
Fibonacci

Notations

Traditional name

Fibonacci number

Traditional notation

FΝ

Mathematica StandardForm notation

Fibonacci@Ν D

Primary definition
04.11.02.0001.01

FΝ �
ΦΝ - cosHΝ ΠL Φ-Ν

5

Specific values

Specialized values

04.11.03.0001.01

Fn �
1

5
 

1 + 5

2

n

-
1 - 5

2

n �; n Î Z

04.11.03.0002.01

F-n �
H-1Ln-1

5
 

1 + 5

2

n

-
1 - 5

2

n �; n Î Z

04.11.03.0015.01

Fn �
1

5
IeΦn-1q + eΦn+1qM �; n Î Z ß n > 2

04.11.03.0016.01

Fn �
Φn - H1 - ΦLn

5
�; n Î Z

04.11.03.0017.01

Fn+1 �
1

2
KK1 + 5 O Fn + 1O �; n Î Z ß n > 1



04.11.03.0018.01

Fn �
Φn - H1 - ΦLn

Φ - H1 - ΦL �; n Î Z

Values at fixed points

04.11.03.0003.01

F0 � 0

04.11.03.0004.01

F1 � 1

04.11.03.0005.01

F2 � 1

04.11.03.0006.01

F3 � 2

04.11.03.0007.01

F4 � 3

04.11.03.0008.01

F5 � 5

04.11.03.0009.01

F6 � 8

04.11.03.0010.01

F7 � 13

04.11.03.0011.01

F8 � 21

04.11.03.0012.01

F9 � 34

04.11.03.0013.01

F10 � 55

Values at infinities

04.11.03.0014.01

F¥ � ¥

General characteristics

Domain and analyticity

FΝ is an entire analytical function of Ν which is defined over the whole complex Ν-plane.

04.11.04.0001.01

Ν �FΝ � C�C

Symmetries and periodicities

Parity
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04.11.04.0002.01

F-n � H-1Ln-1 Fn �; n Î Z

Mirror symmetry

04.11.04.0003.01

FΝ � FΝ

Periodicity

No periodicity

Poles and essential singularities

The function FΝ has only one singular point at Ν = ¥� .  It is an essential singular point. 

04.11.04.0004.01

SingΝHFΝL � 88¥� , ¥<<
Branch points

The function FΝ does not have branch points.

04.11.04.0005.01

BPΝHFΝL � 8<
Branch cuts

The function FΝ does not have branch cuts.

04.11.04.0006.01

BCΝHFΝL � 8<
Series representations

Generalized power series

Expansions at generic point Ν � Ν0

For the function itself

04.11.06.0015.01

FΝ µ FΝ0
+

1

5
 K2 K1 + 5 OO-Ν0

 csch-1H2L K1 + 5 O2 Ν0

+ 4Ν0 Icsch-1H2L cosHΠ Ν0L + Π sinHΠ Ν0LM HΝ - Ν0L +

1

10
5 Π IΠ cosHΠ Ν0L - 2 csch-1H2L sinHΠ Ν0LM 1

2
K-1 + 5 O Ν0

+ 5 csch-1H2L2
FΝ0

HΝ - Ν0L2 + ¼ �; HΝ ® Ν0L

http://functions.wolfram.com 3



04.11.06.0016.01

FΝ µ FΝ0
+

1

5
 K2 K1 + 5 OO-Ν0

 csch-1H2L K1 + 5 O2 Ν0

+ 4Ν0 Icsch-1H2L cosHΠ Ν0L + Π sinHΠ Ν0LM HΝ - Ν0L +

1

10
5 Π IΠ cosHΠ Ν0L - 2 csch-1H2L sinHΠ Ν0LM 1

2
K-1 + 5 O Ν0

+ 5 csch-1H2L2
FΝ0

HΝ - Ν0L2 + OIHΝ - Ν0L3M
04.11.06.0017.01

FΝ � â
k=0

¥ 1

k !
 FΝ0

csch-1H2Lk
+

1

5
 

2Ν0-1 K1 + 5 O-Ν0

ã-ä Π Ν0 Kcsch-1H2Lk
- H-1Lk Iä Π + csch-1H2LMk

+ ã2 ä Π Ν0 Kcsch-1H2Lk
- Iä Π - csch-1H2LMkOO HΝ - Ν0Lk

04.11.06.0018.01

FΝ µ FΝ0
H1 + OHΝ - Ν0LL

Expansions at Ν � 0

04.11.06.0001.01

FΝ µ
2 logHΦL Ν

5
+

Π2 Ν2

2 5
+

1

5
 

log3HΦL
3

-
Π2

2
 logHΦL Ν3 + ¼ �; HΝ ® 0L

04.11.06.0019.01

FΝ µ
2 logHΦL Ν

5
+

Π2 Ν2

2 5
+

1

5
 

log3HΦL
3

-
Π2

2
 logHΦL Ν3 + OIΝ4M

04.11.06.0002.01

FΝ �
1

2 5
â
k=1

¥ K2 csch-1H2Lk
- I-ä Π - csch-1H2LMk

- Iä Π - csch-1H2LMkO Νk

k !

04.11.06.0003.01

FΝ µ
2 logHΦL

5
 Ν + OIΝ2M �; HΝ ® 0L

Asymptotic series expansions

04.11.06.0004.01

FΝ µ
ΦΝ - cosHΝ ΠL Φ-Ν

5
�; H Ν¤ ® ¥L

04.11.06.0020.01

FΝ µ

ΦΝ

5
ImHΝL < 0 ß ReHΝL - Π  ImHΝL¤ > 0

- ãä Ν Π-Ν csch-1 H2L
2 5

ImHΝL < 0 ß Π ImHΝL + ReHΝL < 0

- ã-csch-1 H2L Ν-ä Π Ν

2 5
ImHΝL > 0 ß ReHΝL - Π ImHΝL < 0

ΦΝ-cosHΝ ΠL Φ-Ν

5
True

�; H Ν¤ ® ¥L
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04.11.06.0021.01

FΝ µ
ΦΝ

5
�; HΝ ® ¥L

Other series representations

04.11.06.0005.01

Fn � â
k=0

n-1
n - k - 1

k
�; n Î N

04.11.06.0006.01

Fn � â
k=0

n-1
k

n - k - 1
�; n Î N

04.11.06.0007.01

Fn � â
k=0

f n-1

2
v

n - k - 1

k
�; n Î N

04.11.06.0008.01

F2 n+1 � â
k=0

n
k + n

2 k
�; n Î N

04.11.06.0009.01

F2 n � â
k=0

n-1
k + n

2 k + 1
�; n Î N

04.11.06.0010.01

Fn �
21-n Π

GI n

2
M  â

k=0

n-1 Hn - k - 1L ! I1 - n

2
M
k

H-4Lk

k ! GJ n+1

2
- kN �; n Î N

04.11.06.0011.01

Fn � â
k=1

n

5
n-k

2 äk-1 2 n - k

k - 1
 expIä Hn - kL tan-1H-2LM �; n Î N

04.11.06.0012.01

Fn �
1

2n-1
 â

k=0

f n-1

2
v

n

2 k + 1
5k �; n Î N

04.11.06.0013.01

Fn � H-äLn-1 â
k=0

n-1
k + n

2 k + 1
Hä - 2Lk �; n Î N

04.11.06.0014.01

Fn
2 �

n

5n-2 f n+1

2
v+1

 â
k=0

n-1 1

k + 1
 

k + n

2 k + 1
H-5Lk Jn-2 f n

2
vN �; n Î N

Integral representations
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On the real axis

Of the direct function

04.11.07.0001.01

F2 n �
n

2
 

3

2

n-1 à
0

Π

1 +
5

3
cosHtL n-1

sinHtL â t �; n Î Z

Limit representations
04.11.09.0001.01

Fn � lim
m®¥

max : logHlogHdn-1HΜLLL
logHlogHΜLL >

Μ,1,m

�; n Î N+ ì dkHmL � dk-1HΣ0HmLL ì d0HmL � Σ0HmL
Generating functions

04.11.11.0001.01

Fn � @tnD 
t

1 - t - t2
�; n Î N

Differential equations

Ordinary linear differential equations and wronskians

04.11.13.0001.01

wH3LHΝL + log HΦL w¢¢HΝL + IΠ2 - log2HΦLM w¢HΝL - logHΦL Ilog2HΦL + Π2M wHΝL � 0 �; wHΝL � c1 FΝ + c2 LΝ + c3 Φ-Ν sinHΠ ΝL
Transformations

Addition formulas

04.11.16.0001.01

Fm+n � Fn+1 Fm + Fm-1 Fn �; m Î Z ß n Î Z

04.11.16.0002.01

Fm+n �
1

2
HFn Lm + Fm LnL �; n Î Z ß m Î Z

04.11.16.0003.01

Fm+n � â
k=0

¥ n

k
Fm-k �; m Î N ß n Î N

04.11.16.0004.01

Fm-n � H-1Ln HFm Fn+1 - Fn Fm+1L �; m Î Z ß n Î Z

04.11.16.0005.01

Fm-n �
1

2
H-1Ln HFm Ln - Fn LmL �; n Î Z ß m Î Z

http://functions.wolfram.com 6



04.11.16.0006.01

Fm+2 n � â
k=0

¥ n

k
Fk+m �; m Î N ß n Î N

04.11.16.0007.01

Fm+2 n � â
k=0

¥

2n-k n

k
Fm-k �; m Î N ß n Î N

04.11.16.0008.01

Fm+3 n � â
k=0

¥

2k n

k
Fk+m �; m Î N ß n Î N

04.11.16.0009.01

FΝ+1 �
1

2
HFΝ + LΝL

04.11.16.0010.01

F2 n+1 � Fn+1
2 + Fn

2 �; n Î N

04.11.16.0027.01

Fn-1 Fn+1 - Fn
2 � H-1Ln �; n Î N ß n ³ 0

Cassini's formula

Multiple arguments

04.11.16.0028.01

F2 Ν � LΝ FΝ +
sin2HΠ ΝL Φ-2 Ν

5

04.11.16.0029.01

F2 Ν � FΝ-1 FΝ + FΝ+1 FΝ +
Φ-2 Ν sin2HΠ ΝL

5

04.11.16.0030.01

F2 Ν+1 � FΝ-1 FΝ+1 + FΝ+2 FΝ -
Φ-2 Ν-1 sin2HΠ ΝL

5

04.11.16.0011.01

F2 n � Fn-p Fn+p-1 + Fn-p+1 Fn+p �; n Î N ì p Î N

04.11.16.0012.01

F2 n � Ln Fn �; n Î Z

04.11.16.0013.01

F2 n � â
k=0

n n

k
Fk �; n Î N

04.11.16.0031.01

F2 Ν � 3 F2 HΝ-1L - F2 HΝ-2L
04.11.16.0014.01

Fm Ν � Lm Fm HΝ-1L - H-1Lm Fm HΝ-2L �; m Î Z
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04.11.16.0015.01

Fm n � â
k=0

m m

k
Fn

k Fn-1
m-k Fk �; m - 1 Î N+ ì n Î N+ ì n ³ m

04.11.16.0016.01

Fm n �
1

2m-1
 â

k=0

f m-1

2
v

m

2 k + 1
Fn

2 k+1 Ln
-2 k+m-1 5k �; m Î N+ ì n Î Z

04.11.16.0017.01

Fm n � Fn â
k=0

f m-1

2
v

m - k - 1

k
H-1Lk Hn-1L Ln

m-2 k-1 �; m Î N+ ì n Î Z

04.11.16.0018.01

F2 m n � Ln â
k=0

m-1
2 m - k - 1

k
H-1Lk n Fn

-2 k+2 m-1 5-k+m-1 �; m Î N+ ì n Î Z

04.11.16.0019.01

FH2 m-1L n � â
k=0

m-1 2 m - 1

2 m - k - 1

2 m - k - 1

k
H-1Lk n Fn

2 m-2 k-1 5m-k-1 �; m Î N+ ì n Î Z

Products, sums, and powers of the direct function

Products of the direct function

04.11.16.0020.01

FΝ+1 FΝ-1 � FΝ
2 + cosHΝ ΠL

04.11.16.0021.01

Fn Fm �
1

5
HLm+n - H-1Ln Lm-nL �; m Î Z ß n Î Z

Powers of the direct function

04.11.16.0022.01

FΝ
2 � FΝ+1 FΝ-1 - cosHΝ ΠL

04.11.16.0023.01

Fn
2 �

1

5
HL2 n - 2 H-1LnL �; n Î Z

04.11.16.0032.01

Fn
3 �

1

5
I3 H-1Ln+1 Fn + F3 nM �; n Î Z

04.11.16.0033.01

Fn
4 �

1

25
H4 H-1Ln F2 n - F4 n - 8 H-1Ln F2 n+1 + 2 F4 n+1 + 6L �; n Î Z

04.11.16.0024.01

Fn
4 � Fn-2 Fn-1 Fn+1 Fn+2 + 1 �; n Î Z
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04.11.16.0025.01

Fn
m �

1

2
5-f m

2
v â

k=0

m m

k
H-1Lk Hn+1L HH1 + H-1LmL F-2 k n+m n+1 - H-1Lm FHm-2 kL nL �; n Î Z ì m Î N+

Related transformations

04.11.16.0026.01

FΝ �
1

5
HLΝ-1 + LΝ+1L

Identities

Recurrence identities

Consecutive neighbors

04.11.17.0001.01

FΝ � -FΝ+1 + FΝ+2

04.11.17.0002.01

FΝ � FΝ-1 + FΝ-2

04.11.17.0017.01

FΝ �
FΝ+1 - ΦΝ

1 - Φ

04.11.17.0018.01

FΝ � H1 - ΦL FΝ-1 + ΦΝ-1

Distant neighbors

04.11.17.0003.01

FΝ � äm+1 U m-1

2

-
3

2
Fm+Ν + äm U m

2
-1

-
3

2
Fm+Ν+1 �; m Î N+

04.11.17.0004.01

FΝ � ä1-m U m-1

2

-
3

2
FΝ-m - H-äLm U m

2
-1

-
3

2
FΝ-m-1 �; m Î N+

Functional identities

Functional equations

04.11.17.0019.01

wHzL � wHz - 2L + wHz - 1L �; wHzL � c1 Fz + c2 Lz

Relations of special kind

04.11.17.0007.01

FΝ+1 FΝ-1 - FΝ
2 � cosHΝ ΠL

04.11.17.0008.01

Fk+n Fl+n - Fk+l+n Fn � H-1Ln Fk Fl �; k Î N ì l Î N ì n Î N

04.11.17.0009.01

Fk+n-1 Fn-k + F-k+n+1 Fk+n � F2 n �; k Î N ì n Î N

http://functions.wolfram.com 9



04.11.17.0010.01

Fn
2 - Fm+n Fn-m � H-1Ln-m Fm

2 �; n Î Z ß m Î Z

04.11.17.0011.01

4 F2 n+1 F2 n+2 F2 n+3 F2 n+4 - H2 F2 n+2 F2 n+3 + 1L2 + 1 � 0 �; n Î N

04.11.17.0012.01

1

Fa+n Fb+n Fc+n

�
H-1Lb+n

Fc-b Fa-b Fb+n

+
H-1Lc+n

Fa-c Fb-c Fc+n

+
H-1La+n

Fb-a Fc-b Fa+n

�;
n Î N ì a Î N+ ì b Î N+ ì c Î N+ ì a ¹ b ì a ¹ c ì b ¹ c

04.11.17.0013.01

Fn+1 � Φ Fn +
1

2
�; n - 1 Î N+

04.11.17.0014.01

FgcdHm,nL � gcdHFm, FnL �; m Î Z ß n Î Z

04.11.17.0015.01

Fm â
k=1

n H-1Lk

Fk Fk+m

� Fn â
k=1

m H-1Lk

Fk Fk+n

�; m Î N ß n Î N

04.11.17.0016.01

tan-1
1

F2 n+1

+ tan-1
1

F2 n+2

� tan-1
1

F2 n

�; n Î N+

Complex characteristics

Real part

04.11.19.0001.01

ReIFx+ä yM �
Φ-x

5
IΦ2 x cosHy logHΦLL - cosHΠ xL coshHΠ yL cosHy logHΦLL + sinHΠ xL sinHy logHΦLL sinhHΠ yLM

04.11.19.0006.01

ReIFx+ä yM �

1

5
 IsinHΠ xL sinIy csch-1H2LM sinhHΠ yL - cosHΠ xL cosIy csch-1H2LM coshHΠ yLM 5 - 1

2

x

+
5 + 1

2

x

cosIy csch-1H2LM
Imaginary part

04.11.19.0002.01

ImIFx+ä yM �
Φ-x

5
 IΦ2 x sinHy logHΦLL + cosHΠ xL coshHΠ yL sinHy logHΦLL + cosHy logHΦLL sinHΠ xL sinhHΠ yLM

04.11.19.0007.01

ImIFx+ä yM �

1

5
 IcosHΠ xL coshHΠ yL sinIy csch-1H2LM + cosIy csch-1H2LM sinHΠ xL sinhHΠ yLM 5 - 1

2

x

+
5 + 1

2

x

sinIy csch-1H2LM
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Absolute value

04.11.19.0003.01¡Fx+ä y¥ �
1

10
 ,IΦ-2 x Icosh2HΠ yL - 4 Φ2 x cosHΠ xL cosH2 y logHΦLL coshHΠ yL +

2 Φ4 x + sinh2HΠ yL + cosH2 Π xL + 4 Φ2 x sinHΠ xL sinH2 y logHΦLL sinhHΠ yLMM
04.11.19.0008.01

¡Fx+ä y¥ �
1

10
 . 2 K3 + 5 O2 x

+ 4x HcosH2 Π xL + coshH2 Π yLL K1 + 5 O-2 x

-

4 cosHΠ xL cosI2 y csch-1H2LM coshHΠ yL + 4 sinHΠ xL sinI2 y csch-1H2LM sinhHΠ yL
Argument

04.11.19.0004.01

argIFx+ä yM � tan-1IΦ-x IΦ2 x cosHy logHΦLL - cosHΠ xL coshHΠ yL cosHy logHΦLL + sinHΠ xL sinHy logHΦLL sinhHΠ yLM,
Φ-x IΦ2 x sinHy logHΦLL + cosHΠ xL coshHΠ yL sinHy logHΦLL + cosHy logHΦLL sinHΠ xL sinhHΠ yLMM

04.11.19.0009.01

argIFx+ä yM �

tan-1 IsinHΠ xL sinIy csch-1H2LM sinhHΠ yL - cosHΠ xL cosIy csch-1H2LM coshHΠ yLM 5 - 1

2

x

+
5 + 1

2

x

cosIy csch-1H2LM,
IcosHΠ xL coshHΠ yL sinIy csch-1H2LM + cosIy csch-1H2LM sinHΠ xL sinhHΠ yLM 5 - 1

2

x

+
5 + 1

2

x

sinIy csch-1H2LM
Conjugate value

04.11.19.0005.01

Fx+ä y �
Φ-x

5
 IΦ2 x HcosHy logHΦLL - ä sinHy logHΦLLL +

sinHΠ xL sinhHΠ yL HsinHy logHΦLL - ä cosHy logHΦLLL - cosHΠ xL coshHΠ yL HcosHy logHΦLL + ä sinHy logHΦLLLM
04.11.19.0010.01

Fx+ä y �
1

5
 -cosHΠ xL coshHΠ yL IcosIy csch-1H2LM + ä sinIy csch-1H2LMM 5 - 1

2

x

+

sinHΠ xL IsinIy csch-1H2LM - ä cosIy csch-1H2LMM sinhHΠ yL 5 - 1

2

x

+
5 + 1

2

x IcosIy csch-1H2LM - ä sinIy csch-1H2LMM
Signum value
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04.11.19.0011.01

sgnIFx+ä yM � I 2 Φ-x IcosHΠ xL coshHΠ yL Hä sinHy logHΦLL - cosHy logHΦLLL +

Φ2 x HcosHy logHΦLL + ä sinHy logHΦLLL + sinHΠ xL Hä cosHy logHΦLL + sinHy logHΦLLL sinhHΠ yLMN �I,IΦ-2 x Icosh2HΠ yL - 4 Φ2 x cosHΠ xL cosH2 y logHΦLL coshHΠ yL + 2 Φ4 x + sinh2HΠ yL +

cosH2 Π xL + 4 Φ2 x sinHΠ xL sinH2 y logHΦLL sinhHΠ yLMMM
04.11.19.0012.01

sgnIFx+ä yM � 2 sinHΠ xL Iä cosIy csch-1H2LM + sinIy csch-1H2LMM sinhHΠ yL 5 - 1

2

x

+
5 + 1

2

x

IcosIy csch-1H2LM + ä sinIy csch-1H2LMM -
5 - 1

2

x

cosHΠ xL coshHΠ yL IcosIy csch-1H2LM - ä sinIy csch-1H2LMM �
. 2 K3 + 5 O2 x

+ 4x HcosH2 Π xL + coshH2 Π yLL K1 + 5 O-2 x

- 4 cosHΠ xL cosI2 y csch-1H2LM coshHΠ yL +

4 sinHΠ xL sinI2 y csch-1H2LM sinhHΠ yL
Differentiation

Low-order differentiation

04.11.20.0001.01

¶FΝ

¶Ν
�

Φ-Ν IΦ2 Ν logHΦL + cosHΠ ΝL logHΦL + Π sinHΠ ΝLM
5

04.11.20.0002.01

¶2 FΝ

¶Ν2
�

1

5
 IΦ-Ν IcosHΠ ΝL IΠ2 - log2HΦLM + logHΦL IΦ2 Ν logHΦL - 2 Π sinHΠ ΝLMMM

Symbolic differentiation 

04.11.20.0003.02

¶n FΝ

¶Νn
�

1

5
 ΦΝ lognHΦL -

1

2
H-1Ln Φ-Ν Iã-ä Π Ν HlogHΦL + ä ΠLn + ãä Π Ν HlogHΦL - ä ΠLnM �; n Î N

04.11.20.0004.02

¶n FΝ

¶Νn
� FΝ lognHΦL +

Φ-Ν

5
cosHΠ ΝL lognHΦL - H-1Ln â

k=0

n n

k
Πk cos

Π

2
 Hk - 2 ΝL logn-kHΦL �; n Î N

Fractional integro-differentiation

04.11.20.0005.01

¶Α FΝ

¶ΝΑ
�

Ν-Α

2 5
 JIΝ IΠ ä - csch-1H2LMMΑ

 expIIä Π - csch-1H2LM ΝM IQI-Α, Iä Π - csch-1H2LM ΝM - 1M + expI-Iä Π + csch-1H2LM ΝM 

IΝ I-ä Π - csch-1H2LMMΑ
 IQI-Α, -Iä Π + csch-1H2LM ΝM - 1M - 2 ΝΑ csch-1H2LΑ

expIΝ csch-1H2LM IQI-Α, Ν csch-1H2LM - 1MN

http://functions.wolfram.com 12



Integration

Indefinite integration

Involving only one direct function

04.11.21.0001.01

à Fa Ν â Ν �
1

5 a
 

Φ-a Ν HlogHΦL cosHΠ a ΝL - Π sinHΠ a ΝLL
log2HΦL + Π2

+
Φa Ν

logHΦL
04.11.21.0002.01

à FΝ â Ν �
1

5
 

Φ-Ν HlogHΦL cosHΠ ΝL - Π sinHΠ ΝLL
log2HΦL + Π2

+
ΦΝ

logHΦL
Involving one direct function and elementary functions

Involving power function

04.11.21.0003.01à ΝΑ-1 Fa Ν â Ν �

1

2 5
 JΝΑ J-2 H-a ΝL-Α GIΑ, -a Ν csch-1H2LM csch-1H2L-Α

+ Ia Ν I-ä Π + csch-1H2LMM-Α
GIΑ, a Ν I-ä Π + csch-1H2LMM +

Ia Ν Iä Π + csch-1H2LMM-Α
GIΑ, a Ν Iä Π + csch-1H2LMMNN

04.11.21.0004.01à ΝΑ-1 FΝ â Ν �
ΝΑ

2 5
 J-2 H-ΝL-Α GIΑ, -Ν csch-1H2LM csch-1H2L-Α

+

IΝ I-ä Π + csch-1H2LMM-Α
GIΑ, Ν I-ä Π + csch-1H2LMM + IΝ Iä Π + csch-1H2LMM-Α

GIΑ, Ν Iä Π + csch-1H2LMMN
Integral transforms

Laplace transforms

04.11.22.0001.01

Lt@FtD HzL �
1

5 Iz - csch-1H2LM -
z + csch-1H2L

5 KIz + csch-1H2LM2
+ Π2O �; ReHzL > logHΦL

Summation

Finite summation

04.11.23.0010.01â
k=0

n

Fk � Fn+2 - 1
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04.11.23.0012.01â
k=0

n n

k
Fk � F2 n �; n Î N

04.11.23.0013.01â
k=0

n n

k
Fk 2k � F3 n �; n Î N

04.11.23.0014.01â
k=0

n

Fk zk �
z Hzn Hz Fn + Fn+1L - 1L

z2 + z - 1
�; n Î N

04.11.23.0001.01

â
k=0

n

Fk p+q zk �
Fq - FHn+1L p+q zn+1 + H-1Lp Fn p+q zn+2 - H-1Lp Fq-p zH-1Lp z2 - Lp z + 1

�; p Î Z ì q Î Z ì n Î N

04.11.23.0002.01â
k=0

n

Fk Fn-k �
1

5
Hn Ln - FnL �; n Î N

04.11.23.0011.01â
k=0

n

Fk
2 � Fn Fn+1

Infinite summation

04.11.23.0003.02â
k=1

¥

Fk zk � -
z

z2 + z - 1

04.11.23.0004.01

â
k=1

¥ 1

F2 k-1

�
1

4
5 J2 0,

2

3 + 5

2

04.11.23.0005.01â
k=1

¥ 1

Fk Fk+2

� 1

04.11.23.0006.01â
k=1

¥

sin
n Π Fk-1

2 Fk+1 Fk

cos
n Π Fk+2

2 Fk+1 Fk

� 0 �; n Î Z

04.11.23.0007.01â
k=0

¥

Fk Fk+1 Fk+2 zk �
2 zI-z2 + z + 1M I-z2 - 4 z + 1M

as a formal power series
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04.11.23.0015.01â
k=1

¥  Fk Φ - Fk+1¤ � Φ

Multiple sums

04.11.23.0008.01

â
m1=0

n â
m2=0

n

¼ â
mk=0

n

∆
n,Új=1

k m j
ä
j=1

k

Fm j+1 � â
j=0

f n

2
v

k - j + n - 1

k - 1

n - j

j
�; n Î N ì k Î N+

04.11.23.0009.01â
k1=1

n â
k2=1

n

¼ â
kp=1

n

∆n-Új=1
p k j

ä
j=1

p

Fk j
� Fn,p �; n Î N ì p Î N+ ì Fn,p =

2

5

n - 1

p - 1
+ 1 Fn-1,p-1 +

1

5

n

p - 1
- 1 Fn,p-1 í Fn,1 � Fn

Operations

Limit operation

04.11.25.0001.01

lim
Ν®¥

FΝ

LΝ

�
1

5

04.11.25.0002.01

lim
Ν®¥

FΑ+Ν

FΝ

� ΦΑ

04.11.25.0003.01

lim
Ν®¥

Úk=0
m-1 FΝ+k

Fm+Ν - FΝ

� Φ �; m Î N+

Representations through more general functions

Through hypergeometric functions

Involving 2F1

04.11.26.0001.01

FΝ �
Ν

2
 cos2

Π Ν

2
2F1 1 -

Ν

2
,

Ν

2
+ 1;

3

2
; -

1

4
+ sin2

Π Ν

2
 2F1

1 - Ν

2
,

Ν + 1

2
;

1

2
; -

1

4

04.11.26.0002.01

FΝ � H1 - ΘH-ΝL ∆HsinHΝ ΠLLL 2F1

1 - Ν

2
, 1 -

Ν

2
; 1 - Ν; -4 - H1 - ΘHΝL ∆HsinHΝ ΠLLL cosHΝ ΠL 2F1

Ν + 1

2
,

Ν

2
+ 1; Ν + 1; -4

04.11.26.0003.01

FΝ � 2F1

1 - Ν

2
, 1 -

Ν

2
; 1 - Ν; -4 - cosHΠ ΝL 2F1

Ν + 1

2
,

Ν

2
+ 1; Ν + 1; -4 �; Ν Ï Z

http://functions.wolfram.com 15



04.11.26.0004.01

FΝ �
1

2
ã

ä Π Ν

2 Ν
1

2
ä sinHΠ ΝL - cosHΠ ΝL 2F1 1 -

Ν

2
,

Ν

2
+ 1;

3

2
;

5

4
+

sinHΠ ΝL
5

2F1

Ν + 1

2
,

1 - Ν

2
;

1

2
;

5

4

04.11.26.0005.01

FΝ �
2 + ä

10
ã

ä Π Ν

2 H2 - äL Ν H2 ä cosHΠ ΝL + sinHΠ ΝLL 2F1 1 - Ν, 1 + Ν;
3

2
;

2 - ä

4
- ä 2 - ä sinHΠ ΝL 2F1

1

2
- Ν,

1

2
+ Ν;

1

2
;

2 - ä

4

04.11.26.0006.01

FΝ �
1

10
ã-

ä Π Ν

2 2 + ä H1 + 2 äL sinHΠ ΝL 2F1

1

2
- Ν, Ν +

1

2
;

1

2
;

2 + ä

4
+ 5 Ν HsinHΠ ΝL - 2 ä cosHΠ ΝLL 2F1 1 - Ν, Ν + 1;

3

2
;

2 + ä

4

04.11.26.0007.01

Fn �
n

2n-1
 2F1

1 - n

2
, 1 -

n

2
;

3

2
; 5 �; n Î Z

04.11.26.0008.01

Fn � 2F1

1 - n

2
, 1 -

n

2
; 1 - n; -4 �; n - 1 Î N+

04.11.26.0009.01

Fn � 22 f n-1

2
v+1-n H-1Lf n-1

2
v n 2F1 -

n - 1

2
, g n

2
w + 1;

3

2
;

5

4
�; n Î Z

04.11.26.0010.01

Fn �
5

4

f n-1

2
v K n

2
On-2 f n-1

2
v-1

2F1 -
n - 1

2
, -

n - 1

2
-

1

2
; 1 +

H-1Ln

2
;

1

5
�; n Î Z

04.11.26.0011.01

Fn �
4

5

f n

2
v+1 K n

2
On-2 f n-1

2
v-1

2F1 g n

2
w +

1

2
, g n

2
w + 1; 1 +

H-1Ln

2
;

1

5
�; n Î Z

04.11.26.0012.01

Fn � 5f n-1

2
v

2F1 -
n - 1

2
, -

n - 1

2
-

1

2
; 1 - n;

4

5
�; n - 1 Î N+

04.11.26.0013.01

Fn � K n

2
On-2 f n-1

2
v-1

2F1 -
n - 1

2
, g n

2
w + 1; 1 +

H-1Ln

2
; -

1

4
�; n Î Z

04.11.26.0014.01

Fn �
2

5
K n

2
On-2 f n-1

2
v-1

2F1 -
n - 1

2
-

1

2
, g n

2
w +

1

2
; 1 +

H-1Ln

2
; -

1

4
�; n Î Z

04.11.26.0016.01

Fn �
3

2

f n-1

2
v 6

5

n

2
-f n

2
v K n

2
On-2 f n-1

2
v-1

2F1

1 + 3 H-1Ln

8
-

e n

2
u

2
,

5 + 3 H-1Ln

8
-

e n

2
u

2
; 1 +

H-1Ln

2
;

5

9
�; n Î Z

04.11.26.0017.01

Fn �
2

3

-
n

2
+2 f n

2
v+1 4

5

n

2
-f n

2
v K n

2
On-2 f n-1

2
v-1

2F1

7 + H-1Ln

8
+

e n

2
u

2
,

3 + H-1Ln

8
+

e n

2
u

2
; 1 +

H-1Ln

2
;

5

9
�; n Î Z
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04.11.26.0018.01

Fn � H-äLn-1 n 2F1 1 - n, n + 1;
3

2
;

2 - ä

4
�; n Î Z

Involving pFq

04.11.26.0019.01

F2 n+1
2 � H2 n + 1L2

3F2 -2 n, 1, 2 n + 2;
3

2
, 2;

5

4
�; n Î Z

04.11.26.0020.01

F2 n
2 �

4

5
n2

3F2 1 - 2 n, 1, 2 n + 1;
3

2
, 2; -

1

4
�; n Î Z

Through Meijer G

Classical cases for the direct function itself

04.11.26.0021.01

FΝ �
sinHΠ ΝL
2 Π

 G3,3
2,2

1

4

Ν+1

2
, 1-Ν

2
, Ν

2

0, 1

2
, Ν

2

�; Ν Ï Z

04.11.26.0022.01

FΝ �
1

2Ν Π
 G2,2

1,2 4
Ν+1

2
, Ν

2

0, Ν
-

cosHΝ ΠL
2-Ν Π

 G2,2
1,2 4

1-Ν

2
, - Ν

2

0, -Ν
�; Ν Ï Z

Generalized cases for the direct function itself

04.11.26.0023.01

FΝ �
sinHΠ ΝL
2 Π

G3,3
2,2

1

2
,

1

2

Ν+1

2
, 1-Ν

2
, Ν

2

0, 1

2
, Ν

2

�; Ν Ï Z

Through other functions

Involving some hypergeometric-type functions

04.11.26.0024.01

FΝ � FΝH1L
04.11.26.0025.01

Fn � än-1 Un-1 -
ä

2
�; n Î N

Representations through equivalent functions

With elementary functions

04.11.27.0001.01

FΝ �
2 ãΝ logHwL - ãHΠ ä-logHwLL Ν - ã-HΠ ä+logHwLL Ν

2 5
�; w �

1 + 5

2
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04.11.27.0002.01

FΝ �
2 ΦΝ - ãΝ H-ä Π-logHΦLL - ãΝ Hä Π-logHΦLL

2 5

04.11.27.0003.01

FΝ �
2 ΦΝ - ãΝ H-ä Π-logHΦLL - ãΝ Hä Π-logHΦLL

2 5

04.11.27.0004.01

FΝ �
1

5
 expI-Ν csch-1H2LM IexpI2 Ν csch-1H2LM - cosHΠ ΝLM

04.11.27.0005.01

FΝ � -
ä

5
 ã

ä Π Ν

2 sinHΠ ΝL cos Ν sin-1
5

2
- H2 cosHΠ ΝL - ä sinHΠ ΝLL sin Ν sin-1

5

2

04.11.27.0006.01

FΝ �
1

5
 HH1 - cosHΠ ΝLL coshHΝ logHΦLL + HcosHΠ ΝL + 1L sinhHΝ logHΦLLL

04.11.27.0007.01

FΝ �
1

5
 2 sin

Π Ν

2
sin Ν csc-1

2

5
+ I1 + ãä Π ΝM sinhIΝ csch-1H2LM

04.11.27.0008.01

FΝ �
ã

ä Π Ν

2

5
H2 ä cosHΠ ΝL + sinHΠ ΝLL sin 2 Ν sin-1

2 - ä

2
- ä sinHΠ ΝL cos 2 Ν sin-1

2 - ä

2

04.11.27.0009.01

FΝ �
1

5
 ã-

ä Π Ν

2 ä sinHΠ ΝL cos 2 Ν sin-1
2 + ä

2
+ HsinHΠ ΝL - 2 ä cosHΠ ΝLL sin 2 Ν sin-1

2 + ä

2

04.11.27.0010.01

Fn �
än-1 sinHn zL

sinHzL �; z � ä log
5 + 1

2
+

Π

2
í n Î Z

With Lucas numbers

04.11.27.0011.01

FΝ �
1

5
HLΝ-1 + LΝ+1L
04.11.27.0012.01

Fn �
H-1Lm H2 Ln-m+1 - Ln-mL + 2 Lm+n+1 - Lm+n

5 Lm

�; m Î Z ß n Î Z

04.11.27.0013.01

FΝ �
2 L2 Ν+1 - L2 Ν

5 LΝ

-
Φ-2 Ν sin2HΠ ΝL

5 LΝ
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Other identities

Identities involving determinants

04.11.32.0001.01

Fn �
1 if k � l

ä if  k - l¤ � 1

0 else 1£k£n

1£l£n

Theorems

Zeckendorf theorem

Every positive integer can be decomposed in a unique way as a sum of Fibonacci numbers, such that no two of

these numbers are consecutive in the Fibonacci sequence.

Fibonacci substitution

After acting on A n times with the Fibonacci substitution 8A ® A B, B ® A< the resulting sequence contains Fn+1 As

and Fn Bs .

A transcendental number

 Ún=1
¥ Fn

-2 is a transcendental number.

The numbers of primary and secondary spirals in the positions of leaves

The numbers of primary and secondary spirals in the positions of leaves or scales along a plant stem are nearly

always two consecutive Fibonacci numbers.

Hirmer's conjecture

The number of the largest set of nonintersecting circles arranged along the circumference of a given circle and

angle 2 Π H1 - GoldenRatioL between consecutive midpoints is given by the Fibonacci numbers Fn.

History

– J. Kepler (1608)

– A. Girard (1634); R. Simpson (1753)

– É. Léger (1837)

– É. Lucas (1870, 1876–1880)

– G.H. Hardy and E.M. Wright (1938)

http://functions.wolfram.com 19



Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas 

involving the special functions of mathematics. For a key to the notations used here, see 

http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for 

example: 

http://functions.wolfram.com/Constants/E/

To refer to a particular formula, cite functions.wolfram.com followed by the citation number.

e.g.:  http://functions.wolfram.com/01.03.03.0001.01

This document is currently in a preliminary form. If you have comments or suggestions, please email 

comments@functions.wolfram.com.

© 2001-2008, Wolfram Research, Inc.

http://functions.wolfram.com 20


