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Notations

Traditional name

Error function

Traditional notation

erf(2

Mathematica StandardForm notation

Erf [z]

Primary definition

06.25.02.0001.01
2 (- 1)k Z2k+1
erf(z) == — Z
k! (2k+1)

ﬂ'kO

Specific values

Values at fixed points
06.25.03.0001.01
erf(0) ==
Values at infinities

06.25.03.0002.01
erf(eo) == 1

06.25.03.0003.01
erf(—o0) = —

06.25.03.0004.01
erf(i co) =i co

06.25.03.0005.01
erf(—i 00) == —i o

06.25.03.0006.01
erf() == 1A
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General characteristics

Domain and analyticity

erf(z) isan entire analytical function of z which is defined in the whole complex z-plane.

06.25.04.0001.01
z—ef(z::C—C

Symmetries and periodicities
Parity
erf(2) isan odd function.

06.25.04.0002.01
erf(-2) = —erf(2)

Mirror symmetry

06.25.04.0003.01
erf(2) == ef(2

Periodicity

No periodicity

Poles and essential singularities

The function erf(2) has only one singular point at z = . Itisan essentia singular point.

06.25.04.0004.01
Sing (erf(2)) = {{co, co}}

Branch points

The function erf(2) does not have branch points.

06.25.04.0005.01
BP(erf(2) = {}

Branch cuts

The function erf(z) does not have branch cuts.

06.25.04.0006.01
BCAerf(2) = {}

Series representations

Generalized power series

Expansions at generic point z== z
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For the function itself

06.25.06.0010.01

207 2¢7% Z )
erf(2) o« erf(z) + (z-29) - (Z-2)°+...[; (2~ 2)
Vs /s
06.25.06.0011.01
2675 2¢7% Zy ) 3
erf(2) o« erf(z) + (z-2) - @-2)*+0(z-2)°)
T T

06.25.06.0012.01

207 =kl (-DV (2] -K+2y4 i1,
erf(2) = erf(z) + — (2— 7))
Vi iciimo kl(k—j-1D1(@2z)?t
06.25.06.0013.01
© Kz g k 3-k
erf(2) == Bof = 11— -, —; -Z|@z-2)"
@ g 22[2 > z%)( %)
06.25.06.0014.01
erf(2) « erf(z) (1 + Oz - z9))
Expansionsat z==0
For the function itself
06.25.06.0001.02
2 2 P
eaf@oc —|z—-—+——-...|/;(z>0)
p 3 10
06.25.06.0015.01
2 2 P
ef(@d« —|z- —+ —-0(Z)
p. 3 10
06.25.06.0002.01
2 ( 1)k Z2k+1
erf(z) == — Z
V7 koo KI2k+1)
06.25.06.0003.01
2z 13
ef() = — 1F1(—; = —zz)
Vi 22
06.25.06.0004.02
2z
erf( « — (1+0(Z))
Vo
06.25.06.0016.01
2z N, (—1k2K (=Dn22™3
ef(d=F.@/ |[|Fn@=— ) ————=ef@@+
Vr ico @k+Dk! Vr 2n+3)(n+1)!

3 5
Sl n+ = n+2,n+ —; -2
2 2

))/\neN]
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Summed form of the truncated series expansion.

Asymptotic series expansions

06.25.06.0005.01

z 1
erf(z) o« —— —
V2 Vrz
06.25.06.0006.02

erf(2) o« E - !

06.25.06.0017.01

e

Vr z

e
Vr z

—E<arg(z)s >

P P l/(|z| )
y =y —— | /s - 00
”( 2 ZZ]

1
-z [1+ O[—]] /(|12 = o0)
2

s

erf(2) o . /(12 = o)
-1- 2 True
Vr z
Residue representations
06.25.06.0007.01

r3-9@° |

erf(2) = —Zrees I |-
7( j=0 (2 S)

06.25.06.0008.02

1 = [(-s)z28 1 1
erf(2) = —— ZreSS —F[s+ —) (—— - j)
Nr r-9 2 2
Other series representations

06.25.06.0009.01
© (=D Hpps1(2)

T

NER=Ps k! 2k+1)

Limit representations

06.25.09.0001.01
B (E' E)
1/272/(\/?\/?) 22

B3 2)

ef(2==1-2

Integral representations

On the real axis

Of thedirect function
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06.25.07.0001.01

2 rz o,
ef(2) == — f et dt
0

s

06.25.07.0002.01

2 roe?En@2xt)
erf(x ::—f ——dt/; xeR
nJo t

Contour integral representations

06.25.07.0003.01

. f rer(; -9 °

erf(z) = ds
Vr 2rit 1(3-9)
06.25.07.0004.01
1
1 v T(s+ 3) T=9) 1 .
erf(2) = fy 7%ds/;--< 7/\ larg(2)| < —
Vr 2nidrie -9 2 2

Continued fraction representations

Involving the function

06.25.10.0001.01

; e ? 1 0
ef(x=1- — /s R&(2) >
1/2
Vr .
1
Z+
3/2
Z+
2
Z+
5/2
Z+ ————
3
Z+
Z+...
06.25.10.0002.01
(E—z2
ef(==1- PR /i Re(2) > 0
\/7(z+ KK(E’ 2)1)
06.25.10.0003.01
1
ef(z2) == — e?
vr L 27
47
3+
67
5_
87
T —
107
9—
127
11+

13-...
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06.25.10.0004.01

2z 7%
erf(z) = =
Vr (1+K((-Dk 2k, 2k +1)))
06.25.10.0005.01
2z 1
ef(z) == — e? =
4
Vv 1-272+
87
3-27+ >
12
5-27+ >
16
7-272+ ~
20
9-27+ -
24
1mn-22+—
13-272+...
06.25.10.0006.01
2z¢77
erf(z) =
Vi (1-22+K(4k2, 22 +2k+1)])
06.25.10.0007.01
2 2 1
ef(=1- —e" 5 /;Re(9 >0
T 27+
4
27+
6
2z+
8
2z+
10
27+
12
2z+
2Z+ ...
06.25.10.0008.01
207
erf(n=1- /i Re(2 >0

Vr (2z+Ku(2k 22)7)
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06.25.10.0009.01

2z
ef@=1- — % 1/ 1+27-
12
T 5+27- =
94272 -
13+272 - %
17+272 - =
21422 - —
2x5+27 ...
06.25.10.0010.01
22‘13’22
ef(z)==1- /i Re(2) > 0
Vi (1+22 +K(-2k@2k-1), 22 +4k+1)])
Differential equations
Ordinary linear differential equations and wronskians
For thedirect function itself
06.25.13.0001.01
2
W2 +22W(2) = 0 /; W@ = erf(@ /\w0) =0 A\ w(©0) = —
Vr
06.25.13.0002.01
W (@2+2zW (@2 =0/;Ww2) = c ef(2 + ¢
06.25.13.0003.01
2@‘22
W, (1, erf(2) =
Ve
06.25.13.0004.01
w'(2) + (2 9292~ 7o ]v\/ @ =0/,w@ =c,erf(g2) +c,
06.25.13.0005.01
26792 ¢/(2)
Wy (erf(9(2), 1) = ————
T
06.25.13.0006.01
2h(z "(zZ 2h(2)? (2 (2 2929@h(@ h'(Z
w2009 - ()_g ()]W(Z)+[ 2 . g”(2 ()_ 92492 ()_ 2 W2 =0

ha d@
W(2) = ¢, h(2) erf(9(2)) +c, h(2)

h(2)? h(2 92

h(2)

h(2)

/i Re(z2) >0
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06.25.13.0007.01
2¢79° h2’g'(2)

3

W,(h(2) erf(9(2)), h(2)) = -
06.25.13.0008.01
ZW'(2) +(2ar 2 -r-2s+1)zWw @ +s(-2&8r 2 +r+wW@ =0/, w2 = ¢, Zef@z) + ¢, 2

06.25.13.0009.01
2
2ae¢® 2" rZ+2s1

Va

Wy (Zerf(aZ), ) = —

06.25.13.0010.01
W’ (2) +((2a% r?2 - 1) log(r) — 210g(s)) W (2) + log(s) (—2 a2 log(r) r*Z + log(r) + log(s)) W(2) = 0 /; W(2) = ¢; S erf(ar?) +c, &

06.25.13.0011.01
2 .2
2ae "™ rz2s?Zlog(r)

Vr

W, (s erf(ar?), §) = —

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.25.16.0001.01
erf(-2 = -erf(2

06.25.16.0002.01
erf(i 2) == i exfi(2)

06.25.16.0003.01
ef(-iz) = -iefi(2

06.25.16.0004.01
m

(b
erf(a(b )™ ==

pmzn¢

ef(@ab™z"® /. 2mez

06.25.16.0005.01

(7)Y o

Complex characteristics

Real part

06.25.19.0001.01

2x &, Pk 13
Re(erf(x +iy)) = _Z_ 1F1(k+ - Z _Xz)
Vr i< K 22
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06.25.19.0002.01

2 o (—1 K \2k+2
Reerf(x+ iy) = erf() + — e " CUyT Hais1(%)
o S (2k+2)!

06.25.19.0003.01

, 1 Y Y
Re(erf(x+iy) = — |ef[x+X | —— |+ef[x—x | ——
2 X2 X2

Imaginary part

06.25.19.0004.01

2 =) y2k+1 11
|m(erf(X+ly)) == — - 1F1[k+ - = _XZ)
ﬁk:0(2k+1)k! 2 2
06.25.19.0005.01
0 (_1)k y2k+1

| f j 2 ¢ H
m(erf (x =—¢ E - X
(erf(x+1iYy)) = e 2" 2k D 2k(X)

06.25.19.0006.01

. X Y ' %
Imerf(x+iy)=— | -—— |efilx—x [|—— [-ef|x+x [ ——
2y X2 X2 X2

Absolute value

06.25.19.0007.01

. Y y?
lerf(x+iy) = |ef[x—x | -—— |ef|x+x [——
X2 X2

Argument

06.25.19.0008.01

, |1 % %
argerf(x+iy) =tan"| — |erf|x+ X | —— [+ef[x=x | -—— ||, —
2 X2 X || 2y

Conjugate value

06.25.19.0009.01

| N vl ix |y
ef(x+iy) = —|ef[x+x | -—— [+ef[x—x [-— [|-— . [ -——
2 X2 x2 2y X2

Signum value



http: //functions.wolfram.com

10

06.25.19.0010.01

iy v v Y ¥
sgn(erf(x+iy) =|—- | —— x|ef[x—x | -— |-ef] | —— x+x|[+ef| | —— x+x|+eflx—x | —— /
y X2 X2 X2 X2 X2

Differentiation

Low-order differentiation

06.25.20.0001.01
oerf (2 2077
0z N
06.25.20.0002.01

derf (2) 4%z

07 Vr

Symbolic differentiation

06.25.20.0006.01

derf(2) 1 (-1 2K =N+ 204 1) .

2 2
=ef(doh+ —e” neN

oz Vi o (n—k-1)1@2z"2k1

06.25.20.0003.01

MNerf (2 2

2-n (n—- 1) ! n (_1)k—1 22k ZZk—n—l
=ef(2é,+boolgn+0, ——— e~

06.25.20.0004.02

n 3-n

MNerf (2 (1
=" zl-”ze(E, 11— > T; —22) /ineN

a7

Fractional integro-differentiation

06.25.20.0005.01

erf(z 1 3-
@ ::zﬂzlfazﬁz(_, 11— g, —a; —22)
oz 2 20 2
Integration

Indefinite integration

Involving only one direct function

nen
vr k:1(2k—n—l)!(n—k)!/ <
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06.25.21.0001.01

berf(b+az) & #-2abz-?
ferf(b+ az)dz== —+ zexf(b+az +
a avnr

06.25.21.0002.01
2
e & 2

ferf(az) dz==zef(az) +
avrn

06.25.21.0003.01

e—z2

ferf(z)a?z:: zef(+ —
Ve

Involving onedirect function and elementary functions

Involving power function
Involving power

Linear argument

06.25.21.0004.01
1
7 |az(a? 22)5(_a_1) a+1
fz“*l ef@z)dz= — r( = a? 22) +ef(az
2

06.25.21.0005.01

# (42): 0 1
fz‘”lerf(z)dz::— 4 L_ r((H ,22)+erf(z)
a Pis

06.25.21.0006.01
1(2¢%72 1
fzerf(az)dz:: —|———— +|272- —|ef@az
4\ avr &
06.25.21.0007.01

f 2 1133
fer(az)d B az [ ' ' azzz)

z

06.25.21.0008.01
ferf(az)d aEi(-a’7) ef(az

Z== —

zZ NS z

Power arguments

06.25.21.0009.01

r+a

a(@27) 7 7 r(r ra

z
2 lef(aZ)dz= —
2r

NG

, azzzr) +erf(az)
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Involving rational functions

06.25.21.0010.01

zerf(az)

f(zz—b)erf(az) p ae""zbEi(—a2 (Z+h))
Z==
(Z+b)° v

Involving exponential function

Involving exp

06.25.21.0011.01

1 b?
febzerf(az)alz::B ePZerf(az) +exp — erf[

4

06.25.21.0012.01

Z+b

=

© bka2kir(k+1, ~bZ)

f@bzz eff(@az dz=

Nr Y @k+ k!

06.25.21.0013.01

© bra?kr(k+1, a® Z)

Vr erfaz erfi(\/? z)
febzz ef(@az dz=-
2vb

06.25.21.0014.01

\/7erf(az)2
fe‘azzz ef(andz= ———
4a

+
aVvr i<

k+ D k!

Involving exponential function and a power function

Involving exp and power

06.25.21.0015.01

2aZ (-b2™® & (-1*a?kb2kr2k+a +1, -b2)

fz“‘l Prefazdz=

bvr = k+ k!
06.25.21.0016.01
an!(-b™"* b?
fz“ Plerf@z)dz=-———"exp| —
Ve laa
1 m-k k+1
n (-b"(-a2)2 Y mo b b b
S ) W =
m=0 m k=0 24 -a 2y -a2 24 -a2
k+1 b 1
T +yV-=a z| |--b™"ef@a(n+1, -b2)/;neN

+
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06.25.21.0017.01

fzé’zerf(az) dz=
1
S [e_azzz [2 )\ (bz-erf(@aga? + 2beP?a—- (282 -b?) e4a2 . \/— erf[— - az]]]
2a2b?\n
06.25.21.0018.01

fzz Plerf(az dz== (@‘azzz [4ez(zaz+b) Vr (P2 -2bz+2)ef(aza’ +

4343\
2be"?(2(bz-2)a’ +b?)a+(8a* - 2b*a” + b“)as"‘az \/—eff[— —aZ)J]

06.25.21.0019.01

1
fz3 ePerf(azdz==

8afb*Vr

[€_a222 [8ez(za2+b) Vr (B°2-3b2 2 +6bz-6)erf(az)a® +2beP?(4(0*Z - 3bz+6)a* + 2b? (bz- D a® + b*)a

(482°-12pa’ - be)waza \/—erf(——az]]]

06.25.21.0020.01

azar+l
fz“’l P erf(azydz=- —

kg2k (a+1

Z1‘(2k+1)k' 2

a+l
Vr (-b#) 7 <0
06.25.21.0021.01

a a+1) _ a+1l 3 a+3
fz‘”l Al ef(agdz= — 2#*1 F(—) ZFz(l, — -, —— @ 22)
2 2 2 2 2

06.25.21.0022.01

22 1 [ 2az]
fz«e ef(@ndz=— erf(az) -—
2a Vr

06.25.21.0023.01

2 1 2 a bc? —za®-ac+bz
fzé’ ef(c+azdz= ™ % erf(c+az) - expl — exfi
b-a? a*-b b-a?

06.25.21.0024.01

aerfi(\/g z)

1
fmbzz ef(@andz= — |e"? erf(az) -
2b b_ o
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06.25.21.0025.01

1
fz%bzz ef(@az)dz= — ebzz(bzz—l)erf(az)+
2b

(abzg'(—\/Ferf(\/(a2 b) Z ) + V7 +2097 | (? - )22))/(2‘/;((a2_b)22)3/2)+

06.25.21.0026.01
_ 1
Zzerf(az)d az ) bkaZkF(k+ E,—bzz)

f z 2= 2 2k+ 1) K!
\V -rbZ k0 '

Involving trigonometric functions

Involving sin

06.25.21.0027.01

1 b? 2za?+ib b
fsin(bz)erf(az)dz:: —|exp|-— || erf]| —— —zierfi[—+iaz) —2cogb 2 erf(az)
2b 482 2a 2a

06.25.21.0028.01

fsin(bzz) ef(az)dz==-

1 (& @b airk+1, -ibZ) = (-ib)*a*Ir(k+1,ib2)
2Vr bl (2k+Dk! +k:0 (2k+1)k!

Involving cos

06.25.21.0029.01

1 b? b 2za+ib
fcos(bz)erf(az)dz:: —|exp| - — erfi[—+zzaz]—u'erf —— ||+ 2erf(az)sinib2)
2b 482 2a 2a

06.25.21.0030.01

fcos(b A)ef(andz=

i © (-ib)“@Ir(k+1,ib2) = (b @ r(k+1 -ib?)
2V7 b | (2k+Dk! & (2k+Dk!

Involving trigonometric functions and a power function

Involving sin and power

06.25.21.0031.01

az’ a2kb 2k

bﬁkzo(2k+1)k'

fz‘"l snbzef(az)dz= -

Z (f@k+a+1,-ib2) (-ib2) ™ + (b2 " Tk+a+1,ib2)
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06.25.21.0032.01

fz” snbzef(az)dz=
m-k k+1
b—2n b2 no1 1 M m —ib ib
eXp[——] —ant(-ib)" Y — (ib"(-a%)?" ””)Z( k) - V-a® z-
2bvVr 432 mo M! k=0 24/ —a2 24/ _a2
2y; kD 2
ib k+1 ib
—-[vV-a% z- T,—\/—a2 z— +
2y -& 2y —a?
b2
—@b)" exp[—z] Vr ef(@az(T(n+1, —ib2) + ()" T(n+1,ib2)—
4
m-k k+1
no1 Lo M m ib ib
a@b)"'nt Y — (ib"(-a)?' ””)Z( k) _ J o 2+
meo M! k=0 24/ a2 o4/ a2
2y; kD 2
ib k+1 ib
_ﬂ_az Z+ r—z ,—V—az Z+ /ineN
2y -a2 2y -a2
06.25.21.0033.01
1 b?
fzsin(bz)erf(az)dz:: exp|-— —izh-a2 7
42202\ n 42’
b b I3
[—Zexp(—2 + a2 22)\/7(—u'+ bz+e?P2(i+b2)ef(az) a2 + 2 g2(@+bi) \/;erfi(z— +an'z) a?-2be* a—
4 a
EINELETY ] 2za+bi ) b
2be’ (& Z)a—i(2a2+b2) e2<zaz+b‘)«/7erf[72 ]+b2ez(zaz*b‘)\/7erfi[2—+an’z]]
a a

06.25.21.0034.01
fzz sin(b2) erf(az)dz=

2
b2

1

b?

—i—s'zb—azz2 —+a 2ib 2ib 5 4
— e 4 —4 42 Vr (2b(-1+e*P%)iz+(1+6%P%) (0* 2 - 2)) erfaa’ +
g8atbdVr
5 b b ib(EJrSM] L —
8223 0i) j \ 1 exfi 2—+aiz a*-8ibe* '@ B +8be? iad—4b? s zad -
a

2 lb[i+8s‘z) 2 24bi i b
42 et \2 za3 + 202 27801 i \[ 1 exfi 2—+ai
a
, 2za?+bi
(8a*+2b?a% + b*) p2(za+bi) \[ 7 erf[T
a

3b i+8iz
z)aZ—Zib%“ (az )a+2b3e

]+ b g2(23%+bi) ; \[ 7 erfi[

b2
22

4a” g —

b
—+ai
2a

)
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06.25.21.0035.01

fz3 sinlbz erf(az)dz=
1 LA L . .
7[6 @ T e T (b(1+ 207 2(2 2 - 6) + 3(~1+ €217 (12 2 - 2)) erf(@r) a® -
16a8b*
; b Ll p(L e L (b g
48@2(”2””)\/7erfi[2—+au'z]a6+48be4az a®+48be’ [af Z]a‘r’—8b3e4a222<515—8b3ava“ (a2+ Z)22615—
a
lb[iﬁ-Biz) i . . b i
242 et \2 285 + 2412 ¢4 7P — 12102 27D \[ 1 exfi 2—+aiz]a4+4b3e4az ad+
a
1,(b . 1. (b . b2 b2 1. (b .
4b3ezb(a_2+8u) a‘°’—4ib“«v.»zb(a_2+8”)za3+4b4egu’za3+2b5aeE a+2b5ezb(a_2+8u)a+
. 2za?+hbi ) b
(4820 + 1202 & + ) 22 D1)  \[7 erf| ———— |- bO 22 0i) 7 erfi(—+ax’z)
2a 2a
06.25.21.0036.01
fz“’lsjn(bzz) ef(@az)dz=
-k 2k a+l . -k 2k a+l .
L;az(1/+l 1 Eoo(llb) a F—+k,—nb22 ﬂm(—lb) a F—+k,ub22
(227 |(ib2) 7 )] E )—(—u‘bzz) Y % )
o7 o k+ k! e 2k+ k!
06.25.21.0037.01
1
fzsin(bzz)erf(c+az)afz:: S
4b(a*+b?)

a?c? za?+ca+biz a?c? iza®+cia+bz
a|Va?+bi (az—n'b)exp[ ]erf +(b-ia?)ya®-ib @(p( . ]erfi -

& +bi a+bi a“—ib Va-ib
2(a* +b?) & cosbZ)ef(c+az)

06.25.21.0038.01

fzsin(bzz) erf(@ndz=

1 ia®+b)z
a|Va?+bi (az—u‘b)erf(\/ a+bi z)+(b—u‘a2)\/a2—u‘b erfi u -2(a*+b?) cogbZ)erf(az)

4b(a.4+b2) a2_ib
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06.25.21.0039.01

fz3 sinbZ)ef(az dz=

5[257 (abf((«/?erf( (aZ+bi)22 )—\/—_2@—(a2+bx)z2 (a2+bi)22 )/((a2+bi)zz)3/2+
(\/;erf( (a2-ib)Z )—W—Ze*(az—ib)f (@-ib)Z )/<(a2_ib)22)3/2))+

a:bz [a (_iaz_b)\/a2+bi erf(\/a2+bu' z)+(a2+b'i)‘/ﬂerﬁ[@]]]_

VaZ-ib
2erfaz) (b2 cogbZ) - sin(b 7))

06.25.21.0040.01

fsin(bZZ)erf(az) jaz = @D @Ik 3, -ibZ) iaz i(—n‘b)“r;12kr(k+§,zzb22)
dz= -
z 5 /—m'bzz s 2k+1k! 5 /m'bzz o 2k+1k!

Involving cos and power

06.25.21.0041.01
. iazr & atkp2?k A o .
fz"‘ cosbz ef(azdz= N T (b2 "TRk+a+1,ib2) - (-ib2 "T2k+a+1, -ib2)
bvr ko + DK

06.25.21.0042.01

fz” cosbz) erf(azdz=
m-k k+1
ib2n 2 n (b (-a?2)2 " o _ib ib
[——] an! (=ib)" ( ) Z( k) - \-a z-
2bVr 4’ m=0 m! k=0 24/ —a2 24/ —a2
2\3 (kD 2
ib k+1 ib
—[\/ -a? z- ] r - —[\/ -a z- ] -
2y -& 24 —a?
m-k k+1
n (—ib™ a2)z ™™ m m ib ib
anV(ub)"Z %) Z( ) - vV -a2 z+
m! k [
m=0 : k=0 2 _a2 2 _a2
2y; kD 2
ib k+1 ib
—[\/ -a? z+ ] r - —[\/ -a® z+ ] -
2y -a2 2y -a2

p2

V7 (ib)"e*? ef(an)Tn+1, —ib2) - (-)"T(n+1,ib2)/;neN
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06.25.21.0043.01
1 b? L , .
pl-— —izb-a? 22][2@4a2+a Vr ef(az (2be'®?zsin(bz) + 2?P? + 1) a® +

fzcos(bz) ef(@az)dz== —— ex [
422 Vn 4a

b2 2
Ll ) 2za“+bi ) b
u‘{—Zab«z‘*a2 (-1+¢27°7) + (222 + b?) & z(za?+bi) \/—erf( 5 ] (2a2+b2)ez(zaz+b‘)\/7erfi[2—+aiz]]]
a a
06.25.21.0044.01
1
fzz cosbzef(azn dz== ——
sa‘bdvVn
b2
————izb-a? 7 5 b i ; :
[e a2 [ 8 p2(ze+bi) \/_erf|[2—+anz]a +8e4a \/_erf(az)( (1+"'2tbz)z+@£bz(b222—Z)Sn(bz))
a
2 1,.(b .. 1.(b .
a4+8be5a3+8bezb[a_2+8xz)a3—4ib2ezb(a_2+8xz)za3+

i b b i b( +85z)
407 o4 iza® - 202 22 V7 exfi 2—+auz Z+2b3 et a+2b3e’ @ a+
a

2za%+bi

_ b
(8a* + 217 &% + b*) £2(22°+07) \/_erf[ 5 )_b“eZ(zazwr)\/?erﬁ[z—+aiz)]]
a a

06.25.21.0045.01

1 —i—x‘zb—azzz
fz3 cosbz) erf(az) dz==
w2

] b
I Py (—48u‘ez(zaz+b£)\/7erfi(—+aiz) a+
16a80*Vr

2a
+a2 2 ) .
8et2  Vr ef(az (2b3e‘bzsin(bz)23+3(b222—2w‘bz+e2‘bz(b222+2bu‘z—2)—2))a6—

b2 1 (b ) b2
— — ~b| —=+8iz —
8ib3 et (a2 )22a +8b3e4a2u22a —48be4® ja° +48be” \@ ia®+24b% et za® +
w2

1y(b b
2402 * (az ]za B _ 12 b? g2(23%+bi) \/_erf|[2—+azz]a —4ib® e &3+
a

1. (b . b2 1.(b . L2 1
3 Zb(—2+8sz)‘ 3 4 3 " Zb(_2+8”) 5 — 5 4b( +8:z)
4p°e* \a ia’+4b%e%® za’+4b%e* 2 za®-2ibP et a+2b° et \@ ia+

2za% +bi , b
(4820 + 12b2 & + bP) 722 D1) \/—er[ ]—ib%2<232+b‘)«/7erfi[—+a¢z]]]

2a 2a

06.25.21.0046.01

fz“’l cosb?)erf(azdz=

-k 2k a+l . 2k ~f a+1

gz . w1 o (iD)*a F(T+k,—nb22) w1 o (—ib)¥a r( +k EbZZ)
b2 £ ;(-a=D) ib2) 2 b7

2\/—( ) ([ ) kzzé 2k+1k! ( ‘ ) =0 2k+1Dk!
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06.25.21.0047.01

fzcos(bzz) eff(c+azdz=
1 ibc? 2ia?bc?) |[(@+i)(za?+ca-ib2)
exp| - (L+ia(a®+bi)Via*+b exp erf -
aVZ b+t | a+bi al+ b vz ia+b

\ (1+i)(za® +ca+biz ibc?
-1 a(a®>-ib)yb-ia erfi[ ( )]+2(a4+b2)exp( i .]erf(c+az)sin(b22)
\/? ’b—iaz ac+bi

06.25.21.0048.01

fzcos(b P)efazdz=

7(—\4/751\/ b-ia? (az—ib)erfi((—l)3/4\/ b—ia? z)+
4b(a* +b?)
V-1 a(b-ia?)yia®+b erfi({l/j\/ia2+b z)+2(a4+b2)erf(az)sin(b22))

06.25.21.0049.01

1
fz3 cosbZ)ef@andz=—

= [iabZ3 ((_\/Ferf( (a2 +bi)Z )+\/7+2@—(a2+bi)22 (&2 +bi)Z )/((a2+bi)22)3/2+

avn
(V?erf( (az—ib)zz)_\/—_ze—(az—fb)zz (az—ib)zz)/((aZ_y'b)zz)?’/z)_,_
i(‘ b—ia’ (ia2+b)erfi[(_1)3/4\/b_i32 Z)+\/ia2+b (a2+bi)erfi[ﬁ\/MZ))+

2(a* +b?)

erf(az) (bsin(bZ) Z + cosb 22))]

06.25.21.0050.01

fcos(bzz)erf(az) az i(u’b)‘kaZKF(k+§,—u’bzz) az i(—ib)'kaz“r(k+%,u'bzz)
dz::— _
z 2y —nibZ2 KO (2k+Dk! o rib2 k0 2k+ k!

Involving exponential function and trigonometric functions

Involving exp and sin

06.25.21.0051.01
1

2(0?+¢?)

febz sin(cz) erf(az) dz==

bio? _27a%+b-ic ibe  (_2za’+b+ci )
e 4+ j|(b+ci)ef —Ha —(b-ic)e? ef —Ha +2¢eP2erf(az) (bsin(cz) - ccos(c2)
a a
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06.25.21.0052.01

fcbzzsin(czz) erf(az) dz=
i © (b-i0“a?*Ir(k+1, ~(b-ic)?) i © (b+ci)“a?*Ir(k+1, ~(b+ci) )
2vVr (b-ic) o @k+1k! 2v7r (b+ci) ico (2k+ k!

Involving exp and cos

06.25.21.0053.01

f@bzcos(cz) ef(az)dz=
1 Gric? e (_2za2+b+ci —2za2+b-ic
— |e @ [b-icge? ef| ———— [+ (b+ciefl ——— ||+ 2¢eP%erf(az) (bcos(c2) + csin(c 2)
2(0?+c?) 2a 2a
06.25.21.0054.01
febzz coslc?)erf(ag dz==
1 © (b+ci)“a21r(k+1, —(b+ci)?) 1 © (b-icy a2 r(k+1, ~(b-ic)?)
+
2V7 (b+ci) ko 2k+Dk! 2Vr (b-ic) ko 2k+ k!

Involving power, exponential and trigonometric functions

Involving power, exp and sin

06.25.21.0055.01
_ iaZ (—(b-i0)2™ " & (-)¥a2k(b-ic)?*
fz"’lebzsn(cz)erf(az)dz:: IrCk+a+1, —(b-ic)z)—
b-ioVr i @k+Dk!

iaZ (-(b+ci 2™ & (-Dka2k(b+ci) 2K
Z FRk+a+1, —(b+ci)2)
b+cVr ko (2k+ k!
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06.25.21.0056.01
fz” ePZsin(cz) erf(az) dz=
1 -n-1 1 -n-1
—-—ief(@z)I'(n+1, (ic-b)2)(ic-b) +—(=b-ic) ierf@zI'(n+1, (-b-ic)z2) +
2 2 2vVn
, m-k k+1
ey no1 1 M m b+ci b+ci
ia(-b-icy" e @ 1y — (—(b+ci)™(-a?)z "Fl)Z( ) - +\-a 7
m! k
m=0 k=0 2,[ _a2 2 _aZ
2y; kD) 2
b+ci k+1 b+ci
- +V-a z r T +v-a z| [||-
24 & 24 -a?
) m—k k+1
(b—i o) n 1 1 M m b-ic b-ic
ia@c-b e« 1y — (—-(b—io)"(-a?)z' ””)Z(k) - +V-a z
2V mo mM! k=0 2+ —a2 2+ —a2
2y; (kD 2
b-ic k+1 b-ic
_ +1 -a2 z rf——, - +y-a° z /ineN

24 -a2 2 24 -a2

06.25.21.0057.01

fz«ebzsin(cz) ef(az)dz=
i 1 . )
c‘aZZ[ [Zez(zaz”"”c)\/7(bz—icz—1) erf(az)a2+2(b—ic)e(b“°)za—(2a2—(b—ic)z)
422\ (b-i0)?
(b—ic)? b-ic ,
exp) +a2 2 ﬁerf[ —az) - 2 2@ D¢ \[7 (b7 4 ciz— 1) erf(az) a2 +
48 2a (b+ci)’

. (b+c')2 b+ci
2(b+ci)e®P?a—(2a% - (b+ci)’) exp[ Do 22] v erf( - az)]]
432 2a
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06.25.21.0058.01

i
fzzebzsin(cz)erf(az)alz: e &7
8a*Vn

1

[ - [4eZ(Za2+b-E'C) Vr (b-ic’Z-2(b-ic)z+2)ef(@aza’ +2(b-ic)e®92(2(bz—icz-2)a®+(b-ic))
(b-ioc)

2

(b—ic)

432

a+(8a4—2(b—ic)2a2+(b—ic)4)exp[

+a222]\/7erf(b_ic—az)]— 1

2a (b+ci)’

[4@2(”2”””) \/7((b+ci)222—2(b+ci)z+ 2efaza*+2(b+ci) e (2(bz+ciz-2)a% + (b+ci)2)a+

b+ci)’ b+ci
(8a4—2(b+ci)2a2+(b+ci)4)exlo[( ren +a222]\/7erf[ . I—az)]]
42 2a

06.25.21.0059.01

fz3 ePZsin(cz) erf(az) dz=
i e_azzz[ 1

1685V (b-ic)?
2(b—ic)e(b"'c)z(4((b—ic)222—3(b—ic)z+6)a4+2(b—ic)2(bz—icz—1)a2+(b—u'c)4)a—

[seZ(Za%—fc) Va ((b-ic’Z-3(b-ic)’Z+6(b-ic)z-6)erf(az a®+

(b-ic)?

b-ic
(48a6—12(b—u‘c)2a4—(b—u‘c)6)exp[ +a222]\/7erf( ' —az)]—

432 2a

y [8e2(2ﬁ2+b+”) Vr (b+ci®Z-3b+ci)’Z+6(b+ci)z-6)erf(az a®+
(b+ci)

2(b+ci) eV (4((b+ci)’ Z2-3(b+ci)z+6)a*+2(b+ci)’ (bz+ciz—1)a’+(b+ci))a-

(b+c')2 b+ci
(48a6—12(b+ci)2a4—(b+ci)6)exp[ ! +a? zz]ﬁerf[ ! —az)]]
432 2a

06.25.21.0060.01

w (b+ciy™a? (2L 4k —(b+ci) 2
ooy e e S )

(-(b+ci)Z

fZ"l ePZ sincZ)erf(ag dz=

2Vrn 2k+ 1) k!

=

=0

_ K a2k a+l (h_
(-(b-u‘c)zz)é(’“’”i(b i @ (St +k ~(b-i0) 7

k=0

k+ D k!
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06.25.21.0061.01

fzé’z2 sincZ)erf(ag dz=

(az(—\/(az—b+ci)22 b+\/(a2—b—ifc)z2 b—(b+cif)\/(a2—b—ic)z2 erf(\/(az—b+ci)zz)+

(b—ic)\/(az—b+ci)22 erf(\/(az—b—n?c)z2 )+cm/ (a?-b+ci)Z +ciy/(a®-b-ic)Z )+

Zebzzi\/(az—b+ ci)Z \/(az—b—ic)z2 erf(az)(ccos(czz)—bsin(czz)))/

(4(b—ic)(c—u'b)\/(az—b—ic)zz V(@-b+ci)Z

06.25.21.0062.01

febzzsin(czz)erf(az) iaz
dz=-
z 2V

[ 1 o (b—zfc)_kaZKF(k+%, —(b—ic)zz) 1 o (b+ci)_ka2k1"(k+%, —(b+ci)22)

V-b-igZ? kZ(; @k+Dk! [CorcoZ2 k; k+1)k!

Involving power, exp and cos

06.25.21.0063.01

az (—(b+ci)™® & (-Dka2k(b+ci)™2X
fz”’lebzcos(cz)erf(az)dz:: rek+a+1,—-(b+ci)z) +
b+ciVr i 2k+1k!

az (-b-i02 " & D b-ig™
b-ioVr o  Qk+Dk!

rRk+a+1, -(b-ic)2)
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06.25.21.0064.01
b 1 -n-1 1 -n-1
fz”e Z(;osz(cz)en‘(az)alz:—Een‘(az)r(n+ 1, (ic-b)yz)(ic-b) —5(—b—u’c) ef@I'(n+1, (-b-ic)2 -
K k
1 (broi? n l 1(7”}71) m m b+CI " b+Cl .
a(-b-ic" e @ nt Y —|(-(b+ci)”(-a%)? Z( ) - +V @ z
2V mo M! o K 2 2
= 24y —& 24 -a
2y; (kD 2
b+ci k+1 b+ci
—[ +y —a? z] r - —[ + —a? z] -
24 —a2 2y -a
k k+l
o2 n men S m b-ic | [ b-ic ’
a(ic—b) e 4@ n!Z— (—(b-icn™(-&a%)? Z( k) +V-a z
2V m=o M k=0 24/ _a2 24/ _a2
25 k=D 2
b-ic k+1 b-ic
- +V -2z FT'_ +vV-2a z /ineN
24 -& 24/ -a?

06.25.21.0065.01

fZebZCOS(CZ) erf@z)dz==
1 1 . )
e‘azzz[ [2@1(232”"”)w/?(bz—u‘cz—l) ef@za®+2(b-ic)e®9%a-(2a% - (b-icy)
4a22vVrn (b-ic)?
(b—ic)? b-ic ,
exp +a? \/Ferf( —az) + 2 2z@ b \[7 (hz 4 ciz— 1) erf(az) a2 +
4a 2a (b+ciy?

b+ci)? b+ci
2(b+ci)e(bm)za—(2a2—(b+ci)2) exp[g+a2 zz]ﬁerf( To —az]]]
4a° 2a

06.25.21.0066.01

1
fzz eP?cos(c2) erf(az) dz== i
8a*Vn

1

[ ; [4@2(23%“) Vr (b-ic¥Z-2(b-ic)z+2)ef(@anat +2(b-ic)e®92(2(bz—icz-2)a +(b-ic))
(b-ic)

2

—iC)

432

b b-ic 1
a+(8a4—2(b—ic)2a2+(b—ic)4)exp[( +a222]\/7erf( ! —az]]+
2a (b+ci)’

[4ez(za2+b+°") Va (b+ci’ Z2-2(b+ci)z+2)ef(@azat +2(b+ci)e®V?(2(bz+ciz-2)a +(b+ci)’)a+

b+ ci)? b+ci
(8a*-2(b+ci)’a+(b+ci)) exp[( ) +a? zz]ﬁerf[ ! —az)]]
482 2a
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06.25.21.0067.01
Z3 bz —
e’?coscz)ef(azydz=

1

@azzz[
168V (b-ic)?
2(b-i0)e® 9% (4((b-ic’2-3(b-ic)z+6)a*+2(b-icf’ (bz-icz-Da +(b-ic))a-

1

[sez(zaz*b"c) Vi (b-ic®Z-3(b-ic’Z+6(b-ic)z—6)ef(aza®+

(b—ic)?

bei
(48a6—12(b—ic)2a4—(b—ic)6)exp[ +a222]\/7erf( 5 IC—az}]+
a

432

1

- [Sez(zaz“””) Vr (b+ciy’Z-3(b+ci’ Z+6(b+ci)z—6)erf(az a®+
(b+ci)

2(b+ci) e (4((b+ci)’ Z2-3(b+ci)z+6)a*+2(b+ci) (bz+ciz-Da’+(b+ci)’)a-

b+ ci)? b+ci
(48a6—12(b+ci)2a4—(b+ci)6)exp[( ) +a? 22]\/7erf( ! —az]]]
482 2a

06.25.21.0068.01
o (b+ci ™ @ (%t +k ~(b+ci) ) .

az*t (~b+ci2)2 T+

fz‘”l &PZ cos(c?)erf(az dz=-

oI “ @k+ k!

(b—ic)‘kaZkr(% +k —(b—ic) 22)

(~b—i0) 22)5(’”_1)2
- 2k+1)k!

06.25.21.0069.01

fz«ebzz cos(c?)erf(az dz=

(az(\/(az—b+ci)22 b+\/(a2—b—ic)22 b—(b+ci)\/(a2—b—ic)z2 erf(\/(az—b+ci)22)—

(b—u‘c)\/(az—b+ci)z2 erf(\/(az—b—z‘c)z2 )—ic\/ (a2-b+ci)Z +ciy(a?-b-ic)Z )+

2eb22\/(a2—b+ci)22 \/(az—b—ifc)z2 erf(az)(bcos(czz)+csin(c22)))/

(47 + A& -b-19 7 (& -b+ci) 7|

06.25.21.0070.01

febzz cos(cZ)erf(a2) az
dz==-
z 2Vn
1 i (b-ic* azkr(k+ 2 —(b=i0) 22) 1 « (b+ci)® aZkr(k+ 2 —(b+ci) 22)
+
o107 2k + k! oronz =0 2k + k!

Involving hyperbolic functions

Involving sinh
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06.25.21.0071.01

1 b? b b
fsinh(b 2oef(azydz= — (2 cosh(bz) erf(az) + exp[—} [erf(— - az) - erf(— + az]]]
2b 482 2a 2a

06.25.21.0072.01

1 (&b air(k+1,b2) & b*a2ir(k+1, -bA)
fsinh(bzz) erf(@zdz=

+
2vV7 b ko 2k+ k! — k+1)k!

Involving cosh

06.25.21.0073.01
02

1( 2= b b
fcosh(bz) ef(an)dz= — [e4az en‘(— - az) + erf(— + az]] + 2erf(az) sinh(b z)]
2b 2a 2a

06.25.21.0074.01

© b a2 ir(k+1, -bZ) = (b *a*Ir(k+1,bZ2
fcosh(bzz) erf(@z dz== Z ( )_Z ( )
2vVr blico (2k+1)k! py 2k+ k!

Involving hyperbolic functions and a power function

Involving sinh and power

06.25.21.0075.01
azr & (_1)ka2kb—2k ~ ~
fz“‘lsinh(bz)erf(az)dz: STk (b2 T2k+a+1,b2)+(-b2) " I'(2k+a +1, —-b2))
bvVr ico (k+Dk!
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06.25.21.0076.01

fz” snh(bz) erf(az)dz=
. m-k k+1
(_1)n— b—2n b2 n m b
—  exp| — —an!b”Z o™ ( ( "Fl)Z( ] vV -a z+
2bvVnr 422 mo M! -0 24/ a2 24/ —a2
2y; kD 2
b k+1 b
[V -a% z+ r|—, -V -a z+ +

24/ —a? 24 -&

bZ
—(=b)" exp[— —2] Vr ef(@az Tn+1, b2 +(-)"T(n+1, —-b2) -
4

m-k k+1
m

no1
(-b"n! o (—a2)s ™ ( )
: " rrz.:;Jm! kZ: 24/ a2 24/ a2

2y; (kD 2
b k+1 b
—[v -a% z- F—2 -V -a z- /ineN
24 —a2 24 -&
06.25.21.0077.01
fzsinh(bz) ef(azdz=

2

1 (Zzaz+b)

\umilie 2 b
S ) 2@a2£\/7(bz+ P2 (bz-1) +1)ef(aga®-2e *= \/?erf{—+az)a2+
42 bZ\/F 2a

(ZZa +h)2 (Zza +b)2

2be?PZa+2ba+bPe 4@ \/—erf(—+az] (282 -b?)e a2 \/—erf[——az]

06.25.21.0078.01

fzzsinh(bz)erf(az)dz:
1 (ZZa +b)
E— L] 4@3222\/7(b222+2bz+e2bz(b222—2bz+2)+2)erf(az)a4—8e aa? \/—erf(—+az)
8a‘b3Vr
(22a+b)2 b
8be?P2a® + 8bhad + 402 e2P2za3 + A% za® + 212 e 4@ \/—erf[2—+az]a +2b%e?7a
a

(Zzaz-v-b) (22a2+b)

2b%a-ble 4@ \/_erf[—+az) (8a*-2b?@+bY)e 4@ \/—erf[——az]
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06.25.21.0079.01

fz3 sinh(bz) erf(az) dz==
1
—r@’z(zaz*b)[seaZZZv?(b3z3+3b222+ebzwwzaﬁf-3b222+ebz-6)+e)erf(az>a6-
16a8b* vV
(Zza2+b]2 b
48¢ 4@ \/?erf[z—+az]a6+48beZbZa5+8b3eZbZzza5+8b322a5+48ba5—24b2e2bzza5+
a
(Zzaz+b)2

= b
2412735 + 122 ¢ 42 \/7erf[2— +az]a4—4b3e2bza3—4b3 a®+4b%e?P7za® - 4% zaB +
a

(Zzaz+b)z b (22a2+b)2 b
2% e?PZa+ 2P a+hbe 4 \/Ferf[z—+az]—(48a6—12b2a4—b6)e aa? \/Ferf[z——az]
a a
06.25.21.0080.01
f 7 'snh(bZ)ef(az dz==
-k 2k f @+l _k 2k o @+l
az(l/+1 1707 a+l © (—b) a’ F—+k,b22 a+l © b~ a F—+k,—b22
(22 (b)Y (5 )—(bzz) ) % )
e & (2k+ k! & 2k+ k!
06.25.21.0081.01
1
fzsinh(bzz)erf(c+ azdz=—— %
4(b3-a*b)
a? c? za?+ca-bz a2 c? za?+ca+bz
[a[\/az—b (a2+b)exp[ . ]erf ]+(a2—b) a?+b exp[ . Jerf ]]—
a’-b a&-b a’+b Vva+b

2(a* - b%) &% cosh(bZ) erf(c+ az)]

06.25.21.0082.01

fzsinh(bzz) erf@z)dz==
m (a(\/ a’-b (a2+h) erf(\/ a?-b z) +(a® - b) \/a2 +b erf(\/ a+b z)) - 2(a* - b%) cosh(b Z) erf(az))
06.25.21.0083.01
fz3 sinh(bZ)erf(az)dz== é [_ ;3; ((\/7 erf( (@-b) 2 ) V7 =287 (22-b)Z )/((az “b) Z2)3/2 .\

(\’7 e”(\/m )—«/7 ~2¢ @2 (2 10) 2 ) / (a2 +b) 22)3/2)+
abz(“ a’~b (a2+b)erf(v a®-b Z)+(b—az)\/a2+b erf(\/a2+b z))+

at-

2erf(az) (b2 cosh(b Z2) - sinh(b 22))]
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06.25.21.0084.01
sthibZ)er(@s az & D@k 502) gy e bk 5 -b2)

f z 2= 2 2k+ 1) k! - 2 2k+ 1) k!
2\ b2 k0 ' 2V —nhZ k0 )

Involving cosh and power

06.25.21.0085.01
azr & (_1)ka2kb—2k _ ~
le-lcosh(bz)erf(az)dz: Tk (-b2™Tr@2k+a+1,-b2) - (b2 "TQ2k+a+1, b2)
bVr ico (Ck+Dk!

06.25.21.0086.01

fz” cosh(bz)erf(az)dz==
1 m-k k+1
= (-m-1)
-)"b2n (P2 N (-b)" (-8 m o m b b
—exp| — an!bnz(—)Z(k)— \-a2 z+
2bVr 482 m=0 m! k=0 2/ a2 24/ _a2
2y; kD) 2
b k+1 b
[V -a% z+ FT,—\/—a22+ -
2y -a? 2 -a2
1 m-k k+1
n pM(-a? 2CMD m b b
an! (b | )v Z( k) V-2 z-
m=0 m: k=0 2+ —a2 2+ —a2
2y; kD 2
b k+1 b
[V -a% z- FT,—V—azz— -
24 -a? 24 -a?

b2
Vi (=b)"e 42 eff(az) T(n+1, b2 - (~D"T(N+1, -b2)/;neN

06.25.21.0087.01

fzcosh(b 2 ef(az)dz=

2
1 (22?45 b
o 2(za+D) —Zeazzz\/7(bz+@2bz(l—bz)+1)erf(az)a2+2e 42 \/7erf(2—+az)a2+
a

4202\

(22a2+b)2 (2232+b)2

“w b b
2be?PZa-2ba-b2e 42 \/7erf(2—+az]—(2a2—b2)e aa? \/Ferf[z——az]
a a
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06.25.21.0088.01

1
fzz coshb2 ef(az dz= — ¢2(z&D)
8a‘b3Vr
(22a2+b)2 b ,
Bexp ——— \/7erf[2—+az)a4—8ea 22\/7erf(az)(—bzaebzsinh(bz)zz+bz+eZbZ(bz—1)+1)a4—
4 a
(Zza2+b)2 b
8be?PZa® —8bad +4b% e?PZ2zad — 42 zad - 2h%e 4% \/Ferf[2—+az]a2+2b3e2bza+
a
2
(22@12+b)2 b (22?0 b
2b%a+btexpl ——— |V ef —+az)+(8a4—2b2a2+b4)e 4@ Ar erfl —-az
482 2a 2a
06.25.21.0089.01
fz3 cosh(b2) erf(az)dz==

1

o Z(za+h) —8@3222\/F(b323+3b222+6bz+e2bz(—b3z3+3b222—6bz+6)+6)erf(az)a6+

1628 b* vV

(22a2+b)2 b

48exp - \/Ferf[z—+az)aﬁ+48be2bza5+8b3e2bzzza5—8b322a5—48ba5—24b2e2bzza5—
4 a

Zzaz+b)2 b
2417 za® — 12 b% exp — \/7erf[2—+az]a“—4b%2bza3+4b3a3+4b4e2bzza3+4b4za3+
4 a

et b (22az+b)2 b
2b°e?P?a-2b°a-hle 4 \/7erf[—+az]—(48a5—12b2a4—b6)exp - \/Ferf[——az)
2a 432 2a
06.25.21.0090.01
fz‘”l cosh(bZ)erf(az) dz==
azl L e o (-D) @[22 +k b2 e o bK@XT(Z2 4k —bZ
(-2 2) " (02) 7 Y (5 )—(bzz)z > % )
Ne3 - 2k+1)k! - 2k+1)k!
06.25.21.0091.01
1 bc? za®+ca+bz
fzcosh(bzz)erf(c+az)dz==—7 a(@®-bjya’+b exp[— ]erf +
4(b%-a*b) a+b [ +b

+2(a® - b)erf(c+az sinh(bZ)

bc? —za?-ac+bz
(a®+b)|layb-2a® exp erfi

2 _
a b b a2
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06.25.21.0092.01

fzcosh(bzz) erf@zydz==
m (a(a2 -b) \/a2 +b erf(\/a2 +b z) +(a® +b) (a\/ b-a? erfi(\/ b-a? z) +2(a? - b) erf(az)sinh(bzz)))

06.25.21.0093.01

fz3 cosh(bZ)erf(az)dz= i [_ 23; ((\/7 erf(,/(aZ_ b) 2 )_ Vi - 2607 [ (a2 1) 2 )/((az—b) 22)3/2+

(V7 at(\(@ 02 )+ Vi +2e @02 (@ +0)2 ) /(a2 +5) 7))+

((az—b)\/a2+b erf(\/a2+b z)—\/b—a2 (az+b)erfi(\/b—a2 z)+

2erf(az) (bZ sinh(bZ) - cosh(b 22))]

at-b?

06.25.21.0094.01

fcosh(bzz)erf(az)d az & b ¥aT(k+ 3, b2) az = b*a@T(k+ 3, -b2)
_ A7 ==-— —

z o\ xbZ k0 2k+1k! 2 /—nbzz =0 2k+1k!

Involving exponential function and hyperbolic functions

Involving exp and sinh

06.25.21.0095.01

1
febzsinh(cz) erf@z)dz==
2(b*-c?)
(b—-0)? be -2za%+b+c -2za%+b-c
exp) b-geefl] ———— |- b+ erf| ——— || + 2¢°Zerf(az) (bsinh(c 2) - ccosh(c 2))
432 2a 2a

06.25.21.0096.01
febzzsinh(czz)erf(az)dz:

1 © (b+0 “a2Ir(k+1, —(b+0)7) 1 © (b-0“a2Ir(k+1, -(b-0)7)

2V (b+0) ico @k+Dk! 2y (b-o0) ko (2k+ 1 k!

Involving exp and cosh

06.25.21.0097.01

febz cosh(cz) erf(az) dz==

1 (b-0? _27a%+b-c be -2za%+b+c
e |b+oefl — |+ (b-0 e efl ————— ||+ 2eP%erf(az) (bcosh(c 2) — csinh(c 2)
2(0? - 2a 2a
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06.25.21.0098.01

febzz cosh(cZ) erf(ag)dz=
1 © (b-0 “aIr(k+1, -(b-0)7) 1 © (b+0 “aIr(k+1, —(b+0)7)
+
2Vr (b-0) i @k+Dk! 2Vx (b+0) ko @k+Dk!

Involving power, exponential and hyperbolic functions

Involving power, exp and sinh

06.25.21.0099.01
az (-(b+0 2™ & (-Dka?k(b+c) 2K
fz“’lebzsjnh(cz)erf(az)dz:: IrCk+a+1,-(b+0c)2 -
b+oVr o (2k+ k!
az (-(b-02)" &, (-1ka2k (b - )2
b-oVr o Zk+Dk!

06.25.21.0100.01

Ir2k+a+1,-(b-02

1 1
fz” PZsinh(c2) erf(az) dz= -3 (~c—by " tef@anrin+1, (-c-b)2) + 5 (~-b+o " tef@r(n+1, (~b+0)2) +

, m-k k+1
oo no1 Limn </ m b-c b-c
a(-b+0) "te 4 n!Z— (—(b—c))m(—az)Z( Wl)Z( k) - +\ -a? z
2Vn mo M! k=0 24/ a2 24/ a2
2\7 (kD 2
b-c k+1 b-c
—[ +y —a? z] r—, —[ + —a? z] -
2
24 —a2 24 —a?
, m-k k+1
el no1 1 M om b+c b+c
a(-c—b) "te 4 n!Z— (—(b+c))m(—a2)2( WI)Z( ) - +vy-a z
m! k
2Vrn m=0 ' k=0 24/ —a? 2/ —a?

2
b+c k+1 b+c
- +V -2z r|—, - +y-a° z /ineN

2V —-a?
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06.25.21.0101.01

1
fmbzsinh(cz) erf(@azdz== ik
422\ n
1 0ro? 22 b+c
220 1 bzt cz-Def@z a +2(b+c)e®9%a- (222 - (b+0)%) e +? h \/7erf(— —az) -
(b+c’ 2a
1
(b-cy

(S5 b-c
[2 2230\ (hz_cz-ef(@aza®+2((b-c)e®9Za— (282~ (b-cf)e +* T erf[z— - az]]]
a

06.25.21.0102.01

1
fzz eP?sinh(cz) erf(az) dz== o7
8a*Vr

1 2

[ - [4@2(Za +bec) \/7((b+c)222 -2(b+0z+2)ef@aga’+2(b+0)e®9?(2(bz+cz-2)a + (b+c)2)a+
(b+0)

2

b+c
(8a4—2(b+c)2a2+(b+c)4)exp ®+9
42

+a? zz]ﬁerf[w —az]]—

2a

1

- [4ez(zaz+b‘°) V?((b—c)zzz—Z(b—c)z+ 2efaza*+2(b-0e®9%(2(bz-cz-2)a? +(b—c)2)a+
(b-0
2

b- b-c
(8a*-2(b-0’a+(b-0" exp[( ) +a? zz)ﬁerf(— —az]]]

42 2a

06.25.21.0103.01
fz3 eZsinh(cz ef(az) dz=
1 1

eazzz[
1688V (b+o?
2(b+C)e(b+c)Z(4((b+C)222—3(b+C)Z+ 6)a*+2(b+0)’ (bz+ cz-Da’+(b+c’)a-

[8 )\ (b+ 0’2 -3(b+c’ Z+6(b+0)z-6)ef@za’ +

+0)°

b
(48a°-12(b+ o?a* - (b+ c)e) exp| (
482

+a 22] Vr erf[E - az]] -

2a

1

[Sez(zaz*bc) Va (b-0*Z-30b-0?Z+6(b-0z-6)ef@aza’+

b-o’

2(b—C)e(b_C)Z(4((b—C)222— 3(b-c)z+6)a*+ 2(b-c¢(bz-cz- 1)a2+(b—c)4)a—
2

b- b-
(48a6—12(b—c)2a4—(b—c)6)eXp[( ) +a222]x/7erf[—c-az]]]

482 2a
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06.25.21.0104.01

sz ebzzsinh(czz)erf(az)dz: aztt
2V
. . (b—c)’ka2kl"(£+k, —(b—c)zz) . w (b+c)*ka2kr(ﬂ+k, -(b+c)z2)
—b—CZZE(_a_D 2 (b CZZE(_Q_]_) 2
( ( ) ) kzz(; 2k+1Dk! ( (b+o ) é 2k+1k!

06.25.21.0105.01
fzé’zzsjnh(czz) erf(@az) dz=

(az(\/ (&?-b+c)Z b+(b+c)\/(a2—b—c)z2 erf(\/(az—b+c)zz)+(c—b) (&®-b+c)Z

erf(\/—(—a2+b+c)22)—b\/(az—b—c)z2 —c\/(az—b—c)z2 —c\/(az—b+c)zz)+

27 \/(az—b—c)zz \/(az—b+c)z2 erf(az)(bsinh(czz)—ccosh(czz)))/

(4(b2—cz)\/(a2—b+c)22 \/—(—a2+b+c)22)

06.25.21.0106.01

f@bzz sinh(cZ)erf(a2)
Z==
z

az [ 1 o b+ & I(k+ 2, ~(b+0) 7) 1 o (-0 & I(k+ 2, -(b-0)7)

V-b+0Z % (2k+Dk! m% 2k+Dk!

Involving power, exp and cosh

_2\/7

06.25.21.0107.01
az (-(b-02 " &, (-1ka2k (b - )2
fz‘”l ePZcosh(cz) erf(az) dz== I'2k+a+1,-(b-02+
(b—C)"JT iy 2k+1k!
az (-(b+0)2* &, (-Dka2k(b+c) 2K

(b+c)\/7 k=0 2k+1k!

Irek+a+1,-(b+ 02
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06.25.21.0108.01

1 1
fz” *Zcosh(cz) erf(az)dz = -3 ef(@zT(n+1, (~-c—b)2) (~c—b) ™™t - 5 (~-b+o) " tef@r(n+1, (~b+0c)2) -

, m-k k+1
) no1 1. T m b-c b-c
a(-b+0) " e 4 n!Z— (—(b—c))m(—az)Z( Wl)Z( k) - +V-& z
2Vn mo M! k=0 24/ a2 24/ a2
2y; (kD 2
b-c k+1 b-c
—[ +v —a? z] I - —[ +y —a? z] -
24 -a? 24 -a?
, m-k k+1
1 b0 no1 1 M om b+c b+c
a(-c—b) "te 4 n!Z— (—(b+c))m(—a2)2( WI)Z( k) - +y-a z
2Vn mo M! k=0 24/ —a2 24/ _a2
27 kD 2
b+c k+1 b+c
- +V -2z FT'_ +vV-2a z /ineN
24 -& 2y -a?
06.25.21.0109.01
1
f zePZcosh(c2) erf(az) dz == e F?

422\

1 (b-0)2 2 p b-c
[ [2@2(2a2+b°) Vr (bz-cz-Def@aga +2(b-c)e®9%a-(2a% - (b-cf)e +* @ V?erf(— —az))+
(b—c)2 2a
1

(b+0)?

002 2 2 b+c
[2 229\ (bz+cz-Derf(@aga + 2(b+c) e 9%a— (222 - (b + ) e 422 Y erf(z— - az]]]
a

06.25.21.0110.01

1
fzz eP?cosh(cz)erf(az) dz = e 7
8a*Vrn

1
[ - [4ez(zaz+b‘°) \/;((b—c)zz2 -2(b-oz+2)efaza*+2(b-0e®9?(2(bz-cz-2)a’+ (b—c)z)a+
(b-0

(b-0?
.

2 2
(8a4—2(b—c)2a2+(b—c)4)e @

ﬁerf[bz;ac —az]]+

1

- (4@2(232”’”) Vr ((b+cfZ-2(b+c)z+2)ef(@aza’ +2(b+c) e®9?(2(bz+cz-2)a + (b + o)) a+
(b+0)

(b+c)2+ 2 b+c
(8a4—2(b+c)2a2+(b+c)4)e PR g erf[z——az]]]
a
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06.25.21.0111.01

fz3 ePZcosh(cz) erf(az) dz==

1 1

e—azzz[
1688V (b-o*
2(b-c)e®9%(4((b-cf Z-3(b-0)z+6)a* +2(b-0’(bz-cz- a2 +(b-0*)a-

00 22 b-c
Vi efl — —az||+
2a

[8 )\ (b-0’ 2 -3(b-c’ Z+6(b-0)z-6)ef@za’ +

(48a°-12(b- o?a*~(b- c)6) e #

1

y [8 g2 (23 bee) ([ (b+0’Z-3(b+c’Z+6(b+0)z-6)ef(azna’+
(b+0)

2(b+c)e‘b*°)2(4((b+c)222—3(b+c)z+ 6)a4+2(b+c)2 (bz+cz- 1)a2+(b+c)4)a—

002 2 2 b+c
(48a° —12(b+ )’ @’ — (b+0)°) e 422 - V?erf(z——az)]]
a

06.25.21.0112.01

fz‘"l &P? cosh(cZ) erf(az) dz==

Azt ot o0 (b+c)‘ka2kr("2i+k, —(b+c)22) o1 0 (b—c)‘ka2kr(%+k, —(b—c)zz)
- (-b-07) 2 > +{c-p2) 7 )
2V pary 2k+ k! par 2k+ k!
06.25.21.0113.01
fmbzz cosh(cZ) erf(az) dz==

(az(\/(az—b—c)z2 b+\/(a2—b+c)z2 b—(b+c)\/(a2—b—c)z2 erf(\/(az—b+c)22)+

(c—b)\/(az—b+c)z2 erf(\/—(—a2+b+c)z2 )+c\/(az—b—c)z2 —c\/(az—b+c)z2 )+

2eb22\/(a2—b—c)22 \/(az—b+c)z2 erf(az)(bcosh(czz)—csinh(czz)))/

(4(b2—c2)\/(a2—b+c)22 \/—(—a2+b+c)22)

06.25.21.0114.01

f eb? cosh(cZ) erf(a2)
dz=
4
az 1 i(b—c)‘ka”r(m%,—(b—c)zz) 1 i(b+c)'ka2kr(k+%,—(b+c)22)
- +
2Vr (cop2 &0 2k+1k! [Co_gz i @k+ k!

Involving logarithm

Involving log
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06.25.21.0115.01

flog(b 2ef(aznydz=

2avn

Involving logarithm and a power function

Involving log and power

06.25.21.0116.01
1

Vi a?(@+1)7?

(@+1)? (\/7 erf@z) (alogb2 - 1) (a 2)

L ae @
fz"‘llog(bz) erf(@az)dz== 7 (a? 22)2( Y (ZaZcszz(E +

a+l

atl a
2 +az

USs

06.25.21.0117.01

az
36Vr (222)"°

[azxj a7 (4a22F2(2, 5

leog(bz) ef(az)dz==

06.25.21.0118.01

fzz logbz) erf(az) dz==
1

18a3Vrn

06.25.21.0119.01

fz3 log(bz) erf(az) dz=

40023 V7 \ a2 2

5
25[3x/7|og(z)+r(§, 222)(1—4Iog(bz))])
Involving functions of the direct function
Involving elementary functions of the direct function

Involving powers of the direct function

06.25.21.0120.01
20 F7

2 1 2
ferf(az) dz==—-|azerf(az” +
a T

erf(az)—\/?erf(\/? az)]

Involving products of the direct function

a? 22] +9Vr erf(az) (2logbz) - 1)] -9

e (—eazzz Ei(-a® )+ 2ae*? Vr zerf(@az) (logb2) - 1)+ 2log(bz) - 2)

a+1
, a2 22) (@logbz)-1) —a F(T) Iog(z))))

3
[«/7 log(2) + F(E, a2 22) (1-2log(b z))))

e’aZZZ(Za%aZZZ\/?erf(az) (3Iog(bz)—1)23—2a222+6a2Iog(bz)22—3eazzzEi(—a222)+6log(bz)+1)
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06.25.21.0121.01
ferf(az) ef(b2dz=

_h2
ebzz

erf(az) (zerf(bz) +

[+ oV o o< e V7 ) a7 v

Involving functions of the direct function and elementary functions

bvr

Involving elementary functions of the direct function and elementary functions

Involving powers of the direct function and a power function

06.25.21.0122.01
4az! (a®2)

+
anr kzol 2k+1k! a

@
2

(-D*T(k+ s+1,d ) zerf@z?

fz“‘l erf(az’dz==

=S}

06.25.21.0123.01

fzen‘(az)2 dz== —— (n(2a222— 1) ef(az’+4ae®? \/72erf(az)+2e‘23222)

422
06.25.21.0124.01

fzz ) 1 2 5 Se"azzz(a222+1)erf(az) 4ae2@? 7_5+2x erf(\/?az)
ef(az)*dz=—|4ef(az)"z + +
12 a3V an

06.25.21.0125.01

fz3 ef(az’dz= ——

y (@’2a222(4a222+4a@3222\/7(2a222+3)erf(az)z+ezazzz7r(4a4z4—3)erf(az)2+8))
16a*n

Involving products of the direct function and a power function

06.25.21.0126.01

fz‘"l erf(az)erf(bz) dz==

Zef(azerf(bz) N 2bz(a? 22)_% (—az)_k b r(k+5+1,82) 2az (b 22)_% aZk (—bz)_k T(k+5+1,022)

Z 2k+ 1 k! ’ Z 2k+Dk!

a raa P mab o
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06.25.21.0127.01

fzz erf(az erf(bz)dz=

2 2
2 aerf(\ja +b z) ab? A

1
6| p*vr N 2V ((8+1?) 22)3/2

“#7 (2241
Vi +2e @7 (a2+b2)22) +2[erf(az)z3+ il )

a3V

b e—(a2+b2) 2

(2 a2y a2 +b? z—(3a%+207) @7 erf[\/ a?+b? z])

a®(a? + b2)3/ r

Involving power of the direct function and exponential function

06.25.21.0128.01
-2 7

e V7 logerfaz)
f dz=

ef(az) 2a

06.25.21.0129.01

Vr ef(az™
fe*azzz ef(@z dz= —

2a(r+1)

Definite integration

For thedirect function itself

06.25.21.0130.01

f t*terft)dt = -

0 T

a+1l
F( > )/;—1<Re(a)<0

Involving the direct function

06.25.21.0131.01
f t* e erf(t) dt ==

0
1 (1 (a+1 a+1
7T(a) - — —F( )2F2 ,
T\« 2 2

N R

Re(2) > 0ARe@) > -1

Integral transforms

Laplace transforms

—e PP (022 +1)erf(az) + - (_v? erf( (a2 +12) 2 )+

]erf(bz) +
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06.25.22.0001.01

12 z
Lijerf(t)](2) == —e4 erfc(—) /i Re(2) >0
z 2

Mellin transforms

06.25.22.0002.01

Milerf®)] (2 = -

z+1
F(T) /, -1< Re(Z) <0

wZ

Representations through more general functions

Through hypergeometric functions

Involving 1F,

06.25.26.0001.01

2z 13
erf(9) = — 1':1(—; -, —22)
NP

Involving ,Fq

06.25.26.0018.01

2z 1157 27 33772
ef(d=—1F| = =, = — |- iFof= = =1 —
V 4 2 4 4

Involving hypergeometric U

06.25.26.0002.01

erf(2) == i [1—ie—£u(1 E22]]

e

Through Meijer G

Classical casesfor the direct function itself

06.25.26.0003.01

Z

z
ef( = — Gié
T

06.25.26.0004.01
a

nZz

erf(2) =

iz

06.25.26.0005.01

1
erf(2) = — Gié[zz

T

]/; Re(2) >0

1
70
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06.25.26.0006.01

ef(Vz )= il G}é[z

1]
1
bl E’O

Classical casesinvolving exp

06.25.26.0019.01
1
Ev
1
Eq ’

e

Z ]/;—7—T<arg(z)s—
2

o7 ef(2) =-n G;% >

06.25.26.0020.01

af(Vz)=-n G;;g[z

Classical casesinvolving erfi

06.25.26.0007.01

orf(VZ ) erfi(Vz ) = -7 V2. Géé[

[EEY

1
E 5 , 0 ]
1 3
4133300

Generalized casesfor thedirect function itself

1
51

06.25.26.0008.01

1 1
ef(n) = — Gi’%[z, —
~ L2

06.25.26.0009.01

1 L 1] 1
ef(z=1- —Gj,[z = 0. 1
bis 2|93
06.25.26.0021.01
z 1 1 z 1 1
erf(Z):nGtg[—, “110 3)—ﬂGi:g[—. NN l]
V2 412 V2 4l e
Generalized casesinvolving exp
06.25.26.0022.01
b 1,1 %' 0
e’ ef(n =-nGy3|z - N
2100
2
06.25.26.0017.01
z . o 411 11 2 4
e erf(\/;)::(1+z)\/27r Ga|-— 2|, 0 1 -Gpalz| 0 /;—E<arg(z)57r
272 2

Generalized casesinvolving erfi

06.25.26.0010.01

e

z

vz

PN

’ l

ef(efiz) =-rV2 G%é[

0
,0,0

Bl N

N
Blw
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06.25.26.0011.01

. 10[ z 1 1 ]
ef(2+efi(@=27G5| —, — | 1 3
vz 4203
06.25.26.0012.01
1 1
erf(2 — erfi(2) == —27rGi'g — —| 3 1]
vz 4] 202

Through other functions

06.25.26.0013.01
erf(z) == erf(0, 2

06.25.26.0014.01

Cht

T

erf(2) ==

06.25.26.0015.01

=2 1-q(2.¢)

06.25.26.0016.01

erf(z) = —— — z Ei(%)
\/7 2

Representations through equivalent functions

With inverse function

06.25.27.0001.01
erf(erf’l(z)) =z

06.25.27.0005.01
erf(erfc"l(l -2)=z

06.25.27.0006.01
erf(erf (0, 2) =z

With related functions

06.25.27.0002.01
erf(2) = 1 - erfc(2)

06.25.27.0003.01
erf(2) == —i erfi(i 2)

06.25.27.0004.01

[ [(1—i)z] g[(l—i)z))
erf(2) = (1+4)|C| —i
vr 3
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Zeros

06.25.30.0001.01
ef(2==0/,z=0

Theorems

Limit theorem of de Moivre-Laplace
In alarge number of Bernoulli trials, the probability that a random variable X with a standard binomial distribution

Pk) = (E) P - p)n_k takeson avaluea < x < b isgiven by

limPlas ———— <b|=—|afl — | -ef| —||.
=1 e ) 202 e

The smoothing function occuring in hyperasymptotic expansions across Stokes lines

The smoothing function s(¢) occuring in hyperasymptotic expansions across Stokes lines is of the universal form
S = 5 A+ erf ().

History

—A. deMoivre (1718,1733)

—P.-S. Laplace (1774)

—A.de Moivre (1788);

—P.-S. Laplace (1812) derived an asymptotic expansion
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