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Notations

Traditional name

Jacobi theta function ds

Traditional notation

03(21 q)

Mathematica StandardForm notation

EllipticTheta[3, z q]

Primary definition

09.03.02.0001.01

33z =2 d“ cos2kz) +1/; gl < 1
k=1

Specific values

Specialized values

For fixed z

09.03.03.0001.01
d3(z 0) =

For fixed g

09.03.03.0008.01

’7(— s’los(q))s

2ilog@\> ( ilog@\?
b LG Y G

T 2n

03(01 q) =

09.03.03.0004.01
n(r)®

(93(0, e””) == 72
n20%n(3)

/ilm(t) >0

09.03.03.0007.02

2
930, 0 = | . VK@ @)
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09.03.03.0005.02
d3(0, 0) == 34(0, -

09.03.03.0006.01

0,e 7 |=— (93(0, ei’”)
i

o VT
o)

09.03.03.0009.01

03(; q) = \/? Vi-at VK(a @)

09.03.03.0010.01

(93(m71', Q) ==

! ilog(@)Y’
2ilog() )2 ilog(g)\2 77[_ ) Limez
e

T 2n

/4

09.03.03.0011.01
1 2 4 -1 -1 .
ol +m)a) = = J1-a%a VK@) ;mez
Vs

09.03.03.0002.01

mit

03(% (T+ 1), 637”7) =¢ 12 T](T) /i |m(T) >0

09.03.03.0003.01

b/ T )
03((2m+ Do +@n+D—, q) =0/iimnez/\g=é"

General characteristics

Domain and analyticity
da(z, q) isan analytic function of zand qforz, ge C and |g| < 1.
09.03.04.0001.01
Bxzxq)—d3(z 9 : ((3®CRC)—C
Symmetries and periodicities
Parity
d3(z, q) isan even function with respect to z.

09.03.04.0002.01
d3(=2, @) =d5(z, 9)

09.03.04.0003.01
d3(z, —q) == da(z, Q)
Mirror symmetry

09.03.04.0004.01
d3(2, @) = d3(z, Q)
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Periodicity
The function ¢3(z, g) is a periodic function with respect to zwith period 7 and a quasi-period i log(q).

09.03.04.0005.01
d3(z+7, Q) = d3(z, )

09.03.04.0007.01
d3(z+mm, ) ==d3(z, ) ;me Z

09.03.04.0006.01
-2iz

93z + 7T, Q) = 0z @ ;q=¢"" \Im@) >0

09.03.04.0009.01
eZiz
da(z+ilog(q), q) == T 33(z, Q)

09.03.04.0008.01
03(Z+ mr, q) —— q—m e—i(2m2+(m—l) mnt) (93(2’ q) /’ meZ /\ q== eiﬂ‘r

09.03.04.0010.01

da(z+imlog(g), @) = g™ €™ ?d5(z, Q) /;me Z

09.03.04.0011.01
v+ mr+nar, =q"™ e 2" dv,q) /; (m n} e Z /\ q=¢'""
Poles and essential singularities
With respect to q
The function d3(z, g) does not have poles and essential singularitiesinside of the unit circle|g| < 1

09.03.04.0012.01
Sing (#3(z, @) = {}

With respect to z

09.03.04.0013.01
Sing (93(z, @) == {}
Branch points
With respect toq

For fixed z, the function d3(z, g) does not have branch points.

09.03.04.0014.01
BPq(d3(z, @) == {}

With respect to z

For fixed g, the function d5(z, ) does not have branch points.
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09.03.04.0015.01
BPA03(z, ) = {}

Branch cuts
With respect to g

For fixed z, the function d3(z, g) does not have branch cuts.

09.03.04.0016.01
BCq(d3(z, @) = {}

With respect to z
For fixed g, the function d5(z, g) does not have branch cuts.

09.03.04.0017.01
BCAI3(z o) = {}

Natural boundary of analyticity
Theunit circle |g| == 1 isthe natural boundary of the region of analyticity.

09.03.04.0018.01
ABLV5(0, 2) = (¢’ (‘”’”)}

Series representations

g-series

Expansions at generic point z== z

09.03.06.0020.01

w0 3520, O , 957 9 , \
o2 @) < 020, @+ 05020, O (2 2) + = (22 4 = (220 +O[(2- %))

09.03.06.0021.01

, 0520, ) , 5% 0 \ \
032 O o< D3(20, ) + 0520, Q) (2= 20) + ———— (2= 2"+ ———— -2+ O((z-z)")

09.03.06.0022.01

o 9%0(z9, )
bz =) ———— -2
o k!
09.03.06.0023.01
93(z, G) o d3(2p, O (1 + Oz~ 29))

Expansions at generic point q == g

09.03.06.0024.01

o 952z, o) 95z o)
93(2, §) o« 93(2, Go) + 9522, do) (4 - Go) + —— @- Uo)* + — (@-90°+0((a- go)*)
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09.03.06.0025.01
= 099z o)
bz =Y ———— (-
k=0 k!
09.03.06.0026.01
d3(z, O) o d3(z, o) (1 + O(q - Go))
Expansionsat q ==

09.03.06.0027.01
J3(2, @) o 1+ 2(cos(22) g+ cos42) g* + cos62)¢° +...) /; (9 = 0)

09.03.06.0001.01

I3z, D=2 o cos2kz) + 1/;1dl < 1
k=1

09.03.06.0002.01

(93(2, q) Z qk2 2kiz

k=—co

09.03.06.0003.01

330, =1+2>¢°

09.03.06.0028.01
J3(z P oc1+0@) /; (- 0)

Expansionsat q ==

09.03.06.0029.01

ivn x| 2T -1 1
d3(z, Q) e Lo (1+———7(q—1)2+...)
Va-1 4 9%

Z 2 2nz 42 4z
€' |1+ 2 !9 cosh[ ]+ 2¢'%9@ cosh( ] +..[/i@->DAlg<1
log(a) log(a)

09.03.06.0030.01

o/ 1
i _Mr agq-1)

J > -1 ? o K2 2knz
22, ) = Z( ]Z (%) prsca- ke | 142 eim cosh{ )/;
Vva-1 pany 2j+1\] = log(q)

(- DX 1& .
(ol <1Ala-1 <D N o= m/\pj,oﬂ/\ Pl = EZ(Jm—km)cmpj,k_m/\keN*
m=1

09.03.06.0031.01

ivr |31 z 2 2z
d3(z, Q) e 4 1+0(g-12) 2199 | 1 + Of glov@ cosh( ] /ildl<1
Vg-1 log(a)

Other g-seriesrepresentations

09.03.06.0004.01
KBz &

=4 ) (- 1)k sm(2kz)
03(21 Q) kZ]:_
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09.03.06.0005.01

da@+b, @ > (-D* gk
o [—] ==4Z sin2ka)sin2kb)
dz(a—b, Q) o ko 1-g?k

09.03.06.0006.01
log(0a(z, ) =10g(93(0, @) +4 ) (-1 ————sin’(k2)
k=1 k(1-q?%)

09.03.06.0007.01

0, ds@+h g cso@ & sin(2k-1)a+2b)?*t +dn((2k - 1) a) g*k? ,
- _ /i Im@) < Im@) /\ g= &'
484(a, g) d3(b, ) 4 oy 1+ 2cos(2b) 21 + gfk-2

09.03.06.0008.01
0, qdz@a+b,q 1 o
S sy + ) (-1
403, q)di(b,q) 4 gy 1-2cos(2b) o2k + g*k

sin(b +2ak) — g?*sin2ka—b)

/i im@)] <Im(r) \ g= e

09.03.06.0009.01

&0, qdza+b,q 1 O &
e Y T+ D =)m g sin2k-1a+ 2bm) /;
484(a, g) d3(b, Q) 4 m=1 k=1

Im@] < Im@) A\ imb)] < 1m(@) /\ g= e

09.03.06.0010.01
#0909 1 &
——=—-+) (-]
4&2(07 q) (93(27 q) 4 k=1 1+ q2k

1 .
c0s2k2) /5 Im(2)] <  Im(2) Na=e"

09.03.06.0011.01

#O, Yoz 1 & (D (g* 2 +cos22) P ) 1 .
Ittt A /i Im@] < = 1m0 \ g= e
40,0, 3z ) 4 15 g**2+2cos27 Pkt +1 2

09.03.06.0012.01

91(0, q) d3(z, ) 1 x grkl .
AT 9%RED _C o) - . i sn(2k-12) /; Im@)] < Im@) /\ g = &
4&3(01 CI) (91(21 CI) 4 k=1 1+ q2k_l

09.03.06.0013.01

0, qdsz g 1 © (~1F((1+?¥) d*sin) ,
&;; —csc(z)+z ( ) ) /i |Im(z)|<|m(r)/\q:: e
4830, iz @) 4 o1 1-2cos(22) 2+ g*k

09.03.06.0014.01
1
#O, oz q & q

1
— =) ———sin@k- 12 /; Im@) < = Im() [\ g =7
4950, Q) 95z @) & 1+q2kt 2

09.03.06.0015.01

PR
HO PhEz D & 1-g?*t)q 2sn@ 1 ,
T N ek ( ) JIm@i < = Im@) [\ g= &
4530, sz @ 15 1+2c0522) k1 4 gtk2 2
09.03.06.0016.01
#(0, 9) o (—1)kt q(k71/2>2 (1 —q k—z) Im(z) _
—— = M@l < —— N\ a=¢""

2832, 0) 13 1+2c0s(22) PRt + gtk 2
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09.03.06.0017.01

¢, Q)Z 1  cos2k2) KL + cos(2k - 2)2 |
——— = — ) (D Rk-D J Im@)] < Im(@) /\ q= "
405z, q)° \/_ k=1 1+2c08(22) 2k + k-2

Other series representations

09.03.06.0032.01

VI Va 2 & @2 (oknz
Rz = ——e'" 991+ 22@"’9@ cosh
~ilog(q) = log(@

09.03.06.0018.01

[ iuz] i u \2 )
d3(u, Q) = exp| - — Z eXp(inr(n+ —) ]/; q=e""
nT

nT

N=—oco
09.03.06.0019.01

33z, q)-——Z p( ]/q——e

T N=—co

Product representations

09.03.08.0001.01

)

930, q) == l_[(l - ") (1+¢ ”‘1)2

n=1

09.03.08.0002.01

)

93(z, q) = 1_[(1 -2 (1+ 2% cos(22) +g*k?)
k=1

Differential equations

Partial differential equations

The dlliptic theta functions satisfy the (one-dimensional) heat equation:

09.03.13.0001.01

d95(z, q) mi 8?93(z, Q) .
== — — 7/;(:1::@””'
ot 4 o2

09.03.13.0002.01
093z, 9) 8%95(z Q)
4q +

aq by

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
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09.03.16.0005.01
2
V4 —1 elow@ \/7 [ inz i]
(93 , %99
. I
\ —ilog(@ %@

09.03.16.0001.01

z = Vr iZ
03(—,@ f)::—exp o d(z Q) /;q=e""

T i

d3(z, ) =

nthroot of

09.03.16.0002.01

Zr n-1

© 1-qgn 2 irlog(q) n+1
1/ . +
03 z q’" | 1| T q2r | nli1 (93[z+ - ,q) /i 5 ez

Multiple angle formulas

09.03.16.0003.01

B IR s UL [ rm n+1
d3(nz, q") = n - (93(z+ —_, q) /, —ezZ*
=1 (1-0*)" ) r=0 n 2

09.03.16.0004.01

2nr
-q

2, o) = ﬁ

r:l q n-1

Identities

Functional identities
09.03.17.0001.01
4
95(0, ¢) [ 95(0, Q) ]3
= -1] +1
(5‘3(0, q9)4 03(0- qg)

Derivative identities

09.03.17.0002.01

1\ n-1 1\ n=-1'\) .
-1+ DM@ +(2n—- 3)”9(1)(——) + ( ) (2(n—])—3)”[—5) +(—1)“W 691 =0/
] - !

j=1
0(x) = 93(0, e ) Ane N*

Differentiation

Low-order differentiation

With respect to z
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09.03.20.0001.01
085(z, Q)

=3z q)

09.03.20.0002.01

8295(z, Q) o
e —8qu2 k2 cos2k2) /; gl < 1
07 k=0

With respect toq

09.03.20.0009.01

a9z 1 , , 932 202 Q) 812 9’04z O)
= (92(01 q) (93(01 q) - +
aq 4q 0(z 9 4904z 0
1 ¥z 9) 1 n? log(g) log(a)
— 030, 9 ———— 02(2, ) da(Z, Q) + — 05(Z, G| — (950, @) + 340, q)“)+§[1; gz[l, , ) 93[1, : ]]]
2q & (2, 9)? qn® 12 ni ni
09.03.20.0003.01
0d5(z, Q) kad
A= 4 ::2qu2-1k2cos(2kz)/; g <1
aq k=1

09.03.20.0004.01

8%0(z, q 2 &
37::_2 K12 (K - 1) cos2k) /; gl < 1
19 q k=2

Symbolic differentiation

With respect to z

09.03.20.0005.01

"3(z, q)

on+l K2 1.n +
_ kcos( +2kz)/||<1/\neN
L EE a
With respect to q

09.03.20.0006.01

"d5(z, 0) >
;7n = Zquz—n (K —n+1) cos2k?) /;lgl < 1LAneN*
q k=1

Fractional integro-differentiation

With respect to z
09.03.20.0007.01

993z q 7" o _( l-a a
+ 200\ 7o N g F(l; —,1——;—k222)/;| <1
Zq 12 > > q

07  Td-a) &

With respect toq
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09.03.20.0008.01

8 95(z, Q) o gk (k% + 1) cos(2k 2) q
———=2q"), + /il <1
ot S r@-e+1  TA-0)
Integration

Indefinite integration

Involving only one direct function

09.03.21.0001.01

© o sin2k2)
[ dz=z+ ) ———— <1
k=1

Involving only one direct function with respect to q

09.03.21.0002.01
o qk2+1 cos(2k2)

fé‘s(z, Dda=q+2)
k=1

——/ilgl<1
- k2+1

Definite integration

For thedirect function itself

09.03.21.0003.01

w 2T(e) 1
f 1 (05(0, e™) - 1) dt = —— {(2) /; Re(a) > 5
0 ¢

Representations through equivalent functions

With related functions

Involving theta functions

Involving ¢1(z, Q)
09.03.27.0007.02
) 1 .
d3(z, q) = ﬁe‘”&l(z— Eﬂ'(T+ 1), q] fiq=¢""
09.03.27.0012.01
. 2 1 .
05(z, Q) = et @™ DZ gM1/2) 01(2— En @m+1r+1), q) imeZ /\ g=€""
09.03.27.0013.01
, 1
d3(z, Q) =e**? ﬁ <‘}1(z+ > (ilog(q) + ), q)
09.03.27.0014.01

| o1
03z, Q) =~ @D ¢[™3) 01(2— ~ (r-i@m+ Dlog(@), q) imez
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Involving &»(z, q)
09.03.27.0003.02
4 —iz T ITT

nte, @ = =[a e oz - ) fia=e

09.03.27.0004.02

m&)z . 1 .

9s(z, Q) = _q( 2) emi@mD2 02(2— 5 @m+nr, q) imeZ /\ g=e'""

09.03.27.0005.02

‘ 1

33z ) = \‘ﬁ e”&z(Z— > ilog(a), q)

09.03.27.0006.02

1 ) 1
sz =q" ™% e<2”””“0z(z— @M+ log(q)), q) /imez

Involving &4(z, q)

09.03.27.0001.02

T
93z, g) = 04(2— = Q)

2
09.03.27.0015.01

T
Outz, & =t 2+ >, 1
09.03.27.0002.02

1
d3(z, Q) == 04[5n(2m+ 1) +z q) /ime”Z

I nvolving Jacobi functions

09.03.27.0016.01
d3(z, q(m) 1 J 5(2 K(m) z

Sz qm) (m(L-m)¥4

"

T

09.03.27.0017.01
d3(z, q(m)) 1 d C(ZK(m)z

d2(z, qM) iy

")
09.03.27.0008.01
d3(z, q(m) 1 2K (m)z
dn(

s

dazam) Y1 m

Involving Weier strass functions

"

T

09.03.27.0009.01

2
© © 2w, 2 2w,2
93(z, q)==[H(1—q2”)][ (1+q2”‘1)] exp[— 121 )0'2( ﬂl ; G2, ga]/;
=1

n=1 n T

niwsg
{w1, wa} == {w1(G2, G3), w3(T2, Ga)} /\ M == {(w1; G2, 93) /\ q== exp( )

w1y
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09.08.27.0010.01

(93(21 Q) 27]1 w1 22 2&)1 4
== &xp( - 0’2( - 392193]/2

d3(0, q) 2

7Tl"(1)3)

w1

w1, 03] = (W1(G2, G), 3@z, G} [\ M = {(@1: G2 G) [\ 0= exp(

09.03.27.0011.01
7z
mz o 3(5, q)
{(Z+ w2 G, G3) — M2 — — = S (a2 ;
w w
1 1 (93(@, q)

i w3

(w1, w2, w3} == {W1(G2, G3), —w1(G2, G3) — W3(G2: Ga), W3(T2r Ga)) /\ q== exp( ” )/\ T == {(wn; G2, 93) /\ ne{l, 23
1

Zeros

09.03.30.0002.01

03(2 1+, q) =0/;q=¢""

09.03.30.0001.01

/e nT R
03[(2m+ Do+@n+D—, q) =0/mnez/\g=e""

Theorems

Green's function for one-dimensional heat equation
The Green's function for the one-dimensional heat equation (% - %)G(x, t) == 6(X) &(t) , with conditions

G(a, t) == G(b, t) == 0 on the interval a < x < b, has the representation
e e e e RS et B
G(x, t) = O3] exp| — tl, — O3] exp| - t], .
2(b-a) (b-a? ) 2(b-a (b-a? ) 2(b-a

The number of representations of n as a sum of four squares

The number v, of representations of n as a sum of four squares (including sign and permutation) is

vn == [q"] 63(0, Q).

The Bloch functions composed of Gaussian orbitals of standard deviation of a one-
dimensional crystal

The Bloch functions WE (X) composed of Gaussian orbitals of standard deviation # of aone-dimensional crystal
B

can be expressed in the form

1 1 , (k j
Yex) = e P 03[5 —iBx, Eﬁ ]

27 (5 12) B
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where k is the wave vector.

History

J. Bernoulli (1713)

—L. Euler; J. Fourier

—C. G. J. Jacohi (1827)

—C. W. Borchardt (1838)
—K. Weierstrass (1862—1863)
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