WOLFRAM functions.wolfram.com

R E 5‘ E ﬁ R C H I'he "'.":".'I.!'.': le most « "-'-"-'-"IIJ:'-' ve FOTICe |'.III'. i forsmat rorr ahout mathematical _II..r.'..l.||I..|r]:l'-'.|'||."-.

EllipticTheta2

View the online version at Download the

® functions. wolfram.com ® PDF File

Notations

Traditional name

Jacobi theta function ¢»

Traditional notation

02(21 q)

Mathematica StandardForm notation

EllipticTheta[2, z q]

Primary definition

09.02.02.0001.01

0oz, ) =2+q Y dk* ¥ cosi2k+1)2) /; lof < 1

k=0

Specific values

Specialized values

For fixed z
09.02.03.0001.01

(92(2, 0)=0

For fixed g
09.02.03.0006.01

2 [ 2ilog(q) ]2

n
(_ ¢log@

s

02(01 CI) ==

T
09.02.03.0005.02

2
920, q) = | — Vaia VK(a @)
Ve

09.02.03.0003.01
29271

92(0, €"'7) = /i 1m(7) >0

n(7)
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09.02.03.0004.01
iy vVt _
02[0, e r ) =—9%0,9/,q=¢€""
i
09.02.03.0007.01
B ( A
2| — = Q) =
2
09.02.03.0008.01
f % a) =0
-, q) ==
A2
09.02.03.0009.01

(92(_% em‘r) =3 537 /; Im(r) > OA [Re(™)| < 1

09.02.03.0010.01

(92(%, ew) =3 7(37) /; Im(x) > O/ IRe(®)| < 1

09.02.03.0011.01

2-1)™  ( 2ilog@)’
n[— ] imeZz
(_ilog(q))

s

(92(m7T, q) ==

T

09.02.03.0012.01
1
02(n(m+ 5) q) =0/ime”Z
09.02.03.0002.01

Vs .
02((2m+ 1) 5 +NnnrT, q) =0/;{m, n} eZ/\q:: errr

General characteristics

Domain and analyticity

d2(z, g) isan analytic function of zand qforz, qe Cand || < 1.
09.02.04.0001.01
2xzxq)—dx(z 9 1 ((20CR®0C)—C
Symmetries and periodicities
Parity
d2(z, g) isan even function with respect to z.

09.02.04.0002.01
da(-2 g =d2(z 9

09.02.04.0003.01

in
02(z, —Q) == exp(— 7 sgn(lm(q))) J2(z, )
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Mirror symmetry
09.02.04.0004.01

02(21 q) == 02(21 q)

Periodicity

The function ¢»(z, ) is a periodic function with respect to zwith period 2 7 and a quasi-period i log(q).
09.02.04.0005.01

02(Z+ T, q) = _(92(21 q)

09.02.04.0022.01
d2(z+27, Q) = dp(z, Q)

09.02.04.0006.01
Gxz+mm, @) = (-D)Mdx(z. )/, me Z

09.02.04.0007.01
@—25'2

9xz+7T, Q) = %z o/ q= e \Im@) >0

09.02.04.0009.01
eZéz

do(z+ilog(q), o) = s %2z, Q)

09.02.04.0008.01

(5‘2(Z+ mn, q) — q—m e—s‘(Zmym(nkl)nr) (‘}2(2, q) imeZ /\ q= rei’”
09.02.04.0010.01
do(z+imlog(@), §) = g™ e2MiZd,(z q) ;me Z
09.02.04.0011.01
doz+mr+nnt, @ =(D"g ™ e 2" o,z q) /;Im N e Z /\ q=e'""
Poles and essential singularities
With respect toq
The function d»(z, q) does not have poles and essential singularitiesinside of the unit circle|g| < 1

09.02.04.0012.01
Sing (922 @) = {}

With respect to z

09.02.04.0013.01
Sing (02(z, @) = {}
Branch points
With respect to q

For fixed z, the function ¢»(z, g) has one branch point: g = 0. (The point g == —1 is the branch cut endpoint.)
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09.02.04.0014.01
BPq(02(z @) == {0}

09.02.04.0015.01
Rq(d2(z, @), 0) =4

With respect to z
For fixed g, the function ¢,(z, g) does not have branch points.

09.02.04.0016.01
BPA02(z, Q) ={}

Branch cuts
With respect toq

For fixed z, the function d»(z, q) is a single-valued function inside the unit circle of the complex g-plane, cut along the
interval (-1, 0), whereit is continuous from above.

09.02.04.0017.01
BCqy(32(z, D) = {(-1, 0), —i}}

09.02.04.0018.01
lim 62z q+i€) =0z /. -1<q<0
€+

09.02.04.0019.01
lim d»(z, q—ie)==—-id»(2, Q) /; -1<q<0
e—>+0

With respect to z
For fixed g, the function ¢,(z, g) does not have branch cuts.

09.02.04.0020.01
BCAJ2(z, @) == {}

Natural boundary of analyticity

The unit circle g == 1 isthe natural boundary of the region of analyticity.

09.02.04.0021.01
ABA92(0, 2) == {ci ("””)}

Branch cut endpoints

The function d»(z, g) has one branch cut endpoint: g = —1.

Series representations

g-series

Expansions at generic point z== 7,
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09.02.06.0011.01

35720, ) 35%(z0, )
352, Q) o 35(20, O) + 05020, Q) (2 20) + 2T -2+ ZT 22 +O((z- 2)*)

09.02.06.0012.01

05 2, ) , 9572, 9

922, Q) « 0x(Zo, Q) + I(Zo, O) (2 Z0) + ZT @2 + ———— -2+ Of(2-)")
09.02.06.0013.01
=, 052, 9)
0oz, Q) = Y ———— (- 2)"

!
pars k!

09.02.06.0014.01
32(z, Q) o< F2(Z0, ) (1 + O(z - 29))

Expansions at generic point q == g

09.02.06.0015.01

952z, 4o) 95z do)
92(z, Q) o 9a(2, Qo) + 957(2, do) (9 - o) + % (@-qo)* + ZT (@-90)° +O((a - go)*)

09.02.06.0016.01

=, 95z, o)
bz =~ (q- o)t

!
=0 k!

09.02.06.0017.01
32(z, Q) e 32(z, Qo) (1 +O(Q - Qo))

Expansions on branch cuts

09.02.06.0018.01

i 300 992 (z, %) 95z, %)
0oz, @ o €% |2 | 0z 0+ 090z 0 (@) + 2 S @’ =2 - ——— @0+ 0(@-%")]

XeRA-1<x<0

09.02.06.0019.01

2o & Iz, %)
02(21 q) —e?2 2r R

(G-%/;xeRA-1<x<0
k=0

09.02.06.0020.01

ni rfg(qu)

Oz, QPocezl 2 J(‘}z(z, X)(L+0(q-X)/; xeRA-1<x<0
Expansionsat q==0

09.02.06.0021.01
32(2, Q) o 2 % (cos(2) + cos(32) ¢ + cos(52) ¢ + cos(72) 42 +...) /; (q - O)

09.02.06.0001.01

0oz @) =2+q Yo cosi@k+ 1)2) /; lof < 1

k=0
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09.02.06.0002.01

da(z, Q) == % Z qk(k+1) e@n+Diz

k=—co

09.02.06.0003.01
9,0, =2q 3 gk
k=0
09.02.06.0022.01
0x(z, ) o< 2~/ q (cos2)+ O(c?)) /; (@~ 0)

Expansionsat g ==

09.02.06.0023.01

ivr 7MF7arg(q—1)J g-1 1
02(2, Q) e 4 (1+———7(q—1)2+ )
Vvg-1 4 96
2 2 2nz 4n? 4nz
2990 | 1 — 2 plog@ cosh[ ]+2@|og<q) cosh( ]+ rasvAaE<1
log(q) log(q)

09.02.06.0024.01

ivr Jin {3 age- DJi(

vag-1 k=0

LIV (D) 2 2 2 2knz
2z, Q) = 2)22(,:1(k)p"‘(q 1)k gloa@ [1+2Z( 1)k gioo@ cosh( i )]/;

k=1 log()

(- DX
(|q|<1/\|q—1|<1)/\ck=m/\pj,ﬁl/\pj,k— Z(Jm K+ Cm P /\ ke N*
m:l

09.02.06.0025.01

ivr -m{i-ag‘q’l’J 2 L 272
32(Z, Q) o e 4 2n [(1+0(q-1)e'™@ |1+ O|e'v@ cosh( J]] /ilgl<1
Vog-1 log(9)

Other g-seriesrepresentations

09.02.06.0004.01
2k
9(z, Q) q

=-tan(2+4 ) (- 1)
02(21 Q) ; -q

- sin(2kz)

09.02.06.0005.01

dx@a+b, q) cosa+b) © (-1F Pk _
og —— |=log]| ——— Z— sm(2ka)sm(2kb)
d(a-b, q) cos(a-b) = oko1-

09.02.06.0006.01

log(32(z, @)) = log(3»(0, Q)) + Iog(s n(z+ )) + 42( 1)k ) sin (k 2)

09.02.06.0007.01

%090z e tnd & P .
- YD sn2k2) /; Im@| < Im() /\ g== ¢
4920, q) d2(z, Q) 4 k=1 1+g?k
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09.02.06.0008.01
KO DAz  tane & (-D(e*sin22)

- " /i 1Im(2)] < |m(‘r)/\q:: P

4,00, q) d2(z, @) 4 T 1+2c0os(22) @+ gtk

Other series representations

09.02.06.0026.01

JTVx 2 o0 ka2 2krz
| )

02(21 q): 7€m 1+22(—1)k(em coshi
—ilog(qg) k=1 log(g)
09.02.06.0009.01
i) & 1 z\? _
(9(2, ) == exp| — — ex .‘7TT(n+—+—] /’ o PliTT
2(2, q) == exp > expli . q=-e

nT nT

N=—c0

09.02.06.0010.01

Vi & mi(z 2 _
02(21 Q) = Z (_1)n exp ——[— +n) ]/’ q= errT
\/_

T n=-co T AT

Product representations

09.02.08.0001.01
3 (0, q) =2 % l—l(l _ q2 n) (1 T qz n)2
n=1

09.02.08.0002.01

9z, @) =2 % cos(z)l_[(l - %) (1+ 207 cos(22) + ¢*¥)
k=1

Differential equations

Partial differential equations

The elliptic theta functions satisfy the (one-dimensional) heat equation:

09.02.13.0001.01

%z q) 7 8?9z Q) .
=—— —/[i/q=¢€""7

ot 4 072

09.02.13.0002.01
89,(z,9) 8%9,(z Q)
q +
aq y.a

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
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09.02.16.0007.01

2
V=1 V7 e=@
da(z, ) = d [

 —ilog(g)
zZ

09.02.16.0001.01
iy Voo (i
02(—, e f):: — exp|
T

\/?

T

nthroot of

09.02.16.0002.01

—) da(z,

. 2
inz -
, %99

4
log(a)

Ewr‘r)

2r -1
© 1-qgn | 2 irlog(g) n+1
(92(2’ ql/n) == 1_[ H [ , q) /, c Z+
-1 (1- q2r o 2
2
Multiple angle formulas
09.02.16.0003.01
1—gpr |t ar n+1
vz = D7 [n_]m(ﬂ_,q)/; ALY
r=1 (1 - qzr) r=0 n 2
09.02.16.0004.01
n-1
© 1 2nr B ar
da(nz, ") = 1_[ d - 02[z+ — )/ nez*
r=1 (l - q2|’) n-1 n

09.02.16.0005.01

02(7r ((n -Dz+ %) e“”) n-1 (92(7r(nz+ kt+ %) e”"”)

-1 9k, N7) e(nz—n—zk)i;rz

02(71 (z+ %) e“”)

09.02.16.0006.01

k=1

‘92(71' ((n -1z- %), e“”) n-1 (92(7T (nz+ kt— %), em’”)

02(71 (k‘r + %) e“””)

iIm(t) >0AneN

o dHnz+kr,nr)

-1 %k, nT) e(nz—n—Zk)mz

dfr(e-2) o) (e
Identities
Functional identities
09.02.17.0001.01
[302(0, o) 1]3 94,0, @)
8»(0, q) 9,(0, o*

Differentiation

Low-order differentiation

/iIim(t)>0AneN

i Hnz+kr,nr)
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With respect to z

09.02.20.0001.01
0%,(z, Q)

=095z Q)

09.02.20.0002.01
8205(z, Q)

= ~2+a Y« 2k + 12 cos@k+ 1) 2) /ol < 1
0 k=0

With respect to q

09.02.20.0009.01

dzq 1 [&’1@ ) , 03z Q) 94z q))2
_ +

=-—100(z0 -d2(0,q
6q 4q (91(21 q) 01(21 q) 02(21 q)

1 hza® 1 n? log(q) log(q)
— 35(0, 2 84(0, 7 — +—— 02z, ) {— (920, @) + 040, @) + 4(1; gz[l. : ] 93[1, . ]]]
4q d(z. ) qn® 12 ni ni

09.02.20.0003.01

002(z, ) Iz Q) S 3
229 24 +2Zk(k+1)qk<k*1)‘Zcos((2k+ D2/ <1
aq 4q k=1

09.02.20.0004.01
829,(z, Q)

7 3 1
=2q qu<k+l> (kZ +k- —) [k2 +k+ —) cos(2k+1)2) /; ol < 1
6q2 e 4 4

Symbolic differentiation

With respect to z

09.02.20.0005.01

d"9,(z, Q) kel n
e I k(1) 2k+1”cos(—+ 2k+1 z) ‘gl <1AneNt
— ﬁéq @k+ 1" 00—+ 2K+ 2] [a

With respect toq

09.02.20.0006.01
"%(z, Q)

1 &> 5
=202 ") D k(k+ ) —n+—| cos@k+1) 2 /i lg <1l AneN*
g @) [ n q

k=0 n

Fractional integro-differentiation

With respect to z

09.02.20.0007.01

0" dy(z, Q) & N l1-« a 1
T T N\ Y g ) gikD E (1; —,1——;——(2k+1)222)/;| <1
07" Ja ,Z;q AT 2 4 a

With respect to q
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09.02.20.0008.01
KD (I + k+ 2] cos(2k+ 1) 2

AR A I
— " —2qi)) . Jilal <1
aq k=0 F(k2 +k-—a+ Z)
Integration

Indefinite integration

Involving only one direct function
09.02.21.0001.01

oo (_1)k qk(k+1)
f&z(z, Wdz=2+q Y ————sn(@k+ 12 /; | < 1
o 2k+1

Involving only one direct function with respect to q

09.02.21.0002.01

5
o o® D7 cog(2k + 1) 2)

q
[0z @aa=2), = <1

k=0 k(k+l)+z

Representations through equivalent functions

With related functions

Involving theta functions

Involving ¢1(z, Q)
09.02.27.0001.02
Vs
0x(z, Q) = —m(z— il q)
2
09.02.27.0012.01
Ve
0x(z, @) = 01(z+ i q)
2
09.02.27.0002.02

1
d2(z, Q) = (—1)m01(£n(2m+ 1)+2z q] LimeZ

Involving &;(z, q)
09.02.27.0003.02
. i T )
d2(z, Q) == \/Ee_”(?a(Z— ER Q) [;q=e""

09.02.27.0004.02

1
M +mh-=

. 1 .
9z, Q) =q 3 e*‘<2””1)203(z— 5(2m+ Drr, q] /;me Z/\q:: err
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09.02.27.0005.02
, 1
32z, ) = ﬁ e”é‘s(Z— Eilog(q), q)
09.02.27.0006.02

el ilog(g)
da(z, Q) == qu ™ 6—1(2m+1)z(93(—2

2m+1)+z q]/: meZ
Involving &4(z, q)
09.02.27.0007.02

. 1 |
8,(z, ) = %6”(94(Z+ ST, q) =T

09.02.27.0013.01

1 n2m+1)
02(2' q) — qmz+r'm4 et (2I’T1+1)Z(94(

1-1+z q)/; mez/\q::e””
09.02.27.0014.01

%2(z, Q) = \‘ﬁ e“04(2+ % (- ilog(a)), q)
09.02.27.0015.01

0(z, Q) == thrm% e‘”z”“)z(h(% @2m+1) (ilog(q) + 7) + Z, q) imeZ

I nvolving Jacobi functions

09.02.27.0016.01
F2(z, q(m)) 1 S(2 K(m) z
C

K@ Am)  JTom

09.02.27.0017.01

da(z,
2(z, q(m) _ ch(
d3(z, q(m)

"

T

2K(m)z

s

")
09.02.27.0008.02
92z )  Vm (2K(m)z
Ccn

daz M) 1 m

Involving Weier strass functions

"

V4

09.02.27.0009.01

2
© ad 20wy
dn(z, ) =24q [ﬂ (1- qz”)] [ﬂ (1+ qz”)] exp[— 1—21] o1(U; G, G3) /3
n=1

n=1 T

miwsz
{w1, w3} = {w1(G2, G3), W3(Q2, Ga)} /\ M == {(w1; G2, Ga) /\ q== exp( )

w1
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09.02.27.0010.01

(92(2, q) 27]1 U.)lzz 2&)1 z
= eXp| - 0’1( ' 92, 93]/2
02(01 Q) 2 /s

T

miwz
{w1, w3} = {w1(G2, G3), W3(T2, G3)} /\ M == {(w1; G2, G3) /\ q= exp( )

wq

09.02.27.0011.01

¥z ) 2w (2w i 20m 4dwimz
( (Z+ E): O, gs)— - /i

d2(z, ) by

b T 2

miwsg
{w1, wa} == {w1(G2, G3), w3(T2, Ga)} /\ M == {(w1; G2, 93) /\ q== exp( )

w1

Zeros

09.02.30.0002.01
(92(2, 0) =0

09.02.30.0003.01

09.02.30.0004.01

Vs
02((2m+ 1 5 q) =0/me”Z

09.02.30.0001.01

Ve .
02((2m+ 1 E +nnr, q) =0/, {m, n} eZ/\q:: errr

Theorems

The effective potential for the Lagrangian

The effective potential V(T, u, m; A) for the Lagrangian £ = ¢ y"(0,—ieA) ¥ — my ¢ a temperature T and
chemical potential ¢ in the one loop approximation is given by

Tr[l] 1 2su 4irs o
VT, m A) = f —d2| ——, SI[A] coth(sI[A]) e (M) g,
2keTJo s “\ke T KZT2

where I[A] == e E? - B® and Tr[1] is the corresponding gamma trace.

History

—J. Bernoulli (1713)

—L. Euler; J. Fourier

—C. G. J. Jacobi (1827)

—C. W. Borchardt (1838)
—K. Weierstrass (1862—-1863)
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