
EulerE

Notations

Traditional name

Euler number

Traditional notation

En

Mathematica StandardForm notation

EulerE@nD

Primary definition
04.12.02.0001.01

En � 2n+1 n! @tn D 
ãt�2

ãt + 1
�; n Î N

Specific values

Specialized values

04.12.03.0001.01

E2 n+1 � 0 �; n Î N

Values at fixed points

04.12.03.0002.01

E0 � 1

04.12.03.0003.01

E1 � 0

04.12.03.0004.01

E2 � -1

04.12.03.0005.01

E3 � 0

04.12.03.0006.01

E4 � 5

04.12.03.0007.01

E5 � 0



04.12.03.0008.01

E6 � -61

04.12.03.0009.01

E7 � 0

04.12.03.0010.01

E8 � 1385

04.12.03.0011.01

E9 � 0

04.12.03.0012.01

E10 � -50 521

General characteristics

Domain and analyticity

En is a nonanalytical function which is defined only for nonnegative integer n.

04.12.04.0001.01

n�En � N�Z

Symmetries and periodicities

Symmetry

No symmetry

Periodicity

No periodicity

Series representations

Generalized power series

04.12.06.0001.01

En �
2n+2 n!

Πn+1
â
k=0

¥ 1

H2 k + 1Ln+1
 cos k Π -

n Π

2
�; n Î N+

04.12.06.0002.01

E2 n �
H-1Ln 22 n+2 H2 nL !

Π2 n+1
 â
k=0

¥ H-1Lk

H2 k + 1L2 n+1
�; n Î N

04.12.06.0005.01

En � â
j=0

n â
k=0

j

2 j-k H-1Lk k ! S j
HkL n

j
�; n Î N
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Asymptotic series expansions

04.12.06.0003.01

E2 n µ
4 Π

2 n + 1
â
k=1

n H-1Lk I22 k - 1M k
2 k

Π ã

2 k
2 n + 1

2 k
1 + O

1

n
�; Hn ® ¥L

04.12.06.0006.01

E2 n µ H-1Ln 8
n

Π

4 n

Π ã

2 n

1 + O
1

n
�; Hn ® ¥L

Residue representations

04.12.06.0004.01

En � n! reszIsechHzL z-n-1M H0L
Integral representations

On the real axis

Of the direct function

04.12.07.0001.01

E2 n � H-1Ln 22 n+1 à
0

¥

t2 n sechHΠ tL â t �; n Î N

04.12.07.0002.01

E2 n � H-1Ln 
2

Π

2 n+1

 à
0

¥ log2 nHtL
t2 + 1

 â t �; n Î N

04.12.07.0003.01

E2 n � 2 H-1Ln
2

Π

2 n+1 à
0

1 log2 nHtL
t2 + 1

 â t �; n Î N

Contour integral representations

04.12.07.0004.01

En �
n!

2 Π ä
 à z¤�1

sechHzL z-n-1 â z �; n Î N+

Limit representations
04.12.09.0001.01

En � lim
z®0

¶n sechHzL
¶zn

Generating functions
04.12.11.0001.01

En � 2n+1 n! @tn D 
ãt�2

ãt + 1
�; n Î N
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04.12.11.0002.01

En � 2 n! @tn D 
ãt

ã2 t + 1
�; n Î N

04.12.11.0003.01

En � n! H@tn D sechHtLL �; n Î N

04.12.11.0004.01

En � 2n n! @tn D sech
t

2
�; n Î N

Identities

Identities involving determinants

04.12.17.0001.01

HEk+l+2L0£k£n

0£l£n

� ä
k=1

n H2 kL !2

Complex characteristics

Real part

04.12.19.0001.01

ReHEnL � En

Imaginary part

04.12.19.0002.01

ImHEnL � 0

Absolute value

04.12.19.0003.01

 En¤ � En
2

Argument

04.12.19.0004.01

argHEnL � tan-1HEn, 0L
Conjugate value

04.12.19.0005.01

En � En

Signum value

04.12.19.0006.01

sgnHEnL � H-1Ln�2 K1 - n + 2 g n

2
wO
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Summation

Finite summation

04.12.23.0001.01

â
k=0

n 2 n

2 k
E2 k � 0 �; n Î N+

04.12.23.0002.01

â
k=0

n-1 H-1Lk n - 1

k
Ek � -

2n

n
 H1 - 2nL Bn �; n - 1 Î N+

04.12.23.0003.01

â
k=0

n n

k
Ek zk � 2n zn En

z + 1

2 z
�; n Î N

04.12.23.0005.01

â
k=0

n 2 n

2 k
E2 k E2 n-2 k �

II22 n+2 - 1M 22 n+2M
2 n + 2

 B2 n+2

Infinite summation

04.12.23.0006.01

â
n=0

¥ En zn

n!
� sechHzL �;  z¤ <

Π

2

04.12.23.0007.01

â
k=0

¥ 4k E2 k z2 k

H2 kL !
� sechH2 zL �;  z¤ <

Π

4

Representations through more general functions

Through other functions

Involving Stirling numbers

04.12.26.0001.01

En � -
2n

Π
 â
m=0

n H-1Lm G m -
1

2
2F1 1,

3

2
;

3

2
- m; -1 Sn

HmL

Involving zeta functions

04.12.26.0002.01

En � 2 H2n - 1L Ζ H-nL + 4n+1 Ζ -n,
1

4
�; n Î N

04.12.26.0003.01

En �
H-1Ln�2 Π-n-1 n!

2n
Ζ n + 1,

1

4
- Ζ n + 1,

3

4
�; n

2
Î N+
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Representations through equivalent functions

With related functions

04.12.27.0001.01

En � 2n En

1

2

04.12.27.0002.01

En �
2n+1

n + 1
 Bn+1

1

2
- 2n+1 Bn+1

1

4

04.12.27.0003.01

En �
22 n+1

n + 1
 Bn+1

3

4
- Bn+1

1

4

04.12.27.0004.01

En � -
1

n + 1
 â
k=0

n+1

2k I2k - 1M n + 1

k
Bk �; n Î N

04.12.27.0005.01

En � -
2n+2

Hn + 1L Hn + 2L â
k=0

n n + 2

k
I2n-k+2 - 1M I1 - 21-kM Bn-k+2 Bk

Inequalities
04.12.29.0001.01

4n+1 H2 nL !

Π2 n+1 I1 + 3-3 n-1M < H-1Ln E2 n <
4n+1 H2 nL !

Π2 n+1
�; n Î Z ß n ³ 0

Zeros
04.12.30.0001.01

E2 n+1 � 0 �; n Î N

History

– L. Euler (1755) use these numbers in series expansion for secHzL near z � 0

– H.  F. Scherk (1825) suggested the name and calculated the first 30 numbers

– G. Chrystal (1889) introduced modern notations

– L. Saalschütz (1893) found the relation between Euler and Bernoulli numbers
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involving the special functions of mathematics. For a key to the notations used here, see 

http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for 

example: 

http://functions.wolfram.com/Constants/E/

To refer to a particular formula, cite functions.wolfram.com followed by the citation number.
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This document is currently in a preliminary form. If you have comments or suggestions, please email 
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