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Notations

Traditional name

Derivative of the Jacobi theta function ¢4

Traditional notation

%z o

Mathematica StandardForm notation

EllipticThetaPrinme[l, z q]

Primary definition

09.05.02.0001.01

Kz =23 > D¥g*D 2k+ 1) cos(2k+ 1)) /; gl < 1
k=0

Specific values

Specialized values

For fixed z

09.05.03.0001.01
#(@z 0 =0

For fixed g

09.05.03.0004.02
. 3
i Iog(q))

0;[(01 CI) == 2”[_

09.05.03.0005.01
12

’ 8 2wy 2 2 2.
O " =|—| (E&-e&)(er-&) (&1 - &) /;
Vs

w3 .
{w1, Wy, w3} == {W(G2, G3), —w (G2, G3) — ' (T2, G3), ' (Ga, B3)} /\T = q=¢""" /\ea = P(Wa; G2: Ga)
1

09.05.03.0006.01

01(0, e_i?”) == —\/7 T3/2 &i(o’ eén‘r)
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09.05.03.0007.01
3

1 1
#0, &™) = r(—)
4794 \4

09.05.03.0008.01
#(-%.q)=0
| — -, q) ==
2

09.05.03.0002.01

(z:9)=0
& =, gl =
12q

09.05.03.0009.01
ilog(@)’

#am q)=2(-)"pg-——| /imeZ

T

09.05.03.0003.02
T
0/1(er+ 5 q) =0/ meZ

09.05.03.0010.01

2 ( ilog@)’
#(=ilog(@), ) == —a n[— )

T

09.05.03.0011.01
ilog(g)

e

3
Fy(mx —inlog(q), g) = 2(-)™" g™ n[— ] meZAneZ

09.05.03.0012.01

1 12— T
0/1(—— (log(Q)), q) =-— > Va'@ VK@)
2 vq V7

09.05.03.0013.01

1 1 2
19'1(— (r —ilog(Q)), Q) =—i— =y K(a™(@)
2 4/_q n

General characteristics

Domain and analyticity
1(z, ) isan analytic function of zand qfor z, e C and |g| < 1.

09.05.04.0001.01
1xzxq)— (2, 9 :: ((I®C®C)—C

Symmetries and periodicities
Parity
1(z, ) is an even function with respect to z.

09.05.04.0002.01
¥(-z g =0(z 9
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09.05.04.0003.01

LT
#(@z -9 = exp(— 7 sgn(l m(q))) 81z )

Mirror symmetry

09.05.04.0004.01
#(z 9 =91z 9

Periodicity
#1(z, 0), considered as afunction of z, hasaperiod of 2.

09.05.04.0005.01
M (@z+m, q) =-8(z g

09.05.04.0019.01
N (@Z+27m, q) =d1(z Q)

09.05.04.0006.01
#z+ma, q=(-D"¢ @z q/,meZ

Poles and essential singularities
With respect toq
The function ¢1(z, ) does not have poles and essential singularities inside of the unit circle|g < 1.

09.05.04.0009.01
Sing (#,(z, @) = {}

With respect to z

09.05.04.0010.01
Sing (91(z, @) = {}
Branch points
With respect toq
For fixed z, the function ¢;(z, g) has one branch point: g = 0. (The point g == —1 isthe branch cut endpoint.)

09.05.04.0011.01
BPq(%1(z, o)) == {0}

09.05.04.0012.01
Ry(¥1(z, @), 0) =4

With respect to z
For fixed g, the function ¢7(z, g) does not have branch points.

09.05.04.0013.01
BP(H1(z @) =1{}

Branch cuts
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With respect to q

For fixed z, the function ¢7(z, g) is a single-valued function inside the unit circle of the complex g-plane, cut along the
interval (-1, 0), whereit is continuous from above.

09.05.04.0014.01
BCq(¥y(z, ) = {{(-1, 0), —i}}

09.05.04.0015.01
Iim0 Nz g+ie)=0¢1(z 0)/;-1<q<0
€+

09.05.04.0016.01

lim ¢j(z. q—ie)=-id%(z ) /; -1<q<0

e—>+0

With respect to z

For fixed g, the function ¢7(z, g) does not have branch cuts.
09.05.04.0017.01

BC(%(z, ) == {}

Natural boundary of analyticity

The unit circle g == 1 isthe natural boundary of the region of analyticity.

09.05.04.0018.01
ABL((z, @) = {&' 7}

Branch cut endpoints

The function ¢;(z, g) has one branch cut endpoint: g = —1.

Series representations

g-series

Expansions at generic point q == g
09.05.06.0007.01

9z, do) 9z, do)
9z, @ o« %42 Qo) + 03Pz, 6o) (G- o) + lf Q- qo) + lT (- 0)°+O((q- 9)*)

09.05.06.0008.01

=, 91z o)
Mz Q=) ———@-6)"

!
k=0 k!

09.05.06.0009.01
#1(z, Q) o« 93(z, Go) (1+O(q - 0p))

Expansions on branch cuts
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09.05.06.0010.01

i 00 82 (z, %) #19(z, %)
e et )z 0+ #(z, %) (- + ——— @ - - —— @=°+0(@-x")|/;

XeRA-1<x<0

09.05.06.0011.01

) ] 00 & 8z %)
01(21 q) —e? 2n T

(q-%/;xeRA-1<x<0
k=0

09.05.06.0012.01

i \‘WQ(Q’X)

0@z g xce? TJ&;(Z, X)(L+0(Qg-x)/; xeRA-1<x<0

Expansionsat q ==
09.05.06.0013.01
31z @) « 24/ q (cos(2)~ 3cos32 P + 50852 ° - 7cos72 G2 +...) /; (4~ 0)

09.05.06.0001.01

iz @ =2+a Y (~D¥q* @k+ 1) cosi(2k+ 1)2) /; o] < 1

k=0

09.05.06.0002.01

Nz g = % Z (—D¥ 2k + 1) gkt p2kD iz
k:—OO
09.05.06.0004.01
%0, 9 =2q > (-Df@k+ gD
k=0

09.05.06.0014.01

31z, ) o< 24/ g (coS2) + O@) /; (@ - 0)

Expansionsat q ==

09.05.06.0015.01

, 2Vr i _M{—@J (1+ 3g-1H 1 =172+ 3 @-1°%+ J iT:(j;?
. __ (a— — (- ...|e
4 32 128

[ nzZ nzZ 2 3nz 3nz
ncosh( ]+223inh[ ] e [Sncosh[ )+Zzsinh[ ))+ i @->DAlg <1
log(a) log(a) log(Q) log(Q)

09.05.06.0016.01

6Vr i | T e (3
) e
q-1¥ k=0
k(-1 k aZn? oo m(m+D 2m+rz 2m+rz
Z - ( . ) pj,k(q—l)ke‘“"g‘q’ Z(—l)me log(@ [(2m+ 1)ncosh[—)+225inh[—]) /:
2j+3\) r log(a) log(g)
_1)k 1

/\p,o—lAka———Z(Jm K+ G P /\ ke N

(ol <1Ala-1 <D o= —
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09.05.06.0017.01
2V i
q-1¥

nZz nz
[zrcosh[ ]+22$jnh[ ]+O
log(Q) log(Q)

Other g-seriesrepresentations

agg-1) J 422472

@’”{’ 2n J(1+0(q- 1)) e o9

#(z q) «

09.05.06.0005.01

#(z 9 S
—— =col@)+4y
(91(21 Q) k=1

2k
” sin(2kz)
—11-q

Other series representations

09.05.06.0018.01
2+ 472472 ) K (k+1) 72 2 K+ Yz )
¥z Q)= —— ¢ 4190 [nZ(—l)k e 99 (2k+1) cosh[i) +22) (-1ke
(~log(a)*? 0 log() e
09.05.06.0006.01
292 i x z 1 in(z 12 _
(9’(21 ) == — (-1 (—+n——)eX ——(_+n__) /: == ¢! T
ved 2 n )" T 2 a

Product representations
09.05.08.0001.01

3
30, 9=2q [ (1- qz“)]
=1

n

Differential equations

Partial differential equations

The €elliptic theta functions satisfy the one-dimensional heat equation:

09.05.13.0001.01
0%,(z, 9) ni 8?%(z, q) ) .
_—— = ;q::@””
or 4 072
09.05.13.0002.01

0%z q) 0¥z 0
+
aq 07

4q

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

2n% 3nz 3nz
e'°9 [37r cosh( ] +2 zsinh( ]]]] fld<1
log(q) log(a)

k (k+1) 72
loga  ginh

|

2k+Drnz

log(a)

]]
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09.05.16.0001.01
472472

, 24090 A/ | inz L inz =
H(z, ) = ¥y , @99 | —24iz% , @'°99@
log(g) log(a)

2

e (-logie)*?

Identities

Functional identities

09.05.17.0001.01
(9'1(Z+ nT, ei”) == 2 i@znD) Ml(z, e“”) — g 1@z (9’1(2, e”"”) /;1m(t) > 0

Differentiation

Low-order differentiation

With respect to z

09.05.20.0009.01

90z Q)
0z B
%z hz a4 2 log(a) log(a)
! — 34(0, G)% 840, q)° — ~ — 01z, Q)| — (¢3(0, @) + 34(0, @)") +g[1; gz[l, —] 93(1, : ))
41(z Q) *(z g 72 12 ni i
09.05.20.0001.01
a¢%,(z, 0) =
16 Y ~2q D (~DFg @k + 12 sn(2k+ D)2 /; ol < 1
z k=0
09.05.20.0002.01
L ACA) %
I Ja >l et et @k+ 1% cost2k+ 12 /; ol < 1
0z k=0
With respect to q
09.05.20.0010.01
Iz @ 9° .
aq 4q0.(z 0)°
3 2 92z, 0> 72 log(q) log()
¥z 9| — 050, 9% 340, g — + — (0300, @)* + 940, @) + 4(1; gz[l, . ] 93(1, : )) -
g 4 0(2 o ik dk
1 2 2 2 (92 (Z! q) (93(21 q) (94(21 q)
- (92(01 q) (93(01 q) (94(0‘ q) 2
29 (z 9

09.05.20.0003.01

0%,(z, Q) 3>
16q =2q: Z(—l)k ® VK (k+1) 2k + 1) cos(2k+ 1) 2) +
k=1

1z,

Hld<1
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09.05.20.0004.01

3?%(z q) 7 3 1
A P Z(—l)qu(k”) (2k+1) (k2 +k— —) (kz +k+ —)cos((2k+ 12 /;1q <1
a9 ko0 4 4

Symbolic differentiation

With respect to z

09.05.20.0005.01

¥ (z Q) © n
al—zn =24q Z(—l)qu<k+1> @k+ 1™t cos(? +(2K+1) z) /il <1AneNt
k=0

With respect toq

09.05.20.0006.01

No4(z Q) 1@ 5
al—nq = zqr"Z(_l)k g<& D 2k + 1) [k(k+ 1H-n+ Z] cos(k+1) 2 /;ld<1AneN*
q k=0

n

Fractional integro-differentiation

With respect to z

09.05.20.0007.01
0"%1(z, 9 il ~ l-a a 1
— = Yq 7o) (kgD 2k + 1) ,F [1; —,1——;——(2k+1)222)/;| |<1
- Ja kzc‘: q Pl 1) q

With respect to q

09.05.20.0008.01
9,2 Lo, GO T(IR +k+ 2) 2K+ 1) cos(2k+ 1) D)

gy /il <1
aq” 4 g F(k2+k—oz+g) )

Integration

Indefinite integration

Involving only one direct function

09.05.21.0001.01

f‘(}/l(zx q) dz= 01(21 Q)

Involving only one direct function with respect to g

09.05.21.0002.01

[z ada=2);
k=0

(-Dkg*? k% 2K+ 1) cos((2k + 1) 2) "
ilg

<1

5
(k+1)k+ n

Representations through equivalent functions
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With related functions

Involving theta functions

Involving &4(z, q)

09.05.27.0001.02
(9’1(2, e“”) =2 iRz i(‘}l(z—ﬂr, e“”) ) (9/1(2— T, e“”) /:1m(7) >0

09.05.27.0004.01
9z Q) = - ®?qRidzZ+rT, Q)+ (Z+7T,Q) /i q=e""

09.05.27.0005.01
8z ) = (-1 "2 q" 2indyz+naT, Q) + iz +nxr, q) ineZ [\ g= €T

09.05.27.0006.01

#(z g) == (-1™" 2N g’ 2ind,(z+rm+nnT, Q) +d@Z+am+nzxt, Q) /; {m n}e Z/\q:: et

09.05.27.0007.01
9)(z 0 = — €***q(¥;(z—ilog(a), O) + 2i 91(z— i log(q), Q)
09.05.27.0008.01
9(z 0) = e >2q(2i dy(z+ilog(a), Q) — ¢ (z+ ilog(a), @)
09.05.27.0009.01
9z ) = (-1 e 2" " (¥ (z+inlog(@), 6) — 2i Ndy(z+inlog(@), Q) /i ne Z

09.05.27.0010.01
#(z g)=(=Dn™" e‘z“‘zq”z (¥ (z+mm+inlog(a), g —2indy(z+am+inlog(q), @) /; {m nf e Z
Involving &5(z, q)
09.05.27.0011.01
w
PACAOES —0’2(Z+ - q)
2
09.05.27.0002.02
T
#(z g = 0&(2— = q)
2
09.05.27.0003.02

1
iz q=(-1™?! 0'2(5 a@2m+1)+z q) imezZ

Involving &s(z, q)
09.05.27.0012.01
) 1 , 1 .
%z, o) = eﬂﬁﬁg(u SrD, q) - m‘zﬁ%[u ST, q) fiq= e

09.05.27.0013.01
2

&z Q) = (1" @"(Zrml)zq(m““%) ((2m+ 1) (93(z+ g l1+2m+1D1), q) - M’3(2+ g(1+ 2m+1)1), q)] /i

meZ/\q::e’“”
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09.05.27.0014.01
) . 1 . Cw 1 .
&z q=e"” \/E (03[z+ > (m—ilog(g)), q) —i 03[z+ > (m—ilog(g)), q))
09.05.27.0015.01
) m+1)2 1 1
0ﬂzm:cJWd@WM$ E(@m+n%%+5m—iam+nmquﬂ-w%&+5w—u2m+nmmmyﬂynnez
Involving &4(z, q)
09.05.27.0016.01
. nT nT .
& (z Q) =e"? ﬁ (&4(z+ ? q) + Mg(z+ ? q)) [iq=e*""
09.05.27.0017.01
} 1)2 T T .
@z g =" @*r(zrml)zq("*z) ((2m+ 1 &4(z+ mnt+ 7 q) + wg(z+ mnt+ 7 q)] /ime”Z /\ g==e "7
09.05.27.0018.01
) 1 1
Hz=e?Jq (04[z+ S ilog@, q) + w;(u - ilog@, q))
09.05.27.0019.01

1
#(z, @) = (-1)"e @ m+1)zqmz+m+Z (

1 1
@2m+1) 04(z+ Ei(2m+ 1) log(q), q) +zi0§,(z+ 512(2m+ 1 log(q), q)) /imeZ

Zeros

09.05.30.0002.01
9z 0 =0

09.05.30.0003.01
Vs
(93_(5, q) =0
09.05.30.0001.02

/4
0’1(E+mn, q)::O/; meZ
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