Symbolic differentiation

With respect ton

08.03.20.0005.02
1 K 1
aPTI(N | m) ”(z)p o N (F”z)k (k L )
= Filk+p+—=, — k+p+1,m|/;peN
anP 2 2 R UL P
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08.03.20.0011.01

~(3)
OPTI(n | m) 2/p 1 1
Fl(

onP 2

+—p+1, —; +1;n,m]/; eN
p > p > p p
With respect tom
08.03.20.0006.02
1 2 1
APTI(N| M) ”(E)p o ”‘k(p+5)k

1
= F(l,k+ +— k+p+1; n)/; eN
amP 2 Skikep! o Pry P P

2

08.03.20.0012.01

1 2
APTI(n | m) ﬂ(i)p F( 1 . 1 . )/
= +—Lp+—;p+Lnm|/peN
amP 2pr APTmPTSP P

Fractional integro-differentiation

With respect ton

08.03.20.0007.01
AT m A 1.1, kLt 1
. 2o b
1 1-a

on? - 2 Fl><0><l

08.03.20.0008.01
K 1
A*TI(n | m) \/; ne ~ n F(k+ 5)
= 2
on® 2 pary 'k-a+1)

11
Fl(k+ —, = k+1; m)
22

With respect tom

08.03.20.0009.01

FT(N|IM  am g 2L 11
== 1x1x0 2’2 m, n
omt 2 1L,1-a;;

08.03.20.0010.01

1 2
5”1_[(7'1 | m) me r‘d‘l‘(k+ E) 1
_ == 72F1[1,k+—;k+1; n)
ont 2 3 Tk-a+21)k! 2

Integration

Indefinite integration

Involving only one direct function with respect ton

08.03.21.0001.01

Vi n e €Tk 3)
fH(nlm)aln::

11
2F1(k+ —, — k+1; m)
2 = k+D! 22
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08.03.21.0002.01
zn 1.1 4.1

fH(n|m)dn== —F2d 2227 " mn
2 12

Involving only one direct function with respect tom
08.03.21.0003.01

fn(n | m) dm==2(E(m) — K(m) + (m~-n) TI(n | m))
Involving one direct function and elementary functionswith respect tom

Involving power function

08.03.21.0004.01

me(n| ?) dm== E(n?) - K(n?) + (m? - n) T1(n | n?)

Representations through more general functions

Through hypergeometric functions of two variables
08.03.26.0006.01

1
— 1;n, m)

m 1
nn|m=~F (—; 1
2 "2
08.03.26.0001.01
x 1.1,
e m =~ F%ié:é[ '™ 2, m)

Through Meijer G

Classical cases

08.03.26.0002.01

Through other functions

Involving incomplete eliptic integrals

08.03.26.0003.01

T
T | m) = n[n;— m)
2
08.03.26.0004.01
1 n 1
(n | m) = —n(—; sin‘l(«/ﬁ) ‘ —)
vm m m

I nvolving some hyper geometric-type functions

33
2’ 2)]/;Z¢(—oo,—1)
11
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08.03.26.0005.01

b8 11
In|m)=— Fl(_; - L1Lm, n)
2 22

Representations through equivalent functions

With related functions

08.03.27.0001.01

tan(¢) o
T | m == K(m) - EMF@|m-KmME@|m)/¢=sn’ = |/N\o<n<1/\o<m<1
Vv1-n m

History

—A. M. Legendre (1811)
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