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Notations

Traditional name

Generalized regularized incomplete gamma function

Traditional notation

Q(a, 7, 22)

Mathematica StandardForm notation

GanmaRegqul ari zed[a, 7, %]

Primary definition

06.09.02.0001.01
I'@a z, )

NG

Q(a, 7, 22) ==

Specific values

Specialized values

06.09.03.0001.01
Q(-n,z,2)=0/;neN

06.09.03.0002.01

Q(al 7, oo) == Q(al Zl)

06.09.03.0003.01
Q@ 0,0)==1/;Re(@) >0

06.09.03.0004.01
Q@ z,0=Q@ z)-1/;Re@ >0

06.09.03.0005.01
Q@a0,)=1-Q@ z)/,Re@ >0

General characteristics

Domain and analyticity

Q(a, z1, 2) isan analytical function of a, z;, z which is defined in C3. For fixed z;, 2, it is an entire function of a.
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06.09.04.0001.01
(axz1%x2)—Q@, z,2)::(CRCKRKC)—C
Symmetries and periodicities

Mirror symmetry

06.09.04.0002.01
Qa,z,5)=Q@ z,2)/;z1¢ (-0, ) A2 & (-, 0)

Permutation symmetry

06.09.04.0003.01
Q@& z1, %) =-Q@, 2, )

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed a, the function Q(a, z1, z,) has an essential singularity at z; == c (for fixed z,) and at z, == o (for fixed
7). At the sametime, the points z == < /; k== 1, 2 are a branch points for generic a.

06.09.04.0004.01
Sing, (Q@, 21, 2)) == {0, o}} /1 k€ {1, 2}

With respect to a
For fixed z;, 2, the function Q(a, z;, z») has only one singular point at a = co. It isan essential singular point.
06.09.04.0005.01
Sing (Qa, 71, 7)) == {{c0, co}}
Branch points
With respect to z

The function Q(a, z, 2) has for fixed a, z or fixed a, zy(with a ¢ N*) two branch points with respect to zor z;: 7z == 0,
Z == &0, k= 1, 2. At the sametime, the points z, == & /; k== 1, 2 are an essential singularities.

06.09.04.0006.01
BP,(Q@, 71, ) = {0, &} /; ke {1, 2 NagN*

06.09.04.0007.01
Ry (Q@, 21, 2), 0) = log /;a¢ Q Ak e {1, 2}

06.09.04.0008.01

p
Rzk[Q[a, z, 22], O)::q/; peZAq-1eN"Aged(p, g ==1Ake{l, 2}

06.09.04.0009.01
Rz (Q@, 71, 2), ©)==log/;a¢ Q Ake (L, 2}
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06.09.04.0010.01

p
Rzk[Q[a, z, 22], &)::q/; peZAq-1eN"Aged(p, g ==1Ake(l, 2}

With respect to a
For fixed z;, 2, the function Q(a, z;, z») does not have branch points.

06.09.04.0011.01
BP&(Q(al 7, ZZ)) == {}

Branch cuts
With respect to z,
For fixed zy and a ¢ N*, the function Q(a, z, 2) isasingle-valued function on the z,-plane cut along the interval (—co, 0),
where it is continuous from above.

06.09.04.0012.01
BC,,(Q@, 71, %)) = {{(—c0, 0), —i}}
06.09.04.0013.01
Iirr}) Q@ 21, % +ie)= Q& 2, %) /; % <0
€+
06.09.04.0014.01
lim Q@ z1, % —ie) =Q(@ 21, %) +(1- ") Q@ X, 0) /; X, < 0

e—>+0
With respect to

For fixed z, and a ¢ N*, the function Q(a, z, 2) isasingle-valued function on the z -plane cut along the interval (—co, 0),
where it is continuous from above.

06.09.04.0015.01
BC,(Q@, 71, 7)) = {{(—0, 0), —i}}
06.09.04.0016.01

lim Q(a, X1 +i€, 2)==Q(a, X1, ) /; X1 <0

e—>+0

06.09.04.0017.01
lim Q@ x —i€ 2)=(1-¢2"%) Q@ 0, x) + Q@ X, %) /; X < 0
e—>+0
With respect to a
For fixed z;, z», the function Q(a, z;, z) does not have branch cuts.

06.09.04.0018.01
BCa(Q(a, 7, 2)) == {}

Series representations

Generalized power series

Expansionsof Q(e —n, z;, z) ate==0
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For the function itself

06.09.06.0006.01
Qe-n,z,2) c (-1)"N!IT(-n, 7, ) e+

11 G30 11 5
0,0, —n) (Z 0,0, ) I'(=n, z, zz)w(n+1))e +

(-1)"n! (F(—n, z)109(z;) - T(=n, 2,) log(zy) + ngg(zl

(-1)"n! 5 ) 30 11
(3 ['(=n, z)log™(z) — 3T(-n, 2)10g°(z) + 6 (—Hn + 109(z1) +7) szs(zl 00 _n) -
30 1,1 40 1,11
6(~Hn +109(2) +7) c;z,g(z2 0.0 _n) + 6(33,4(21 0.0.0 _n) -

1,11

4,0 )
6634( 0,0,0, -

) +(61(=n, 2)109(z) — 6T(=n, z) log(z)) Y(n + 1) +
I(-n, z;, %) (3y(n+ 17 — 2% + 3yP(n+ 1))) €+ 0(e') ;neN

06.09.06.0007.01

k )
Qe-n, 21, 2) xe(-1)" Z[ZZak by .ncan]e /;

j=0i=0

(—l)kﬂ'2k
2k+ 1!

ok =

(- DX 1
N @k =0 /\ b = 0 r9mn+1) /\ o= o r«°9n, z,z,) \kenN /\nen

06.09.06.0008.01
Qe-n,2z,2) o (-1)"N!IT(-n, 7, )e(1+0(e)) /;nEN

Expansionsat {z, z} == {0, 0}

For the function itself

General case

06.09.06.0001.02
1 az a@+1)z 2 1 az a@+1)z
ra+D) ra+2  2r@+3 ) Mra+n ra+2  2r@+3)

Q(a, Z, Zz)OCé _]/v(zl_)o)/\(ZZ_)O)

06.09.06.0009.01
1 az a@+1)z

Qaz )« - + * 0(5)] - zi‘[

fa+1) T@+2 2C(@+3)

1 az a@+1) 2
fa+l) T@+2  2r@+3)

o2

06.09.06.0002.02

e (@ (-2 © (@) (-z)"
a, 71, Z —
Q@ 7, z)= izl‘(a+k+1)k' Zizl“(a+k+l)kv

06.09.06.0003.02
Q@ z,2) =23 1F1(@&a+1 -2)-Z Fiaa+1; -2z)

06.09.06.0004.02

1
Q@ z, ) « Z(1+0z)-——Z4(1+0@) /; (2> 0 Az - 0)
) ra+1l

ra+1
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Special cases
06.09.06.0010.01
QL 71, 2) x ~2 + O(Z) + 2+ O(Z)

06.09.06.0011.01

2-% +0(ZY)+ 0B fine Nt

n!

Q(nv Z, 22) o«

06.09.06.0005.01

n-1 ii n-1 é
——e_ZZZ—/; neN*
k! k!

k=0 ™* k=0

N, 21, 2p) == e &
1y Zp

Integral representations

On the real axis

Of thedirect function

06.09.07.0001.01

1 2
Q@ 7, ) = — f 2 letdt
r@ Jz

1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

With respect to z;

06.09.13.0001.01
W @Z)+(1-a+z)W(z)=0/,Wz) = Q@ 7, %)+

06.09.13.0003.01

e a7t

W, (1, Q@ 71, 2)) = —
I

With respect to z,

06.09.13.0002.01
LW () +(1-a+)W(2)=0/,W2z)= ¢ Q@ z,)+¢,

06.09.13.0004.01

ezt

WZZ(lr Q(av 2, ZZ) ==
@)

Transformations
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Transformations and argument simplifications

Argument involving basic arithmetic operations

06.09.16.0001.01
e % Z; —-ea Zi

Q@a+1,2,2)=Q@a z, %) -
[@a+1)

06.09.16.0002.01

-1 e 4 — 2271 e 2
Q(a_ 11 Z, 22) == Q(av Z, 22) -

['(a)
06.09.16.0003.01
1 n +k—1 n +k—1
Qa+nz,2)==0Q@, z,2%)+ —|e™ Z 4 —e 2 Z %
r(a) k=1 (a)k k=1 (a)k

06.09.16.0004.01

2211+k—n—l

(@a-n)

1 n n
a-n,z,2%)=0Q®@a 7, 2%)— a —e 2
Q( 1, Z) = Q(a, 4, ) Tacm [43 ; e kZ:;

Identities

Recurrence identities

Consecutive neighbors

06.09.17.0001.01
e % Zg —ea Zi

Q(ar 2, 2) = Q(a+ 1, 7, 5)+
T@+1)

06.09.17.0002.01

-1 @721 — Zg_l @722
Q@ z,2)=Q@-1,z,2)+

)/;ne

Zg+k—n—l

(@a-ny

I'(@)
Distant neighbors
Functional identities
06.09.17.0003.02
n +k-1 n +k—-1
Q(av 2, ZZ) == Q(a+ n, 2, 22) - eizl + 5722 /: neN
k; ['@+k) ;r(m k)
06.09.17.0004.02
n-1 Ak-1 n-1 g—k—l
Q@ z1,)=Q@-n,z,z%)+e™ Y /ineN
v v kg‘r(a-k) Zr(a-k)

k=0

Differentiation

Low-order differentiation

N

]/;neN
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With respect toa

06.09.20.0001.01
0Q(@a, 71, 2)
da

T@ 7 Fa aa+l a+1-2)+Q@ z, 0)logz) - Q@ 2, 0)logz) - ¥(@) Q@, 7, )

=T@7Z,F.(a aa+1a+l-z) -

06.09.20.0002.01
#Qa z, 2)
da?
2T@ 7 (M@3sFs@ a aa+l,a+1,a+1-2)+ W@ -109(z)) oF (3, & a+ 1, a+ 1 -2)) +
Q@, z, 0) (log*(z) - 2¥(@) log(z) + w(@? - ¥V (@) - Q(a, 2, 0) (Iog’(z,) - 2¢(@) log(z,) + ¥(@)? - yP(@)

=-2T@Z(T@3Fs@ a aa+1,a+1,a+1 -z)+ W@ -logz)) F(a aa+1,a+1 -z)) +

With respect to z;

06.09.20.0003.01
_ -1
Q@ z,z) er%

07y I'(a)

06.09.20.0004.01
Q@ z,2) z-a+l

== @721 -2
02 r@ ¢4

With respect to z,

06.09.20.0005.01
6Q(a! 7, 22) 6722 é‘il

92, r'@)
06.09.20.0006.01
82Q(a, 74, z a-z-1
Q@ z, ) _ -1 A2
0z I'(a)

Symbolic differentiation

With respect toa

06.09.20.0007.02

"Q@,z,2) no& ()t
_— = ——Q(n+1, —(a+klog(z), —(@a+kylog(z)) /;neN
ga" I'@ 5 @+ k" k!
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06.09.20.0008.02
"Q@& 7, 2)

oa"

Z[éZ( Hh- k( )(n—|—k)'l“(a)" KL 10g'(2) notis1Frok is1(@e, B2, -y Bnkciva; 8+ 1 B+,

n-k

B+ L -2) -4 ) ()" k( )(n—l K)! (@)1

i=0

109 (Z1) nkeiv1Fnokoivi(@1, @2, ooy Bnkcisti B+ 1 @+ 1, o, Bnoieivn + 15 —20)

Dl k+ Y@ 1 o&r@)l

k
- - /;al::aZ::”.::anl::a/\neN
J-;(Hl)!(n—k)!(k—p! dak "

06.09.20.0016.01

n-1 | ( 1)k 2k
QMO0 (—m, z, 22):(_1)mn!zzan—j—1 bjimCim/i @k = ——— ke D1 /\ 2k+1—0/\ bym =

=0 =0

%r“o'@(—m, 2,2) [\keN \men \nen

With respect to z

06.09.20.0017.01

on Q@& 71, ) n-1 (- 1)nfk (n-1)! Zil_k_l
- .5 - Q(ay Zl, 22) 6n + f_zl Z /, ne N
97 S T@-kk!(n-k-1!

06.09.20.0009.02

M"Q(a, 74,
22 a4 zyen-az Z( 1)”( )(—a—'<+1)n—1Q("J‘+'<‘21)“‘6'N

a7
With respect to z,
06.09.20.0018.01
"Qa, 71, ) n-1 (_1)n—k (n—1! k-1
¥:z Q(a1 Z, 22)6n_€_122 é /, neN
97 Sir@a-kk! (n—k-1)!

06.09.20.0010.02
a" Q(ai 7, ZZ)

P = Q@ z)6p +az," Z(—l)”’k ( E) (—a-k+1),_1Qa+k z)/;neN
k=0

Fractional integro-differentiation

With respect to a

06.09.20.0011.01
0°Q@,z,2) a* rz

=— | t&@logt)® et Q(-a, 0, alog(t)) dt
Py T J,, O @log)" et Qe 0, alog)

With respect to z;

r<k)(m+ D A o=
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06.09.20.0012.01

Q@ 7,z 1 =
Q@ 2 D __a (1-Q@ z)-Z " 1Fi@a-a+1-2z)/-a¢N*

oz T(l-a)
06.09.20.0013.01
_ @ +Kk—a
0@z 4" 1 & D FCEh @, a+kE
S 1-Qaz)-— -
P rd-a) r@ & @+kk!

With respect to z,

06.09.20.0014.01

"Q(a, 71, ) L @
———=Z " Fi@a-a+1-2) + Q@ z)-1)/;-a¢N*
7 rl-a)
06.09.20.0015.01
Q@ z, 2 o 1 & D ez, a+k B
Q@ 71, 2) __ 2 OE.z)-1) + —Z o2
iz rl-a) ra & @+kk!
Integration

Indefinite integration

Involving only one direct function with respect to a

06.09.21.0001.01
1 7, a1 ot
Q(a, Z, 22) da= ——
'@ Jz, log(t)

Involving only one direct function with respect to z;

06.09.21.0002.01

f Q@ z,)dz =2 Q@ z,2)-aQ@+1, z)
Involving one direct function and elementary functionswith respect to z

Involving power function

06.09.21.0003.01

1
f 47'Q@ z,2)dz = — [if Qa z, 2) -
a

I'a+a)Q@+a, zl))
'@

Involving only one direct function with respect to z,

06.09.21.0004.01

fl‘(a, 2,)dz=T@+1,2)+2I@ 7, %)
Involving one direct function and elementary functionswith respect to z

Involving power function
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06.09.21.0005.01

. 1 I'a+a)Q@a+a, 2)
f 4 Q@ z,)dz=— [Q(a, n,)7 + )
@ r'(a)

Representations through more general functions

Through hypergeometric functions

Involving 1F1
06.09.26.0001.01
Q@ z,z)=23Fi(@a+l-z)-ZFi@@a+l -2z)

Involving 1F,

06.09.26.0002.01

Fi@a+l -2)-

1Fi@@a+1,-z)/,-a¢N
ra+1 'a+1)

Q(al Z, 22) ==

Involving hyper geometric U

06.09.26.0003.01

1
Q@ z,z)=—(4U(l-a,1-a,27)-e2U(l-a1-3a 2))
r'@)

Through Meijer G

Classical casesfor thedirect function itself

a,1 O))
0.d)

06.09.26.0004.01

1 11
Q(a, Z, 22) = —_— (G]_:Z(ZZ
T @)

1 1,1
a, 0) - Glzz(zl

06.09.26.0005.01

1
Q(a, Z, 22) = (G%g(zl
r@l *

1 2,0
0, a) B Gl:Z(ZZ

06.09.26.0006.01

1 1,1
Q@ 0,2 = — Gl'z(z
@ -

06.09.26.0007.01

2a—1 - z
o= Zafl] 4 )
Vr @) 4l 32
Classical casesinvolving exp
06.09.26.0008.01
. 11 a0
e“Q(a, 0, 2 = —ncsc(ra) Gyl 2 20,0

06.09.26.0009.01

0
Q@ 0,2 ==zaG}j;(—z 0 —a)
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Generalized casesfor thedirect function itself

06.09.26.0010.01
a—1

z 1
G2L -z
1,3[ 5

Q@ 0,2 ==
Vr T @

Representations through equivalent functions

With inverse function

06.09.27.0001.01

Q(a, 7, Q_l(av 7, 22)) =2

With related functions

06.09.27.0002.01
Q(av 7, 22) == Q(a1 Zl) - Q(av 22)

06.09.27.0003.01
I'(a, z;, 2)

a z,2)=
Q@ 7, ) @

06.09.27.0004.01

1
Q@ 71, %) = — (£ E1_a(z1) - 5 E1_4(2))
I'(a)
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