
FresnelC

Notations

Traditional name

Fresnel integral C

Traditional notation

CHzL
Mathematica StandardForm notation

FresnelC@zD

Primary definition
06.33.02.0001.01

CHzL � à
0

z

cos
Π t2

2
 â t

Specific values

Values at fixed points

06.33.03.0001.01

CH0L � 0

Values at infinities

06.33.03.0002.01

CH¥L �
1

2

06.33.03.0003.01

CH-¥L � -
1

2

06.33.03.0004.01

CHä ¥L �
ä

2

06.33.03.0005.01

CH-ä ¥L � -
ä

2



06.33.03.0006.01

CH¥� L � È

General characteristics

Domain and analyticity

 CHzL is an entire analytical function of z which is defined in the whole complex z-plane.

06.33.04.0001.01

z�CHzL � C�C

Symmetries and periodicities

Parity

 CHzL is an odd function.

06.33.04.0002.01

CH-zL � -CHzL
Mirror symmetry

06.33.04.0003.01

CHz�L � CHzL
Periodicity

No periodicity

Poles and essential singularities

The function CHzL has only one singular point at z = ¥� .  It is an essential singular point. 

06.33.04.0004.01

SingzHCHzLL � 88¥� , ¥<<
Branch points

The function CHzL does not have branch points.

06.33.04.0005.01

BPzHCHzLL � 8<
Branch cuts

The function CHzL does not have branch cuts.

06.33.04.0006.01

BCzHCHzLL � 8<
Series representations
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Generalized power series

Expansions at generic point z � z0

For the function itself

06.33.06.0011.01

CHzL µ CHz0L + cos
Π z0

2

2
Hz - z0L -

1

2
Π sin

Π z0
2

2
z0 Hz - z0L2 + ¼ �; Hz ® z0L

06.33.06.0012.01

CHzL µ CHz0L + cos
Π z0

2

2
Hz - z0L -

1

2
Π sin

Π z0
2

2
z0 Hz - z0L2 + OIHz - z0L3M

06.33.06.0013.01

CHzL � CHz0L + â
k=1

¥ â
j=0

k-1 2 j-k+1 Π j z0
2 j-k+1

k H2 j - k + 1L ! Hk - j - 1L !
cos 

1

2
Π Iz0

2 + jM Hz - z0Lk

06.33.06.0014.01

CHzL � Π3�2 â
k=0

¥ 22 k-
3

2 z0
1-k

k !
3F

�
4

1

4
,

3

4
, 1;

2 - k

4
,

3 - k

4
, 1 -

k

4
,

5 - k

4
; -

Π2 z0
4

16
Hz - z0Lk

06.33.06.0015.01

CHzL µ CHz0L H1 + OHz - z0LL
Expansions at z � 0

For the function itself

06.33.06.0001.02

CHzL µ z 1 -
Π2 z4

40
+

Π4 z8

3456
- ¼ �; Hz ® 0L

06.33.06.0016.01

CHzL µ z 1 -
Π2 z4

40
+

Π4 z8

3456
- OIz12M

06.33.06.0002.01

CHzL � z â
k=0

¥ 2-2 k Π2 k I-z4Mk

H4 k + 1L H2 kL !

06.33.06.0003.01

CHzL � z 1F2

1

4
;

1

2
,

5

4
; -

Π2 z4

16

06.33.06.0004.02

CHzL µ z I1 + OIz4MM
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06.33.06.0017.01

CHzL � F¥HzL �;
FnHzL � z â

k=0

n 2-2 k Π2 k I-z4Mk

H4 k + 1L H2 kL !
� CHzL +

H-1Ln 4-n-1 Π2 Hn+1L z4 n+5

H4 n + 5L H2 n + 2L !
 2F3 1, n +

5

4
; n +

3

2
, n + 2, n +

9

4
; -

1

16
Π2 z4 í n Î N

Summed form of the truncated series expansion.

Asymptotic series expansions

06.33.06.0005.01

CHzL µ
Iz4M3�4
2 z3

+
ä

2 Π z
 ã-

ä Π

2
z2

2F0 1,
1

2
; ;

2 ä

Π z2
- ã

ä Π

2
 z2

2F0 1,
1

2
; ; -

2 ä

Π z2
�; H z¤ ® ¥L

06.33.06.0006.01

CHzL µ
Iz4M3�4
2 z3

+
ä

2 Π z
ã-

ä Π

2
 z2

1 + O
1

z2
- ã

ä Π

2
 z2

1 + O
1

z2
�; H z¤ ® ¥L

06.33.06.0007.01

CHzL µ
Iz4M3�4
2 z3

+
1

Π z
 sin

Π z2

2
3F0

1

4
,

3

4
, 1; ; -

16

Π2 z4
-

1

Π z2
 cos

Π z2

2
3F0

3

4
,

5

4
, 1; ; -

16

Π2 z4
�; H z¤ ® ¥L

06.33.06.0008.01

CHzL µ
Iz4M3�4
2 z3

-
1

Π2 z3
 cos

Π z2

2
1 + O

1

z4
+

1

Π z
 sin

Π z2

2
 1 + O

1

z4
�; H z¤ ® ¥L

Residue representations

06.33.06.0009.01

CHzL �
Π z3�4

2 z24
-z

4

â
j=0

¥

ress

J- Π2

16
 z4N-s

GHs + 1L GJ 1

4
- sN GH1 - sL  G s +

1

4
 - j -

1

4

06.33.06.0010.01

CHzL �
Π ã-

Π ä

4

2
 â
j=0

¥

ress

1

2
ã

Π ä

4 Π z
-4 s

GHs + 1L GJ 1

4
- sN GH1 - sL  G s +

1

4
 - j -

1

4

Integral representations

On the real axis

Of the direct function

06.33.07.0001.01

CHzL � à
0

z

cos
Π t2

2
 â t
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06.33.07.0002.01

CHzL �
1

2 Π
 à

0

Π z2

2 cosHtL
t

 â t

Contour integral representations

06.33.07.0003.01

CHzL �
Π z3�4

2 z24
-z

4

 
1

2 Π ä
 à

L

GJs + 1

4
N

GHs + 1L GJ 1

4
- sN GH1 - sL  -

Π2

16
 z4

-s

 â s

06.33.07.0004.01

CHzL �
Π ã-

Π ä

4

2
 

1

2 Π ä
 à

L

GJs + 1

4
N

GHs + 1L GJ 1

4
- sN GH1 - sL  

1

2
ã

Π ä

4 Π z
-4 s

 â s

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

06.33.13.0001.01

z wH3LHzL - w¢¢HzL + Π2 z3 w¢HzL � 0 �; wHzL � CHzL í wH0L � 0 í w¢H0L � 1 í wH3LH0L � 0

06.33.13.0002.01

z wH3LHzL - w¢¢HzL + Π2 z3 w¢HzL � 0 �; wHzL � c1 CHzL + c2 SHzL + c3

06.33.13.0003.01

WzH1, CHzL, SHzLL � Π z

06.33.13.0004.01

wH3LHzL -
g¢HzL
gHzL +

3 g¢¢HzL
g¢HzL w¢¢HzL + Π2 gHzL2 g¢HzL2 +

g¢¢HzL
gHzL +

3 g¢¢HzL2 - g¢HzL gH3LHzL
g¢HzL2

w¢HzL wHzL � 0 �;
wHzL � c1 C HgHzLL + c2 S HgHzLL + c3

06.33.13.0005.01

WzHCHgHzLL, SHgHzLL, 1L � Π gHzL g¢HzL3

http://functions.wolfram.com 5



06.33.13.0006.01

wH3LHzL -
g¢HzL
gHzL +

3 h¢HzL
hHzL +

3 g¢¢HzL
g¢HzL w¢¢HzL +

Π2 gHzL2 g¢HzL2 +
2 h¢HzL g¢HzL

hHzL gHzL +
6 h¢HzL2

hHzL2
+

6 h¢HzL g¢¢HzL
g¢HzL hHzL +

g¢¢HzL
gHzL +

3 g¢¢HzL2 - g¢HzL gH3LHzL
g¢HzL2

-
3 h¢¢HzL

hHzL w¢HzL +

-
6 h¢HzL3

hHzL3
-

2 g¢HzL h¢HzL2

gHzL hHzL2
-

6 g¢¢HzL h¢HzL2

hHzL2 g¢HzL +
6 h¢¢HzL h¢HzL

hHzL2
-

3 g¢¢HzL2 h¢HzL
hHzL g¢HzL2

+

g¢HzL h¢¢HzL - h¢HzL g¢¢HzL
gHzL hHzL +

3 g¢¢HzL h¢¢HzL + h¢HzL gH3LHzL
hHzL g¢HzL -

Π2 gHzL2 h¢HzL g¢HzL2 + hH3LHzL
hHzL  

wHzL � 0 �; wHzL � c1 hHzL C HgHzLL + c2 hHzL S HgHzLL + c3 hHzL
06.33.13.0007.01

WzHhHzL CHgHzLL, hHzL SHgHzLL, hHzLL � Π gHzL hHzL3 g¢HzL3

06.33.13.0008.01

z3 wH3LHzL + H-4 r - 3 s + 3L z2 w¢¢HzL + IIa4 Π2 z4 r + 3M r2 + H8 s - 4L r + 3 Hs - 1L s + 1M z w¢HzL -

s IIa4 Π2 z4 r + 3M r2 + 4 s r + s2M wHzL � 0 �; wHzL � c1 zs C Ha zrL + c2 zs SHa zrL + c3 zs

06.33.13.0009.01

WzHzs CHa zrL, zs SHa zrL, zsL � a4 Π r3 z4 r+3 s-3

06.33.13.0010.01

wH3LHzL + H-4 logHrL - 3 logHsLL w¢¢HzL + IIa4 Π2 r4 z + 3M log2HrL + 8 logHsL logHrL + 3 log2HsLM w¢HzL -

logHsL IIa4 Π2 r4 z + 3M log2HrL + 4 logHsL logHrL + log2HsLM wHzL � 0 �; wHzL � c1 sz CHa rzL + c2 sz SHa rzL + c3 sz

06.33.13.0011.01

WzHsz CHa rzL, sz SHa rzL, szL � a4 Π r4 z s3 z log3HrL
Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.33.16.0001.01

CH-zL � -CHzL
06.33.16.0002.01

CHä zL � ä CHzL
06.33.16.0003.01

CH-ä zL � -ä CHzL
06.33.16.0004.01

C z2 �
z2

z
 CHzL

Complex characteristics
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Real part

06.33.19.0001.01

ReHCHx + ä yLL � â
k=0

¥ H-4Lk Π2 k-
1

2 x4 k+1

H4 k + 1L !
 G 2 k +

1

2
 1 +

y2

x2

2 k+
1

2

cos H4 k + 1L tan-1
y

x

06.33.19.0002.01

ReHCHx + ä yLL � â
k=0

¥ â
j=0

2 k H-1L j+k 22 k Π2 k-
1

2 GJ2 k + 1

2
N y2 j x4 k-2 j+1

H2 jL ! H4 k - 2 j + 1L !

06.33.19.0003.01

ReHCHx + ä yLL �
1

2
C x + x -

y2

x2
+ C x - x -

y2

x2

Imaginary part

06.33.19.0004.01

ImHCHx + ä yLL � â
k=0

¥ H-1Lk 22 k Π2 k-
1

2 x4 k+1

H4 k + 1L !
G 2 k +

1

2
1 +

y2

x2

2 k+
1

2

sin H4 k + 1L tan-1
y

x

06.33.19.0005.01

ImHCHx + ä yLL � â
k=0

¥ â
j=0

2 k H-1L j+k 22 k Π2 k-
1

2 x4 k-2 j y2 j+1 GJ2 k + 1

2
N

H2 j + 1L ! H4 k - 2 jL !

06.33.19.0006.01

ImHCHx + ä yLL �
x

2 y
 -

y2

x2
C x - x -

y2

x2
- C x + x -

y2

x2

Absolute value

06.33.19.0007.01

 CHx + ä yL¤ � C x - x -
y2

x2
C x + x -

y2

x2

Argument

06.33.19.0008.01

argHCHx + ä yLL � tan-1
1

2
C x + x -

y2

x2
+ C x - x -

y2

x2
,

x

2 y
 -

y2

x2
C x - x -

y2

x2
- C x + x -

y2

x2

Conjugate value
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06.33.19.0009.01

CHx + ä yL �
1

2
C x + x -

y2

x2
+ C x - x -

y2

x2
-

ä x

2 y
 -

y2

x2
C x - x -

y2

x2
- C x + x -

y2

x2

Differentiation

Low-order differentiation

06.33.20.0001.01

¶CHzL
¶z

� cos
Π z2

2

06.33.20.0002.01

¶2 CHzL
¶z2

� -Π z sin
Π z2

2

Symbolic differentiation 

06.33.20.0006.01

¶n CHzL
¶zn

� CHzL ∆n + â
k=0

n-1 2k-n+1 Πk z2 k-n+1 Hn - 1L !

H2 k - n + 1L ! Hn - k - 1L !
 cos

1

2
Π Iz2 + kM �; n Î N

06.33.20.0003.01

¶n CHzL
¶zn

� ∆n C HzL + â
k=0

n-1 â
m=0

k H-1Lm 22 m-k Πk z2 k-n+1

Hk - mL ! H2 m - n + 1L !

1

2 m
 cos

Π

2
Iz2 - kM �; n Î N

06.33.20.0004.02

¶n CHzL
¶zn

� 22 n-
3

2 Π3�2 z1-n
3F

�
4

1

4
,

3

4
, 1;

2 - n

4
,

3 - n

4
, 1 -

n

4
,

5 - n

4
; -

Π2 z4

16
�; n Î N

Fractional integro-differentiation

06.33.20.0005.02

¶Α CHzL
¶zΑ

� 22 Α-
3

2 Π3�2 z1-Α
3F

�
4

1

4
,

3

4
, 1;

2 - Α

4
,

3 - Α

4
, 1 -

Α

4
,

5 - Α

4
; -

Π2 z4

16

Integration

Indefinite integration

Involving only one direct function

06.33.21.0001.01

à CHb + a zL â z �
1

a Π
 Π Hb + a zL CHb + a zL - sin

1

2
Π Hb + a zL2

http://functions.wolfram.com 8



06.33.21.0002.01

à CHa zL â z � z CHa zL -
sinJ 1

2
a2 Π z2N

a Π

06.33.21.0003.01

à CHzL â z � z CHzL -
1

Π
 sin

Π z2

2

Involving one direct function and elementary functions

Involving power function

Involving power

Linear argument

06.33.21.0004.01

à zΑ-1 CHa zL â z �
1

4 Α
 Π-

Α+1

2 zΑ Ia4 z4M-
Α+1

2

4 Π
Α+1

2 CHa zL Ia4 z4M Α+1

2 + 2
Α+1

2 a z I-ä a2 z2M Α+1

2  G
Α + 1

2
,

1

2
ä a2 Π z2 + Iä a2 z2M Α+1

2 G
Α + 1

2
, -

1

2
ä a2 Π z2

06.33.21.0005.01

à zΑ-1 CHzL â z �

1

4 Α
 Π-

Α+1

2 zΑ Iz4M-
Α+1

2 4 Π
Α+1

2 CHzL Iz4M Α+1

2 + 2
Α+1

2 z I-ä z2M Α+1

2  G
Α + 1

2
,

1

2
ä Π z2 + Iä z2M Α+1

2 G
Α + 1

2
, -

1

2
ä Π z2

06.33.21.0006.01

à z CHzL â z �
1

2 Π
 Π CHzL z2 - sin

Π z2

2
z + SHzL

06.33.21.0007.01

à CHa zL
z

 â z �
1

2
a z 2F2

1

2
,

1

2
;

3

2
,

3

2
;

1

2
ä a2 Π z2 + 2F2

1

2
,

1

2
;

3

2
,

3

2
; -

1

2
ä a2 Π z2

06.33.21.0008.01

à CHa zL
z2

 â z �
a

2
Ci

1

2
a2 Π z2 -

1

z
 CHa zL

Power arguments

06.33.21.0009.01

à CIa z N â z �
Π z CIa z N a2 - z sinJ 1

2
a2 Π zN a + SIa z N

a2 Π

http://functions.wolfram.com 9



06.33.21.0010.01

à zΑ-1 CHa zrL â z �
1

4 Α
 Π-

r+Α

2 r zΑ Ia4 z4 rM-
r+Α

2 r

2
r+Α

2 r a I-ä a2 z2 rM r+Α

2 r  G
r + Α

2 r
,

1

2
ä a2 Π z2 r + Iä a2 z2 rM r+Α

2 r G
r + Α

2 r
, -

1

2
ä a2 Π z2 r zr + 4 Π

r+Α

2 r Ia4 z4 rM r+Α

2 r CHa zrL
06.33.21.0011.01

á CIa z N
z

 â z � 2 z CIa z N -
2 sinJ 1

2
a2 Π zN

a Π

Involving exponential function

Involving exp

06.33.21.0012.01

à ãb z CHa zL â z �
1

2 b
 2 ãb z CHa zL + ã

ä b2

2 a2 Π ä C
b

a Π
+ a ä z + S

b

a Π
+ a ä z + ã

-
ä b2

2 a2 Π S
b

a Π
- ä a z - ä C

b

a Π
- ä a z

06.33.21.0013.01

à ãb z2
CHa zL â z �

a

2 b
â
k=0

¥ 2-2 k Π2 k H-1Lk a4 k b-2 k GI2 k + 1, -b z2M
H4 k + 1L H2 kL !

Involving exponential function and a power function

Involving exp and power

Linear arguments

06.33.21.0014.01

à zΑ-1 ãb z CHa zL â z �
a zΑ H-b zL-Α

b
 â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k b-4 k GH4 k + Α + 1, -b zL
H4 k + 1L H2 kL !

06.33.21.0015.01

à zn ãb z CHa zL â z �

a H-bL-n-1 n! â
m=0

n 1

m!
 H-bLm -I-ä a2M-m-1

ã
-

ä b2

2 a2 Π â
k=0

m

2
k-3

2 H-bLm-k Π
1

2
Hk-2 m-1L Ib - ä a2 Π zMk+1 ä IΠ z a2 + b äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + b äM2

2 a2 Π
- Iä a2M-m-1

ã
ä b2

2 a2 Π â
k=0

m

2
k-3

2 H-bLm-k Π
1

2
Hk-2 m-1L Iä Π z a2 + bMk+1

ä Iä Π z a2 + bM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä Π z a2 + bM2

2 a2 Π
- H-bL-n-1 CHa zL GHn + 1, -b zL �; n Î N
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06.33.21.0016.01

à z ãb z CHa zL â z �

1

2 a2 b2 Π
 ã

-
ä JΠ2 z2 a4+b2N

2 a2 Π ä a b ã
ä b2

2 a2 Π
+z b J-1 + ãä a2 Π z2 N + ã

1

2
ä a2 Π z2

2 ã
ä b2

2 a2 Π
+z b

Π Hb z - 1L CHa zL a2 - ã
ä b2

a2 Π Iä Π a2 + b2M
C

b

a Π
+ a ä z - ä S

b

a Π
+ a ä z - Ib2 - ä a2 ΠM C

b

a Π
- ä a z + ä S

b

a Π
- ä a z

06.33.21.0017.01

à z2 ãb z CHa zL â z �
1

4 a4 b3 Π2
 ã

-
ä JΠ2 z2 a4+b2N

2 a2 Π 2 a b ã
ä b2

2 a2 Π
+z b

ä J-b Π z a2 + 2 Π a2 + b2 ä + ãä a2 Π z2 Ib Π z a2 - 2 Π a2 + b2 äMN +

2 ã
1

2
ä a2 Π z2

2 ã
ä b2

2 a2 Π
+z b

Π2 Hb z Hb z - 2L + 2L CHa zL a4 + I-2 Π2 a4 - ä b2 Π a2 + b4M C
ä b

a Π
+ a z - ä S

ä b

a Π
+ a z +

ã
ä b2

a2 Π I2 Π2 a4 - ä b2 Π a2 - b4M ä C
b

a Π
+ a ä z + S

b

a Π
+ a ä z

06.33.21.0018.01

à z3 ãb z CHa zL â z �

1

2 a6 b4 Π3
 ã

-
ä JΠ2 z2 a4+b2N

2 a2 Π a b ã
ä b2

2 a2 Π
+z b J-6 ä Π2 a4 - ä b2 Π2 z2 a4 + 3 b ä Π2 z a4 - b3 Π z a2 + b2 Π a2 + b4 ä + ãä a2 Π z2

I6 ä Π2 a4 - 3 ä b Π2 z a4 - b3 Π z a2 + b2 Π Ia2 ä Π z2 + 1M a2 + b4 H-äLMN +

ã
1

2
ä a2 Π z2

2 ã
ä b2

2 a2 Π
+z b

Π3 Hb z Hb z Hb z - 3L + 6L - 6L CHa zL a6 + I6 Π3 a6 + 3 b2 ä Π2 a4 + b6 H-äLM
C

ä b

a Π
+ a z - ä S

ä b

a Π
+ a z + ã

ä b2

a2 Π I-6 ä Π3 a6 - 3 b2 Π2 a4 + b6M C
b

a Π
+ a ä z - ä S

b

a Π
+ a ä z

06.33.21.0019.01

à zΑ-1 ãb z2
CHa zL â z �

1

2
zΑ I-b z2M-

Α

2  C a z G
Α

2
, 0, -b z2 +

ä Ia4 z4M-
Α

2

a
 â
k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k bk

H2 k + ΑL k !
 

-ä a2 z2 Iä a2 z2Mk+
Α

2 G k +
Α + 1

2
, -

1

2
ä a2 Π z2 - ä a2 z2  I-ä a2 z2Mk+

Α

2 G k +
Α + 1

2
,

1

2
ä a2 Π z2

http://functions.wolfram.com 11



06.33.21.0020.01

à z ãb z2
CHa zL â z �

1

4 b IΠ2 a4 + 4 b2M  2 ãb z2 IΠ2 a4 + 4 b2M CHa zL -

a Π H1 - äL 1

2
ä Π a2 + b I2 b - ä a2 ΠM C -1

4
ä a2 +

2 b

Π
z + Ia2 Π - 2 ä bM Π a2 + 2 b ä C a2 +

2 b ä

Π
z -

H1 + äL 1

2
ä Π a2 + b I2 b - ä a2 ΠM S -1

4
ä a2 +

2 b

Π
z - Iä Π a2 + 2 bM Π a2 + 2 b ä S a2 +

2 b ä

Π
z

06.33.21.0021.01

à z3 ãb z2
CHa zL â z �

1

8 b2
 

Π a Iä Π a2 + 3 bM erfi 1

2
ä Π a2 + b z

2 J 1

2
ä Π a2 + bN3�2 +

Π a I3 b - ä a2 ΠM erfi b - 1

2
ä a2 Π z

2 Jb - 1

2
ä a2 ΠN3�2 +

4 ãb z2 Ib z2 - 1M CHa zL -
4 a b z ãb z2

Π2 a4 + 4 b2
 Π sin

1

2
a2 Π z2 a2 + 2 b cos

1

2
a2 Π z2

Power arguments

06.33.21.0022.01

á ã-b z CIa z N
z

 â z �

1

b
 ã

ä b2

2 a2 Π C z a +
b ä

a Π
- ä ã

-
ä b2

2 a2 Π C
b

a Π
+ a ä z - 2 ã-b z CIa z N + ä ã

ä b2

2 a2 Π  S z a +
b ä

a Π
+ ã

-
ä b2

2 a2 Π S
b

a Π
+ a ä z

Involving trigonometric functions

Involving sin 

Linear arguments

06.33.21.0023.01

à sinHb zL CHa zL â z �
1

2 b
 -2 cosHb zL CHa zL + cos

b2

2 a2 Π
C

b

a Π
+ a z -

cos
b2

2 a2 Π
C

b

a Π
- a z + S

b

a Π
+ a z sin

b2

2 a2 Π
- S

b

a Π
- a z sin

b2

2 a2 Π
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06.33.21.0024.01

à sinIb z2M CHa zL â z � -
a

4 b
 â
k=0

¥ 2-2 k Π2 k a4 k b-2 k IGI2 k + 1, -ä b z2M + GI2 k + 1, ä b z2MM
H4 k + 1L H2 kL !

Power arguments

06.33.21.0025.01

à sinHb zL CIa z N â z �
1

2 b
 -2 cosHb zL CIa z N +

a C a2 + 2 b

Π
z

a2 + 2 b

Π

+

a C a2 - 2 b

Π
z

a2 - 2 b

Π

Involving cos 

Linear arguments

06.33.21.0026.01

à cosHb zL CHa zL â z �
1

2 b
 -cos

b2

2 a2 Π
S

b

a Π
+ a z -

cos
b2

2 a2 Π
S

b

a Π
- a z + C

b

a Π
+ a z sin

b2

2 a2 Π
+ C

b

a Π
- a z sin

b2

2 a2 Π
+ 2 CHa zL sinHb zL

06.33.21.0027.01

à cosIb z2M CHa zL â z � -
ä a

4 b
 â
k=0

¥ 2-2 k Π2 k a4 k b-2 k IGI2 k + 1, -ä b z2M - GI2 k + 1, ä b z2MM
H4 k + 1L H2 kL !

Power arguments

06.33.21.0028.01

à cosHb zL CIa z N â z �
1

2 b
 2 CIa z N sinHb zL -

a S 2 b

Π
- a2 z

2 b

Π
- a2

-

a S a2 + 2 b

Π
z

a2 + 2 b

Π

Involving trigonometric functions and a power function

Involving sin and power

Linear arguments

06.33.21.0029.01

à zΑ-1 sinHb zL CHa zL â z � -
a zΑ

2 b
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k b-4 k

H4 k + 1L H2 kL !
 IH-ä b zL-Α GH4 k + Α + 1, -ä b zL + Hä b zL-Α GH4 k + Α + 1, ä b zLM
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06.33.21.0030.01

à zn sinHb zL CHa zL â z �

än b-n-1

2
 ä a n! H-1Ln â

m=0

n 2m-1 a-2 m-2 bm Π-m-1

m!
ã

-
ä b2

2 a2 Π â
k=0

m

2
1

2
Hk-2 m-1L Hä bLm-k Π

k+1

2 -
ä Ib - a2 Π zM2

a2

-
1

2
Hk+1L

Iä Ia2 Π z - bMMk+1 m

k
G

k + 1

2
, -

ä Ib - a2 Π zM2

2 a2 Π
- H-1Lm ã

ä b2

a2 Π â
k=0

m

2
1

2
Hk-2 m-1L Hä bLm-k

Π
k+1

2 I-ä IΠ z a2 + bMMk+1 ä IΠ z a2 + bM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + bM2

2 a2 Π
+

â
m=0

n 2m-1 a-2 m-2 bm Π-m-1

m!
 ã

-
ä b2

2 a2 Π H-1Lm â
k=0

m

2
1

2
Hk-2 m-1L H-ä bLm-k Π

k+1

2 Iä IΠ z a2 + bMMk+1

-
ä IΠ z a2 + bM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
, -

ä IΠ z a2 + bM2

2 a2 Π
- ã

ä b2

a2 Π

â
k=0

m

2
1

2
Hk-2 m-1L H-ä bLm-k Π

k+1

2 Iä Ib - a2 Π zMMk+1 ä Ib - a2 Π zM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Ib - a2 Π zM2

2 a2 Π
-

CHa zL HGHn + 1, -ä b zL + H-1Ln GHn + 1, ä b zLL �; n Î N

06.33.21.0031.01

à z sinHb zL CHa zL â z � -
1

2 a2 b2 Π
 2 Π CHa zL Hb z cosHb zL - sinHb zLL a2 - 2 b cosHb zL sin

1

2
a2 Π z2 a +

cos
b2

2 a2 Π
Π S

b

a Π
+ a z + S

b

a Π
- a z a2 + b2 C

b

a Π
+ a z + b2 C

b

a Π
- a z -

sin
b2

2 a2 Π
Π C

b

a Π
+ a z a2 + Π C

b

a Π
- a z a2 - b2 S

b

a Π
+ a z + S

b

a Π
- a z

http://functions.wolfram.com 14



06.33.21.0032.01

à z2 sinHb zL CHa zL â z �

1

2 a4 b3 Π2
 2 Π2 CHa zL II2 - b2 z2M cosHb zL + 2 b z sinHb zLM a4 + 2 b Π Hb z cosHb zL - 2 sinHb zLL sin

1

2
a2 Π z2 a3 -

2 b3 cos
1

2
a2 Π z2 sinHb zL a + cos

b2

2 a2 Π
a2 Π S

b

a Π
+ a z - S

b

a Π
- a z b2 + Ib4 - 2 a4 Π2M C

b

a Π
+ a z +

-a2 Π C
b

a Π
+ a z b2 - Ib4 - 2 a4 Π2M S

b

a Π
- a z - S

b

a Π
+ a z sin

b2

2 a2 Π
+

C
b

a Π
- a z a2 b2 Π sin

b2

2 a2 Π
- Ib4 - 2 a4 Π2M cos

b2

2 a2 Π

06.33.21.0033.01

à z3 sinHb zL CHa zL â z �

-
1

2 a6 b4 Π3
 Π3 a6 CHa zL I2 Ib z Ib2 z2 - 6M cosHb zL - 3 Ib2 z2 - 2M sinHb zLMM + 2 a3 b3 Π cos

1

2
a2 Π z2 HcosHb zL + b z sinHb zLL -

2 a b II-6 Π2 a4 + b2 Π2 z2 a4 + b4M cosHb zL - 3 a4 b Π2 z sinHb zLM sin
1

2
a2 Π z2 +

C
b

a Π
+ a z 6 Π3 sin

b2

2 a2 Π
a6 + b2 Ib4 - 3 a4 Π2M cos

b2

2 a2 Π
+

C
b

a Π
- a z 6 Π3 sin

b2

2 a2 Π
a6 + b2 Ib4 - 3 a4 Π2M cos

b2

2 a2 Π
-

S
b

a Π
+ a z + S

b

a Π
- a z 6 a6 Π3 cos

b2

2 a2 Π
- b2 Ib4 - 3 a4 Π2M sin

b2

2 a2 Π

06.33.21.0034.01

à zΑ-1 sinIb z2M CHa zL â z �
1

4
-ä zΑ CHa zL I-ä b z2M-

Α

2 G
Α

2
, 0, -ä b z2 - Iä b z2M-

Α

2 G
Α

2
, 0, ä b z2 -

2 Ia4 z4M-
Α

2

a
 â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k H-ä bLk

H2 k + ΑL k !
 -ä a2 z2 Iä a2 z2Mk+

Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 -

I-ä a2 z2Mk+
Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 - â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hä bLk

H2 k + ΑL k !
 

-ä a2 z2 Iä a2 z2Mk+
Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 - I-ä a2 z2Mk+

Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2
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06.33.21.0035.01

à z sinIb z2M CHa zL â z �
1

16 b I4 b2 - a4 Π2M  -8 I4 b2 - a4 Π2M cosIb z2M CHa zL -

4 a Π Ia2 Π - 2 bM Π a2 + 2 b C a2 +
2 b

Π
z + a2 Π - 2 b IΠ a2 + 2 bM C a2 -

2 b

Π
z

06.33.21.0036.01

à z3 sinIb z2M CHa zL â z �

1

16 b2
 -8 Ib z2 cosIb z2M - sinIb z2MM CHa zL + a -

4 Π IΠ a2 + 3 bM S a2 + 2 b

Π
z

IΠ a2 + 2 bM3�2 +

4 Π Ia2 Π - 3 bM S a2 - 2 b

Π
z

Ia2 Π - 2 bM3�2 +

b

z
 2 Π

ä Ia2 Π - 2 bM z2

Ia2 Π - 2 bM2
+

-ä IΠ a2 + 2 bM z2

IΠ a2 + 2 bM2
+

ä IΠ a2 + 2 bM z2

IΠ a2 + 2 bM2
+

ä I2 b - a2 ΠM z2

Ia2 Π - 2 bM2
+

8 z2

a4 Π2 - 4 b2
 a2 Π cosIb z2M sin

1

2
a2 Π z2 - 2 b cos

1

2
a2 Π z2 sinIb z2M

Power arguments

06.33.21.0037.01

á sinIb z N CIa z N
z

 â z �
1

b
 cos

b2

2 a2 Π
C z a +

b

a Π
- C

b

a Π
- a z -

2 cosIb z N CIa z N + S z a +
b

a Π
- S

b

a Π
- a z sin

b2

2 a2 Π

Involving cos and power

Linear arguments

06.33.21.0038.01

à zΑ-1 cosHb zL CHa zL â z �

ä a

2 b
â
k=0

¥ 1

H4 k + 1L H2 kL !
 IIH-1Lk 2-2 k Π2 k a4 k b-4 kM IzΑ Hä b zL-Α GH4 k + Α + 1, ä b zL - zΑ H-ä b zL-Α GH4 k + Α + 1, -ä b zLMM
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06.33.21.0039.01

à zn cosHb zL CHa zL â z �

än b-n-1

2
ä CHa zL HH-1Ln GHn + 1, ä b zL - GHn + 1, -ä b zLL - a n! ã

-
ä b2

2 a2 Π â
m=0

n a-2 m-2 bm

m!
 H-1Lm â

k=0

m

2
k-3

2 H-ä bLm-k Π
1

2
Hk-2 m-1L

Iä IΠ z a2 + bMMk+1
-

ä IΠ z a2 + bM2

a2

1

2
H-k-1L

m

k
G

k + 1

2
, -

ä IΠ z a2 + bM2

2 a2 Π
- ã

ä b2

a2 Π

â
k=0

m

2
k-3

2 H-ä bLm-k Π
1

2
Hk-2 m-1L Iä Ib - a2 Π zMMk+1 ä Ib - a2 Π zM2

a2

1

2
H-k-1L

m

k
G

k + 1

2
,

ä Ib - a2 Π zM2

2 a2 Π
-

H-1Ln ã
-

ä b2

2 a2 Π â
m=0

n H-1Lm a-2 m-2 bm

m!
 H-1Lm â

k=0

m

2
k-3

2 Hä bLm-k Π
1

2
Hk-2 m-1L -

ä Ib - a2 Π zM2

a2

1

2
H-k-1L

Iä Ia2 Π z - bMMk+1 m

k
G

k + 1

2
, -

ä Ib - a2 Π zM2

2 a2 Π
- ã

ä b2

a2 Π â
k=0

m

2
k-3

2 Hä bLm-k Π
1

2
Hk-2 m-1L

I-ä IΠ z a2 + bMMk+1 ä IΠ z a2 + bM2

a2

1

2
H-k-1L

m

k
G

k + 1

2
,

ä IΠ z a2 + bM2

2 a2 Π
�; n Î N

06.33.21.0040.01

à z cosHb zL CHa zL â z �
1

b2
 

1

2 a2 Π
 cos

b2

2 a2 Π
Π C

b

a Π
- a z - C

b

a Π
+ a z a2 + b2 S

b

a Π
+ a z - S

b

a Π
- a z +

Π S
b

a Π
- a z - S

b

a Π
+ a z a2 + b2 C

b

a Π
- a z - C

b

a Π
+ a z sin

b2

2 a2 Π
+

CHa zL HcosHb zL + b z sinHb zLL -
b sinHb zL sinJ 1

2
a2 Π z2N

a Π

06.33.21.0041.01

à z2 cosHb zL CHa zL â z �

1

2 a4 b3 Π2
 2 Π2 CHa zL I2 b z cosHb zL + Ib2 z2 - 2M sinHb zLM a4 - 2 b Π H2 cosHb zL + b z sinHb zLL sin

1

2
a2 Π z2 a3 - 2 b3 cosHb zL

cos
1

2
a2 Π z2 a + cos

b2

2 a2 Π
a2 b2 Π C

b

a Π
+ a z + C

b

a Π
- a z - Ib4 - 2 a4 Π2M S

b

a Π
+ a z + S

b

a Π
- a z +

a2 Π S
b

a Π
+ a z + S

b

a Π
- a z b2 + Ib4 - 2 a4 Π2M C

b

a Π
+ a z + C

b

a Π
- a z sin

b2

2 a2 Π
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06.33.21.0042.01

à z3 cosHb zL CHa zL â z �

1

2 a6 b4 Π3
 2 Π3 CHa zL I3 Ib2 z2 - 2M cosHb zL + b z Ib2 z2 - 6M sinHb zLM a6 + 2 b3 Π cos

1

2
a2 Π z2 HsinHb zL - b z cosHb zLL a3 -

2 b I3 b Π2 z cosHb zL a4 + I-6 Π2 a4 + b2 Π2 z2 a4 + b4M sinHb zLM sin
1

2
a2 Π z2 a +

S
b

a Π
+ a z - S

b

a Π
- a z 6 Π3 sin

b2

2 a2 Π
a6 + b2 Ib4 - 3 a4 Π2M cos

b2

2 a2 Π
+

C
b

a Π
- a z b2 Ib4 - 3 a4 Π2M sin

b2

2 a2 Π
- 6 a6 Π3 cos

b2

2 a2 Π
+

C
b

a Π
+ a z 6 a6 Π3 cos

b2

2 a2 Π
- b2 Ib4 - 3 a4 Π2M sin

b2

2 a2 Π

06.33.21.0043.01

à zΑ-1 cosIb z2M CHa zL â z �

1

4 a
 2 ä Ia4 z4M-

Α

2  â
k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k H-ä bLk

H2 k + ΑL k !
 -ä a2 z2 Iä a2 z2Mk+

Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 -

I-ä a2 z2Mk+
Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 + â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hä bLk

H2 k + ΑL k !
 

-ä a2 z2 Iä a2 z2Mk+
Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 - I-ä a2 z2Mk+

Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 +

a zΑ CHa zL I-ä b z2M-
Α

2  G
Α

2
, 0, -ä b z2 + Iä b z2M-

Α

2 G
Α

2
, 0, ä b z2

06.33.21.0044.01

à z cosIb z2M CHa zL â z �
1

4 b I4 b2 - a4 Π2M  Ia2 Π - 2 bM a Π Π a2 + 2 b S a2 +
2 b

Π
z - 2 IΠ a2 + 2 bM CHa zL sinIb z2M -

a Π 2 b - a2 Π IΠ a2 + 2 bM S
2 b

Π
- a2 z
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06.33.21.0045.01

à z3 cosIb z2M CHa zL â z �
1

32 b2
 2 a ä 2 Π -

Ia2 Π - 3 bM erfi 1

2
ä a2 Π - ä b z

Iä Ia2 Π - 2 bMM3�2 +

IΠ a2 + 3 bM erfi - 1

2
ä Π a2 + b H-äL z

I-ä IΠ a2 + 2 bMM3�2 +

Ia2 Π - 3 bM erfi ä b - 1

2
ä a2 Π z

I-ä Ia2 Π - 2 bMM3�2 -

IΠ a2 + 3 bM erfi 1

2
ä Π a2 + b ä z

Iä IΠ a2 + 2 bMM3�2 +

16 CHa zL Ib sinIb z2M z2 + cosIb z2MM -
16 a b z

a4 Π2 - 4 b2
Π sinIb z2M sin

1

2
a2 Π z2 a2 + 2 b cosIb z2M cos

1

2
a2 Π z2

Power arguments

06.33.21.0046.01

á cosIb z N CIa z N
z

 â z �
1

b
 -cos

b2

2 a2 Π
S z a +

b

a Π
- cos

b2

2 a2 Π
S

b

a Π
- a z +

C z a +
b

a Π
sin

b2

2 a2 Π
+ C

b

a Π
- a z sin

b2

2 a2 Π
+ 2 CIa z N sinIb z N

Involving exponential function and trigonometric functions

Involving exp and sin

06.33.21.0047.01

à ãb z sinHc zL CHa zL â z �

1

4

1

b + c ä
 ã

-
ä Hb+c äL2

2 a2 Π -C
b + c ä

a Π
- ä a z + ã

ä Hb+c äL2
a2 Π C

b + ä IΠ z a2 + cM
a Π

- ä S
b + ä IΠ z a2 + cM

a Π
- ä S

b + c ä

a Π
- ä a z -

1

b - ä c
 ã

-
ä Hb-ä cL2

2 a2 Π ä C
c + b ä

a Π
+ a z + S

c + b ä

a Π
+ a z + ã

ä Hb-ä cL2
a2 Π C

b - ä c

a Π
+ a ä z - ä S

b - ä c

a Π
+ a ä z +

4 ãb z CHa zL Hb sinHc zL - c cosHc zLL
b2 + c2
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06.33.21.0048.01

à ãb z2
sinIc z2M CHa zL â z �

ä a

4
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k

H4 k + 1L H2 kL !
 IHb - ä cL-2 k-1 GI2 k + 1, -Hb - ä cL z2M - Hb + c äL-2 k-1 GI2 k + 1, -Hb + c äL z2MM

Involving exp and cos

06.33.21.0049.01

à ãb z cosHc zL CHa zL â z �

1

4

1

ä b - c
 ã

-
ä Hb+c äL2

2 a2 Π C
b + c ä

a Π
- ä a z - ã

ä Hb+c äL2
a2 Π C

b + ä IΠ z a2 + cM
a Π

- ä S
b + ä IΠ z a2 + cM

a Π
+ ä S

b + c ä

a Π
- ä a z -

1

c + b ä
 ã

-
ä Hb-ä cL2

2 a2 Π ä C
c + b ä

a Π
+ a z + S

c + b ä

a Π
+ a z + ã

ä Hb-ä cL2
a2 Π C

b - ä c

a Π
+ a ä z - ä S

b - ä c

a Π
+ a ä z +

4 ãb z CHa zL Hb cosHc zL + c sinHc zLL
b2 + c2

06.33.21.0050.01

à ãb z2
cosIc z2M CHa zL â z �

a

4
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k

H4 k + 1L H2 kL !
 IHb - ä cL-2 k-1 GI2 k + 1, -Hb - ä cL z2M + Hb + c äL-2 k-1 GI2 k + 1, -Hb + c äL z2MM

Involving power, exponential and trigonometric functions

Involving power, exp and sin

06.33.21.0051.01

à zΑ-1 ãb z sinHc zL CHa zL â z �
ä a zΑ

2
 â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k

H4 k + 1L H2 kL !

IHHä c - bL zL-Α Hb - ä cL-4 k-1 GH4 k + Α + 1, -Hb - ä cL zL - HH-b - ä cL zL-Α Hb + c äL-4 k-1 GH4 k + Α + 1, -Hb + c äL zLM
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06.33.21.0052.01

à zn ãb z sinHc zL CHa zL â z �
ä

2
CHa zL IH-b - ä cL-n-1 GHn + 1, -Hb + c äL zL - Hä c - bL-n-1 GHn + 1, ä c z - b zLM +

a n! Hä c - bL-n-1 â
m=0

n H-Hb - ä cLLm

m!
 -I-ä a2M-m-1

ã
-

ä Hb-ä cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb - ä cLLm-k Π
1

2
Hk-2 m-1L IHb - ä cL - ä a2 Π zMk+1

ä IΠ z a2 + Hb - ä cL äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + Hb - ä cL äM2

2 a2 Π
-

Iä a2M-m-1
ã

ä Hb-ä cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb - ä cLLm-k Π
1

2
Hk-2 m-1L Iä Π z a2 + Hb - ä cLMk+1

ä Iä Π z a2 + Hb - ä cLM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä Π z a2 + Hb - ä cLM2

2 a2 Π
-

H-b - ä cL-n-1 â
m=0

n H-Hb + c äLLm

m!
-I-ä a2M-m-1

ã
-

ä Hb+c äL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb + c äLLm-k Π
1

2
Hk-2 m-1L

IHb + c äL - ä a2 Π zMk+1 ä IΠ z a2 + Hb + c äL äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + Hb + c äL äM2

2 a2 Π
-

Iä a2M-m-1
ã

ä Hb+c äL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb + c äLLm-k Π
1

2
Hk-2 m-1L Iä Π z a2 + Hb + c äLMk+1

ä Iä Π z a2 + Hb + c äLM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä Π z a2 + Hb + c äLM2

2 a2 Π
�; n Î N

http://functions.wolfram.com 21



06.33.21.0053.01

à z ãb z sinHc zL CHa zL â z �

1

4 a2 Π
 

1

Ib2 + c2M2
 2 ä Π IHb + c äL2 ãHb-ä cL z Hb z - ä c z - 1L - Hb - ä cL2 ãHb+c äL z Hb z + c ä z - 1LM CHa zL a2 +

Hb + c äL2 ã
-

ä Hb-ä cL2
2 a2 Π IΠ a2 + Hb - ä cL2 äM ä C

c + b ä

a Π
+ a z + S

c + b ä

a Π
+ a z +

Hb - ä cL2 ã
ä Hb+c äL2

2 a2 Π Iä Π a2 + Hb + c äL2M ä C
b + c ä

a Π
+ a ä z + S

b + c ä

a Π
+ a ä z -

ã
ä Hb-ä cL2

2 a2 Π Hb + c äL2 Iä Hb - ä cL2 - a2 ΠM C
b - ä c

a Π
+ a ä z - ä S

b - ä c

a Π
+ a ä z + Hb - ä cL2 ã

-
ä Hb+c äL2

2 a2 Π

IHb + c äL2 - ä a2 ΠM ä C
b + c ä

a Π
- ä a z - S

b + c ä

a Π
- ä a z +

4 a ãb z Hc cosHc zL - b sinHc zLL sinJ 1

2
a2 Π z2N

b2 + c2

06.33.21.0054.01

à z2 ãb z sinHc zL CHa zL â z �

-
ä

4 a4 Π2
 

1

Hb + c äL3
 2 ãHb+c äL z Π2 HHb + c äL z Hb z + c ä z - 2L + 2L CHa zL a4 + ã

ä Hb+c äL2
2 a2 Π I2 Π2 a4 - ä Hb + c äL2 Π a2 - Hb + c äL4M

ä C
b + c ä

a Π
+ a ä z + S

b + c ä

a Π
+ a ä z + ã

-
ä Hb+c äL2

2 a2 Π

I-2 Π2 a4 - ä Hb + c äL2 Π a2 + Hb + c äL4M ä C
b + c ä

a Π
- ä a z - S

b + c ä

a Π
- ä a z -

2 a ãHb+c äL z

Hb + c äL2
 Π Hb z + c ä z - 2L sin

1

2
a2 Π z2 a2 + Hb + c äL2 cos

1

2
a2 Π z2 -

1

Hb - ä cL3
 2 ãHb-ä cL z Π2 Ib2 z2 - c2 z2 + 2 c ä z + 2 b H-ä c z - 1L z + 2M CHa zL a4 -

2 Hb - ä cL ãHb-ä cL z Π Hb z - ä c z - 2L sin
1

2
a2 Π z2 a2 + Hb - ä cL2 cos

1

2
a2 Π z2 a +

ã
-

ä Hb-ä cL2
2 a2 Π I-2 Π2 a4 - ä Hb - ä cL2 Π a2 + Hb - ä cL4M ä C

-ä Π z a2 + b - ä c

a Π
- S

-ä Π z a2 + b - ä c

a Π
+

ã
ä Hb-ä cL2

2 a2 Π I2 Π2 a4 - ä Hb - ä cL2 Π a2 - Hb - ä cL4M ä C
b - ä c

a Π
+ a ä z + S

b - ä c

a Π
+ a ä z
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06.33.21.0055.01

à z3 ãb z sinHc zL CHa zL â z �

ä

4 a6 Π3
 ã-

1

2
ä a2 Π z2 1

Hb - ä cL4
 ã

-
ä Hb-ä cL2

2 a2 Π a Hb - ä cL ã

Hb-ä cL J2 Π z a2+c+b äN
2 a2 Π J-6 ä Π2 a4 - ä Hb - ä cL2 Π2 z2 a4 + 3 Hc + b äL Π2 z a4 -

Hb - ä cL3 Π z a2 + Hb - ä cL2 Π a2 + Hb - ä cL4 ä + ãä a2 Π z2

I6 ä Π2 a4 - 3 ä Hb - ä cL Π2 z a4 - Hb - ä cL3 Π z a2 + Hb - ä cL2 Π Ia2 ä Π z2 + 1M a2 + Hb - ä cL4 H-äLMN +

ã
1

2
ä a2 Π z2

2 ã

Hb-ä cL J2 Π z a2+c+b äN
2 a2 Π Π3 HHb - ä cL z HHb - ä cL z Hb z - ä c z - 3L + 6L - 6L CHa zL a6 +

I6 Π3 a6 + 3 Hb - ä cL2 ä Π2 a4 + Hb - ä cL6 H-äLM C
Π z a2 + c + b ä

a Π
- ä S

Π z a2 + c + b ä

a Π
+

ã
ä Hb-ä cL2

a2 Π I-6 ä Π3 a6 - 3 Hb - ä cL2 Π2 a4 + Hb - ä cL6M C
b - ä c

a Π
+ a ä z - ä S

b - ä c

a Π
+ a ä z -

1

Hb + c äL4
 ã

-
ä Hb+c äL2

2 a2 Π a Hb + c äL ã
ä Hb+c äL2

2 a2 Π
+z Hb+c äL J-6 ä Π2 a4 - ä Hb + c äL2 Π2 z2 a4 + 3 Hb + c äL ä Π2 z a4 -

Hb + c äL3 Π z a2 + Hb + c äL2 Π a2 + Hb + c äL4 ä +

ãä a2 Π z2 I6 ä Π2 a4 + 3 Hc - ä bL Π2 z a4 - Hb + c äL3 Π z a2 + Hb + c äL2 Π Ia2 ä Π z2 + 1M a2 + Hb + c äL4 H-äLMN +

ã
1

2
ä a2 Π z2

2 ã
ä Hb+c äL2

2 a2 Π
+z Hb+c äL

Π3 HHb + c äL z HHb + c äL z Hb z + c ä z - 3L + 6L - 6L CHa zL a6 +

I6 Π3 a6 + 3 Hb + c äL2 ä Π2 a4 + Hb + c äL6 H-äLM C
ä b - c

a Π
+ a z - ä S

ä b - c

a Π
+ a z +

ã
ä Hb+c äL2

a2 Π I-6 ä Π3 a6 - 3 Hb + c äL2 Π2 a4 + Hb + c äL6M C
b + c ä

a Π
+ a ä z - ä S

b + c ä

a Π
+ a ä z

06.33.21.0056.01

à zΑ-1 ãb z2
sinIc z2M CHa zL â z �

1

4
ä zΑ CHa zL I-Hb - ä cL z2M-

Α

2 G
Α

2
, 0, -Hb - ä cL z2 - I-Hb + c äL z2M-

Α

2 G
Α

2
, 0, -Hb + c äL z2 -

2 Ia4 z4M-
Α

2

a
â
k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hb - ä cLk

H2 k + ΑL k !
-ä a2 z2 Iä a2 z2Mk+

Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 -

I-ä a2 z2Mk+
Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 - â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hb + c äLk

H2 k + ΑL k !

-ä a2 z2 Iä a2 z2Mk+
Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 - I-ä a2 z2Mk+

Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2
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06.33.21.0057.01

à z ãb z2
sinIc z2M CHa zL â z �

1

16
a 2 Π z

ä

Hb - ä cL I-ä Π a2 - 2 b + 2 c äM z2

-
ä

Hb + c äL ä IΠ a2 - 2 c + 2 b äM z2

+
ä

Hb - ä cL ä IΠ a2 + 2 c + 2 b äM z2

-

ä

Hb + c äL -I2 b + ä IΠ a2 + 2 cMM z2

+

H1 - äL C
H1-äL ä IΠ a2+2 c+2 b äM z2

2 Π

Hb - ä cL ä IΠ a2 + 2 c + 2 b äM z2

-

H1 - äL C
H1-äL - b+ c-

a2 Π

2
ä z2

Π

Hb + c äL ä IΠ a2 - 2 c + 2 b äM z2

-

H1 - äL C
H1-äL - b+

Π a2

2
+c ä z2

Π

Hb + c äL -I2 b + ä IΠ a2 + 2 cMM z2

+

H1 - äL C
H1-äL -Jb+

1

2
ä Ia2 Π-2 cMN z2

Π

Hb - ä cL I-ä Π a2 - 2 b + 2 c äM z2

-

H1 + äL S
H1-äL ä IΠ a2+2 c+2 b äM z2

2 Π

Hb - ä cL ä IΠ a2 + 2 c + 2 b äM z2

+

H1 + äL S
H1-äL - b+ c-

a2 Π

2
ä z2

Π

Hb + c äL ä IΠ a2 - 2 c + 2 b äM z2

+

H1 + äL S
H1-äL - b+

Π a2

2
+c ä z2

Π

Hb + c äL -I2 b + ä IΠ a2 + 2 cMM z2

-

H1 + äL S
H1-äL -Jb+

1

2
ä Ia2 Π-2 cMN z2

Π

Hb - ä cL I-ä Π a2 - 2 b + 2 c äM z2

+
8 ãb z2

CHa zL Ib sinIc z2M - c cosIc z2MM
b2 + c2

Involving power, exp and cos

06.33.21.0058.01

à zΑ-1 ãb z cosHc zL CHa zL â z �
a zΑ

2
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k

H4 k + 1L H2 kL !
 

I Hb + c äL-4 k-1 HH-b - ä cL zL-Α GH4 k + Α + 1, -Hb + c äL zL + Hb - ä cL-4 k-1 HHä c - bL zL-Α GH4 k + Α + 1, -Hb - ä cL zLM
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06.33.21.0059.01

à zn ãb z cosHc zL CHa zL â z �
1

2
CHa zL I-GHn + 1, ä c z - b zL Hä c - bL-n-1 - H-b - ä cL-n-1 GHn + 1, -Hb + c äL zLM +

a n! Hä c - bL-n-1 â
m=0

n H-Hb - ä cLLm

m!
-I-ä a2M-m-1

ã
-

ä Hb-ä cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb - ä cLLm-k Π
1

2
Hk-2 m-1L IHb - ä cL - ä a2 Π zMk+1

ä IΠ z a2 + Hb - ä cL äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + Hb - ä cL äM2

2 a2 Π
-

Iä a2M-m-1
ã

ä Hb-ä cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb - ä cLLm-k Π
1

2
Hk-2 m-1L Iä Π z a2 + Hb - ä cLMk+1

ä Iä Π z a2 + Hb - ä cLM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä Π z a2 + Hb - ä cLM2

2 a2 Π
+

H-b - ä cL-n-1 â
m=0

n H-Hb + c äLLm

m!
 -I-ä a2M-m-1

ã
-

ä Hb+c äL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb + c äLLm-k Π
1

2
Hk-2 m-1L

IHb + c äL - ä a2 Π zMk+1 ä IΠ z a2 + Hb + c äL äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + Hb + c äL äM2

2 a2 Π
-

Iä a2M-m-1
ã

ä Hb+c äL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb + c äLLm-k Π
1

2
Hk-2 m-1L Iä Π z a2 + Hb + c äLMk+1

ä Iä Π z a2 + Hb + c äLM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä Π z a2 + Hb + c äLM2

2 a2 Π
�; n Î N
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06.33.21.0060.01

à z ãb z cosHc zL CHa zL â z �

-
1

4 a2 Π
 

1

Hb + c äL2
 -2 ãHb+c äL z Π Hb z + c ä z - 1L CHa zL a2 + 2 Hb + c äL ãHb+c äL z sin

1

2
a2 Π z2 a + ã

ä Hb+c äL2
2 a2 Π Iä Π a2 + Hb + c äL2M

C
b + c ä

a Π
+ a ä z - ä S

b + c ä

a Π
+ a ä z + ã

-
ä Hb+c äL2

2 a2 Π IHb + c äL2 - ä a2 ΠM C
b + c ä

a Π
- ä a z + ä S

b + c ä

a Π
- ä a z +

1

Hb - ä cL2
 -2 ãHb-ä cL z Π Hb z - ä c z - 1L CHa zL a2 + 2 Hb - ä cL ãHb-ä cL z sin

1

2
a2 Π z2 a + ã

-
ä Hb-ä cL2

2 a2 Π IHb - ä cL2 - ä a2 ΠM

C
b - ä IΠ z a2 + cM

a Π
- S

c + b ä

a Π
+ a z + ã

ä Hb-ä cL2
2 a2 Π Iä Π a2 + Hb - ä cL2M C

b - ä c

a Π
+ a ä z - ä S

b - ä c

a Π
+ a ä z

06.33.21.0061.01

à z2 ãb z cosHc zL CHa zL â z �
1

8 a4 Π2
 ã-

1

2
ä a2 Π z2 1

Hb - ä cL3
 ã

-
ä Hb-ä cL2

2 a2 Π

2 a Hb - ä cL ã

Hb-ä cL J2 Π z a2+c+b äN
2 a2 Π ä J-Hb - ä cL Π z a2 + 2 Π a2 + Hb - ä cL2 ä + ãä a2 Π z2 IHb - ä cL Π z a2 - 2 Π a2 + Hb - ä cL2 äMN +

2 ã
1

2
ä a2 Π z2

2 ã

Hb-ä cL J2 Π z a2+c+b äN
2 a2 Π Π2 HHb - ä cL z Hb z - ä c z - 2L + 2L CHa zL a4 +

I-2 Π2 a4 - ä Hb - ä cL2 Π a2 + Hb - ä cL4M C
Π z a2 + c + b ä

a Π
- ä S

Π z a2 + c + b ä

a Π
+

ã
ä Hb-ä cL2

a2 Π I2 Π2 a4 - ä Hb - ä cL2 Π a2 - Hb - ä cL4M ä C
b - ä c

a Π
+ a ä z + S

b - ä c

a Π
+ a ä z +

1

Hb + c äL3
 ã

-
ä Hb+c äL2

2 a2 Π

2 a Hb + c äL ã
ä Hb+c äL2

2 a2 Π
+z Hb+c äL

ä J-Hb + c äL Π z a2 + 2 Π a2 + Hb + c äL2 ä + ãä a2 Π z2 IHb + c äL Π z a2 - 2 Π a2 + Hb + c äL2 äMN +

2 ã
1

2
ä a2 Π z2

2 ã
ä Hb+c äL2

2 a2 Π
+z Hb+c äL

Π2 HHb + c äL z Hb z + c ä z - 2L + 2L CHa zL a4 +

I-2 Π2 a4 - ä Hb + c äL2 Π a2 + Hb + c äL4M C
ä b - c

a Π
+ a z - ä S

ä b - c

a Π
+ a z +

ã
ä Hb+c äL2

a2 Π I2 Π2 a4 - ä Hb + c äL2 Π a2 - Hb + c äL4M ä C
b + c ä

a Π
+ a ä z + S

b + c ä

a Π
+ a ä z
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06.33.21.0062.01

à z3 ãb z cosHc zL CHa zL â z �

1

4 a6 Π3
 ã-

1

2
ä a2 Π z2 1

Hb - ä cL4
 ã

-
ä Hb-ä cL2

2 a2 Π a Hb - ä cL ã

Hb-ä cL J2 Π z a2+c+b äN
2 a2 Π J-6 ä Π2 a4 - ä Hb - ä cL2 Π2 z2 a4 + 3 Hc + b äL Π2 z a4 -

Hb - ä cL3 Π z a2 + Hb - ä cL2 Π a2 + Hb - ä cL4 ä + ãä a2 Π z2

I6 ä Π2 a4 - 3 ä Hb - ä cL Π2 z a4 - Hb - ä cL3 Π z a2 + Hb - ä cL2 Π Ia2 ä Π z2 + 1M a2 + Hb - ä cL4 H-äLMN +

ã
1

2
ä a2 Π z2

2 ã

Hb-ä cL J2 Π z a2+c+b äN
2 a2 Π Π3 HHb - ä cL z HHb - ä cL z Hb z - ä c z - 3L + 6L - 6L CHa zL a6 +

I6 Π3 a6 + 3 Hb - ä cL2 ä Π2 a4 + Hb - ä cL6 H-äLM C
Π z a2 + c + b ä

a Π
- ä S

Π z a2 + c + b ä

a Π
+

ã
ä Hb-ä cL2

a2 Π I-6 ä Π3 a6 - 3 Hb - ä cL2 Π2 a4 + Hb - ä cL6M C
b - ä c

a Π
+ a ä z - ä S

b - ä c

a Π
+ a ä z +

1

Hb + c äL4
 ã

-
ä Hb+c äL2

2 a2 Π a Hb + c äL ã
ä Hb+c äL2

2 a2 Π
+z Hb+c äL J-6 ä Π2 a4 - ä Hb + c äL2 Π2 z2 a4 + 3 Hb + c äL ä Π2 z a4 -

Hb + c äL3 Π z a2 + Hb + c äL2 Π a2 + Hb + c äL4 ä +

ãä a2 Π z2 I6 ä Π2 a4 + 3 Hc - ä bL Π2 z a4 - Hb + c äL3 Π z a2 + Hb + c äL2 Π Ia2 ä Π z2 + 1M a2 + Hb + c äL4 H-äLMN +

ã
1

2
ä a2 Π z2

2 ã
ä Hb+c äL2

2 a2 Π
+z Hb+c äL

Π3 HHb + c äL z HHb + c äL z Hb z + c ä z - 3L + 6L - 6L CHa zL a6 +

I6 Π3 a6 + 3 Hb + c äL2 ä Π2 a4 + Hb + c äL6 H-äLM C
ä b - c

a Π
+ a z - ä S

ä b - c

a Π
+ a z +

ã
ä Hb+c äL2

a2 Π I-6 ä Π3 a6 - 3 Hb + c äL2 Π2 a4 + Hb + c äL6M C
b + c ä

a Π
+ a ä z - ä S

b + c ä

a Π
+ a ä z

06.33.21.0063.01

à zΑ-1 ãb z2
cosIc z2M CHa zL â z �

1

4
zΑ CHa zL I-Hb + c äL z2M-

Α

2  G
Α

2
, 0, -Hb + c äL z2 + I-Hb - ä cL z2M-

Α

2 G
Α

2
, 0, -Hb - ä cL z2 +

2 ä Ia4 z4M-
Α

2

a
 â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hb + c äLk

H2 k + ΑL k !
 -ä a2 z2 Iä a2 z2Mk+

Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 -

I-ä a2 z2Mk+
Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 + â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hb - ä cLk

H2 k + ΑL k !
 

-ä a2 z2 Iä a2 z2Mk+
Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 - I-ä a2 z2Mk+

Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2
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06.33.21.0064.01

à z ãb z2
cosIc z2M CHa zL â z �

1

2 Ib2 + c2M  ãb z2
CHa zL Ib cosIc z2M + c sinIc z2MM -

1

8
a Π z b H1 + äL C

H1 - äL -Jb + J Π a2

2
+ cN äN z2

Π
+ H1 - äL S

H1 - äL -Jb + J Π a2

2
+ cN äN z2

Π
- 1 �

- b +
Π a2

2
+ c ä z2 + H1 + äL C

H1 - äL ä IΠ a2 + 2 c + 2 b äM z2

2 Π
+

H1 - äL S
H1 - äL ä IΠ a2 + 2 c + 2 b äM z2

2 Π
- 1 � - b - ä

Π a2

2
+ c z2 +

c H-äL H1 + äL C

H1 - äL -Jb + J Π a2

2
+ cN äN z2

Π
+ H1 - äL S

H1 - äL -Jb + J Π a2

2
+ cN äN z2

Π
- 1 �

- b +
Π a2

2
+ c ä z2 + -H1 + äL C

H1 - äL ä IΠ a2 + 2 c + 2 b äM z2

2 Π
-

H1 - äL S
H1 - äL ä IΠ a2 + 2 c + 2 b äM z2

2 Π
+ 1 � - b - ä

Π a2

2
+ c z2 +

b H1 + äL C

H1 - äL -Jb + Jc - a2 Π

2
N äN z2

Π
+ H1 - äL S

H1 - äL -Jb + Jc - a2 Π

2
N äN z2

Π
- 1 �

- b + c -
a2 Π

2
ä z2 + H1 + äL C

H1 - äL -Jb + 1

2
ä Ia2 Π - 2 cMN z2

Π
+

- 1 � -
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H1 - äL S

H1 - äL -Jb + 1

2
ä Ia2 Π - 2 cMN z2

Π
- 1 � - b +

1

2
ä Ia2 Π - 2 cM z2 -

ä c H1 + äL C

H1 - äL -Jb + Jc - a2 Π

2
N äN z2

Π
+ H1 - äL S

H1 - äL -Jb + Jc - a2 Π

2
N äN z2

Π
- 1 �

- b + c -
a2 Π

2
ä z2 + -H1 + äL C

H1 - äL -Jb + 1

2
ä Ia2 Π - 2 cMN z2

Π
-

H1 - äL S

H1 - äL -Jb + 1

2
ä Ia2 Π - 2 cMN z2

Π
+ 1 � - b +

1

2
ä Ia2 Π - 2 cM z2

Involving hyperbolic functions

Involving sinh 

06.33.21.0065.01

à sinhHb zL CHa zL â z �
1

2 b
 2 coshHb zL CHa zL - cos

b2

2 a2 Π
C

ä b

a Π
+ a z +

cos
b2

2 a2 Π
C

ä b

a Π
- a z + S

ä b

a Π
+ a z sin

b2

2 a2 Π
- S

ä b

a Π
- a z sin

b2

2 a2 Π

06.33.21.0066.01

à sinhIb z2M CHa zL â z �
a

4 b
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k b-2 kIGI2 k + 1, -b z2M + GI2 k + 1, b z2MM
H4 k + 1L H2 kL !

Involving cosh 

06.33.21.0067.01

à coshHb zL CHa zL â z �
ä

2 b
cos

b2

2 a2 Π
S

ä b

a Π
+ a z +

cos
b2

2 a2 Π
S

ä b

a Π
- a z + C

ä b

a Π
+ a z sin

b2

2 a2 Π
+ C

ä b

a Π
- a z sin

b2

2 a2 Π
- 2 ä CHa zL sinhHb zL
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06.33.21.0068.01

à coshIb z2M CHa zL â z �
a

4 b
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k b-2 k IGI2 k + 1, -b z2M - GI2 k + 1, b z2MM
H4 k + 1L H2 kL !

Involving hyperbolic functions and a power function

Involving sinh and power

06.33.21.0069.01

à zΑ-1 sinhHb zL CHa zL â z �
a zΑ

2 b
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k b-4 k

H4 k + 1L H2 kL !
 IHb zL-Α GH4 k + Α + 1, b zL + H-b zL-Α GH4 k + Α + 1, -b zLM

06.33.21.0070.01

à zn sinhHb zL CHa zL â z � -
1

2
 b-n-1

ä a n! H-1Ln â
m=0

n 2m-1 a-2 m-2 Hä bLm Π-m-1

m!
 ã

ä b2

2 a2 Π â
k=0

m

2
1

2
Hk-2 m-1L H-bLm-k Π

k+1

2 -
ä Iä b - a2 Π zM2

a2

-
1

2
Hk+1L

Iä Π z a2 + bMk+1

m

k
G

k + 1

2
, -

ä Iä b - a2 Π zM2

2 a2 Π
- H-1Lm ã

-
ä b2

a2 Π â
k=0

m

2
1

2
Hk-2 m-1L H-bLm-k Π

k+1

2 Ib - ä a2 Π zMk+1

ä IΠ z a2 + b äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + b äM2

2 a2 Π
+ â

m=0

n 2m-1 a-2 m-2 Hä bLm Π-m-1

m!
ã

ä b2

2 a2 Π

H-1Lm â
k=0

m

2
1

2
Hk-2 m-1L bm-k Π

k+1

2 Iä a2 Π z - bMk+1
-

ä IΠ z a2 + b äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
, -

ä IΠ z a2 + b äM2

2 a2 Π
-

ã
-

ä b2

a2 Π â
k=0

m

2
1

2
Hk-2 m-1L bm-k Π

k+1

2 I-ä Π z a2 - bMk+1 ä Iä b - a2 Π zM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä b - a2 Π zM2

2 a2 Π
- CHa zL HH-1Ln GHn + 1, -b zL + GHn + 1, b zLL �; n Î N

06.33.21.0071.01

à z sinhHb zL CHa zL â z � -
1

2 a2 b2 Π
 -2 Π CHa zL Hb z coshHb zL - sinhHb zLL a2 + 2 b coshHb zL sin

1

2
a2 Π z2 a +

ä cos
b2

2 a2 Π
Π S

ä b

a Π
+ a z + S

ä b

a Π
- a z a2 - b2 C

ä b

a Π
+ a z - b2 C

ä b

a Π
- a z +

ä Π C
ä b

a Π
+ a z a2 + Π C

ä b

a Π
- a z a2 + b2 S

ä b

a Π
+ a z + S

ä b

a Π
- a z sin

b2

2 a2 Π
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06.33.21.0072.01

à z2 sinhHb zL CHa zL â z �

1

2 a4 b3 Π2
 2 Π2 CHa zL IIb2 z2 + 2M coshHb zL - 2 b z sinhHb zLM a4 - 2 b Π sin

1

2
a2 Π z2 Hb z coshHb zL - 2 sinhHb zLL a3 -

2 b3 cos
1

2
a2 Π z2 sinhHb zL a + cos

b2

2 a2 Π
a2 Π S

ä b

a Π
- a z - S

ä b

a Π
+ a z b2 + Ib4 - 2 a4 Π2M C

ä b

a Π
+ a z -

a2 b2 Π C
ä b

a Π
+ a z - Ib4 - 2 a4 Π2M S

ä b

a Π
- a z - S

ä b

a Π
+ a z sin

b2

2 a2 Π
+

C
ä b

a Π
- a z a2 b2 Π sin

b2

2 a2 Π
- Ib4 - 2 a4 Π2M cos

b2

2 a2 Π

06.33.21.0073.01

à z3 sinhHb zL CHa zL â z �
ä

2 a6 b4 Π3
 

-2 ä Π3 CHa zL Ib z Ib2 z2 + 6M coshHb zL - 3 Ib2 z2 + 2M sinhHb zLM a6 + 2 b3 ä Π cos
1

2
a2 Π z2 Hb z sinhHb zL - coshHb zLL a3 -

2 ä b sin
1

2
a2 Π z2 I3 b Π2 z sinhHb zL a4 + I-6 Π2 a4 - b2 Π2 z2 a4 + b4M coshHb zLM a +

C
ä b

a Π
+ a z -6 Π3 sin

b2

2 a2 Π
a6 - b2 Ib4 - 3 a4 Π2M cos

b2

2 a2 Π
+

C
ä b

a Π
- a z -6 Π3 sin

b2

2 a2 Π
a6 - b2 Ib4 - 3 a4 Π2M cos

b2

2 a2 Π
-

S
ä b

a Π
+ a z + S

ä b

a Π
- a z 6 a6 Π3 cos

b2

2 a2 Π
- b2 Ib4 - 3 a4 Π2M sin

b2

2 a2 Π

06.33.21.0074.01

à zΑ-1 sinhIb z2M CHa zL â z �
1

4 a
 a zΑ CHa zL I-b z2M-

Α

2 G
Α

2
, 0, -b z2 - Ib z2M-

Α

2 G
Α

2
, 0, b z2 -

2 ä Ia4 z4M-
Α

2 â
k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k H-bLk

H2 k + ΑL k !
 -ä a2 z2 Iä a2 z2Mk+

Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 -

I-ä a2 z2Mk+
Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 - â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k bk

H2 k + ΑL k !

-ä a2 z2 Iä a2 z2Mk+
Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 - I-ä a2 z2Mk+

Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2
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06.33.21.0075.01

à z sinhIb z2M CHa zL â z �
1

4 Ib Π2 a4 + 4 b3M  2 IΠ2 a4 + 4 b2M coshIb z2M CHa zL -

a Π Ia2 Π - 2 ä bM Π a2 + 2 b ä C a2 +
2 b ä

Π
z + a2 Π - 2 ä b IΠ a2 + 2 b äM C a2 -

2 ä b

Π
z

06.33.21.0076.01

à z3 sinhIb z2M CHa zL â z �
ä

16 b2
 a -

4 Π IΠ a2 + 3 b äM S a2 + 2 b ä

Π
z

IΠ a2 + 2 b äM3�2 +

4 Π Ia2 Π - 3 ä bM S a2 - 2 ä b

Π
z

Ia2 Π - 2 ä bM3�2 +
ä b

z

2 Π
ä IΠ a2 + 2 b äM z2

IΠ a2 + 2 b äM2
+

-Iä Π a2 + 2 bM z2

Ia2 Π - 2 ä bM2
+

I2 b - ä a2 ΠM z2

IΠ a2 + 2 b äM2
-

Iä Π a2 + 2 bM z2

Iä Π a2 + 2 bM2
+

8 z2

Π2 a4 + 4 b2

Π coshIb z2M sin
1

2
a2 Π z2 a2 + 2 b cos

1

2
a2 Π z2 sinhIb z2M - 8 ä CHa zL Ib z2 coshIb z2M - sinhIb z2MM

Involving cosh and power

06.33.21.0077.01

à zΑ-1 coshHb zL CHa zL â z �
a

2 b
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k b-4 k

H4 k + 1L H2 kL !
 IzΑ H-b zL-Α GH4 k + Α + 1, -b zL - zΑ Hb zL-Α GH4 k + Α + 1, b zLM
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06.33.21.0078.01

à zn coshHb zL CHa zL â z �

1

2
b-n-1 CHa zL HH-1Ln GHn + 1, -b zL - GHn + 1, b zLL + a ä n! ã

ä b2

2 a2 Π â
m=0

n a-2 m-2 Hä bLm

m!
H-1Lm â

k=0

m

2
k-3

2 bm-k Π
1

2
Hk-2 m-1L

Iä IΠ z a2 + b äMMk+1
-

ä IΠ z a2 + b äM2

a2

1

2
H-k-1L

m

k
G

k + 1

2
, -

ä IΠ z a2 + b äM2

2 a2 Π
- ã

-
ä b2

a2 Π

â
k=0

m

2
k-3

2 bm-k Π
1

2
Hk-2 m-1L Iä Iä b - a2 Π zMMk+1 ä Iä b - a2 Π zM2

a2

1

2
H-k-1L

m

k
G

k + 1

2
,

ä Iä b - a2 Π zM2

2 a2 Π
-

H-1Ln ã
ä b2

2 a2 Π â
m=0

n H-1Lm a-2 m-2 Hä bLm

m!
H-1Lm â

k=0

m

2
k-3

2 H-bLm-k Π
1

2
Hk-2 m-1L -

ä Iä b - a2 Π zM2

a2

1

2
H-k-1L

Iä Ia2 Π z - ä bMMk+1 m

k
G

k + 1

2
, -

ä Iä b - a2 Π zM2

2 a2 Π
- ã

-
ä b2

a2 Π â
k=0

m

2
k-3

2 H-bLm-k Π
1

2
Hk-2 m-1L

I-ä IΠ z a2 + b äMMk+1 ä IΠ z a2 + b äM2

a2

1

2
H-k-1L

m

k
G

k + 1

2
,

ä IΠ z a2 + b äM2

2 a2 Π
�; n Î N

06.33.21.0079.01

à z coshHb zL CHa zL â z �

-
1

b2
 

1

2 a2 Π
 -C

ä b

a Π
+ a z Π cos

b2

2 a2 Π
a2 + b2 sin

b2

2 a2 Π
+ C

ä b

a Π
- a z Π cos

b2

2 a2 Π
a2 + b2 sin

b2

2 a2 Π
+

S
ä b

a Π
- a z - S

ä b

a Π
+ a z b2 cos

b2

2 a2 Π
- a2 Π sin

b2

2 a2 Π
+

b sinJ 1

2
a2 Π z2N sinhHb zL

a Π
+ CHa zL HcoshHb zL - b z sinhHb zLL
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06.33.21.0080.01

à z2 coshHb zL CHa zL â z �
ä

2 a4 b3 Π2
 -2 ä Π2 CHa zL IIb2 z2 + 2M sinhHb zL - 2 b z coshHb zLM a4 +

2 b ä Π sin
1

2
a2 Π z2 Hb z sinhHb zL - 2 coshHb zLL a3 + 2 b3 ä cos

1

2
a2 Π z2 coshHb zL a +

cos
b2

2 a2 Π
-a2 Π C

ä b

a Π
+ a z + C

ä b

a Π
- a z b2 - Ib4 - 2 a4 Π2M S

ä b

a Π
+ a z + S

ä b

a Π
- a z -

Ib4 - 2 a4 Π2M C
ä b

a Π
+ a z + C

ä b

a Π
- a z - a2 b2 Π S

ä b

a Π
+ a z + S

ä b

a Π
- a z sin

b2

2 a2 Π

06.33.21.0081.01

à z3 coshHb zL CHa zL â z �

1

2 a6 b4 Π3
 2 Π3 CHa zL Ib z Ib2 z2 + 6M sinhHb zL - 3 Ib2 z2 + 2M coshHb zLM a6 - 2 b3 Π cos

1

2
a2 Π z2 Hb z coshHb zL - sinhHb zLL a3 -

2 b sin
1

2
a2 Π z2 II6 Π2 a4 + b2 Π2 z2 a4 - b4M sinhHb zL - 3 a4 b Π2 z coshHb zLM a +

C
ä b

a Π
- a z b2 Ib4 - 3 a4 Π2M sin

b2

2 a2 Π
- 6 a6 Π3 cos

b2

2 a2 Π
+

S
ä b

a Π
+ a z - S

ä b

a Π
- a z -6 Π3 sin

b2

2 a2 Π
a6 - b2 Ib4 - 3 a4 Π2M cos

b2

2 a2 Π
+

C
ä b

a Π
+ a z 6 a6 Π3 cos

b2

2 a2 Π
- b2 Ib4 - 3 a4 Π2M sin

b2

2 a2 Π

06.33.21.0082.01

à zΑ-1 coshIb z2M CHa zL â z �

1

4 a
 2 ä Ia4 z4M-

Α

2  â
k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k bk

H2 k + ΑL k !
 -ä a2 z2 Iä a2 z2Mk+

Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 -

I-ä a2 z2Mk+
Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 + â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k H-bLk

H2 k + ΑL k !
 

-ä a2 z2 Iä a2 z2Mk+
Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 - I-ä a2 z2Mk+

Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 +

a zΑ CHa zL Ib z2M-
Α

2  G
Α

2
, 0, b z2 + I-b z2M-

Α

2 G
Α

2
, 0, -b z2
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06.33.21.0083.01

à z coshIb z2M CHa zL â z �
1

4 Ib Π2 a4 + 4 b3M  a Π 2 ä b - a2 Π I2 b - ä a2 ΠM S
2 ä b

Π
- a2 z +

Iä Π a2 + 2 bM a Π Π a2 + 2 b ä S a2 +
2 b ä

Π
z + 2 I2 b - ä a2 ΠM CHa zL sinhIb z2M

06.33.21.0084.01

à z3 coshIb z2M CHa zL â z � -
1

32 b2
 2 a ä 2 Π -

IΠ a2 + 3 b äM erfi 1

2
ä a2 Π - b z

Iä a2 Π - 2 bM3�2 +

I-Π a2 + 3 ä bM erfi 1

2
ä Π a2 + b z

Iä Π a2 + 2 bM3�2 +

Ia2 Π - 3 ä bM erfi - 1

2
ä Π a2 - b z

I-ä Π a2 - 2 bM3�2 +

IΠ a2 + 3 b äM erfi b - 1

2
ä a2 Π z

I2 b - ä a2 ΠM3�2 +

16 a b z

Π2 a4 + 4 b2
Π sin

1

2
a2 Π z2 sinhIb z2M a2 + 2 b cos

1

2
a2 Π z2 coshIb z2M + 16 CHa zL IcoshIb z2M - b z2 sinhIb z2MM

Involving exponential function and hyperbolic functions

Involving exp and sinh

06.33.21.0085.01

à ãb z sinhHc zL CHa zL â z �

1

8
H1 + äL 1

b + c
 H2 - 2 äL ãHb+cL z CHa zL - H1 - äL ã

-
ä Hb+cL2
2 a2 Π ä C

-ä Π z a2 + b + c

a Π
+ ã

ä Hb+cL2
a2 Π -ä C

ä Π z a2 + b + c

a Π
-

S
ä Π z a2 + b + c

a Π
- S

-ä Π z a2 + b + c

a Π
-

1

b - c
 H2 - 2 äL ãHb-cL z CHa zL - H1 + äL ã

-
ä Hb-cL2
2 a2 Π

C
-ä Π z a2 + b - c

a Π
- ã

ä Hb-cL2
a2 Π C

ä Π z a2 + b - c

a Π
- ä S

ä Π z a2 + b - c

a Π
+ ä S

-ä Π z a2 + b - c

a Π

06.33.21.0086.01

à ãb z2
sinhIc z2M CHa zL â z �

a

4
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k

H4 k + 1L H2 kL !
 IHb + cL-2 k-1 GI2 k + 1, -Hb + cL z2M - Hb - cL-2 k-1 GI2 k + 1, -Hb - cL z2MM
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Involving exp and cosh

06.33.21.0087.01

à ãb z coshHc zL CHa zL â z �

1

8
H1 + äL 1

b - c
 H2 - 2 äL ãHb-cL z CHa zL - H1 + äL ã

-
ä Hb-cL2
2 a2 Π -ã

ä Hb-cL2
a2 Π C

ä Π z a2 + b - c

a Π
+ C

-ä Π z a2 + b - c

a Π
+

ä ã
ä Hb-cL2

a2 Π S
ä Π z a2 + b - c

a Π
+ S

-ä Π z a2 + b - c

a Π
+

1

b + c
 H2 - 2 äL ãHb+cL z CHa zL - H1 + äL ã

-
ä Hb+cL2
2 a2 Π

-ã
ä Hb+cL2

a2 Π C
ä Π z a2 + b + c

a Π
+ C

-ä Π z a2 + b + c

a Π
+ ä ã

ä Hb+cL2
a2 Π S

ä Π z a2 + b + c

a Π
+ S

-ä Π z a2 + b + c

a Π

06.33.21.0088.01

à ãb z2
coshIc z2M CHa zL â z �

a

4
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k

H4 k + 1L H2 kL !
 IHb + cL-2 k-1 GI2 k + 1, -Hb + cL z2M + Hb - cL-2 k-1 GI2 k + 1, -Hb - cL z2MM

Involving power, exponential and hyperbolic functions

Involving power, exp and sinh

06.33.21.0089.01

à zΑ-1 ãb z sinhHc zL CHa zL â z �
a zΑ

2
 â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k

H4 k + 1L H2 kL !

IHH-c - bL zL-Α Hb + cL-4 k-1 GH4 k + Α + 1, -Hb + cL zL - HH-b + cL zL-Α Hb - cL-4 k-1 GH4 k + Α + 1, -Hb - cL zLM
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06.33.21.0090.01

à zn ãb z sinhHc zL CHa zL â z �
1

2
CHa zL IHc - bL-n-1 GHn + 1, -Hb - cL zL - H-b - cL-n-1 GHn + 1, -b z - c zLM +

a n! H-b - cL-n-1 â
m=0

n 1

m!
 H-Hb + cLLm -I-ä a2M-m-1

ã
-

ä Hb+cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb + cLLm-k Π
1

2
Hk-2 m-1L IHb + cL - ä a2 Π zMk+1

ä IΠ z a2 + Hb + cL äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + Hb + cL äM2

2 a2 Π
-

Iä a2M-m-1
ã

ä Hb+cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb + cLLm-k Π
1

2
Hk-2 m-1L Iä Π z a2 + Hb + cLMk+1

ä Iä Π z a2 + Hb + cLM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä Π z a2 + Hb + cLM2

2 a2 Π
-

Hc - bL-n-1 â
m=0

n 1

m!
 H-Hb - cLLm -I-ä a2M-m-1

ã
-

ä Hb-cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb - cLLm-k Π
1

2
Hk-2 m-1L

IHb - cL - ä a2 Π zMk+1 ä IΠ z a2 + Hb - cL äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + Hb - cL äM2

2 a2 Π
-

Iä a2M-m-1
ã

ä Hb-cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb - cLLm-k Π
1

2
Hk-2 m-1L Iä Π z a2 + Hb - cLMk+1

ä Iä Π z a2 + Hb - cLM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä Π z a2 + Hb - cLM2

2 a2 Π
�; n Î N
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06.33.21.0091.01

à z ãb z sinhHc zL CHa zL â z �
1

4 a2 Π
 ã-

1

2
ä a2 Π z2

1

Hb + cL2
 ã

-
ä Hb+cL2
2 a2 Π ä a Hb + cL ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π J-1 + ãä a2 Π z2 N + ã

1

2
ä a2 Π z2

2 ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π Π Hb z + c z - 1L CHa zL a2 -

IHb + cL2 - ä a2 ΠM C
-ä Π z a2 + b + c

a Π
+ ä S

-ä Π z a2 + b + c

a Π
-

ã
ä Hb+cL2

a2 Π Iä Π a2 + Hb + cL2M C
b + c

a Π
+ a ä z - ä S

b + c

a Π
+ a ä z -

1

Hb - cL2
 ã

-
ä Hb-cL2
2 a2 Π ä a Hb - cL ã

ä Hb-cL2
2 a2 Π

+z Hb-cL J-1 + ãä a2 Π z2 N + ã
1

2
ä a2 Π z2

2 ã
ä Hb-cL2
2 a2 Π

+z Hb-cL
Π Hb z - c z - 1L CHa zL a2 -

ã
ä Hb-cL2

a2 Π Iä Π a2 + Hb - cL2M C
b - c

a Π
+ a ä z - ä S

b - c

a Π
+ a ä z -

IHb - cL2 - ä a2 ΠM C
b - c

a Π
- ä a z + ä S

b - c

a Π
- ä a z

06.33.21.0092.01

à z2 ãb z sinhHc zL CHa zL â z �
1

8 a4 Π2
 ã-

1

2
ä a2 Π z2 1

Hb + cL3
 

ã
-

ä Hb+cL2
2 a2 Π 2 a Hb + cL ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π ä J-Hb + cL Π z a2 + 2 Π a2 + Hb + cL2 ä + ãä a2 Π z2 IHb + cL Π z a2 - 2 Π a2 + Hb + cL2 äMN +

2 ã
1

2
ä a2 Π z2

2 ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π Π2 HHb + cL z Hb z + c z - 2L + 2L CHa zL a4 +

I-2 Π2 a4 - ä Hb + cL2 Π a2 + Hb + cL4M C
Π z a2 + b ä + c ä

a Π
- ä S

Π z a2 + b ä + c ä

a Π
+

ã
ä Hb+cL2

a2 Π I2 Π2 a4 - ä Hb + cL2 Π a2 - Hb + cL4M ä C
b + c

a Π
+ a ä z + S

b + c

a Π
+ a ä z -

1

Hb - cL3
 

ã
-

ä Hb-cL2
2 a2 Π 2 a Hb - cL ã

ä Hb-cL2
2 a2 Π

+z Hb-cL
ä J-Hb - cL Π z a2 + 2 Π a2 + Hb - cL2 ä + ãä a2 Π z2 IHb - cL Π z a2 - 2 Π a2 + Hb - cL2 äMN +

2 ã
1

2
ä a2 Π z2

2 ã
ä Hb-cL2
2 a2 Π

+z Hb-cL
Π2 HHb - cL z Hb z - c z - 2L + 2L CHa zL a4 +

I-2 Π2 a4 - ä Hb - cL2 Π a2 + Hb - cL4M C
ä Hb - cL

a Π
+ a z - ä S

ä Hb - cL
a Π

+ a z +

ã
ä Hb-cL2

a2 Π I2 Π2 a4 - ä Hb - cL2 Π a2 - Hb - cL4M ä C
b - c

a Π
+ a ä z + S

b - c

a Π
+ a ä z
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06.33.21.0093.01

à z3 ãb z sinhHc zL CHa zL â z �

1

4 a6 Π3
 ã-

1

2
ä a2 Π z2 1

Hb + cL4
 ã

-
ä Hb+cL2
2 a2 Π a Hb + cL ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π J-6 ä Π2 a4 - ä Hb + cL2 Π2 z2 a4 + 3 Hb + cL ä Π2 z a4 -

Hb + cL3 Π z a2 + Hb + cL2 Π a2 + Hb + cL4 ä +

ãä a2 Π z2 I6 ä Π2 a4 - 3 ä Hb + cL Π2 z a4 - Hb + cL3 Π z a2 + Hb + cL2 Π Ia2 ä Π z2 + 1M a2 + Hb + cL4 H-äLMN +

ã
1

2
ä a2 Π z2

2 ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π Π3 HHb + cL z HHb + cL z Hb z + c z - 3L + 6L - 6L CHa zL a6 +

I6 Π3 a6 + 3 Hb + cL2 ä Π2 a4 + Hb + cL6 H-äLM C
Π z a2 + b ä + c ä

a Π
- ä S

Π z a2 + b ä + c ä

a Π
+

ã
ä Hb+cL2

a2 Π I-6 ä Π3 a6 - 3 Hb + cL2 Π2 a4 + Hb + cL6M C
b + c

a Π
+ a ä z - ä S

b + c

a Π
+ a ä z -

1

Hb - cL4
 ã

-
ä Hb-cL2
2 a2 Π a Hb - cL ã

ä Hb-cL2
2 a2 Π

+z Hb-cL J-6 ä Π2 a4 - ä Hb - cL2 Π2 z2 a4 + 3 Hb - cL ä Π2 z a4 -

Hb - cL3 Π z a2 + Hb - cL2 Π a2 + Hb - cL4 ä +

ãä a2 Π z2 I6 ä Π2 a4 - 3 ä Hb - cL Π2 z a4 - Hb - cL3 Π z a2 + Hb - cL2 Π Ia2 ä Π z2 + 1M a2 + Hb - cL4 H-äLMN +

ã
1

2
ä a2 Π z2

2 ã
ä Hb-cL2
2 a2 Π

+z Hb-cL
Π3 HHb - cL z HHb - cL z Hb z - c z - 3L + 6L - 6L CHa zL a6 +

I6 Π3 a6 + 3 Hb - cL2 ä Π2 a4 + Hb - cL6 H-äLM C
ä Hb - cL

a Π
+ a z - ä S

ä Hb - cL
a Π

+ a z +

ã
ä Hb-cL2

a2 Π I-6 ä Π3 a6 - 3 Hb - cL2 Π2 a4 + Hb - cL6M C
b - c

a Π
+ a ä z - ä S

b - c

a Π
+ a ä z

06.33.21.0094.01

à zΑ-1 ãb z2
sinhIc z2M CHa zL â z �

1

4
zΑ C Ha zL I-Hb + cL z2M-

Α

2 G
Α

2
, 0, -Hb + cL z2 - I-Hb - cL z2M-

Α

2 G
Α

2
, 0, -Hb - cL z2 +

2 ä

a
 â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hb + cLk

H2 k + ΑL k !
Ia4 z4M-

Α

2 -ä a2 z2 Iä a2 z2Mk+
Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 -

Ia4 z4M-
Α

2 I-ä a2 z2Mk+
Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 -

â
k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hb - cLk

H2 k + ΑL k !
 Ia4 z4M-

Α

2 -ä a2 z2 Iä a2 z2Mk+
Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 -

Ia4 z4M-
Α

2 I-ä a2 z2Mk+
Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2
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06.33.21.0095.01

à z ãb z2
sinhIc z2M CHa zL â z �

-
1

16
ä a 2 Π z -

ä

Hb - cL I-ä Π a2 - 2 b + 2 cM z2

+
ä

Hb + cL Iä Π a2 - 2 b - 2 cM z2

-
ä

Hb - cL Iä Π a2 - 2 b + 2 cM z2

+

ä

Hb + cL -Iä Π a2 + 2 b + 2 cM z2

-

H1 - äL C
H1-äL I-ä Π a2-2 b+2 cM z2

2 Π

Hb - cL I-ä Π a2 - 2 b + 2 cM z2

+

H1 - äL C
H1-äL -I-ä Π a2+2 b+2 cM z2

2 Π

Hb + cL Iä Π a2 - 2 b - 2 cM z2

-

H1 - äL C
H1-äL Iä Π a2-2 b+2 cM z2

2 Π

Hb - cL Iä Π a2 - 2 b + 2 cM z2

+

H1 - äL C
H1-äL -Iä Π a2+2 b+2 cM z2

2 Π

Hb + cL -Iä Π a2 + 2 b + 2 cM z2

+

H1 + äL S
H1-äL I-ä Π a2-2 b+2 cM z2

2 Π

Hb - cL I-ä Π a2 - 2 b + 2 cM z2

-

H1 + äL S
H1-äL -I-ä Π a2+2 b+2 cM z2

2 Π

Hb + cL Iä Π a2 - 2 b - 2 cM z2

+

H1 + äL S
H1-äL Iä Π a2-2 b+2 cM z2

2 Π

Hb - cL Iä Π a2 - 2 b + 2 cM z2

-

H1 + äL S
H1-äL -Iä Π a2+2 b+2 cM z2

2 Π

Hb + cL -Iä Π a2 + 2 b + 2 cM z2

+
8 ãb z2

ä CHa zL Ib sinhIc z2M - c coshIc z2MM
b2 - c2

Involving power, exp and cosh

06.33.21.0096.01

à zΑ-1 ãb z coshHc zL CHa zL â z �
a zΑ

2
â
k=0

¥ H-1Lk 2-2 k Π2 k a4 k

H4 k + 1L H2 kL !
 

IHb - cL-4 k-1 HHc - bL zL-Α GH4 k + Α + 1, -Hb - cL zL + Hb + cL-4 k-1 HH-b - cL zL-Α GH4 k + Α + 1, -Hb + cL zLM
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06.33.21.0097.01

à zn ãb z coshHc zL CHa zL â z �

1

2
a n! H-b - cL-n-1 â

m=0

n H-Hb + cLLm

m!
-I-ä a2M-m-1

ã
-

ä Hb+cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb + cLLm-k Π
1

2
Hk-2 m-1L IHb + cL - ä a2 Π zMk+1

ä IΠ z a2 + Hb + cL äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + Hb + cL äM2

2 a2 Π
-

Iä a2M-m-1
ã

ä Hb+cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb + cLLm-k Π
1

2
Hk-2 m-1L Iä Π z a2 + Hb + cLMk+1

ä Iä Π z a2 + Hb + cLM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä Π z a2 + Hb + cLM2

2 a2 Π
+

Hc - bL-n-1 â
m=0

n H-Hb - cLLm

m!
 -I-ä a2M-m-1

ã
-

ä Hb-cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb - cLLm-k Π
1

2
Hk-2 m-1L IHb - cL - ä a2 Π zMk+1

ä IΠ z a2 + Hb - cL äM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä IΠ z a2 + Hb - cL äM2

2 a2 Π
-

Iä a2M-m-1
ã

ä Hb-cL2
2 a2 Π â

k=0

m

2
k-3

2 H-Hb - cLLm-k Π
1

2
Hk-2 m-1L Iä Π z a2 + Hb - cLMk+1

ä Iä Π z a2 + Hb - cLM2

a2

-
1

2
Hk+1L

m

k
G

k + 1

2
,

ä Iä Π z a2 + Hb - cLM2

2 a2 Π
-

CHa zL IH-b - cL-n-1 GHn + 1, -b z - c zL + Hc - bL-n-1 GHn + 1, -Hb - cL zLM �; n Î N
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06.33.21.0098.01

à z ãb z coshHc zL CHa zL â z �
1

4 a2 Π
 ã-

1

2
ä a2 Π z2

1

Hb + cL2
 ã

-
ä Hb+cL2
2 a2 Π ä a Hb + cL ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π J-1 + ãä a2 Π z2 N + ã

1

2
ä a2 Π z2

2 ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π Π Hb z + c z - 1L CHa zL a2 -

IHb + cL2 - ä a2 ΠM C
-ä Π z a2 + b + c

a Π
+ ä S

-ä Π z a2 + b + c

a Π
- ã

ä Hb+cL2
a2 Π

Iä Π a2 + Hb + cL2M C
b + c

a Π
+ a ä z - ä S

b + c

a Π
+ a ä z +

1

Hb - cL2
 ã

-
ä Hb-cL2
2 a2 Π

ä a Hb - cL ã
ä Hb-cL2
2 a2 Π

+z Hb-cL J-1 + ãä a2 Π z2 N + ã
1

2
ä a2 Π z2

2 ã
ä Hb-cL2
2 a2 Π

+z Hb-cL
Π Hb z - c z - 1L CHa zL a2 - ã

ä Hb-cL2
a2 Π Iä Π a2 + Hb - cL2M

C
b - c

a Π
+ a ä z - ä S

b - c

a Π
+ a ä z - IHb - cL2 - ä a2 ΠM C

b - c

a Π
- ä a z + ä S

b - c

a Π
- ä a z

06.33.21.0099.01

à z2 ãb z coshHc zL CHa zL â z �
1

8 a4 Π2
 ã-

1

2
ä a2 Π z2 1

Hb + cL3
 ã

-
ä Hb+cL2
2 a2 Π

2 a Hb + cL ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π ä J-Hb + cL Π z a2 + 2 Π a2 + Hb + cL2 ä + ãä a2 Π z2 IHb + cL Π z a2 - 2 Π a2 + Hb + cL2 äMN +

2 ã
1

2
ä a2 Π z2

2 ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π Π2 HHb + cL z Hb z + c z - 2L + 2L CHa zL a4 +

I-2 Π2 a4 - ä Hb + cL2 Π a2 + Hb + cL4M C
Π z a2 + b ä + c ä

a Π
- ä S

Π z a2 + b ä + c ä

a Π
+

ã
ä Hb+cL2

a2 Π I2 Π2 a4 - ä Hb + cL2 Π a2 - Hb + cL4M ä C
b + c

a Π
+ a ä z + S

b + c

a Π
+ a ä z +

1

Hb - cL3
 ã

-
ä Hb-cL2
2 a2 Π

2 a Hb - cL ã
ä Hb-cL2
2 a2 Π

+z Hb-cL
ä J-Hb - cL Π z a2 + 2 Π a2 + Hb - cL2 ä + ãä a2 Π z2 IHb - cL Π z a2 - 2 Π a2 + Hb - cL2 äMN +

2 ã
1

2
ä a2 Π z2

2 ã
ä Hb-cL2
2 a2 Π

+z Hb-cL
Π2 HHb - cL z Hb z - c z - 2L + 2L CHa zL a4 +

I-2 Π2 a4 - ä Hb - cL2 Π a2 + Hb - cL4M C
ä Hb - cL

a Π
+ a z - ä S

ä Hb - cL
a Π

+ a z +

ã
ä Hb-cL2

a2 Π I2 Π2 a4 - ä Hb - cL2 Π a2 - Hb - cL4M ä C
b - c

a Π
+ a ä z + S

b - c

a Π
+ a ä z
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06.33.21.0100.01

à z3 ãb z coshHc zL CHa zL â z �
1

4 a6 Π3
 ã-

1

2
ä a2 Π z2 1

Hb + cL4
 ã

-
ä Hb+cL2
2 a2 Π

a Hb + cL ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π J-6 ä Π2 a4 - ä Hb + cL2 Π2 z2 a4 + 3 Hb + cL ä Π2 z a4 - Hb + cL3 Π z a2 + Hb + cL2 Π a2 + Hb + cL4 ä +

ãä a2 Π z2 I6 ä Π2 a4 - 3 ä Hb + cL Π2 z a4 - Hb + cL3 Π z a2 + Hb + cL2 Π Ia2 ä Π z2 + 1M a2 + Hb + cL4 H-äLMN +

ã
1

2
ä a2 Π z2

2 ã

Hb+cL J2 Π z a2+b ä+c äN
2 a2 Π Π3 HHb + cL z HHb + cL z Hb z + c z - 3L + 6L - 6L CHa zL a6 +

I6 Π3 a6 + 3 Hb + cL2 ä Π2 a4 + Hb + cL6 H-äLM C
Π z a2 + b ä + c ä

a Π
- ä S

Π z a2 + b ä + c ä

a Π
+

ã
ä Hb+cL2

a2 Π I-6 ä Π3 a6 - 3 Hb + cL2 Π2 a4 + Hb + cL6M C
b + c

a Π
+ a ä z - ä S

b + c

a Π
+ a ä z +

1

Hb - cL4
 ã

-
ä Hb-cL2
2 a2 Π

a Hb - cL ã
ä Hb-cL2
2 a2 Π

+z Hb-cL J-6 ä Π2 a4 - ä Hb - cL2 Π2 z2 a4 + 3 Hb - cL ä Π2 z a4 - Hb - cL3 Π z a2 + Hb - cL2 Π a2 + Hb - cL4 ä +

ãä a2 Π z2 I6 ä Π2 a4 - 3 ä Hb - cL Π2 z a4 - Hb - cL3 Π z a2 + Hb - cL2 Π Ia2 ä Π z2 + 1M a2 + Hb - cL4 H-äLMN +

ã
1

2
ä a2 Π z2

2 ã
ä Hb-cL2
2 a2 Π

+z Hb-cL
Π3 HHb - cL z HHb - cL z Hb z - c z - 3L + 6L - 6L CHa zL a6 +

I6 Π3 a6 + 3 Hb - cL2 ä Π2 a4 + Hb - cL6 H-äLM C
ä Hb - cL

a Π
+ a z - ä S

ä Hb - cL
a Π

+ a z +

ã
ä Hb-cL2

a2 Π I-6 ä Π3 a6 - 3 Hb - cL2 Π2 a4 + Hb - cL6M C
b - c

a Π
+ a ä z - ä S

b - c

a Π
+ a ä z

06.33.21.0101.01

à zΑ-1 ãb z2
 coshIc z2M CHa zL â z �

1

4
zΑ CHa zL I-Hb - cL z2M-

Α

2  G
Α

2
, 0, -Hb - cL z2 + I-Hb + cL z2M-

Α

2 G
Α

2
, 0, -Hb + cL z2 +

2 ä Ia4 z4M-
Α

2

a
 

â
k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hb - cLk

H2 k + ΑL k !
 -ä a2 z2 Iä a2 z2Mk+

Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 - I-ä a2 z2Mk+

Α

2

ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2 + â

k=0

¥ 2
1

2
H2 k+Α-3L Π

1

2
H-2 k-Α-1L z-2 k+Α-1 a-4 k Hb + cLk

H2 k + ΑL k !
 

-ä a2 z2 Iä a2 z2Mk+
Α

2 G
Α + 1

2
+ k, -

1

2
ä a2 Π z2 - I-ä a2 z2Mk+

Α

2 ä a2 z2 G
Α + 1

2
+ k,

1

2
ä a2 Π z2
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06.33.21.0102.01

à z ãb z2
coshIc z2M CHa zL â z �

1

2 Ib2 - c2M  ãb z2
CHa zL Ib coshIc z2M - c sinhIc z2MM -

1

4
a

Π

2
z b H1 + äL C

H1 - äL Iä Π a2 - 2 b + 2 cM z2

2 Π
+ H1 - äL S

H1 - äL Iä Π a2 - 2 b + 2 cM z2

2 Π
- 1 �

K -I-ä Π a2 + 2 b - 2 cM z2 O + H1 + äL C
H1 - äL -Iä Π a2 + 2 b + 2 cM z2

2 Π
+

H1 - äL S
H1 - äL -Iä Π a2 + 2 b + 2 cM z2

2 Π
- 1 � K -Iä Π a2 + 2 b + 2 cM z2 O +

c H1 + äL C
H1 - äL Iä Π a2 - 2 b + 2 cM z2

2 Π
+ H1 - äL S

H1 - äL Iä Π a2 - 2 b + 2 cM z2

2 Π
- 1 �

K -I-ä Π a2 + 2 b - 2 cM z2 O + -H1 + äL C
H1 - äL -Iä Π a2 + 2 b + 2 cM z2

2 Π
-

H1 - äL S
H1 - äL -Iä Π a2 + 2 b + 2 cM z2

2 Π
+ 1 � K -Iä Π a2 + 2 b + 2 cM z2 O +

b H1 + äL C
H1 - äL I-ä Π a2 - 2 b + 2 cM z2

2 Π
+ H1 - äL S

H1 - äL I-ä Π a2 - 2 b + 2 cM z2

2 Π
- 1 �

K -Iä Π a2 + 2 b - 2 cM z2 O + H1 + äL C
H1 - äL -I-ä Π a2 + 2 b + 2 cM z2

2 Π
+

H1 - äL S
H1 - äL -I-ä Π a2 + 2 b + 2 cM z2

2 Π
- 1 � K -I-ä Π a2 + 2 b + 2 cM z2 O +

c H1 + äL C
H1 - äL I-ä Π a2 - 2 b + 2 cM z2

2 Π
+ H1 - äL S

H1 - äL I-ä Π a2 - 2 b + 2 cM z2

2 Π
- 1 �

K -Iä Π a2 + 2 b - 2 cM z2 O + -H1 + äL C
H1 - äL -I-ä Π a2 + 2 b + 2 cM z2

2 Π
-

H1 - äL S
H1 - äL -I-ä Π a2 + 2 b + 2 cM z2

2 Π
+ 1 � K -I-ä Π a2 + 2 b + 2 cM z2 O
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Involving logarithm

Involving log

06.33.21.0103.01

à logHb zL CHa zL â z � z CHa zL HlogHb zL - 1L +
sinJ 1

2
a2 Π z2N

a Π
+

SiJ 1

2
a2 Π z2N

2 a Π
-

logHb zL sinJ 1

2
a2 Π z2N

a Π

Involving logarithm and a power function

Involving log and power

Linear arguments

06.33.21.0104.01

à zΑ-1 logHb zL CHa zL â z � -
1

2 Α2
 

2
Α-1

2 a Π
1

2
H-Α-1L zΑ+1 G

Α + 1

2
,

1

2
ä a2 Π z2 I-ä a2 z2M Α+1

2 + Iä a2 z2M Α+1

2 G
Α + 1

2
, -

1

2
ä a2 Π z2 Ia4 z4M 1

2
H-Α-1L

+ 2
Α-1

2 a Π
1

2
H-Α-1L

zΑ+1 Α G
Α + 1

2
,

1

2
ä a2 Π z2 I-ä a2 z2M Α+1

2 + Iä a2 z2M Α+1

2 G
Α + 1

2
, -

1

2
ä a2 Π z2 HlogHzL - logHb zLL Ia4 z4M 1

2
H-Α-1L

-

1

2 HΑ + 1L2
 a Π

1

2
H-Α-1L zΑ+1 Ia4 z4M 1

2
H-Α-1L

Α 2 Π
Α+1

2 2F2

Α

2
+

1

2
,

Α

2
+

1

2
;

Α

2
+

3

2
,

Α

2
+

3

2
;

1

2
ä a2 Π z2 Ia4 z4M Α+1

2 +

2 Π
Α+1

2 2F2

Α

2
+

1

2
,

Α

2
+

1

2
;

Α

2
+

3

2
,

Α

2
+

3

2
; -

1

2
ä a2 Π z2 Ia4 z4M Α+1

2 +

2
Α+1

2 HΑ + 1L HΑ + 1L G
Α + 1

2
,

1

2
ä a2 Π z2 I-ä a2 z2M Α+1

2 + Iä a2 z2M Α+1

2 G
Α + 1

2
, -

1

2
ä a2 Π z2 -

2 I-ä a2 z2M Α+1

2 + Iä a2 z2M Α+1

2 G
Α + 3

2
logHzL - 2 zΑ CHa zL HΑ logHb zL - 1L

06.33.21.0105.01

à z logHb zL CHa zL â z �
1

144 a5 Π z3
 4 a6 Π 2F2

3

2
,

3

2
;

5

2
,

5

2
;

1

2
ä a2 Π z2 z6 + 4 a6 Π 2F2

3

2
,

3

2
;

5

2
,

5

2
; -

1

2
ä a2 Π z2 z6 +

36 a5 Π CHa zL H2 logHb zL - 1L z5 + 36 a3 SHa zL H2 logHb zL - 1L z3 + 18 2 ä a4 z4 -ä a2 z2 - ä a2 z2 logHzL +

9 4 a4 sin
1

2
a2 Π z2 z4 + 2 ä a4 z4 -ä a2 z2 - ä a2 z2 -

18 ä logHb zL 2 a4 z4 -ä a2 z2 - ä a2 z2 - 4 ä a4 z4 sin
1

2
a2 Π z2
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06.33.21.0106.01

à z2 logHb zL CHa zL â z �

1

18 a3 Π2
 ã-

1

2
ä a2 Π z2

2 a3 ã
1

2
ä a2 Π z2

Π2 CHa zL H3 logHb zL - 1L z3 + a2 ä Π z2 + ãä a2 Π z2 I-ä a2 Π z2 - 1M + 3 ã
1

2
ä a2 Π z2

Ei
1

2
ä a2 Π z2 + Ei -

1

2
ä a2 Π z2 + 3 ä J-a2 Π z2 + 2 ä + ãä a2 Π z2 Ia2 Π z2 + 2 äMN logHb zL - 1

06.33.21.0107.01

à z3 logHb zL erfHa zL â z �

1

1600 a5 Π2 z
 ã-

1

2
ä a2 Π z2

8 a6 ã
1

2
ä a2 Π z2

Π2
2F2

5

2
,

5

2
;

7

2
,

7

2
;

1

2
ä a2 Π z2 + 2F2

5

2
,

5

2
;

7

2
,

7

2
; -

1

2
ä a2 Π z2 z6 +

25 2 a2 ä J-a2 Π z2 + 3 ä + ãä a2 Π z2 Ia2 Π z2 + 3 äMN H4 logHb zL - 1L z2 + 4 a ã
1

2
ä a2 Π z2 Ia4 Π2 z4 + 3M CHa zL H4 logHb zL - 1L z +

3 2 ã
1

2
ä a2 Π z2

ä -ä a2 z2 - ä a2 z2 H4 logHzL - 4 logHb zL + 1L
Power arguments

06.33.21.0108.01

à logHzL
z

 CIa z N â z �
1

a Π
 2 a Π z CIa z N HlogHzL - 2L - sin

1

2
a2 Π z HlogHzL - 2L + Si

1

2
a2 Π z

Involving functions of the direct function

Involving elementary functions of the direct function

Involving powers of the direct function

06.33.21.0109.01

à CHa zL2 â z �
2 a Π z CHa zL2 - 4 sinJ 1

2
a2 Π z2N CHa zL + 2 SI 2 a zN

2 a Π

Involving products of the direct function

06.33.21.0110.01

à CHa zL CHb zL â z �
1

2 a b Ia2 - b2M Π
 

2 CHb zL sin
1

2
a2 Π z2 b3 + a2 - b2 S a2 - b2 z b2 - a2 + b2 S a2 + b2 z b2 - 2 a2 CHb zL sin

1

2
a2 Π z2 b -

a2 b2 - a2 S b2 - a2 z + a2 a2 + b2 S a2 + b2 z + 2 a Ia2 - b2M CHa zL b Π z CHb zL - sin
1

2
b2 Π z2

Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions
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Involving powers of the direct function and a power function

Linear arguments

06.33.21.0111.01

à zΑ-1 CHa zL2 â z �
zΑ CHa zL2

Α
-

1

2 Α
 a

Π

2

-
Α+1

2
 zΑ+1 Ia4 z4M 1

2
H-Α-1L

CHa zL G
Α + 1

2
, 0,

1

2
ä a2 Π z2 I-ä a2 z2M Α+1

2 + Iä a2 z2M Α+1

2 G
Α + 1

2
, 0, -

1

2
ä a2 Π z2 +

2 ä Ia4 z4M-
Α+1

2 2
Α-2

2  Π-
Α

2
-1 â

k=0

¥ a-4 k I-ä a2Mk
zΑ-2 k

H2 k + Α + 1L k !
-ä a2 z2 Iä a2 z2M 1

2
H2 k+Α+1L

G k +
Α

2
+ 1, -

1

2
ä a2 Π z2 -

I-ä a2 z2M 1

2
H2 k+Α+1L

ä a2 z2 G k +
Α

2
+ 1,

1

2
ä a2 Π z2 + â

k=0

¥ a-4 k Iä a2Mk
zΑ-2 k

H2 k + Α + 1L k !
 -ä a2 z2

Iä a2 z2M 1

2
H2 k+Α+1L

G k +
Α

2
+ 1, -

1

2
ä a2 Π z2 - I-ä a2 z2M 1

2
H2 k+Α+1L

ä a2 z2 G k +
Α

2
+ 1,

1

2
ä a2 Π z2

06.33.21.0112.01

à z CHa zL2 â z �

-
1

8 a2 Π2
 a4 Π2

2F3 1, 1;
3

4
,

5

4
, 2; -

1

16
a4 Π2 z4 z4 - 2 a4 Π2

2F3

1

2
, 1;

3

4
,

5

4
,

3

2
; -

1

16
a4 Π2 z4 z4 - 2 a2 Π2 CHa zL2 z2 +

2 a2 Π2 SHa zL2 z2 + 4 a Π cos
1

2
a2 Π z2 SHa zL z + 2 cosIa2 Π z2M - 4 Π CHa zL SHa zL - a z sin

1

2
a2 Π z2

06.33.21.0113.01

à z2 CHa zL2 â z �

1

12 a3 Π2
 2 a3 Π2 CHa zL2 z3 + 2 a a4 Π2

2F3

1

2
, 1;

3

4
,

5

4
,

3

2
; -

1

16
a4 Π2 z4 z4 - a2 Π2 SHa zL2 z2 - cosIa2 Π z2M + 4 z +

5 2 CI 2 a zN - 8 CHa zL a2 Π sin
1

2
a2 Π z2 z2 + 2 cos

1

2
a2 Π z2

06.33.21.0114.01

à z3 CHa zL2 â z �

-
1

24 a4 Π3
 a6 Π3

2F3 1,
3

2
;

3

4
,

5

4
,

5

2
; -

1

16
a4 Π2 z4 z6 - 3 a6 Π3

2F3

1

2
, 1;

3

4
,

5

4
,

3

2
; -

1

16
a4 Π2 z4 z6 + 3 a2 Π cosIa2 Π z2M z2 +

6 a Π CHa zL a2 Π sin
1

2
a2 Π z2 z2 + 3 cos

1

2
a2 Π z2 z + 6 a Π SHa zL a2 Π z2 cos

1

2
a2 Π z2 - 3 sin

1

2
a2 Π z2 z -

3 Π Ia4 Π2 z4 + 3M CHa zL2 + 3 Π Ia4 Π2 z4 + 3M SHa zL2 - 12 sinIa2 Π z2M
Power arguments
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06.33.21.0115.01

á CIa z N2

z
 â z �

1

a Π
 2 a Π z CIa z N2

- 4 sin
1

2
a2 Π z CIa z N + 2 SI 2 a z N

Involving products of the direct function and a power function

Linear arguments

06.33.21.0116.01

à zΑ-1 CHa zL CHb zL â z �

zΑ CHa zL
Α HΑ + 1L HΑ + 1L CHb zL - b z 1F2

Α

4
+

1

4
;

1

2
,

Α

4
+

5

4
; -

1

16
b4 Π2 z4 +

ä 2
Α-2

2 Π-
Α

2
-1

a
 â
k=0

¥ H-1Lk b4 k+1 z4 k+Α Ia4 z4M-2 k-
Α

2

H4 k + 1L H4 k + Α + 1L H2 kL !
 

Iä a2 z2M 1

2
H4 k+ΑL

G 2 k +
Α

2
+ 1, -

1

2
ä a2 Π z2 - I-ä a2 z2M 1

2
H4 k+ΑL

G 2 k +
Α

2
+ 1,

1

2
ä a2 Π z2

06.33.21.0117.01

à z2 CHa zL CHb zL â z �
1

3
CHa zL CHb zL z3 +

sinJ 1

2
a2 Π z2N sinJ 1

2
b2 Π z2N z

3 a b Π2
+

I2 a4 - b2 a2 + 2 b4M C a2 - b2 z

6 a3 b3 a2 - b2 Π2

+

I2 a4 + b2 a2 + 2 b4M C a2 + b2 z

6 a3 b3 a2 + b2 Π2

-

1

3 a3 b3 Π2
 CHa zL b2 Π sin

1

2
b2 Π z2 z2 + 2 cos

1

2
b2 Π z2 a3 + b3 CHb zL a2 Π sin

1

2
a2 Π z2 z2 + 2 cos

1

2
a2 Π z2 -

ä K ä Ia2 - b2M z2 a2 + b2 -ä Ia2 - b2M z2 O
12 2 a b Ia2 - b2M2

Π2 z
-

ä a K -ä Ia2 + b2M z2 - ä Ia2 + b2M z2 O
12 2 b Ia2 + b2M2

Π2 z

Power arguments

06.33.21.0118.01

á CIa z N CIb z N
z

 â z �

Ib2 - a2M a2 + b2 S a2 - b2 z + a2 - b2 Ia2 + b2M S a2 + b2 z - 2 b a2 + b2 CIb z N sin
1

2
a2 Π z +

2 a a2 - b2 a2 + b2 CIa z N b Π z CIb z N - sin
1

2
b2 Π z � a b a2 - b2 a2 + b2 Π

Involving direct function and Gamma-, Beta-, Erf-type functions

Involving erf-type functions
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Involving erf 

06.33.21.0119.01

à erfHb zL CHa zL â z �
1

4 a b Π
 CHa zL 4 b H1 + äL Π z C

H1 - äL b z

Π
a + 4 b H1 - äL Π z S

H1 - äL b z

Π
a + 4 ã-b2 z2

Π a -

2 Π a2 + 2 b2 ä C a2 +
2 b2 ä

Π
z + a2 Π - 2 ä b2 C a2 -

2 ä b2

Π
z +

ä Π a2 + 2 b2 ä S a2 +
2 b2 ä

Π
z - ä a2 Π - 2 ä b2 S a2 -

2 ä b2

Π
z +

2 b H1 + äL C
H1 - äL b z

Π
sin

1

2
a2 Π z2 + 2 b H1 - äL S

H1 - äL b z

Π
sin

1

2
a2 Π z2

Involving erfc 

06.33.21.0120.01

à erfcHb zL CHa zL â z �

1

4 a b Π
 H1 - äL a2 Π - 2 ä b2 erf

1

2
H1 + äL a2 Π - 2 ä b2 z + H1 - äL Π a2 + 2 b2 ä erfi

1

2
H1 + äL Π a2 + 2 b2 ä z +

4 a b Π z erfcHb zL CHa zL - 4 a ã-b2 z2
Π CHa zL - 4 b erfcHb zL sin

1

2
a2 Π z2

Involving erfi 

06.33.21.0121.01

1

4 a b Π
 H1 - äL Π a2 + 2 b2 ä erf

1 + ä

2
Π a2 + 2 b2 ä z + H1 - äL a2 Π - 2 ä b2 erfi

1 + ä

2
a2 Π - 2 ä b2 z +

4 a b Π z erfiHb zL CHa zL - 4 a ãb2 z2
Π CHa zL - 4 b erfiHb zL sin

1

2
a2 Π z2

Involving erf-type functions and a power function

Involving erf and power
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06.33.21.0122.01

à zΑ-1 erfHb zL CHa zL â z �

zΑ CHa zL
Π Α

 Π erfHb zL - b z Ib2 z2M 1

2
H-Α-1L

G
Α + 1

2
, 0, b2 z2 - 2 a â

k=0

¥ H-1Lk 2k+
Α

2
-1 b2 k+1 Π-

1

2
HΑ+3L-k z2 k+Α+2

H2 k + 1L H2 k + Α + 1L k !
 

I-ä a2 z2Mk+
Α

2
-1

 Ia4 z4M-k-
Α

2 G k +
Α

2
+ 1,

1

2
ä a2 Π z2 + Iä a2 z2Mk+

Α

2
-1 Ia4 z4M-k-

Α

2 G k +
Α

2
+ 1, -

1

2
ä a2 Π z2

06.33.21.0123.01

à z2 erfHb zL CHa zL â z �
1

12 Π2
 

I4 Π3�2M Ib3 Π erfHb zL z3 + ã-b2 z2 Ib2 z2 + 1MN CHa zL
b3

+

2

a3 b3
 

-Π2 a4 - ä b2 Π a2 + 4 b4

Π a2 + 2 b2 ä

C a2 +
2 b2 ä

Π
z + ä S a2 +

2 b2 ä

Π
z +

-Π2 a4 + b2 ä Π a2 + 4 b4

a2 Π - 2 ä b2

 C a2 -
2 ä b2

Π
z - ä S a2 -

2 ä b2

Π
z +

Π z

a b
 ä 2 Π

1

I2 b2 - ä a2 ΠM z2

-
1

Iä Π a2 + 2 b2M z2

+ 4 sin
1

2
a2 Π z2 sinhIb2 z2M -

4 erfHb zL Ja2 Π sinJ 1

2
a2 Π z2N z2 + 2 cosJ 1

2
a2 Π z2NN

a3
-

4 Π z coshIb2 z2M sinJ 1

2
a2 Π z2N

a b

Involving erfc and power

06.33.21.0124.01

à zΑ-1 erfcHb zL CHa zL â z �

2
Α-3

2 Π-
1

2
HΑ+1L a zΑ+1

Α
 Ia4 z4M-

1

2
HΑ+1L

 I-ä a2 z2M Α+1

2  G
Α + 1

2
,

1

2
ä a2 Π z2 + Iä a2 z2M Α+1

2 G
Α + 1

2
, -

1

2
ä a2 Π z2 +

zΑ CHa zL
Α

 
b z Ib2 z2M-

Α+1

2

Π
G

Α + 1

2
, 0, b2 z2 + erfcHb zL + 2 a â

k=0

¥ H-1Lk 2k+
Α

2
-1 b2 k+1 Π-

1

2
HΑ+3L-k z2 k+Α+2

H2 k + 1L H2 k + Α + 1L k !
 

I-ä a2 z2Mk+
Α

2
-1

 Ia4 z4M-k-
Α

2 G k +
Α

2
+ 1,

1

2
ä a2 Π z2 + Iä a2 z2Mk+

Α

2
-1 Ia4 z4M-k-

Α

2 G k +
Α

2
+ 1, -

1

2
ä a2 Π z2
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06.33.21.0125.01

à z2 erfcHb zL CHa zL â z �
1

12 Π2
 -

8 cosJ 1

2
a2 Π z2N erfcHb zL

a3
+ 4 Π3�2 Π z3 erfcHb zL -

ã-b2 z2 Ib2 z2 + 1M
b3

CHa zL -

2

a3 b3
 

-Π2 a4 - ä b2 Π a2 + 4 b4

Π a2 + 2 b2 ä

 C a2 +
2 b2 ä

Π
z + ä S a2 +

2 b2 ä

Π
z +

-Π2 a4 + b2 ä Π a2 + 4 b4

a2 Π - 2 ä b2

C a2 -
2 ä b2

Π
z - ä S a2 -

2 ä b2

Π
z +

4 Π z IcoshIb2 z2M - b Π z erfcHb zLN sinJ 1

2
a2 Π z2N

a b
-

Π z

a b
ä 2 Π

1

I2 b2 - ä a2 ΠM z2

-
1

Iä Π a2 + 2 b2M z2

+ 4 sin
1

2
a2 Π z2 sinhIb2 z2M

Involving erfi and power

06.33.21.0126.01

à zΑ-1 erfiHb zL CHa zL â z �

zΑ CHa zL
Α

 erfiHb zL -
b z I-b2 z2M-

Α+1

2

Π
 G

Α + 1

2
, 0, -b2 z2 + 2 a ä â

k=0

¥ H-1Lk 2k+
Α

2
-1 Hä bL2 k+1 Π-

1

2
HΑ+3L-k z2 k+Α+2

H2 k + 1L H2 k + Α + 1L k !
 

I-ä a2 z2Mk+
Α

2
-1

 Ia4 z4M-k-
Α

2 G k +
Α

2
+ 1,

1

2
ä a2 Π z2 + Iä a2 z2Mk+

Α

2
-1 Ia4 z4M-k-

Α

2 G k +
Α

2
+ 1, -

1

2
ä a2 Π z2

06.33.21.0127.01

à z2 erfiHb zL CHa zL â z �
1

12 Π2
 

I4 Π3�2M Ib3 Π erfiHb zL z3 + ãb2 z2 I1 - b2 z2MN CHa zL
b3

+

2

a3 b3
 

-Π2 a4 - ä b2 Π a2 + 4 b4

Π a2 + 2 b2 ä

C a2 +
2 b2 ä

Π
z - ä S a2 +

2 b2 ä

Π
z +

-Π2 a4 + b2 ä Π a2 + 4 b4

a2 Π - 2 ä b2

C a2 -
2 ä b2

Π
z + ä S a2 -

2 ä b2

Π
z +

4 Π z coshIb2 z2M sinJ 1

2
a2 Π z2N

a b
-

Π z

a b
ä 2 Π

1

-Iä Π a2 + 2 b2M z2

-
1

Iä a2 Π - 2 b2M z2

- 4 sin
1

2
a2 Π z2 sinhIb2 z2M -

4 erfiHb zL Ja2 Π sinJ 1

2
a2 Π z2N z2 + 2 cosJ 1

2
a2 Π z2NN

a3
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Involving Fresnel integrals

Involving S 

06.33.21.0128.01

à SHb zL CHa zL â z �
1

2 a b Π
 2 a cos

1

2
b2 Π z2 CHa zL + 2 a b Π z SHb zL CHa zL -

a2 - b2 C a2 - b2 z - a2 + b2 C a2 + b2 z - 2 b SHb zL sin
1

2
a2 Π z2

Involving Fresnel integrals and a power function

Involving S and power

Linear arguments

06.33.21.0129.01

à zΑ-1 SHb zL CHa zL â z �

zΑ CHa zL
2 Α HΑ + 3L  2 HΑ + 3L SHb zL - b3 Π z3

1F2

Α

4
+

3

4
;

3

2
,

Α

4
+

7

4
; -

1

16
b4 Π2 z4 -

2
Α-2

2 Π-
Α

2
-1

a3
â
k=0

¥ H-1Lk b4 k+3 z4 k+Α Ia4 z4M-2 k-
Α

2

H4 k + 3L H4 k + Α + 3L H2 k + 1L !
 

I-ä a2 z2M 1

2
H4 k+ΑL

 G 2 k +
Α

2
+ 2,

1

2
ä a2 Π z2 + Iä a2 z2M 1

2
H4 k+ΑL

G 2 k +
Α

2
+ 2, -

1

2
ä a2 Π z2

06.33.21.0130.01

à z2 SHb zL CHa zL â z �
1

72
24 CHa zL SHb zL z3 -

24 cosJ 1

2
b2 Π z2N sinJ 1

2
a2 Π z2N z

a b Π2
+

3 2 a

b Π2 z
 -

ä Ia2 - b2M z2

Ia2 - b2M2
-

ä Ib2 - a2M z2

Ia2 - b2M2
-

-ä Ia2 + b2M z2

Ia2 + b2M2
-

ä Ia2 + b2M z2

Ia2 + b2M2
+

12 I-2 a4 + b2 a2 - 2 b4M S a2 - b2 z

a3 b3 a2 - b2 Π2

+

12 I2 a4 + b2 a2 + 2 b4M S a2 + b2 z

a3 b3 a2 + b2 Π2

-

24 SHb zL
a3 Π2

a2 Π sin
1

2
a2 Π z2 z2 + 2 cos

1

2
a2 Π z2 +

24 CHa zL
b3 Π2

 b2 Π z2 cos
1

2
b2 Π z2 - 2 sin

1

2
b2 Π z2

Power arguments
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06.33.21.0131.01

á SIa z N CIa z N
z

 â z �

1

a Π
 - 2 CI 2 a z N + 2 CIa z N cos

1

2
a2 Π z + a Π z SIa z N - 2 SIa z N sin

1

2
a2 Π z

06.33.21.0132.01

á SIb z N CIa z N
z

 â z �

Ib2 - a2M a2 + b2 C b2 - a2 z + 2 a b2 - a2 a2 + b2 CIa z N cos
1

2
b2 Π z + b Π z SIb z N -

b2 - a2 Ia2 + b2M C a2 + b2 z + 2 b a2 + b2 SIb z N sin
1

2
a2 Π z � a b b2 - a2 a2 + b2 Π

Definite integration

For the direct function itself

06.33.21.0133.01

à
0

¥

tΑ-1 CHtL â t � -
1

2 Α
 

Π

2

-
Α+1

2
cos

Π

4
 HΑ + 1L G

Α + 1

2
�; -1 < ReHΑL < 0

Involving the direct function

06.33.21.0134.01

à
0

¥

ã-z t CHtL â t �
1

2 z
 sin

z2

2 Π
 2 C

z

Π
- 1 - cos

z2

2 Π
 H2 S 

z

Π
- 1 �; ReHzL > 0

06.33.21.0135.01

à
0

¥

tΑ-1 ã-z t CHtL â t �

1

6
3 z-Α GHΑL -

3 z2

Α + 2
 2

Α+1

2 Π-
Α+3

2 cos
Π

4
 HΑ + 3L G

Α + 3

2
3F4

Α + 2

4
,

Α + 3

4
,

Α + 5

4
;

3

4
,

5

4
,

3

2
,

Α + 6

4
; -

z4

16 Π2
-

z3

Α + 3
 2

Α+2

2 Π-
Α

2
-2 cos

Π Α

4
G

Α

2
+ 2 3F4

Α + 3

4
,

Α

4
+ 1,

Α + 6

4
;

5

4
,

3

2
,

7

4
,

Α + 7

4
; -

z4

16 Π2
-

3 z

Α + 1

Π

2

-
Α

2
-1

 G
Α

2
+ 1 sin

Π Α

4
 3F4

Α + 1

4
,

Α + 2

4
,

Α

4
+ 1;

1

2
,

3

4
,

5

4
,

Α + 5

4
; -

z4

16 Π2
-

1

Α HΑ + 1L  
Π

2

-
Α+1

2
 cos

Π

4
 HΑ + 1L G

Α + 3

2
3F4

Α + 1

4
,

Α + 3

4
,

Α

4
;

1

4
,

1

2
,

3

4
,

Α

4
+ 1; -

z4

16 Π2
�; ReHzL > 0 ß ReHΑL > -1

Integral transforms

Laplace transforms
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06.33.22.0001.01

Lt@CHtLD HzL �
1

2 z
 sin

z2

2 Π
 2 C

z

Π
- 1 - cos

z2

2 Π
 H2 S 

z

Π
- 1 �; ReHzL > 0

Mellin transforms

06.33.22.0002.01

Mt@CHtLD HzL � -
1

2 z
 

Π

2

-
z+1

2
cos

Π

4
 Hz + 1L G

z + 1

2
�; -1 < ReHzL < 0

Representations through more general functions

Through hypergeometric functions

Involving pFq

06.33.26.0001.01

CHzL � z 1F2

1

4
;

1

2
,

5

4
; -

Π2 z4

16

Involving hypergeometric U

06.33.26.0002.01

CHzL �
z

2 2

1

ä z2

 1 -
1

Π
 ã-

ä Π

2
 z2

U
1

2
,

1

2
,

ä Π

2
 z2 +

1

-ä z2

 1 -
1

Π
 ã

ä Π

2
 z2

U
1

2
,

1

2
, -

ä Π

2
z2

Through Meijer G

Classical cases for the direct function itself

06.33.26.0003.01

CHzL �
Π z3�4

2 z24
-z

4

G1,3
1,0 -

Π2

16
 z4

1
1

4
, 3

4
, 0

06.33.26.0004.01

CHzL �
Π

2
 ã-

ä Π

4 G1,3
1,0 -

Π2

16
 z4

1
1

4
, 3

4
, 0

�; -
Π

2
< arg HzL £ 0

06.33.26.0017.01

CJ z
4 N �

1

2
G1,3

1,1
Π2 z

16

1
1

4
, 0, 3

4

06.33.26.0005.01

CJ z
4 N �

Π z
4

2 -z
4

 G1,3
1,0 -

Π2 z

16

1
1

4
, 3

4
, 0

06.33.26.0006.01

CJ z
4 N �

1

2
-

1

2
G1,3

2,0
Π2 z

16

1

0, 1

4
, 3

4
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06.33.26.0007.01

C H1 + äL 2

Π
z

4
�

H1 + äL Π

2
G1,3

1,0 z
1

1

4
, 0, 3

4

Classical cases involving powers of Fresnel C, S

06.33.26.0018.01

CJ z
4 N2

+ SJ z
4 N2

�
1

2
G2,4

1,2
Π2 z

16

1

2
, 1

1

2
, 3

4
, 1

4
, 0

Generalized cases for the direct function itself

06.33.26.0019.01

CHzL �
1

2
G1,3

1,1
Π z

2
,

1

4

1
1

4
, 0, 3

4

06.33.26.0008.01

CHzL �
Π

2
ã-

ä Π

4 G1,3
1,0

1

2
ã

Π ä

4 Π z,
1

4

1
1

4
, 3

4
, 0

Generalized cases involving cos, sin and Fresnel S

06.33.26.0009.01

cos 
Π z2

2
CHzL + sin 

Π z2

2
 SHzL �

Π

2
G1,3

1,1
Π z

2
,

1

4

1

4

1

4
, 0, 1

2

06.33.26.0010.01

cos 
Π z2

2
SHzL - sin 

Π z2

2
 CHzL � -

Π

2
G1,3

1,1
Π z

2
,

1

4

3

4

3

4
, 0, 1

2

06.33.26.0011.01

cos 
Π z2

2

1

2
- CHzL + sin 

Π z2

2
 

1

2
- SHzL � H2 ΠL-3�2 G1,3

3,1
Π z

2
,

1

4

1

4

0, 1

4
, 1

2

06.33.26.0012.01

cos 
Π z2

2

1

2
- CHzL + sin 

Π z2

2
 

1

2
- SHzL � H2 ΠL-3�2 G1,3

3,1
Π z

2
,

1

4

3

4

0, 1

2
, 3

4

06.33.26.0020.01

cos HzL C
2 z

Π
+ sin HzL S

2 z

Π
�

Π

2
G1,3

1,1
z

2
,

1

2

1

4

1

4
, 0, 1

2

06.33.26.0021.01

cos HzL S
2 z

Π
- sin HzL C

2 z

Π
� -

Π

2
G1,3

1,1
z

2
,

1

2

3

4

3

4
, 0, 1

2
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06.33.26.0022.01

cos HzL 1

2
- C

2 z

Π
+ sin HzL 

1

2
- S

2 z

Π
� H2 ΠL-3�2 G1,3

3,1
z

2
,

1

2

1

4

0, 1

4
, 1

2

06.33.26.0023.01

cos HzL 1

2
- S

2 z

Π
- sin HzL 1

2
- C

2 z

Π
� H2 ΠL-3�2 G1,3

3,1
z

2
,

1

2

3

4

0, 1

2
, 3

4

Generalized cases involving powers of Fresnel C, S

06.33.26.0013.01

CHzL2 + SHzL2 �
1

2
G2,4

1,2
Π z

2
,

1

4

1

2
, 1

1

2
, 3

4
, 1

4
, 0

Through other functions

06.33.26.0014.01

CHzL �
z

2 2

1

ä z2

 1 -
1

Π
 G

1

2
,

ä Π

2
 z2 +

1

-ä z2

 1 -
1

Π
 G

1

2
, -

ä Π

2
z2

06.33.26.0015.01

CHzL �
z

2 2
 

1

ä z2

 1 - Q
1

2
,

ä Π

2
z2 +

1

-ä z2

 1 - Q
1

2
, -

ä Π

2
z2

06.33.26.0016.01

CHzL �

ä -ä z2 - ä z2

2 2 z
-

z

4
E 1

2

ä Π

2
z2 + E 1

2

-
ä Π

2
z2

Representations through equivalent functions

With related functions

06.33.27.0001.01

CHzL �
1 - ä

4
erf

1 + ä

2
 Π z + ä erf

1 - ä

2
 Π z

Zeros
06.33.30.0001.01

CHzL � 0 �; z � 0

Theorems

Light diffraction

 The light intensity J behind a semi-infinite opaque wall is given by 

http://functions.wolfram.com 56



J µ C 
d q

2 Λ p Hq + pL +
1

2

2

+ S 
d q

2 Λ p Hq + pL +
1

2

2

,

where p is distance from screen to wall,  q is distance from light source to wall,  d is lateral distance from end of

wall,  and Λ is  wave length.

History

A.J. Fresnel (1798, 1818, 1826)

– K.W. Knochenhauer (1839) found a series representaion

– N. Nielsen (1906)
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