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Traditional name

Generalized error function

Traditional notation
erf(zlr 22)
Mathematica StandardForm notation

Erf [211 22]

Primary definition

06.26.02.0001.01
erf(z, 2) == erf(z) - erf(zy)

Specific values

Specialized values

06.26.03.0001.01
erf(z;, 0) = —erf(z))

06.26.03.0002.01
el’f(O, 22) = eff(ZZ)

Values at fixed points

06.26.03.0003.01
erf(0,0 =0

Values at infinities

06.26.03.0004.01
erf(z, o) == 1-erf(z)

06.26.03.0005.01
erf(z, —o0) == —erf(zy) - 1

06.26.03.0006.01
erf(oo, 20) == erf(zp) - 1
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06.26.03.0007.01
erf(—oco, ) == erf(z) + 1

General characteristics

Domain and analyticity

erf(zy, z») isan analytical function of z;and zwhich is defined in C2. For fixed zit is an entire function of z. For
fixed zit isan entire function of z.

06.26.04.0001.01
(z1x2p)—erf(z, 2) :: (CRC)—C
Symmetries and periodicities
Parity
erf(z1, 2) isan odd function.

06.26.04.0002.01
erf(-z, -2) = —erf(z, )

Mirror symmetry

06.26.04.0003.01
erf(z, ) = erf(z, )

Permutation symmetry

06.26.04.0004.01
erf(zy, ) = —erf(z, )

Periodicity
No periodicity
Poles and essential singularities
The function erf(zy, z,) has singular pointsat z; =  and z, == %. They are essential singular points.
06.26.04.0005.01
Singzk(erf(zl, %)) = {{&0, o0}} /1 ke {1, 2}
Branch points

The function erf(z;, z) does not have branch points.

06.26.04.0006.01
BP, (erf(z1, ) = {} 1 ke {1, 2}

Branch cuts

The function erf(z;, z>) does not have branch cuts.
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06.26.04.0007.01
BC, (erf(zy, ) ={} /1 ke {1, 2}

Series representations

Generalized power series

Expansionsat {z, z} == {0, 0}
06.26.06.0001.02
2 z 5 ] 2 [ A
ef(z, z)oc —|zp——+—— ... Z +
T

06.26.06.0005.01

2 5 3 z 7
of@, )« ——|zo— 24+ 2 —0@)|- —|za-2+ 2 _oF
(z1, ) — z 3 + 0 (Zz)] = [1 3 + 10 (z)
06.26.06.0002.01
2 o (_1)k (Z§k+l _ Zik+l)
ef(z, )= — )
Vi & k@k+
06.26.06.0003.01
22 13 22 1 3
erf(z, z) = = 1F1(—; = —z%) -= 1F1(—; = ‘Zi]
— 22 vr 22
06.26.06.0004.02
22 274
erf(z1, 2) « — (1+0(5)) - — (1 +0(7))
Vr T

Integral representations

On the real axis

Of thedirect function

06.26.07.0001.01

2 L,
erf(zy, ) = —f et dt
N

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

With respect to z;

06.26.13.0001.01
W' (Z)+2zW(z1) =0/, W(z) = ¢ erf(z, ) + G,
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06.26.13.0003.01

2¢74
W, (1, erf(zy, ) = -

T

With respect to z,

06.26.13.0002.01
W (2)+22,W(2)==0/,W2) = ¢, ef(z, ) +C,

06.26.13.0004.01
Ze’é
W, (1, erf(z, ) = ——
3
Differentiation
Low-order differentiation

With respect to

06.26.20.0001.01
5erf(21, 22) 2 @_%

(¥4 N
06.26.20.0002.01
62 erf(zl, 22) 4 e‘ﬁ Z1

o7 3
With respect to z,

06.26.20.0003.01
oerf(z;, ) 2 e %

0% \x

06.26.20.0004.01
derf(z, ) 4e% 7

0z Vr

Symbolic differentiation

With respect to

06.26.20.0011.01
Nerf(z, ) 2 n1(-D*2k-n+ 2)2(n-k-1)
—_— == erf(Zl, 22) 5n - @725 .
07 Vi i (n—k-1!@z)2k?

neN

06.26.20.0005.01

2" (n-D1 &, (-pktazkgent
- B 4 /ineN
NS & @2k-n-D!(n-k!

erf(z, z)

07

=ef(z, )6, — BooIE[n +0,
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06.26.20.0006.02
erf(z, z)

07

With respect to z,

n 3

l —
— z}’”zﬁz(i, 11-—, —n; —ﬁ) /ineN

2 2

06.26.20.0012.01

Nerf(z, ) 1 (DK 2K =N+ 2 kan-ny _

=ef(z, ) o+ — e % neN

GEA Vi i (n—k-11@z)2knt
06.26.20.0007.01

oerf(zy, o) 27"(n-1)! n (_l)k—l 22k ng—n—l

=ef(z, ) 6n + Boole[n +0, ——— %
97, Vr 2

06.26.20.0008.02
erf(z, ) n 3-n

1
=2"Z™" If(—,l;l——, - );n N
02 % 22 2" 2 z)/ine

Fractional integro-differentiation

With respect to z

06.26.20.0009.01

0 erf(z, z erf(z) 1 _
(@, ) _ 2) 7 _oe g 2':2(—, 11— f' _a; —Zf)
0z, rl-o 2 2 2
With respect to z,
06.26.20.0010.01
8 erf(zy, z a a 3-a ~
ﬂ =27 Z}7a/ ZFZ(—, 11— —, ——; —Z%] - erf(Zl)
0z 2 2" 2 rd-a
Integration

Indefinite integration

Involving only one direct function with respect to z;

06.26.21.0001.01
e_é
erf(z, z)dz =z erf(zg, ) - —
T

Involving one direct function and elementary functionswith respect to z;

Involving power function

06.26.21.0002.01

1 _etl 1
fif‘l erf(z, ) dz; = i ef(z, - —— 4 (2) 2 F(i
a V7 a 2

2]

Involving only one direct function with respect to z,

/ineN
o 2k=n-1!(n-k)!
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06.26.21.0003.01
e—z%
ferf(zl, n)dz =ef(z, )+ —
T

Involving one direct function and elementary functionswith respect to z,

Involving power function

06.26.21.0004.01

1 _atl 1
fi;‘l erf(z, ) d 2z, = é erf(z;, 2) + zt (Z) 2 F(a i , zg)
a

T 2

Representations through more general functions

Through hypergeometric functions

Involving 1F;
06.26.26.0001.01

2z 13 2z
erf(zy, ) = — 1F1(

ol ol

Involving hypergeometric U

06.26.26.0002.01

e o e da) Al el 1)
Z% T

Through Meijer G

Classical casesfor the direct function itself

06.26.26.0003.01
1

2

1
0,-3

1
ef(z,)=—|2 Gié

T

11
Z% -72G5 Z%

06.26.26.0004.01

1
ef(z, )= —

L 1
G153 1 G 1 ]
T Z> Er 0 Z1 Ea 0
06.26.26.0005.01
1 1,1] 1 1,1]
ef(z, )= — G5 Z% 1 -Gy Z% 1 /;Re(2>0
bl 2’ 0 2 0

06.26.26.0006.01

(\/— \/—) 1 1,1 1 11 1
ef(Vzy , Vz |=—|G3|z| 1 |-Gi5lal 1
5] ool o

bl 2’

Generalized casesfor thedirect function itself
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06.26.26.0007.01

1 1] 1 1| 1
11 1,1
erf (z1, 2) = - [61,2[22: E % 0] - Gl,z(zl. E % OJ]

06.26.26.0008.01

1 1] 1 1] 1
ef (z, z ==—GZ’02,— —Gz'oz,—
@, 2) \/;[1'2[12 O,%] %2103

Through other functions

06.26.26.0009.01

Tt

T L \/; 2

erf(z, ) ==

06.26.\7%)10.01 \/2
S -dz 3 f-oz )

06.26.26.0011.01

4| % ‘/2 \/2

erf(Zl, 22) = EE(Z%) - El(Z%

Vi 2 VT oz oa

erf(z, ) =

~—~
+

Representations through equivalent functions

With inverse function

06.26.27.0001.01

erf(z, erf Xz, 2))=12

Zeros

06.26.30.0001.01
ef(z,2)=0/,21=0A2 =
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