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Notations

Traditional name

Exponential integral Ei

Traditional notation

Ei(2

Mathematica StandardForm notation

Expl nt egral Ei [z]

Primary definition
06.35.02.0001.01
x 1 1
Ei(2) == e —11 —1 —
i2 kZ:;kk! +y+ 2(09(2) og(z))

Specific values

Values at fixed points
06.35.03.0001.01
Ei(0) == —c0
Values at infinities

06.35.03.0002.01
Ei(co0) == 00

06.35.03.0003.01
Ei(-00)==0

06.35.03.0004.01
Ei(ioo) = in
06.35.03.0005.01

Ei(—i oo) =—in

06.35.03.0006.01
Ei(c0) = ¢,
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General characteristics

Domain and analyticity

Ei(2) isan analytical function of zwhich is defined over the whole complex z-plane.
06.35.04.0001.01

z—Ei(2::C—C

Symmetries and periodicities

Mirror symmetry
06.35.04.0002.01

Ei(2) = Ei(2)

Periodicity

No periodicity

Poles and essential singularities

The function Ei(2) has an essential singularity at z== %. At the same time, the point z== & is a branch point.

06.35.04.0003.01
Sing (Ei(2)) = {{c0.c0}}

Branch points
Thefunction Ei(2) hastwo branch points: z==0, z = . At the sametime, the point z== % is an essential singularity.

06.35.04.0004.01
BPAEi(2) == {0, &}

06.35.04.0005.01
R,(Ei(2), 0)==log

06.35.04.0006.01
R(Ei(2), &) == log

Branch cuts

The function Ei(2) is a single-valued function on the z-plane cut along the interval (—co, 0) where it has discontinuities
from both sides.

06.35.04.0007.01
BCAEi(2)) = {{(-e0, 0), {}}}

06.35.04.0008.01
lim Eix+ie)==Ei(X)+7mi/; x<0
e->+0

06.35.04.0009.01
lim Bi(x—ie)=Ei(X)—mi/; x<0

e—>+0
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Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself

06.35.06.0011.01
agi2+n

1 1
Ei(z)oc+Ei(zo)—n'7r{ J+ E[Iog[—]—log(zo))+log(zo)+
Z

ag(z- z) 1 e® 2% (zo-1) 5
{7J [log(—]+ |09(20))+ —(Z-)+ ———@2Z-) +... [, (2~ %)
r4) 2 27

2n

06.35.06.0012.01

) ] ag+n| 1 1
EI(Z)oc+EI(ZO)—i7r{ J+ —[Iog(—]—log(zo))+log(zo)+
2n 2 Z

2n

06.35.06.0013.01

ag+n arg(z- zp) 1
Ei(2) == Ei(z) — in{ > J + { J[Iog[—] + Iog(zo)] +
Z

b 2n
1 © (-DZ"

1
= log[—] - lOQ(zO)) +log(zy) -
2[ F4) k;

06.35.06.0014.01

ag2+n ag(z-zy) 1
Ei(2) = Ei(Zo)—n'ﬂ{ > Jﬂ J[Iog[—]+|og(zo)]+
Z

b 2n

Tk, —29) (z— 2

1( (1 o Kt (-1 7
5 [log[g] - |09(20)) +logzg) — e )" ) ———— (- 7)*

k=1 j=0 kj!

06.35.06.0015.01

ag2 +n ag(z-zy) 1
Ei(2) = Ei(Zo)—iﬂ{ > J+{ J[Iog[—]+|og(zo)]+
Z

b 2n

1 k-1

k

k=1 % j=0

06.35.06.0016.01
' ' ag(d+n arg(z-z) 1
Ei(2) = EI(ZO)—WI{ > J+{ J[Iog[—]+|og(zo)]+
Z

b 2n
oo [ (_ 1)k—1 Z6k %fk

1 (1
i e |
> [ og[zo] 09(20))+ 0y(z0)+ ) |

k=1

1 - (k-1
~l1ogf = | -1 | ) !—11‘1(.)—k
2[09(20] 09(20))+ 0g(zo)+e° Y = j1(-1)i 7 )

i oFa(l, 1, 2,2k 2)
!

ag(z— zo) 1 &% e (- 1) ) 3
{*J log| — [+10g(z0) |+ — (- 20) + ————— (z— 20)* + O((z— 20)°)
29 2y 27

(z-2)"
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06.35.06.0017.01

. . ag+nr| 1 1 arg(z—zp) 1
E|(z)oc+E|(zo)—12n{7J+— log| — | - log(zy) | + l0g(Zo) + 7J log| — | +l0g(zg) | + O(z— Z)
bis 2 7 bl 7
Expansions on branch cuts
For the function itself
06.35.06.0018.01
agd+n arg(z—x) e* e*(x-1)
Ei(z)ocEi(x)—inli +2i7‘[{ +in+—(Z—-X+ (Z=X2+...[;(zo>X)AXeRAXx<0
2n 2n X 2x2
06.35.06.0019.01
] i agid +n arg(z-x) e* e*(x-1
EI(Z)ocEI(X)—iﬂ'{i nli +in+—(z-X+ Z-%%+0((z-%°%) /; xeRAX<0
2r 2r X 2 %2
06.35.06.0020.01
ag2 +n agz-x| (-1 )k K
Ei@=EX+nri-in g— +2in g— Z Ik, =X) (z—X)*/; xeRAXx<0
L 2n | L 2n )
06.35.06.0021.01
ag2) + 7w arg(z—X) oo k=1 (_ 1)k I ik
Ei(2 =EX+ri—in| — |+ 2in| —— | -¢ ZZ z-x*/;xeRAX<0
L 27 | L 2x k10
06.35.06.0022.01
ag2)+n arg(z-X) © 1 k= (k=1
Ei@=EX+nrni—in| ——|+2in| — |+ ) — ) j! —1Jx"’1( . )(z—xk XeRAX<O0
(2) == Ei(® — — ZK!ZJ() J )k /
06.35.06.0023.01
ag2) +n agz-x| & 1)k'1 S
Ei@=EX+nri—in|— |+ 2in| —— +Z +—2F2(1, 1,2,2-kx|@z-%/;;xeRAx<0
L 27 | L 2 1 3 k!
06.35.06.0024.01
. ' ag(2 + arg(z-x)
EI(Z)ocEI(X)—iﬂ{T +2i7r{27 +in+0(z-X)/; xeRAx<0
Ve Ve

Expansionsat z==0

For the function itself

06.35.06.0001.01

5 1(| I (1)) 2z B 0
—|lo —log| — —+—+.../[;(z>
|(z)o<2 0(2) o . +y+z+4+18+ /i (z )

06.35.06.0025.01

Ei 1(| | (l)) o oz
I(Z)ocE og(z)—og; +y+z+Z+E+ (')

06.35.06.0002.01

1 1 o A
Eiz::—(lo z—Io(—D+ —+
@ = |log@~log —|]+ D, +7

k=1
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06.35.06.0026.01

. x ri agd=n
E|(2)=Iog(z)+kZ;k—k!+y—{0 True

06.35.06.0003.01
1 1
Ei(2 ==z,F,(1, 1,2, 2,2+ — [Iog(z) Iog[—)) +
z
06.35.06.0004.01
1 1
Ei(2) o 5 (Iog(z) - Iog(—]] +y+2(1+0(2)/;(z-0)
z

06.35.06.0027.01
Ei(2 = F.(2 /,

Fn(@ l(l -1 (1)] Zn] d Ei@ " Faln+2n+3n+32|/\neN
n(@=—[log®@-log| - |[+y+2) ———=E(@- ——— ,N+2n+3,n+32 ne
2 z koo (k+ 1% k! (n+2)(n+2)!2 ?

Summed form of the truncated series expansion.

06.35.06.0005.01

kA 1 1
Ei(2) = —-¢* ZZ( 2 +)’+5(|09(Z)—|09(;)]

k=1 j=1

Asymptotic series expansions

06.35.06.0028.01

Ei 1(|(1)|(1)| I)21126 _
|(Z)0C§ —Og; + Og—; —Og(—Z)+ Og(Z) +f[ +;+;+;+]/,(|ZI—)OO)

06.35.06.0006.01
1 1 1 1 1

Ei(2) « — eZZFO[l, 1;; —) + — [—Iog(—) + Iog(——) —log(-2) + Iog(z)) /; (|12 = c0)
z z 2 z z

06.35.06.0029.01

Ei 1(|[1)|(1)| | )ez‘”k!.
i@)e< | ~log| ]+ log| -~ | ~log(~2)+ Iog(2 +;k§;/, (12 - o0)
06.35.06.0030.01
] e* &, k!
Ei@ o — Y — +misgn(im(@) /; (12 - o)
Zio %

06.35.06.0007.01
1 1 1 1 1
Ei(2) o« — (—Iog(—) + Iog(— —) —log(-2) + Iog(z)) +— € [1+ O[—)) /i (12 = o0)
2 z z z z
06.35.06.0031.01
—im+ % arg(2 <0
E@«) <  ag2d=rVagd=0/ (2~ w)

z

in+ % True
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06.35.06.0032.01
-ni ag(2 < —’z—r
Ei@ ol i =892 <7/ (7> o)

z

£ True
z

Residue representations

06.35.06.0008.01
> I(-9°(-2°
Ei(®=vy- - (Iog( ) Iog(z)) (
Z (1 --9?

j=0

I'(s+ 1)](—] -1

06.35.06.0009.02

1 1 I'(s) o (-2°°
Ei(2 = —-log(-2) - — (Iog[—) - Iog(z)) - ress((—z)‘S —] 0 - Zress[
2 z s =

o

Other series representations

06.35.06.0010.01
& L(—x)

Ei(x) = —exz el /

k=0

i X<0

Integral representations

On the real axis

Of thedirect function

06.35.07.0001.01

zet — 1 1 1
Ei(2) ::f dt+ —(Iog(z)—log(—))ﬂy
o t 2 z

06.35.07. 0002 01

El(x)__—Pf —dt/ XxeR
06.35. 07 0003.01

Ei(x) = f —dt/ XxeR

Contour integral representations

06.35.07.0004.01

_ 1 1 1 ,Ts+D)I-9?
Ei(z2) ==y - —(Iog( ) Iog(z))— —fi(—z)’sds
2 2riJdr T -9)?

06.35.07.0005.01

, 1 1 1 rviwl(s+1) (-9
Ei(2=y- —(Iog(—)—log(z))— —f _
2 z 2 ¥y

ni

(27%ds); 1<y <0 /\ Jarg(-2 < ~
-2 %ds/; —~1<y< ag(-2)| < —
—ico [(1--s? 2
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06.35.07.0006.01

1 1 1 r'(9?
Ei(2) = -log(-2) - — (Iog[—) -log (z)) - —f (-27%ds
2 z 2riJrT(s+1)

06.35.07.0007.01

1

1 1 e T(9)
Ei(2) == -log(-2 - — (Iog[—) - Iog(z)) -—
2 4 2ni b2

Cie T(S+1)

T
(-27°ds/;0<y [\lag-2] <

Continued fraction representations

06.35.10.0001.01

1
Ei(2) == i 7 gn(Im(2)) — &? 1 [ilag(-2)| <n
1-z+
-4
3-z+
-9
5-z+
-16
7-2+
-25
9-z+
-36
11-z+
13-z+.
06.35.10.0002.01
ez
Ei(2) == i n sgn(Im(2)) - — /ilag(-2)| <n
1-z+K(-K?, 2k-2z+1)]
06.35.10.0003.01
1
Ei(2) = i 7 gn(Im(2)) — &? T /ilag(-=2)| <n
-Z+
1
1+
2
-Z+
2
1+
3
-Z+
3
1+
—Z+ ...
06.35.10.0004.01
eZ
Ei(2) = i r sgn(Im(2)) — — /ilag(-2)| <n

74 Kk({”ﬂ (—z)§(1+<-1>k))1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

06.35.13.0001.01
W@ +2W' (2 - zW(2) == 0/; W(2) = ¢, Ei(2) + ¢, Ei(-2) + C3
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06.35.13.0004.01
2
W,(1, Ei(2), Ei(-2) = - —
2
06.35.13.0002.01
WP (@) +2W'(2) - zW(2) == 0/; W(2) == ¢, Ei(2) + ¢, Shi(2) + ¢3
06.35.13.0005.01
1
W,(1, Ei(2), Shi(2) = —
2
06.35.13.0003.01
WP (@) +2W'(2) - zW(2) == 0/; W(2) == ¢, Ei(2) + ¢, Chi(2) + ¢3
06.35.13.0006.01

1
Wy(1, Ei(2), Chi(2)) = ——
ra

06.35.13.0007.01

212 3//2 3//22 2//2 (3)Z
v¢3>(z)+[£— J ()]W'(z)+[—g'(z)2+ g _zoe 9@ W2 =0/;W2 = ¢, Ei(g(2) +C, Ei(-9(2) +¢3
g2 g@ g (2? 92 g@
06.35.13.0008.01
. . 292?
Wo(Ei(9(2), Ei(-g@), D) = - ——
92

06.35.13.0009.01
20 3h®@ 39z
W3)(Z)+[ g@ 3@ 39'@ WD+
92 h(2) 9@
4NDg@ 6hE@° 39'2° 6h@9'@ 29'@ 3hW@ d°@
g2 - + + + - - -
92h@ h2®>  g@? h(2 92 9@ ha  d@

wW(2) +

[6h’(z)3 4g@h@° 69'@N@2° 6N@h@ 39'@*N@ 229 @-29@h @
- + - + - + +
h@® g2h@® h@°g® h(2)? h2 g (2 92 h2)
37N @+h@d®@ g@*N@-h3@
+

]W(Z) =0/, W@ = ¢, Ei(g@)h(2) + ¢, Ei(-9(2)h(2) +c3h(2)

h(29'(2 h(2)
06.35.13.0010.01
_ _ 2h2’g@®
W.(h(2) Ei(9(2)), h(2) Ei(-9(2)), h(2)) == - —
92

06.35.13.0011.01
w32 - (r+3s-3)2W'(9 - (a®r*Z" -3’ +r-2rs+3s-1)zw(@ -s(-a’r? 2"+ +rsjw@ = 0/;
W2 =c¢, ZEi(@Z) +c, ZEi(-aZ) +¢ 2

06.35.13.0012.01
W,(ZEi(aZ), ZEi(-aZ), ) = -2ar3z3+*3s

06.35.13.0013.01
wW3(2) - (log(r) + 3log(s9) W' (2) + (—a® log?(r) r2% + 3log’(s) + 2log(r) log(s)) W' (2) -

log(s) (~a? log?(r) r2% + log’(s) + log(r) log(s)) W(2) = 0 /; W) = ¢; S Ei(ar?) +c, SEi(-ar?) +cs &



http: //functions.wolfram.com

06.35.13.0014.01
W,(S*Ei(ar?), SEi(-ar?), §9) = -2ar?s*Zlog’(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.35.16.0001.01

1 ,
Ei(i2)==Ci(2 +i Si(2) — log(2) - 5 (Iog(— f) —log(i z))
z
06.35.16.0002.01

1 .

Ei(-i2) == Ci(2 —i Si(2) - log(2) — 5 (Iog(f] —log(—i z))
z

06.35.16.0003.01

1 1 v Z
Ei(\j Z ) =FEi(2) + 3 (Iog(—) —log(2) + log(—i 2) + log(i z)) +
z

] Shi(2)

Related transformations

06.35.16.0004.01
Ei(log(2) == 1i(2

Complex characteristics

Real part

06.35.19.0001.01
1
Re(Ei(x + i y)) == Chi(x) — log(x) + 5 log(x? + y?) -

i ( 1)] y2]+2 [ 1 2
1 2

]:02 j+DH2j+2)!

06.35.19.0002.01

1 = (¥ ) y
Re(Ei(x+iY)) == — log(x? —|=+1 s(kt -l(—))
e(Ei(X+iy)) 5 og(x +y2)+z [ + J cog ktan AR

2
i Kk! U x
06.35.19.0003.01

k
1 o0 [EJ (—1)i y2I xk-2i
Re(Ei(x+iy)) = —log X2+y2 + SR
2 oY) éjzzok(zm(k—zm

06.35.19.0004.01

X

©  (=1))y? 13
j+l—]+2— Z—yz Folj+ ==+
4 0 @j+D@p! 22 4

2

|
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Imaginary part
06.35.19.0005.01
IMEIX+iy) ==

20 (- l)k y2 k+1

3
xS L Rkt Lo k2 — |+
; @k+2)! 2[ 2 4

S k+1)@k+D

06.35.19.0006.01

& X Al yy 1
IMEi(x+iy) =y —|1+=—| sinkt -l(—)) — (tan (%, y) — tan"Y(x, —
M(Ei(x + i y)) ,Z‘kk![ +X2J sm( an " +2(an (%, y) —tan(x, -y))

06.35.19.0007.01
o [k;lJ i 2+l k-2j-1
2 (=Dl y2 i+l xk-2] 1
IMEi(X + i ) = — (tan™1(x, y) — tan"1(x, —
(Ei(x+iy)) sz(2j+l)!(k_2j_l)!+2( X y) x -y))

k=1 j=0

06.35.19.0008.01

o X Yol % _ %
ImEiI(X+iy)=— | —— |E|Xx-X |—— |-Ei|X+Xx | ——
2y X2 X2 X2

Absolute value

06.35.19.0009.01

o . / ' / ¥
[Eix+iy)|= |E|Xx-X [|—-— |E[x+x | ——
X2 X2

Argument

06.35.19.0010.01

. - Yo Yol x | ¥ 2 ¥
arg(Ei(x+iy)) ==tan"| - |Eifx+Xx | —— [+ E|X-X [-—— ||, — .| —— |E|X=-X [ —— |-Ei[x+Xx_ | ——
2 X 2|l 2y\ X2 X2

Conjugate value

06.35.19.0011.01
Era v o I ¥ Y
Eix+iy) = —|Eifx+x | -— |+Ei|x-x [-— [|-— | -— |EBi|x=Xx | —— |-Ei|X+Xx | ——
2 X2 X2 2y\ 2 2

Signum value

NG 20 (_1)k y2k+1 11 3 2 1
Z— Folk+ 5; > K+ —; — |+ 5 (tan"t(x, y) — tan"1(x, -y))
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06.35.19.0012.01

- / v [ \/ v [ v [ |y
sgn(Ei(x+iy)) = —XEIX X —Ei —-— X+X||+E —— X+X|+Ei|x-Xx | —— /
X2 X2 X2

2 Eixx/ﬁ2 /——x+x

Differentiation

Low-order differentiation

06.35.20.0001.01

06.35.20.0002.01
8Ei(z € (z-1)

02 2

Symbolic differentiation

06.35.20.0007.01

O"Ei(2) n-1 Nk Z&nn_ 1)
=6 Ei@-c* ) /ineN
Y = k!

06.35.20.0008.01

O"Ei(2 1 1
=6, (— (Iog(z) - Iog(—)) - Iog(—z)) —-e*(-)"e*z"T'(n,-2)/;neN
oz 2 z
06.35.20.0003.01
O"Ei(2 n-1 -1
= 6, Ei(2) + Boole n + 0, eZZk! (=Dkz k-t ( : ) /ineN
Fivad k
k=0
06.35.20.0004.01
J"Ei(2
o == 6, Ei(z) —Boole(n £ 0, (-1)"z"I'(n, -2)) /;neN
06.35.20.0005.01
J"Ei(2 .
o =2l L22-n2 2+ (D" n-D1Z" neNt

Fractional integro-differentiation

06.35.20.0006.01

log

0z l-a) 2

Integration

0%Ei(2) B ( z¢ 1 1
=7"",F,1, 1,2, 2-a; 2+ FCO@D 7" + ('y - — [Iog(—) + Iog(z)))
z
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Indefinite integration

Involving only one direct function

06.35.21.0001.01
(b+a2)Ei(b+az) - e”?2

fEi(b+az)dz:=
a

06.35.21.0002.01
o3z

fEi(—az)dz:: zEi(-az)+ —
a

06.35.21.0003.01
3z

fEi(az)dz:: zEi(az) - —
a

06.35.21.0004.01

fEi(z)dz:: ZEi(2) — €*
Involving onedirect function and elementary functions

Involving power function
Involving power

Linear argument

06.35.21.0005.01
Z (T'(a,a2 (@2 +Ei(-az)
fz‘”l Ei(-az)dz=

a

06.35.21.0006.01
~
fz”’l Ei(@2)dz== — (I, —az) (—a2)~ + Ei(az)
[07
06.35.21.0007.01
bl
f 2 Ei(@dz= — [(a, -2) (-2)* + Ei(2))
a

06.35.21.0008.01

a2 Ei(az) 2 +e?*(1-a2)
szi(az)dz::
2a?

06.35.21.0009.01

Ei(az 1
f @2 dz==az3F3(1,1,1,2 2, 2,a2+ 5 log(2) (2Ei(a2) + 2T(0, —a2) —10g(2) + 2log(—a2) + 2y)

4

06.35.21.0010.01
Ei(az (az- 1) Ei(az — e?*
f dz=
z
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06.35.21.0011.01

fEi(b+aZ)d ae®zEi(az)— (b+azEi(b+az)
Z==
2 bz

Power arguments

06.35.21.0012.01
yad a a
fz“‘l Ei@Z)dz== — (r(—, —az')(—az')‘r + Ei(az’))
a r
Involving exponential function

Involving exp

Linear argument

06.35.21.0013.01

b2 ¢’ZEi(a2) - Ei((@+b) 2
fe ‘Ei(az)dz= .

06.35.21.0014.01

log(az) — e @%Ei(a2)
fe’az Ei(azdz==
a

Power arguments

06.35.21.0015.01

z 1 (1 z'
fe‘ai Ei(aZ)dz= o [(az’)"F I“(—, az') (Iog[
r r

—) +2log(-az) - Iog(aZ')] - 2G§:§[—az’
a

0, 1— —1
r
O, 0, ——1
v

Involving exponential function and a power function

Involving exp and power

Linear arguments

06.35.21.0016.01

1 n p@+b)y*rk —(a+b)z
fz"ebZEi(az)dz::B(—b)"[nlz ( ) Tk -@+b2
k=1

” +Ei((@+b)2(-n) +Ei(@zaT'(n+1, -b2|/;neN
!
06.35.21.0017.01

n aZk
fz“ e Ei(@azdz==-a " [Ei(az) I'n+1,az) —n!log2 -n! Z @2
k=1

—/ineN
k!'k
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06.35.21.0018.01

fmbz Ei(@an) dz==

> (-be®P2+ (a+b) eP?(bz- 1) Ei(az) + (a+ b) Ei((a+b) 2))
(a+b)

06.35.21.0019.01

1
fzz ’?Bi@ydz=— [@bZ(b2 Z-2bz+2)Ei(az - (2Ei(@a+b) 2 (@+ b’ +be®PZ(b(bz-3) +a(bz- 2)))]
b

(a+b)

06.35.21.0020.01

1
f?ebZEi(az)dz: —4[ebz(b323—3b222+6b2—6) Ei(az) +
b

(6(a+b)’Ei(@a+b)2 -be®P?((b?Z-3bz+6)a®+b(2b?Z-8bz+15)a+b? (1> 2 -5bz+ 11)))]

(a+h)®
06.35.21.0021.01
v-1 -azp; __ 1 1 _a 22 0, l1-a
27 e Ei(azg)dz=—-—-2"T(a, az)|-2log(-az) +log(az) - log| — || (@™ - 2* G55| —az
2 az ' 0,0 -«

06.35.21.0022.01

n (az)k
fz”e‘az Ei(@z)dz==-a"'|Ei(@az T(n+1, az)—n!log(z)—n!Z— /ineN
&gkt
06.35.21.0023.01
az-e ?(az+1)Ei(az) +log(2
fz«z’az Ei(azdz==
a2
06.35.21.0024.01
fZeCZEi(b+aZ)dZ::
1 _be (@+0) (b+a2) ((@+c(b+az c(9+z) )
7[@ a[—a«e a c+(a+c)(a+bc)El(7]+a(a+c)e a (cz—l)El(b+az)])
ac?(a+0) a

06.35.21.0025.01

e*?Ei(az) T,
fidz: —Ei(a2
z 2

Power arguments

06.35.21.0026.01

1 e g oz e z' 22
e El(az')dz__z— (@Z) 7 I|—, az |[logl —|+2log(-aZ) -logaz)|-2G;3(-aZ
r r a

0, 1— -
r
01 O! ]]
r

Involving trigonometric functions

Involving sin

06.35.21.0027.01
-2cosbz) Ei(az) +Ei((a+bi)2 + Ei((a-ibh)2

2b

fsin(bz) Ei(@azdz=
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Involving cos

06.35.21.0028.01
i(—-Ei((@a+bi)2+Ei((a-ib)2 +2iEi(az) sin(bz)

2b

fcos(bz) Ei(@azdz= -
Involving trigonometric functions and a power function

Involving sin and power

06.35.21.0029.01

)™ N pk(b+ai) *Tk (ib-a)2)
fz"sin(bz)Ei(az)dz::— 20 —Ei((a—n‘b)z)n!+n!z +Ei(@aT'(n+1,ib2+

) k!

n p(b-ia) Tk —(a+bi)2)
(=" —Ei((a+bi)z)n!+n!z "

k=1

+Ei(@2T'(n+1, —n’bz)]) /ineN

06.35.21.0030.01

fzsin(b 2 Ei(azdz=

1 2be??(acos(bz) + bsin(b2)
— [i Ei((a+bi)z—-iEi((@-ib)2 + 2Ei(az) (sin(bz) — bzcosb 2) + ]
2b

a2 +b?
06.35.21.0031.01

fzz sinbz) Ei(az)dz=

__ - +Ei((a+bi)2 +
(2 +12)° (a2 + 12)?

1| e (a®+(a?+b?)za+3b%) cosbb? 3% (b?(a? + b?)z—2a(a? + 2b?))sin(b2) b
|
Ei((@-ib)2) +Ei(a2)((b*Z - 2) cosb 2) - 2bzsin(b 2))

06.35.21.0032.01

fz3 snb2 Ei(@zdz=

1
— [Ei(az) (bz(6-b?Z)costbz) + 3(b? Z - 2) sin(b 2)) + (3i (Ei((a-ib)2) - Ei((a+bi)2) (a® + b2)3 +

b* (a2 +12)°

bee‘z(a(a2 + bz)zz2 b? + (a + b?) (a® + 5b%) zb* - 2a(3a" + 8b* a + 9b4)) cosb2) +

07 e*2(~3a - 617 7 - (a2 + b?) (327 + 7b7) za~ 116" + b2 (a2 + 1P)” Z) sin(b 2))

Involving cos and power
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06.35.21.0033.01

1 ) N pk(b+ai) KTk, (ib-a) 2
fz“ cosb2) Ei(@az)dz=—i@b) " |-Ei((@a-ib)z)n!+n! Z +Ei(@2aT'(n+1,ib2+
2b = k!
_ npb-ia)*T(k —(@a+bi)z)
=" El((a+bL7)z)n!—n!Z m —-Ei(@2T(n+1, -ib2||/;neN
k=1 :
06.35.21.0034.01
fzcos(bz) Ei(@z)dz=
1 ) ) 2be??(asin(bz) — bcos(bz)) ) )
- [El((a+ bi)2)+ Ei((a-ib)2z) + — 2Ei(az) (cosgbz) + bzsm(bz)))
2b? a2 +b?
06.35.21.0035.01
1| e**(a?+(a®+b?)za+3b%)sinbzb? €*?(b?(a? +b?)z—2a(a?+2b%))cosb2) b
fzzcos(bz) Ei@n)dz== —|- + +
b (@ +12)° (a2 +12)°

i (Ei((a—ib)2) - Ei((@+bi)2) + Ei(az) (2bzcosb 2) + (b* Z - 2) sin(bz))]

06.35.21.0036.01

1
Zcosb2) Ei(@az)dz= —

- b? e2(~3a - 6b2a? - (a2 + b?) (382 + 7b7) za— 110" + b2 (a2 + 1) Z) costb ) +
b

(2 +12)°

3(Ei((a+bi)2+Ei((a-ib)2) -
1

(@ +12)°

(be??(a(@® + b2)° 202 + (a2 + b7) (a2 + 5b2) 26 - 2a(3a* + Bb? a2 + 9Ob*)) sin(b ) +
Ei(az) (3(b*Z - 2) cos(b 2) + bz(b? Z - 6) sin(b 2))

Involving hyperbolic functions

Involving sinh

06.35.21.0037.01
—2cosh(b2) Ei(az) + Ei((a-b)z) + Ei((a+b) 2

2b

fsinh(bz) Ei(@zdz==-

06.35.21.0038.01
—(e 3%+ ¢®% Ei(az + Ei(2a2 +log(az)

2a

fsinh(az) EBi(@z)dz=-

Involving cosh

06.35.21.0039.01
Ei(@a-b)2 - Ei((a+b)2 + 2Ei(az sinh(b2)

2b

f cosh(bz)Ei(az)dz=
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06.35.21.0040.01
Chi(2az -log(az — 2Ei(a2 sinh(az) + Shi(2az)

2a

fcosh(az) Ei(@zdz==-

Involving hyperbolic functions and a power function

Involving sinh and power

06.35.21.0041.01
N pkb—a)*rk (b-a)2)

1
fz“sinh(bz) Ei(az)dz= Eb‘“‘l[—Ei((a—b)z)an!Z o +Ei(@zI'(n+1, b2+
k=1 .

_ n pk@+b)¥rk —(a+b)2
=" —El((a+b)z)n!+n!z o

k=1

+Ei(@zT'(n+1, —bz)]] /ineN

06.35.21.0042.01

1
fz” sinh(b2) Ei(az)dz== Ea‘”‘l [Ei(az) (-)"I'(n+1, —a2)+I'(n+1,a2) -

(-D"Ei(2azn!+log@n!) +(-1)"n! an M -n! Zn: @] /ineN
=y k! = kk!
06.35.21.0043.01
fzsinh(bz) EBi(@z)dz==
2be?? (bsinh(bz) — acosh(b 2))

a?-b?

1
le [—Ei((a— b)2) + Ei((a+ b) 2 + 2Ei(a2) (bzcosh(b z) — sinh(b 2)) +
2

06.35.21.0044.01

fzz sinh(b2) Ei(az) dz==

_ + +Ei((a-b)2) +
o? (@@ - 1) (@@ - 1)

1 [eaz(za3 +a?-b?za-3b?) cosh(bz)b? €?%(zb*+4ab?—a?zb?-2a’)sinh(bz)b

Ei(@+b)2) +Ei(a2) (2bzsinh(b 2) - (b* Z + 2) cosh(b 2))

06.35.21.0045.01
1 1
fz3 sinh(b2) Ei(az)dz== —| —— (S(Ei((a— b) 2) - Ei((a+ b) 2) (b* - a2)3 -
b*\ (a-b)*@+b)®
baee‘z(a(a2 - b2)2 Zb”+(a*-6b”a® + 5b*) zb? + 2a(3a* - 8b? & + 9b4)) cosh(b2) +

07 % (32 - 617 a7 + (3a* - 1007 &2 + 7b*) za+ 11b* + 1 (a2 — b?) 2) sinh(b 2)) +

Ei(a2) (bz(b?Z + 6) cosh(b2) - 3(b? Z + 2) sinh(b 2))

Involving cosh and power
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1
f Z"cosh(b2)Ei(az)dz= 3 p—-1 [

06.35.21.0046.01

n pk@a+b)y Ik —(a+b)2)

n pk(b-a) Ik (b-a)2

Ei((a—b)z)n!—n!z —Ei(@2T(n+1, b2+

!
Py k!

" [—Ei((a+ b2 n! + n!Z

k=1

06.35.21.0047.01

o +Ei(@z(n+1, —bz)]] ineN

1
fz” cosh(b2) Ei(az)dz= > a "t [Ei(a 2(-1D)"I'(n+1, —az-T'(n+1,az) -

n 2°kT(k, —2a2)

. n (azk
((—1)”E|(2az)n!—n!Iog(z))+(—1)”n!ZT+n!ZW /ineN
! & kk!

06.35.21.0048.01

fz cosh(bz)Ei(az)dz=

1
Tuz [Ei((a— b)2) + Ei((a+b) 2+ 2Ei(az) (bzsinh(b z) — cosh(b 2)) —
2

06.35.21.0049.01

k=1

2be?%(bcosh(bz) — asinh(b z))]

b? - &2

% (-zb* - 4ab? + a? zb? + 2a%) cosh(b2) b
+Ei((a-b)2) -

+

(@

(3(Ei@-b)2) +Ei(@+b)2) (a2 - b?)° +

fzz cosh(bz)Ei(az)dz==
1 [ €**(3b? —a(za? +a-b?Z))sinh(b2) b?
b3 (a? - b2)2
Ei((@+b)2) +Ei(a2) ((b*Z + 2) sinh(b 2) - 2bzcosh(b 2))
06.35.21.0050.01
fz3 cosh(b2) Ei(az) dz==
— [Ei(az) (bz(b? Z + 6)sinh(b2) - 3(b* Z + 2) cosh(b 2)) +
b4

(a-b?@+b?

b? e"‘z(3a4—6b2 a’+(3a*-100?a? + 7b*) za+ 11b4+b2(a2—b2)2 zz)cosh(bz)—

be??(a(a2 - b?)° 2 b2 + (a - 617 % + 5b%) 207 + 2a(3a* - 817 a2 + 9b*) sinh(b )

Involving logarithm

Involving log

flog(bz) Ei(@z)dz=

06.35.21.0051.01

Ei(az (-az+alog(b2) z+ 1) — e?*(log(b2) — 1)

a

Involving logarithm and a power function
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Involving log and power

06.35.21.0052.01

1
fz‘”l log(bz) Ei(az) dz== — (2 (-a2™®
04

GF)(a, @;a+1, a+1;a2(-a2* +a(Ei(az) (elogbz) - 1) (—a2* -T'(e + 1)log(2 + I'(e, —a2) (@ log(b 2) — 1))))

06.35.21.0053.01

1
leog(z) Ei(@z)dz== (Eian) (-a®Z + 22’ log(d) Z - 2) + e**(az+ (2— 2a2)l0g(2) + 1))

42
06.35.21.0054.01

1
fzz log(2) Ei(az) dz== (Ei(az) (-a®Z +3a’log(2) 22 + 6) + €¥%(a® Z + az- 3(a? 22— 2az+ 2)log(2) - 7))

9a’
06.35.21.0055.01

fz3log(z) Ei(@z)dz=

1
— (Ei(az (-a'Z' +4a'log) 7' - 24) + % (a* 2 + &2 72 - 14az-4(a® 2 - 3a? 7 + 6az— 6) log(2) + 38))
164

Involving functions of the direct function

Involving elementary functions of the direct function

Involving powers of the direct function

06.35.21.0056.01
) 5 ain(az)Z—ZeaZEi(az)+2Ei(2az)
fEl(az) dz=
a

Involving products of the direct function

06.35.21.0057.01
e 2%Ei(az) + Ei(-a2 (azEi(az - ¢%?)

fEi(—az) Ei(@azdz=
a

06.35.21.0058.01

1
fEi(az) Ei(b2dz== o (-be**Ei(b2) - aEi(a2) (ebz - bzEi(b2)+ (a+b) Ei((a+b) 2)
a
Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions

Involving powers of the direct function and a power function
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06.35.21.0059.01

1
fz“Ei(az)zdz-— (2( a) 1[ E|(2az)n'+n'z
n+1

k=1

27Tk, -2a2)

- +Ei(@2T(n+1, —az)] + Mt Ei(az)z] ineN

06.35.21.0060.01

_ a2 2Ei(a2’ - 2¢* (az- 1) Ei(az) + €222 - 2Ei(2a2)
szl(az) dz=
2a°
06.35.21.0061.01

1
fzz Ei(@an’dz=- — (2a° Ei(a2)? 2 + ¢??%(2az-5) -4¢%%(a®Z - 2az+2)Ei(a2) + 8Ei(2a2)
6a

06.35.21.0062.01

1
fz3 Ei(@2’dz= — (a* Ei(az?7Z +e??* (@7 -4az+8)-2¢* (a7 -3a° 7 +6az-6)Ei(az - 12Ei(2a2)
44

Involving products of the direct function and a power function

06.35.21.0063.01

fz“ Ei(azEilb2)dz= —
n+1
n a+b) Ik —(a+b)z2 Ei(@a+byzn!(-a™
[n'( a)—“-lz F@+b Tk -@+b )+ (@rban 2 +Ei(b2) (M(n+1, —az) (-a) " + 2" Ei(a) +
a
k=1

b @+ by Tk, —(a+b)2)
k!

1 n
—(-b)™"|Ei(@+b)2n! —n!
~(-b) [ i((a+b)2) >

—-Ei(azT'(n+1, —bz))] /ineN
k=1

06.35.21.0064.01
-n

0 [(—1)n a“lEi(-azEi(az) 2" -Ei(-az(n+ 1, -a2) +

fz" Ei(@az Ei(-azdz==

-D"Ei(azI'(n+1,a2 - (-1)"n!

]/ neN

06.35.21.0065.01

szi(az) Eilb2dz==

g (Ei(@z) (e’ (bz- 1) - b? ZEi(b2)a® - abe®?+ b” ¢ (az- 1) Ei(b2) + (a® + b?) Ei((a+ b) 2))
a

06.35.21.0066.01

1
szi(az) Ei(-a2dz= — (e?*((az+ 1) Ei(a2) + e**Ei(-a2) (a®Ei(az) Z + ¢** (1 - a2)) - 2¢**10g(2)))
2a

06.35.21.0067.01

1
fzz Ei@2 Ei(bgdz= ———— (abe@??(-2a2 ~ba+b(a+b)za- 2b%) +
3a’bi(a+h)

(a+b)(Ei(@@2) (b® 2 Ei(b2) - " (bz(bz-2) +2))a® - b*** (az(az- 2) + ) Ei(b 2) + 2(a° + b%) Ei((a+ b) 2))
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06.35.21.0068.01

1
ZEi(az)Ei(-azdz= — (e??(-4ae?z+(a? Z + 2az+2)Ei(a2) - e**Ei(-a2) (e**(a® Z - 2az+ 2) - a* 2 Ei(a2)))
3a

06.35.21.0069.01

fz3 Ei(a2 Ei(b2) dz= Ei(a2) (b*Ei(b2) 7' + e"*(6-bz(bz(bz-3) +6)))a* +

4atb?

. (abe®®?((bz(bz-3)+6)a* +b(bz(2bz-5)+9)a’+b? (bz(bz-5) +2)a® - 3b%(bz-3)a+6b%)) -
(a+b)

b*e??(az(az(az-3)+6) - 6)Ei(b2) - 6(a* + b*) Ei((a+b) 2)

06.35.21.0070.01

1
ZEi(@zEi(-azdz= — (e
4a*

(®Z+3a°Z +6az+6)Ei(az - e**Ei(-az) (e**(a® 2 -3a° Z + 6az- 6) - a’ 7' Ei(az) - 3¢** (a? Z + 4109(2))))
Definite integration

Involving the direct function

06.35.21.0071.01

00 log(z-1)
f e VZEi(t) dt == — /iRe(2) > 1
z

0

Integral transforms

Laplace transforms

06.35.22.0001.01
log(z- 1)

L[EI®)] (2 = - /iRe>1

Operations

Limit operation

06.35.25.0001.01

i (O<arg(a)<7r/\%sarg(b)sn)\/(lm(a)so/\%sarg(b)<n)

lim Ei(a+bx) ={ ~7i (Osarg(a)sn/\arg(b)s—%)\/(—n<arg(a)<0/\(arg(b)s—%\/arg(b):n))
o 0 Im@ =0Aagb)=n
&  True

Representations through more general functions

Through hypergeometric functions
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Involving ,Fq

06.35.26.0001.01
1 1

Ei(2)==z,F»(1,1;2,2,2 + E (Iog(z) - Iog(—)) +y
z

Involving hypergeometric U
06.35.26.0009.01
1 1
Ei(2 = -¢*U(1, 1, -2) - log(~2) + E (Iog(z) - Iog(—)]
z
Through Meijer G

Classical casesfor the direct function itself

1,1)
T

1,0,0
1
0, o)

06.35.26.0002.01

] 1 1 12
E@=-- (log[—) —log (Z)) - Gz's(—z
2 z ’

06.35.26.0003.01

1 1
Ei (2 =-log(-2 - — (log(—] —log (Z)] - Gf’g(—z
2 z ’

Classical casesinvolving exp

06.35.26.0004.01

-Z __ 1 -z 1 2,1
e EI(Z)———Ee log +2log(-2) -log(2) | - G~z

o
z 0,0

06.35.26.0010.01

. 1 1 ] 03
e ’Ei(=-—-¢"* (Iog(—) + Iog(z)) -nGy3lz
2 z ’ 0,0 %
2
06.35.26.0005.01
1
e “Ei (2= —nGié[z ' 21]/; Z¢ (o0, 0)
» Yy E
Classical casesfor products of Ei
06.35.26.0006.01
Ei (—2) Ei Vz Gt o | 0
1(-2)Ei (2= 7 2 4] Z 0,00, % [, 1Im(2) =

Through other functions

06.35.26.0007.01
1 1
Ei(2 =-T'(0, -2 + E (Iog(z) - Iog(—)) —log(-2
z
06.35.26.0008.01

1 1
Ei(2 == -Ei(-2 + E (Iog(z) - Iog(—)) —log(-2
z
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Representations through equivalent functions

With related functions

06.35.27.0001.01
1 1
Ei(2) == Chi(2) + Shi(2) - 5 (Iog(—) + Iog(z))
z
06.35.27.0002.01
1 1
Ei(2==Ci(i2-iSi(i2) — 5 (Iog(—) - Iog(z)) —logi 2
z
06.35.27.0003.01
Ei@=Ili@/;-n<Im@<n

Theorems

The real part of the Heisenberg-Euler Lagrangian of quantum electrodynamics

The real part of the Heisenberg—Euler Lagrangian of quantum electrodynamics L« (E, B) can be expressed as the
following series.

e S el £
oot )

e e 1
———\/—c1+\/c§+c§ An=—4/c1+vE+c /\clzzg(Ez—Bz)/\czzzE-B,

Vs /s

where E isthe electric field, B is the magnetic induction and « isthe fine structure constant.

The Nambu-Goldstone modes for weakly interacting fermions in a magnetic field

The Nambu-Goldstone modes for weakly interacting fermions in a magnetic field are described by
(—A +me + V(r)) Y(r) =0, wherein 3+1-dimensional ladder quantum electrodynamics the potential V(r) takesthe
2

form V(r) « e2? Ei(— %) where| is the magnetic length.

History

—A. M. Legendre (1811)

—0. Schlomilch (1846)

—F. Arndt (1847)

—J. W. L. Glaisher (1870) introduced the notation Ei
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