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Notations

Traditional name

Jacobi theta function ¢4

Traditional notation

04(21 q)

Mathematica StandardForm notation

EllipticTheta[4, z q]

Primary definition
09.04.02.0001.01
04z ) =1+2) (-1 cos2k2) /; Il < 1

k=1

Specific values

Specialized values

For fixed z

09.04.03.0001.01
da(z,0) =1

For fixed g

09.04.03.0006.01

1 [ lzlog(q))z
-
ilog(a) 2
==

s

04(01 CI) ==

09.04.03.0003.01

1 T\2
—Tl(—) /i Im(t) >0
n(r) \2

09.04.03.0007.01

2
940, )=, — Y K(a*-0)
/e

040, &%) =
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09.04.03.0004.01

0, 7 |=— (92(0, e“”)
i

nfo.e )=

09.04.03.0008.01
04(01 CI) == (93(01 _q)

09.04.03.0005.02

2 4
040,09 = [ = ¥ 1-q% 0@ VKo@)
Ve
09.04.03.0009.01

5 oy 1 ilog(@\’
LAEETL

s

09.04.03.0010.01

1 ilog(@))?
q(rm, q) = - imeZ
(_ »‘Iog(q)) 2n

09.04.03.0011.01

bis 1 i log(q) °
04(nm+—,q)=z nl— /ime”Z
2 (_Ztlog(q))z (_ilog(q))z n
2r

v

09.04.03.0002.01

nT .
04(mn+(2n+1)?,q) =0/; {m, n}eZ/\q::e“”

General characteristics

Domain and analyticity
d4(z, ) isan analytic function of zand qforz, qe C and |q| < 1.
09.04.04.0001.01
Axzxq)— Rz O :: ((4CRC)—C
Symmetries and periodicities
Parity
d4(z, q) isan even function with respect to z.

09.04.04.0002.01
34(=2 Q) = d4(z, Q)

09.04.04.0003.02
%z, —q) = d3(z, Q)

Mirror symmetry
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09.04.04.0004.01

04(2 q) == &4(21 q)

Periodicity

The function d4(z, ) isaperiodic function with respect to zwith period 7 and a quasi-period i log(q).
09.04.04.0005.01

04(Z+ T, q) == 04(21 q)

09.04.04.0017.01
da(z+mm, Q) == d4(z, Q)

09.04.04.0006.01
e—th
Ga(z+ 7T, ) = —

04z Q) fiq=¢"" [\ Im@) >0

09.04.04.0008.01
eZ:’z

da(z+ilog(a), ) = — a

(94(21 q)

09.04.04.0018.01
4z+mat, Q) = ()" g MetCMHMIMI g (7 q)/;meZ /\ q=e""

09.04.04.0009.01
Sa(z+imlog(@), ) = (-)" g™ ™28,z 0) ; me Z
09.04.04.0007.01
Qz+mr+nat, g =D"q" e 2" o,z Q) /s im e Z /\ g=¢€""
Poles and essential singularities
With respect toq
The function d4(z, q) does not have poles and essential singularitiesinside of the unit circle|g| < 1

09.04.04.0010.01
Sing(0(z, @) = {}

With respect to z

09.04.04.0011.01
Sing (342, @) = {)

Branch points
With respect toq
For fixed z, the function d4(z, ) does not have branch points.

09.04.04.0012.01
BP4(04(z, @) == {}

With respect to z
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For fixed g, the function d4(z, ) does not have branch points.
09.04.04.0013.01

BP04(z, @) ={}

Branch cuts
With respect toq
For fixed z, the function d4(z, ) does not have branch cuts.

09.04.04.0014.01
BCq(¥a(z @) ={}

With respect to z
For fixed g, the function d4(z, ) does not have branch cuts.

09.04.04.0015.01
BC(9a(z, ) = {}

Natural boundary of analyticity
Theunit circle |q| == 1 isthe natural boundary of the region of analyticity.

09.04.04.0016.01
ABLI4(q, 2)) = {' TP}

Series representations

g-series

Expansionsat generic point z == z,

09.04.06.0015.01

3% (20, O 357 (20, )
da(z, O) o< 04(20, O) + 05020, Q) (2 20) + “f -2+ AT (2-2)°+0((z-2)*)

09.04.06.0016.01

(3.0

3% (20, A) , V2 (20,0

94z, Q) o< Ia(Zp, Q) + P20, D) (2— 2) + % (z-20)° + (z-2)° +O((z— %)%

09.04.06.0017.01

i 9%%(z0, )
!

da(z, Q) = (z- 2

k=0

09.04.06.0018.01
34(z, Q) < d4(29, ) (1 + Oz~ %))

Expansions at generic point q == g
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09.04.06.0019.01

902z, qo)

9a(z, O) o< 94(2, Qo) + 0572, Go) (G- o) + “T 2

(-0qo)" +
09.04.06.0020.01
I (2, qo)

K
k! Q-090)

[

daz =)

k=0
09.04.06.0021.01
34(z, Q) < 34(z, Qo) (1 + O(q - o))
Expansionsat g ==

09.04.06.0022.01

94z, q) =1-2c0s(22)q+2cos(42) q* —2cos(62) q° + 2cos(82) ¢ +

09.04.06.0001.01

04z )=1+2) (-1*d cos2k2) /; lol < 1
k=1

09.04.06.0002.01

daz )= ) (-1 €22

k=—c0

09.04.06.0003.01

040, @ =1+2) (-1d*
k=1

09.04.06.0023.01
d4(z, ) 1+0(@) /;9-0
Expansionsat g==1

09.04.06.0024.01

902z, qo)

(@-90°+O((a- go)*)

- /,@-0)

2iVrn -T2 -1 7 42er? nz 22 3nz
34(Z, Q) oc — e 2n (1+ _ —(q—1)2+...)e4'°9<‘“ cosh[ ]+e'°9‘q> cosh( )+ /;
Va-1 4 96 log(q) log(g)
@->DAlg<1
09.04.06.0025.01
—2iVx | ey a2 e 1) Kk (-1 o mmibr® @m+nz
LI S T Y L) Y (PR e e
Va-1 o\ k Jim2i+1td 0 log(q)
(b

1 -1<1 =
(ol <1Ala-1 <D A\ —

09.04.06.0026.01

1 k
/\pj,ozl/\ pj,k:_EZ(jm_k"'m)Cm pj,k—m/\kEN+
m=1

2iVn i T i[ nz 2r? 3nz
d4(z, Q) oc — e 2r J(1+0(q- 1)) e 4lo9@ cosh[ )+ Q| e'o9@ cosh[—) /i q->DAlg<1
vag-1 log(a) log(q)

Other g-seriesrepresentations
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09.04.06.0004.01

#(z, 9 o n
4 = 42 d sin(2n2)
(94(21 Q) n=1 1- q2n

09.04.06.0005.01

$1(a+ b, 1 g
og{(A( q)] Z— sin(2na)sin(2nb)
da(a-b, g N 1-gn

09.04.06.0006.01

0g(3(z, @) = 10g(3a(0, &) + 42 ————sn(r)
r=10 F{1—0 r)
09.04.06.0007.01
#7100, ) d4(z, @) 1 q"
& == — + Z( 1)“
402(07 q) (93(27 q) 4 n=1 1+ q

1 )
cos(2nz) /; Im(2)] < Elm(r)/\q: et

09.04.06.0008.01

%0, sz 1 = =D (q*"?+cox22) 2™t 1 .
;:_ﬁLZ ( )/; ||m(Z)|<—|m(T)/\q:=eHr'r
4(92(0, q) (93(2, q) 4 par) q4n—2 + 2COS(2 2) q2n—1 +1 2

09.04.06.0009.01
%0, 0z 1 -
— = _cx(2+
4940, g) d1(z, q) "4 S 1-g2nt

sn(2n-1) 2 /; Im@)| < Im(r)/\q:: e

09.04.06.0010.01
#0, Doz g 1 ©  (1+¢?")q"sin2)

— = cD)+ )
4040,9) 01z Q) 4 i l-2cos22) 2" + "

/i Im@| <1m(@) [\ g= &

09.04.06.0011.01

1
n—=

#0,9 0z 9 & 2 Im ,
10 Pz 9 :Z d sn((2n-1)2) /; Im(2)| < (T)/\q::e””
4040, Q) dsz @)  H1-m? 2
09.04.06.0012.01
1
910, 9) 91(z, Q) 1+t g zsin@ Im(7)

NgE

- /; Im@)] <
40,0, Q) 04z ) 4

1-2cos22 "L+ g2

1]
[N

Other series representations

09.04.06.0027.01

5 \/— 4242 oo k(kiDn2 2k+1)(n2
84z Q) = e 109 Z og(@ COSh[—)
o log(a)

—log(q)

09.04.06.0013.01
z

i 2
d4(z, Q) = exp[——] Z (- 1)"exp[um-(n+ —) ]/ q__@ T
Tt

TT ) oo

09.04.06.0014.01

oo 12
d4(z, Q)-—FZGX ( +n—5]]/;q==e"’”

T N=—oo
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Product representations

09.04.08.0001.01

)

4(0, Q) = l_[ (1 - q2n) (1 e n—l)2

n=1

09.04.08.0002.01

)

94(z, Q) = 1_[(1 _ qzi) (1- 251 cos(22) + q4k—2)
k=1

Differential equations

Ordinary nonlinear differential equations

09.04.13.0001.01
(91(2, q)

W (2 = (820, @)° = W(2)? 930, 9)°) (9(0, @) —W(@)? 92(0, 0)°) /; W(2) = e
YA

09.04.13.0002.01
72 (W) W'(7) - 3W(0)2) WD = 32 (BW/(r)2 — W) W' (1)) + (30W (2)? — 15W(r) W' (1) W (1) + W12 WO(1)” = 0 ;
W(T) == 04(0, €'"7)

Partial differential equations

The elliptic theta functions satisfy the (one-dimensional) heat equation:
09.04.13.0003.01
604(27 q) mi 62 &4(21 q)
ot 4 o722

09.04.13.0004.01
004z, 0) %04z Q)
4q +
aq .3

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.04.16.0005.01
422+n2

Vr edoso ( inz ”2]
o , @'
log(@)

04(21 q) =

2

\ €@ +/~logg)

09.04.16.0001.01

zZ ir \/? iz )
04(—16 T): ——eXp — Gz Q) /s q=e"""

T i T
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nthroot of q

09.04.16.0002.01
2r n-1
o 1 q n

1/n n

11 q2r

-1
r=—2
2

Multiple angle formulas

09.04.16.0003.01
© (11— q2ns n-1
s;l( n) s (
H?;:L (1_ qzs) r=0

09.04.16.0004.01

da(nz, ") =

M (1-9) L2
da(nz, q") =

Identities

Functional identities
09.04.17.0001.01
[304(0, o) 1]3 9040, ¢?)*
340, q)

8400, )"

Differentiation

Low-order differentiation

With respect to z

09.04.20.0001.01
084(z, Q)

=0(z q)

09.04.20.0002.01
8294(z, Q) &

82( 1)k—1 k2

With respect to q

09.04.20.0009.01

Az 1 , , 032 79z Q) (2 920z 0
=—-— (92(0! q) 04(01 q) - +
aq 49 (2 @) 4904z o)°
1 , %1z Q) 1 n?
— 940, 0) 92(2, ) 93(2, Q) + — 04(z, O)
29 81(z, 0)° qr?

M2 (1- qzs)” -]

== -1

2 irlog(g) n+1
l_[ ( QJ/; 5 ez

r

4z+—,q)/;nez+
n

r
(94(z+ —_, q) /inez*
n

k?cos(2k2) /; |gl < 1

log(a)

log(Q)

(03<0 9" + 040, 9 )+§[1; 92(1,

)

2l

/9

)
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09.04.20.0003.01

894(z, Q) =
28 o) 1K cos2ka) /[l < 1
aq k=1

09.04.20.0004.01
P%zg 2 &

= VTR (e - Yooszka 1 <1
q q° k=2

Symbolic differentiation

With respect to z

09.04.20.0005.01

"da(z, Q) & n

o029 2”*121(—1)k g K" cos(— + 2kz) /ild <1AneNt
0z ) 2

With respect toq

09.04.20.0006.01
0"94(z, Q) &

—a = ZZ:(—l)"q"z‘n (K-n+ 1)n cos(2kz) /; gl < 1AneN*
q k=1

Fractional integro-differentiation

With respect to z

09.04.20.0007.01

0%d4(z, Q) & . l1-«a %
o S Y ey Z“'Z(—l)k q¢ 1F2(1: —1-— K 22) fla<1
0z oy 2 2

With respect to q

09.04.20.0008.01
L NP -1*g® (K +1)cos2ka) g

=2q° + fildl<1
aq k;‘ Ik -a+1) Fl-o

Integration

Indefinite integration

Involving only one direct function
09.04.21.0001.01
© (~1)kg¥ sin2k2)

f&;(z, qQdz= Z+Z

———/ldl<1
k=1 k

Involving only one direct function with respect to q
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09.04.21.0002.01

© (—1)k g+ cos(2k 2)
[ouzaaa=q+2); fld <1

k=1 kK +1

Representations through equivalent functions

With related functions

Involving theta functions

Involving ¢4(z, Q)

09.04.27.0003.02

duz ) =ie”q 01(2— g q) /;q=e i
09.04.27.0004.02

O4(z, ) == 2™ f G2 q("”%)2 01(2— g 2m+1), q] imeZ /\ q=e "7
09.04.27.0005.02

duz ) =ie"*q 01(z+ % ilog(q), q)
09.04.27.0006.02

. 1 1
94(z, Q) == P21 g @Dz o7 @MHD? (91(z+ 5 (i log(@)) @m+ 1), q) imeZ

Involving &,(z, q)
09.04.27.0007.02
. 1 .
da(z = —iq e-“&z(z— ST+, q) /iq=e""
09.04.27.0014.01
L n _
Sz, @ =iq" ™3 e‘(z”‘*m&Z(z— 5 2m+1)1-1), q] imez /\ q=¢""
09.04.27.0015.01
_ 1
04z, Q) =i ﬁ @_”02(2— > (r—ilog(Q)), Q)

09.04.27.0016.01

1
M +MH-=

, 1
Oa(z, @) = —iq 3 eﬁ(mlﬂaz(z— E(2m+ 1) (i log(q) + 71), q) imeZz

Involving ds(z, q)

09.04.27.0017.01
4a(z, @) = 35(z -0)
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09.04.27.0001.02
n

da(z, ) = 03[2— -, Q)
2

09.04.27.0018.01

n
d4(z, Q) = 03(Z+ P’ Q]

09.04.27.0002.02

d4(z, Q) == 03(2 2m+1) +z q) /ime”Z

I nvolving Jacobi functions

09.04.27.0008.02
da(z, q(m)) 1 S(2 K(m) z
n:

"
oz am)
09.04.27.0009.02

d4(z, q(m)) \/4 1-m (ZK(m) z
ngj

T

oz Am)

"
"

T

09.04.27.0010.02

04(21 q(m)) _ m nd[
d3(z, q(m)

2K(@m)z

T

Involving Weier strass functions
09.04.27.0011.01

2
© © 2m w, 2 2w, 2
9a(z q)::[l_l(l—qz”)][ (1—q2”‘1)] eXp[— 121 ]0’3( ﬂl O, 93)/;
=1

n=1 n 0

ﬂiw3
w1y

w1, 3] = (©1(G2, G), 3@z, B} [\ M = {(@1: G2 G) [\ 0= exp[

09.04.27.0012.01

(94(2, q) 2 n w1 22 2 w1Z
= eXp| - 0’3[ ' 02, 93]/;
340, 9) 2 m

T

miwz
{w1, w3} = {w1(G2, G3), W3(T2, G3)} /\ M == {(w1; G2, G3) /\ q= exp( )

wq
09.04.27.0013.01

9z 2w (2w 7T 2wy Amzw;
= [ (Z+ ?), 92, 93) - -

(94(21 q) s

2 ’

T s

i w3

(w1, 2, w3} = (@1(Gz, Bo), ~w1(G2. T) — a(G2, Bo), w3(@z. G} /\ 4= exp[ )/\ = {(@n; 82, G0) [\ € (L2 3)

wy

Zeros

09.04.30.0002.01

s (ﬂ'T ) 0/ .
_—, == ’ == @K”T
45 q q
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09.04.30.0001.01

nT .
04(m7r+(2n+1)?,q) =0/, {m, n}ez/\qzze“”

Theorems

Mapping of the interior of the ellipse into the unit disk

Theinterior of the ellipse :—Z + ;’2—2 == 1 ismapped into the unit disk by
o1(sin” (%) o) a-by

WX+ iY) = WD) = ———— J; qzz(—) Ne=+ & -b*.
0a(sin™ (2). o) a+b

Solution set of the Halphen equations

log(d4(0,e77)) dlog(d(0,e'77))

The functions wy(2) = 2 ———— AWa(2) = 2 ————" A\ W(2) =2 dlog(05(0.¢77))

- are a solution set of the

Halphen equations

W1(2) = W1(2) (W2(2) + W5(2)) — W2(2) W3(2D) A\ W5(2) == W2(2) (W1(D) + W3(D) — W1(2) W5(2) /\
W3(2) == W3(2) (W1(2) + W2(2)) — W1 (2) W2(D).

History

—J. Bernoulli (1713); L. Euler; J. Fourier; C. G. J. Jacobi (1827); C. W. Borchardt (1838); K. Weierstrass
(1862-1863)
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