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Notations

Traditional name

Euler totient function

Traditional notation

#(n)

Mathematica StandardForm notation

Eul er Phi [n]

Primary definition

13.06.02.0001.01

é(n) == Zégod(n,k),l /ineN

k=1
For nonnegative integer n, the Euler totient function ¢(n) is the number of positive integers less than n and rela
tively primeton.
13.06.02.0002.01

d-nN) =@M /;neN

Example: There are exist only 4 positive integers less than 10 and relatively prime to 10; they are 1, 3, 7, and 9
(because, for example, gcd(10, 9) == 1 but gcd(10, 8) == 2 + 1); so the Euler totient function ¢(10) == 4. By defini-
tion, ¢(—10) == 4.

Specific values

Specialized values
13.06.03.0001.01
¢ =p"-p"/ipePAneN
Values at fixed points

13.06.03.0002.01
#0)==0
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13.06.03.0003.01

p(H=1

13.06.03.0004.01

#(2) =
13.06.03.0005.01
#(3) =2
13.06.03.0006.01
$(4) =2
13.06.03.0007.01
$5) =4
13.06.03.0008.01
$(6) =2
13.06.03.0009.01
¢(7) =6
13.06.03.0010.01
#(8) =4
13.06.03.0011.01
$9) =6
13.06.03.0012.01
$(10) = 4
13.06.03.0013.01
¢(11) = 10
13.06.03.0014.01
$(12) =4
13.06.03.0015.01
$(13) = 12
13.06.03.0016.01
$(14) =
13.06.03.0017.01
#(15) =8
13.06.03.0018.01
#(16) =8
13.06.03.0019.01
$(17) == 16
13.06.03.0020.01
$(18)=6
13.06.03.0021.01
$(19) == 18

13.06.03.0022.01

$(20) ==
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13.06.03.0023.01
#(21) =12

13.06.03.0024.01
$(22) == 10

13.06.03.0025.01
$(23) =22

13.06.03.0026.01
$(24) =8

13.06.03.0027.01
#(25) =20

13.06.03.0028.01
$(26) = 12

13.06.03.0029.01
#(27) == 18

13.06.03.0030.01
$(28) == 12

13.06.03.0031.01
#(29) =28

13.06.03.0032.01
#(30)=8

13.06.03.0033.01
#(31) =30

13.06.03.0034.01
#(32) = 16

13.06.03.0035.01
$(33) == 20

13.06.03.0036.01
#(34) =16

13.06.03.0037.01
#(35) =24

13.06.03.0038.01
#(36) = 12

13.06.03.0039.01
#(37) = 36

13.06.03.0040.01
#(38) = 18

13.06.03.0041.01
$(39) = 24

13.06.03.0042.01
¢$(40) == 16
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13.06.03.0043.01
$(41) = 40

13.06.03.0044.01
$(42) = 12

13.06.03.0045.01
$(43) =42

13.06.03.0046.01
$(44) == 20

13.06.03.0047.01
$(45) = 24

13.06.03.0048.01
$(46) = 22

13.06.03.0049.01
$(47) = 46

13.06.03.0050.01
$(48) = 16

13.06.03.0051.01
$(49) = 42

13.06.03.0052.01
#(50) =20

13.06.03.0053.01
$(100) == 40

13.06.03.0054.01
$(1000) == 400

13.06.03.0055.01
#(10000) == 4000

13.06.03.0056.01
¢(~100) == 40

General characteristics

Domain and analyticity

¢(n) isanonanalytical function which is defined only for integer n.

13.06.04.0001.01
n—¢n)::Z2—72

Symmetries and periodicities
Parity

¢(n) isan even function.
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13.06.04.0002.01

¢(=n) = $(N)
Symmetry
No symmetry
Periodicity

No periodicity

Series representations

Other series representations

13.06.06.0004.01

$(n) == Z{

k=1

J /ineN
ged(k, n)

13.06.06.0005.01

n
() = > geanios i NEN
k=1

13.06.06.0006.01

-l 1 27 ]
¢(n)::zn ——Zexp[ ] /s peP Ad; e divisors(n)
j=1d;|p dJ k=0 J

13.06.06.0007.01

n
é(n) == Zdj u d—] /; d; € divisors(n)

dj|n i
13.06.06.0008.01

ud
$(n) == nz % /; dj  divisors(n)

dj[n i

Product representations

13.06.08.0001.01

1
$(n) = n]—[[l—p—]/ factors(n) == {{py, Ny}, ---, {Pm, N} A P € P
k=1 Kk

Identities

Functional identities

13.06.17.0001.01

n r
0 = (el /; () = > lufe)| #(c) = [ A\ peeP Ameent
k=1

dj|n
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13.06.17.0002.01
#(nf) =g /;neN AkeN?

13.06.17.0003.01

¢(m n) g(ged(n, m)
oM p(M = —— /ineNAmeN
ged(n, m)

13.06.17.0004.01
2

u(d;) .
¢(n)z —— =n/,dj edivisorsn) AneN

dj|n #(d;

Summation

Finite summation

13.06.23.0001.01
[n
> 60-

1=1k=1

n(n +1)

13.06.23.0002.01

Z¢(dj) =n/, d; e divisors(n)

dj|n
13.06.23.0003.01

Z¢ [—] =o1(n) /; d; € divisorg(n)

l

13.06.23.0004.01

Zqﬁ[ ] =noy_1(n) /; d;  divisorsn) Ak e Z
d;

Infinite summation

13.06.23.0005.01
i ¢(n) { (s-1

S
nln

/iRe(s) > 1
13.06.23.0006.01

qus(k)f( ] ff(x)dx/ (N = o)

incase x f(x) € C[O, 1].

Asymptotic finite summation

13.06.23.0007.01

n 3n? 2 4
D9k o — O(nlog3(n) I093(Iog(n))) /i (N o)

k=1 T
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13.06.23.0008.01

Lok 6
— o — X+ O(Iog3(n) Iog3(log(n)))/ (N - )
k=1 k 2

13.06.23.0009.01
L1 35 315)}/{(3)
og(n

250

kex &

2n n

(01 log(k) [Iog(n)

|
- ]/; (N - o)
o koK

13.06.23.0010.01

n 1 © 1 1
Z oc n +a, n +O[ n ]/;[(n—wo)/\az::l—Z—log[l——]/\pkeP)
log®(n) P P

ks 109(¢(K)  log(n) log(n) ka1 Px

Asymptotic infinite summation

13.06.23.0011.01

) L(3) ~ 7£\/ﬁ
X +RX) /; (X_’OO)/\R(x) < xo O 2'0a logllogo) /\8>O

Zw — $(k) o

Operations

Limit operation

13.06.25.0001.01

13.06.25.0002.01
n

1 k 6 (1
lim — ) f[ - k)::—ftftdft
nN-co nZKZ:; [n]¢( 7.(2 0 ()

13.06.25.0003.01

[¢(2) #(3) ¢(n+ l)]
mi == 00

¢ ¢ ¢(n)

13.06.25.0004.01

(¢<2) ¢(3) ¢(n+1)]__

¢ ¢ ¢(n)

13.06.25.0005.01
_ 1 1 1
lim max(— HP2), — p(dQ)), ..., — ¢(¢(n))) ==
N—co 2 3 n

13.06.25.0006.01

. #(3) é(4) é(n)
lim log| max , ey =y
N—oo 3 4 n

log(log(3))  log(log(4) log(log(m)

13.06.25.0007.01

im min[{ ) ]

logog) 1
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Representations through equivalent functions

With related functions
13.06.27.0001.01
n m s
¢(n) = Z[l - Sgn[zzép.,q, ]] /; factors(n) == {{py, N1}, .., {Pm, Nm}} A factors(k) == {{az, Ny}, ..., {Gs, N} AN e N
k=1 i=1 j=1
13.06.27.0002.01
p(P)=Ap") /;pePAp>2AneN
13.06.27.0003.01
X K
m(X) == Z{QJ /ix=0
o Lk-1
13.06.27.0004.01
oo(n) = Zo-l[ ] / d; e divisorg(n)
dj|n d;
13.06.27.0005.01
o1(n) = Z(ﬁ [ ]/ d;  divisors(n)
d \n l
13.06.27.0006.01

n
¢(n)z gcdmd 1ﬂ[d

d\n ]

n
)_: 1u(n) Z d ,u[—] /; dj e divisorsin) AneN* Ame N*
j

q; |ged(myn)

Inequalities
13.06.29.0001.01
dM=vVn /;n£2An+6

13.06.29.0002.01
oM =n?/n>42

13.06.29.0003.01
n
é(n) > /in=2

2.50637
’IY
e log(logm) + =55

13.06.29.0004.01

log(x n)
¢(n) = I

/in>2AXeRAX>6

13.06.29.0005.01

¢(n)sn—\/ﬁ/;n==ﬁp2k/\pke[P/\nkeN+/\pk< pk+l/\1sksm—l/\m22
k=1

13.06.29.0006.01
log(2) n

>
2log(n)

/in=3
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13.06.29.0007.01

(M) () < (Mn) < np(m)

13.06.29.0008.01

$(m) ¢(n) < ¢(m?) ¢(n?)
13.06.29.0009.01

$(n) >

/in=3
oo(n

13.06.29.0010.01
nlog(n)
=s—
log(oo(n))

n=

13.06.29.0011.01

é(n) > in=2

o1(n)

13.06.29.0012.01
o) >n(n) /; n=91

13.06.29.0013.01

o1(n)
¢(n{ J)<n/;n22
n

13.06.29.0014.01

¢(n[ i J]s¢(n)2/; n=2
ao(n)

13.06.29.0015.01
((016(2)  01(6(3) 1
i { )=

13.06.29.0016.01

max({ d((2)  $($(3)) }) 1

2 3

Zeros

13.06.30.0001.01

#(0)=0

Other identities

Congruence properties

13.06.32.0001.01
¢(nymod2==0/;n>2

Theorems

Fermat-Euler theorem

a’™ =1 (modm)/; geda m)==1
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Generalized Fermat-Euler theorem
a*?® modb == a*modb /; ged(a¥, b) = 1 A ged(a*?, b) == L A k e N*.

The solution of a linear congruence

The solution of (ax —b) modm==0isgiven by x == g ( )‘15(5)_1 mod 7 /; d = ged(a, m) /\ g en.

a

d

Number of different values of ¢(k) fork =n
The number V(x) of different values occurring inthelist {¢(1), ¢(2), ..., ¢(X)} behaves asymptotically as

where

Farey fractions

The number of irreducible fractions between 0 and 1 with denominator nis ¢(n).

Generators of cyclic groups

¢(n) isthe number of generators of a cyclic group of order n.

Carmichael conjecture

For every nitispossible to find an m(n #+ m), such that ¢(n) == ¢(m).

Number of necklaces

|
The number n of unique fixed necklaces of length | which can be made out of b different beadsisn == % Yy ¢(d) bd.

Probability that two randomly choosen positive integers are relatively prime

The probability p, that two randomly choosen positive integers njand ny (ng, ny < X) are relatively prime
(ged(ng, np) = 1) isgiven by

X

1 X 1 6
=—|-1+2 K| ~ —=—.
P2 2[ kZ:;¢ ]X—>oo (2

Prime roots

All integersn of theform 1, 2, 4, p, 2 pk where2 p+ 1 € P, k € N, have ¢(¢(n)) different primitive roots.

History
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—L. Euler (1760, 1763)

—C. F. Gauss (1801) introduced the symbol ¢

—J. J. Sylvester (1879) introduced the name "totient function”
—E. Cesaro (1888) evaluated asymptotics for cumulative sums
—E. Landau (1900)
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