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Notations

Traditional name

Floor function

Traditional notation

Lz

Mathematica StandardForm notation

Fl oor [z]

Primary definition

04.01.02.0001.01
[X|=n/;xeRAneZAn=x<n+1

04.01.02.0002.01

[z] =Re(2)| +i[Im(2)]

For real z, the function | z| isthe greatest integer less than or equal to z.

Examples [3.2]==3, |3]==3, |-02]=-1, [-23]=-3, |%]|==0, |-n]=-4,|-4-Ji|=-4-2i

El=2[3|=3

Specific values

Specialized values

04.01.03.0001.01
IX|=X/;XxeZ

04.01.03.0002.01
lix|]=ix/;xeZ

04.01.03.0003.01
[x+iyl=Ix]+ilyl i xeRAyeR
Values at fixed points

04.01.03.0004.01
10)==0



http: //functions.wolfram.com

04.01.03.0005.01

[1]==1
04.01.03.0006.01
-1)=-1
04.01.03.0007.01
li] =1
04.01.03.0008.01
|—i]==—i
04.01.03.0009.01
{ZgJ
10
04.01.03.0010.01
|-3]=-3
04.01.03.0011.01
—7|=-4
04.01.03.0012.01
10
04.01.03.0013.01
|-3.4) = -4
04.01.03.0014.01
23
——ie|=2-3i
10

Values at infinities

04.01.03.0015.01

Loo] == oo

04.01.03.0016.01

[ —oo) = —co

04.01.03.0017.01
[ico]==ic0

04.01.03.0018.01

l—ico] = —i co

04.01.03.0019.01

&) = &

General characteristics

Domain and analyticity

Lz] isanon-analytical function; it is a piecewise constant function which is defined in the whole complex z-plane.

04.01.04.0001.01
z—|z|::C—C
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Symmetries and periodicities

Mirror symmetry

04.01.04.0002.01
[z] == 2] - i 1~ xz(Im(2)))
Periodicity

No periodicity

Sets of discontinuity

The function | z] is a piecewise constant function with unit jumpsonthelinesRe(z = k\V Im(2 =1/;k, 1 € Z.
The function | z] is continuous from the right on the intervals (k — i oo, K+ i ), k € Z, and from above on the intervals
(ik—o00,ik+ ), ke Z.

04.01.04.0003.01
DSAz]) = {{{(k—ico, K+ i), =1} /; ke Z}, {{i k- o0, i k+ ), =i} /; k € Z}}

04.01.04.0004.01

Iirr:) lz+€e]l==1z]/;Re(d e Z

04.01.04.0005.01
Iin}) lz—€]l==12]-1/;Re(d e Z
€+

04.01.04.0006.01
lim |z+iel==12z]/;Im@2 eZ
e—>+0

04.01.04.0007.01
lim|z—ie]=z]-i/;Im2e”Z
e->+0

Series representations

Exponential Fourier series

04.01.06.0001.01
1 12> sn2rkx)

LxJ::x——+—Z—/;Xe[R/\XeEZ

2 mi5 k

Other series representations
04.01.06.0002.01

PJ:T+inz_isin[znkm)cot[”—k]—%/;mez/\nez/\?gez/\ml

n

Transformations

Transformations and argument simplifications
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Argument involving basic arithmetic operations

04.01.16.0001.01
|l-zl=-1z]/;Re@ € ZANImD 2

04.01.16.0002.01
[-2z] = -1z] - syn(IRe(2))) — i sgn(IIM(2)]) /; Re(?) ¢ Z N Im(2) & Z

04.01.16.0003.01
[-zl=xz@-1z1-1/;zeR

04.01.16.0004.01
-zl = ~1z] - i (1 - xz(Im(2)) sgn(|Im(2))) - (1 - xz(Re(2))) sgn(|Re(2)])

04.01.16.0005.01
liz]=ilz|+ xz(Im(2) -1
04.01.16.0006.01

Liz] = -Im(2)] +i|Rez)]

04.01.16.0007.01
l-iz]=-ilz] -i(1- xz(R&2))

04.01.16.0008.01
[-iz]=LIm@)] +i|-Re@z)]

04.01.16.0009.01
lz+n|=|z]+n/;ne”Z
04.01.16.0021.01
{Ln X

—J::l_XJ/;Xe[R/\neZ
n

Argument involving related functions

04.01.16.0010.01

Llz]] =12
04.01.16.0011.01
lz—z]]==0
04.01.16.0012.01
LLZ]] = 2]
04.01.16.0013.01
L[Z1] =17

04.01.16.0014.01
Lint(2)] == int(2)

04.01.16.0022.01
Lfrac(2)] == (0(IM(2)) = 1) i (1 - xz(1M(2))) + (6(Re&(2) - 1) (1 - xz(Re(2)))
04.01.16.0023.01

= oo

n

04.01.16.0024.01
lmmod1]|==0
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04.01.16.0025.01

m
Lquotient(m, n)] == {_J
n

Addition formulas

04.01.16.0015.01
lz+n|=|z]+n/;ne”Z

04.01.16.0016.01
zn+ 2] =71+ 2 - z1] - |Z]] + |21] + | 2]

Multiple arguments
04.01.16.0017.01

n-1 k k+1
lnz| = anJ+Zk0(zmodl— —][1—0{zmodl— —]]/; neNAzeR
py n n

Products, sums, and powers of the direct function

Sums of the direct function

04.01.16.0018.01
lzl+ 12l = 7+ 2] - 71 + 2~ |21] — | 2]]

04.01.16.0019.01

n- m‘l{kn+x

km+ x
/i xeRAneN" AmeN"

-3

k=0

1
k=0

Related transformations

04.01.16.0020.01
21=(2-z) @-2)-lallzl+|2]z+z]2

Identities

Functional identities

n
-fy
2
04.01.17.0002.01

1 1 1 1
Jn+ =+ == n+- +-
2 2 4 2

04.01.17.0003.01

|[Vn +Vn+1|=|Van+2|/nez

04.01.17.0001.01

n n+2 n+4
L3 6 6

n+3
—J/;neZ
6

/ine”Z

Complex characteristics
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Real part

04.01.19.0001.01
Re(Lx+iyl) == LX]

04.01.19.0006.01
Re(|z]) = [Re(2)]

Imaginary part

04.01.19.0002.01
Im(Lx+iyl) = Ly]
04.01.19.0007.01

Im(Lz]) = [Im(2)]

Absolute value

04.01.19.0003.01

Ix+iyll = Ix??+ly?

04.01.19.0008.01

Lzl =V Im@ P + [Re@) 2

Argument
04.01.19.0004.01
arg(Lx + i yJ) = tan*(|xJ, Ly))

04.01.19.0009.01
arg(|z)) = tan*(|[Re(2)], LIm(2)))

Conjugate value
04.01.19.0005.01
Ix+iyl=Ix]-ily]
04.01.19.0010.01
[z] = |Re@)] - i [Im(2)]

Signum value

04.01.19.0011.01
[X+iy]

ILx+iyll

SgN(LX+iy)) =
04.01.19.0012.01

(L) =
ILzIl

Differentiation

Low-order differentiation
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04.01.20.0001.01

In adistributional sense, for xe R .

04.01.20.0002.01
d|X] o
= Z S(x—K)
X

k=—co

Fractional integro-differentiation

04.01.20.0003.01
oz lzz*

97  Td-a

Integration

Indefinite integration

Involving only one direct function

04.01.21.0001.01

Involving one direct function and elementary functions

Involving power function

04.01.21.0002.01
o 212
fz" lz|ldz= ——

a

04.01.21.0003.01

Lzl
f—dz: log(2 |z
z

Definite integration
For thedirect function itself

Inthefollowing formulasa € R.

04.01.21.0004.01

n nin-1)
thJcﬂt:: /ineN
0 2

04.01.21.0005.01

a 1
thJdt:—(za—LaJ—l)LaJ
0 2
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04.01.21.0006.01

a 1
fo vy dt=— (ala - {0+ {-a, [a] + D)

04.01.21.0007.01

oo 1
f |t dt = - ; (lala® +{(-a, la] + 1)) /; Re(e) < -1

04.01.21.0008.01

-~ {-a)
ft" lt]dt=-—"/:Re(a) < -1
0 a

04.01.21.0009.01

fal_tj dt=-a

04.01.21.0010.01

fab(x {XJ 1)(x {XJ 1)d ab gcd(a, b)
_ | == = _ | = = = X == —

o \a Lal 2/\b Lbl 2 12 Iem(a, b)

Integral transforms

Fourier exp transforms

04.01.22.0001.01

Vi i * 02kn-2-6nrk+2
Fll@ =] = 6@+ > ~iV2r 5@
2 V21 ket k

Fourier cos transforms

04.01.22.0002.01
1 z bd
cot(—)— — 02
V2rn z 2 2

Fourier sin transforms

Fallt]l (@ = -

04.01.22.0003.01

1 1 602kn-2-02rk+2)
Fsillt]] (@ = - -V2r §@+ Z
2n z V2r k=1 k

Laplace transforms

04.01.22.0004.01

L[t (D = /R >0

(e*-1)z

Mellin transforms

04.01.22.0005.01

{(=2
MLt @) = - 5 /i Re() < -1
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Summation

Finite summation

04.01.23.0001.01

Y1k
D=+ x| =1xy+ (Il
LY

04.01.23.0002.01
Pk

04.01.23.0003.01
-1k [kJ 1] km [ka 1)
m\n [n] 2 [ n n

04.01.23.0004.01

1n1

p-1p-1) k] 2
ZZ{ J ( ) (p-2)/;peP
1=1 k=1
04.01.23.0006.01
p-1 q-1

k=1 k=1

04.01.23.0007.01
(x- 1>Zx“>i +(y- 1)Zy“

04.01.23.0008.01
q 1

(x- 1>Zx“ﬂ - 1)ZV“ — Y7 x

Infinite summation

04.01.23.0005.01

Z—::—/ eN* AmeN*
" k=Dkm-1

4nZcot

—_ yq_l Xp_l —_

-y Ix+1]/ixeRAyeRAy>0

q
Z FJ___(p D@-1/ipeN"AgeN" Aged(p, g)=1

mkr
( ]cot( ]/ meN* AneN* Agcdim n)=1
n

| ak] & pk| 1
Z{—J+Z{?J =2 (P-D@-D/ peN"AgeN"Aged(p, g) =

1/; peNt* AgeN*" Aged(p, ) =

2 -1/,peN"AgqeN* Aged(p, ) =

Representations through equivalent functions

With related functions

With Round

For real arguments
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04.01.27.0011.01
17 X+1
x] == X—E /;xe[R/\TsEZ

04.01.27.0012.01
17 X+ 1
[X|= |X==|+1/); — eZ
L 2 2

04.01.27.0013.01
17 X+1

[X]= [X——=|+x (
2] 2

]/;Xe[R

For complex arguments

04.01.27.0001.01

1+ (Re(z)+l) ) (Im(z)+1)
lz] = {Z— > 1"')(1 > +ixz >

With Ceiling

For real arguments

04.01.27.0014.01
[X|=TX1-1/;xeRAXx¢Z

04.01.27.0015.01
x]=T1x1/;xeZ

04.01.27.0016.01
X =IX1+0(xz(x -1 -1

For complex arguments
04.01.27.0017.01
lz)=[Z1-1-i/;Re@ ¢ Z\Im@2 ¢ Z

04.01.27.0018.01
lzl=[Z1-1/;Re(2 ¢ Z\NIm(2) e Z

04.01.27.0019.01
lzl=[Z]1-i/;Re@ e Z N Im@2) ¢ Z

04.01.27.0020.01
1zl =[Z]/;Re(zy e ZANIMm(2) € Z

04.01.27.0003.01
(2] =[Z] + O0(xz(R&(2) - 1) =i (— xz(IM(2))) — 1

04.01.27.0002.01
lz] = -[-Z]

With I nteger Part

For real arguments
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04.01.27.0021.01
[x]=int(X) /; xeRAX>0VXxeZ

04.01.27.0022.01
[X]=int(x)-1/;xeRAX<0AXxe¢Z

04.01.27.0023.01
[X] =int(X) — 1+ sgn(xz(X) + 6(X)) /; xe R

For complex arguments

04.01.27.0004.01
[z]=int(2) /; Re(2 =z 0AIM(2)=0VzeZVizeZ

04.01.27.0024.01
lzl=int(-1/;zeRAz<0Az¢ Z\/Re(2) <0OAIM(2 >0

04.01.27.0025.01
[zl =int(@)—-i/;izeRANiz>0Aiz¢ Z\/Re(2) >0AIm(2) <0

04.01.27.0026.01
lz]=int(2)—-1-i/; Re(2 <0AIM(2 <0

04.01.27.0005.01
[z] =int(2) - 1-i + sgn(xz( Re(2)) + 6(Re&(2))) + i sgn(xz(1M(2)) + 6(IM(2)))

With Fractional Part

For real arguments

04.01.27.0027.01
[X] =x—frac(x) /; xeRAX>0VXxeZ

04.01.27.0028.01
[X]==x—-fracX)—1/; XeRAX<O0AX¢ Z

04.01.27.0029.01
[X] == x—frac(x) - 1+ sgn(xz(x) + 0(x)) /; xe R

For complex arguments

04.01.27.0006.01
lzl==z-frac(2) /; Re(20 = 0AIM(2) =0V zeZVize”Z

04.01.27.0030.01
lz|=z—-frac(2)-1/;zeRANz<O0Az¢ Z\/ Re(z2 <0OAIM(2) >0

04.01.27.0031.01
|1z =z-frac(2)—i/;izeR ANiz>0Aiz¢ Z\/Re(2) >0AIm(2) <0

04.01.27.0032.01
lz]==z-frac(2-1-i/;Re(2) < 0OAIM(2) < O

04.01.27.0007.01
2] == 2~ frao(2) - 1 - i + Sg(xz( Re(2)) + B(RE()) + i Sz (IM(2)) + B(1IM(2)

With Mod
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04.01.27.0008.01
lz]==z-zmod 1

With Quotient

04.01.27.0009.01
|z] == quotient(z, 1)

With elementary functions

04.01.27.0010.01

tan(cot(r2z) 1
LzJ==z+7—£/;ze[R/\z¢Z
Ve

Zeros

04.01.30.0001.01
1z]==0/;0=Re(2)<1A0=<Im(2 <1

Theorems

The Arnold cat map

{X, V)= {X+y—-[X+Vy], Xx+2y—[x+2y]}.

History

—C.F. Gauss (1808)
—J. Liouville (1838)
—K_.E. Iverson (1962) suggested the notation | z|

The function | z] is encountered often in mathematics and the natural sciences.



http: //functions.wolfram.com

13

Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.

© 2001-2008, Wolfram Research, Inc.



