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Notations

Traditional name

Renormalized Gegenbauer function

Traditional notation

c?

Mathematica StandardForm notation

Gegenbauer Clv, z]

Primary definition

07.13.02.0001.01

2 2 cos(v cos1(2)
CP@=-T.@= i i
v 4

Specific values

Specialized values

For fixed v

07.13.03.0001.01

2 8%
CcO0) = — cos(—)
v 2

07.13.03.0002.01

2
CcO) = -
v

07.13.03.0003.01

2
CO(~1) == — cos(n v)
4

For fixed z
07.13.03.0004.01
z+1
cC%@=-4, —
_E 2
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07.13.03.0005.01

z+1
V=4, —
> 2

07.13.03.0006.01
CP@ =&
07.13.03.0007.01
CcPz =2z
07.13.03.0008.01
P =272-1
07.13.03.0009.01

2(423—32)

0
C(3 )(Z) == g

07.13.03.0010.01
Y@ =872-82+1
07.13.03.0011.01
(0) 2
Cs(2) = c (1622-207 +52)
07.13.03.0012.01
]

@ = 3 327 -487'+187-1)

07.13.03.0013.01

2
cP@ == - (647" -1122+56 2 - 72)

07.13.03.0014.01

1
CY@ = 2 (12878 - 256 + 1607 - 327 + 1)
07.13.03.0015.01

2
(2 = 5 (2562 - 5762' + 4322 - 1202 + 92

07.13.03.0016.01

1
CcQ@ = c (51279 - 12807 + 1120 2% - 4007 + 50 Z — 1)

07.13.03.0017.01
on no 3] (-Dk(n-k=-1)1 (222
CO@=—2"+ —+ ;
n vy k! (n-2Kk)!

07.13.03.0018.01

2(-1" [Vz+1
C9(z) = —— cog 2nsin /ineN*
n VZ

General characteristics

eN*
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Domain and analyticity

C%(z) is an analytical function of v and z which is defined over C2. For positive integer v, C\(2) degenerates to a
polynomial in z.

07.13.04.0001.01
(vx2—CO2:: (CeC)—C
Symmetries and periodicities
Parity
C%(2) is an odd function with respect to v.

07.13.04.0002.01
cO@=-cP@

07.13.04.0003.01
CO-2=(-D)"CP@) /;neN*

Mirror symmetry
07.13.04.0004.01
CP@=C@ /;z¢ (w0, ~1)

Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed v /; v ¢ Z , the function C{¥(2) does not have poles and essential singularities.
07.13.04.0005.01
Sing (CO@)={}ivez
For integer v # 0, the function C(VO)(Z) ispolynomial and has pole of order |v| a z = co.
07.13.04.0006.01
Sing (CO@) = {{%, M} ;vez

With respect to v

For fixed z, the function C{”(2) has two singular points;
a) v == O isthe simple pole with residue 2;
b) v == & isan essential singular point.
07.13.04.0007.01
Sing,(C() = ({0, 1}, {%, oo}
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07.13.04.0008.01
res,(C’ () (0) == 2

Branch points
With respect to z

For fixed noninteger v, the function C'°(2) has two branch points: z== -1, z== &.

For fixed integer v, the function C(VO)(z) does not have branch points.

07.13.04.0009.01
BPACP(D) = (-1, &} ;ve¢Z

07.13.04.0010.01
BP,(CO2) =} ;veZAv+0

07.13.04.0011.01
RACP(@), -1)=2/;veZ

07.13.04.0012.01
RACO(2), ©)=log/; v ¢ Q

07.13.04.0013.01
r

RACP(2), ©)=s/;v=- /\ r,slez /\ s> 1/\gcd(r, 9 =1
s

With respect tov
For fixed z, the function C{”(2) does not have branch points.

07.13.04.0014.01
BP,(CO2) = {}

Branch cuts
With respect to z

For fixed noninteger v, the function C(VO)(Z) is a single-valued function on the z-plane cut along the interval (—oo,
whereit is continuous from above.
07.13.04.0015.01
BCACP () = {{(=c0, -1), =i} ;v & Z
07.13.04.0016.01
BCACY@)={}/;veZAv+0

07.13.04.0017.01
lim COx+ie)=COx) /; x< -1
e—>+0

07.13.04.0018.01
lim CO(x—ie) ==2cos(vm) CO(—x) - COx) /; x < -1

e—>+0

With respect to v

_1)|
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For fixed z, the function C¥(2) does not have branch cuts.

07.13.04.0019.01
BC,(CP(2) = {}

Series representations

Generalized power series

Expansionsat v =0

For the function itself

07.13.06.0001.02

2 cos i)’
CO2 o« — - cost (2% v + V- iy =0
4
07.13.06.0031.01
4
2 cos (2
CO) o — - cos (@2 v + v*-0(°)
4

07.13.06.0002.01
o (1K ~melin 2K 2k
O E (=D cos (20 v
v
s 2k)!

07.13.06.0032.01

2 1 cos(z?
CO@ = —oF|; - ————*
v 2 4

07.13.06.0003.01
2

CP@ o« —+0() /; (v - 0)
4

07.13.06.0033.01
CP2@ =F.z v/

2 0 (—1)kcos ()P  v2k ()" V7 cosi(z’™? 2l

[ —cO
[[Fn(z, EEDY oy =CO@+ o

V k=0
neN]

Summed form of the truncated series expansion.

Expansions at generic point z== z

For the function itself

Fol1 3 2
N+ —,n+2; —
172 2

2
cos (2" v?

4

I
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07.13.06.0034.01

arg(z— 1 arg(z—zo) 1 | &gz
2 ' [ g(hZ")J agiz-zy) ||agZp+1D +n 1 El 2 J 5[ 9(2”20)J
CP(@) « — | T(~20) cosinv) | -2i i { J { + Z+1) +
v 2 2n Zp+1
1 %[@J ;rg(z’zo)J
uv_1<—zo)sin(nv)[20+1) V1-Z +D°L 7 1+
a (27 ) arg(z-
ysin(rv) 1 %[ 92”20 J %[@J
[20 " 1) 2+t 7 T(=2) - vcosmy) Uy-1(-2)
1-7
arg(z—zo) 1 arg(zfzo) 1 arg(z’zo)
[ r J arg(z—zp) ||arg(zp+ D+ 1 V2| 2= E[ o J
=-2ii > 5 + - (Zp+1) (z-z9)+...|/;
T /4
07.13.06.0035.01
) i i) 1| )
2 [ > J agz—zy) ||agzp+ D+ 1 2| 2= E[ 5
CO2 o —|T,(~2p) cos(nv)|-2iil * { H +[ ] 2+l 7 1]+
% 2n 2r Zp+1
1 %la'g(zz;zo]J i[arg(zsz]J
Uv_l(—ZO)Sin(nv)[ZOH) V1-Z @+ 7 1+
a (Z_ ) arg|z—
v (1 T )
[20 " 1) @+D°L 7 IT(-20) —veosiav) U, -1(-20)
Vi-3
afe %) 1| ke ) 1 | ko)
[ - J agiz-zy) ||ad(zo+ 1) +n 1 \2| 2 5[ — J
-2ii { . H 5 J+ ) (Z+1) (z-20)|+0((z
T /4

07.13.06.0036.01

sin2rv) & 1 | rsec(rv)

CO(z) = >=
Ve Gkl vz

1_k( 1 ]z _ 11 3 Z+1
B+ | —— ( ; ;
Zn +

2'2 T2 7 2
arg(z-7o)

- ag(zp+ 1)+
{ 2r J

1
2

arg(z-2) | agfe-
l v J(zo+1)5l [Z”ZO)J

2KTk-v)Tk+v)|-2i J

arg(Z—Zo)J [ 1 ]
+
2r p+1

(z- 270"

_ 1 zp+1
2F1 k—V,k+V;k+—; )
2 2

2 2)

- 29)%)

]_
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07.13.06.0037.01

CO2 « 2 | costrn _zl-fgf?)J 9= Zo)J rrgco + D+

% L 2nx 2n

+[ ; )[ ) J(Zo+1);rf”zo)J T/(~2) +

s rg(Z—Zo)j . larg(z—zo)

2r =
@+ J U, 1(=2) |+ 0z~ 2)

g-nmm(

p+1
Expansions on branch cuts

For the function itself

07.13.06.0038.01

CO@ o 2| costn) [—zifg;_X)J fg(z_ X)J + @m-{?J) Tox + 1= L5 s U, o +
4

2r
Vgn(ﬂ V) | agzx arg(z—x) arg(z_ X) | @gz-x)
em[ 2n JTV(—X) — v CoS(rr v) [—ZM[ 2n J { J + em[ 21 J] U,_1(-%)
5 2n
1-x
(z—x)]+ o i@ZoXAXxeRAX< -1
07.13.06.0039.01
C&O)(Z) o
2 arg(z—x) ar (Z— X) i arg(z—x) ; ag(z—x) Vgn(ﬂ' V) i arg(z-x)
—[cos(nv)(—Zii[ 2n w g2 e [ 2z J]Tv(—X) +V1-% ¢ [ 2 JSin(ﬂ'V) Uy-1(=X) +[ e [ o J
v T
1-x2

+0((z-%?%) /;xeRAx< -1

eI e=]
TV(—x)—vcos(nv)[—Zm‘ 2r { > J+@ 27 ]Uyl(—x) (z=X)
T

07.13.06.0040.01

sn2xv) & 1 (rsec(nv) 1 ”P%H}J . 11 3 X+1
CO) == Z— X+Dz e L o 2F1(v+ - ——v,——k )—2-kr(k—v)r(k+v)
Vi k! NP2 2 2 2 2
x| arg(z— X) R i 1 x+1
[—2”'{ 2x w J+e { 2x J)zFl(k—v,k+v;k+—; —) z-x*/;xeRAxXx< -1
2n 2 2

07.13.06.0041.01

2 ag(z—x) arg(z_x) ri ag(z—x) ri arg(z—x) )
C(Vo)(z)oc—(cos(ﬂv)[—Ziil 2n J{ . J+e l 2n J)Ty(—x) +V1-X ¢ [ 2n Jsm(;rv)Uv_l(—x)]+O(z—x)/;

v T

xeRAx<-1

Expansionsat z==0

For the function itself
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General case

07.13.06.0004.02

ny

2c 8% v
CO2) 2 +25in(?)z—vcos(?)zz+ 1@z 0)
v

07.13.06.0042.01

v

2 co:
CO2) « "z ZSin(n—V) z— vcos(ﬂ—v) Z+0(2)
v 2 2

07.13.06.0005.01
(- V)J+k (V)]+k (- Z)]

CO@ == ZZ —/ild<1

Y j=0k=0 (—) jrk!2itk
2)jx

07.13.06.0006.02
2 =V, Vi 1 z
0 2%0%0
Cs)(z)“_ﬂ:o:o 1.. =~ =
o 2 2
07.13.06.0007.01

2V & v (-2
o= o Sl <1

L r(k+ %) it k=)

07.13.06.0043.01

sy & CT(5-3)(3+5)2
CO®2) = - - ; . i1z <1

07.13.06.0044.01

CO(z) = ;CO{%)EM 25427 sin(z)i# 25 14<1

1 2 3
- B ke - 3) ke
k=0 (2)kk' k=0 (z)kk'
07.13.06.0045.01

2 v v v 1 (7Y 1-v v+1 3
CO(z) = —cos( )2':1[ S 22]+225|n(—) 2F1( , D
v 2 2'2'2 2

07.13.06.0046.01

2 2
CO@z) = - cos( H) cogvsin'(2)+ - s n( ﬂ) sin(vsin™(2)
v 2 v 2

07.13.06.0047.01
0 2 v 1
CO = — cos(— (r—2sin (z)))
v 2
07.13.06.0008.02

2 8%
CO2) « — cos(—) (1+ 0O(2)
v 2
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07.13.06.0048.01
C22 =Fu.z v/

anirn &2 T(E-2)r(E+3)

_ 1 1
. 2=C% - —— (2”‘*1 (=)™ 22 sin(r v) r(— (m—v+ 2))
L j! 2

n(m+2)!

Fm(z, v) == —

v m v m 3 m

1 m
l‘(—(m+v+?_)))3F2(1, —— =+l —+—-+1L —+—-, —+2 )+ 7(2m(—z)””13in(7rv)
2 2 2 2 2 2 22 7 (m+1)!

1 1 m v 1 m v 1 m m 3
F(—(m—v+l))l“(—(m+v+1)])3F2(1,———+—,—+—+—;—+1,—+—;22] /\meN
2 2 2 2 22 2 22 2 2

Summed form of the truncated series expansion.

Special cases
07.13.06.0009.01

H (-D¥(n-k-1!(@22"2

k! (n-2Kk)!

n Ono

CI(_P)(Z)::—Zn+—+ /;nENﬁL
n

k=1
07.13.06.0049.01
lgj (_1)n+1
Cd=) ———— S 22" neN*
Sk (n-2Kk)!
07.13.06.0010.01

2 n
CO@ « = (-1lz nz™2L3] (1+0(Z))/; 2> 0 AneN*
n

Generic formulas for main term

07.13.06.0050.01

1) v=0
2(-1)%] It Z)V_ZEJ
@l = YELAVED f a0
2002
B True

Expansionsat z==

For the function itself

General case

07.13.06.0011.02

2 A-vv(A+v)
CO o« —+2v(Zz-1)- ———— 2Z-1%+.../;(z- 1
4
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07.13.06.0051.01

2 A-vv(A+v)
C(VO)(Z)oc -+2v(z-1)- —
v

07.13.06.0012.01

28 (=M (1-z\¢ |1-z
ot 25 ],

Y k=0 (%)k k!

2

07.13.06.0013.01
0 2 11-z
Cl@=—F|-vv, = —
Y v 2" 2
07.13.06.0052.01

2 4 V1-2z
CO(z) == —cog2vsin
v VZ

07.13.06.0015.02

2
CO2 « —+0(z-1)
14

07.13.06.0053.01

2 M =V ()
CO@ =Fu@ W) /; ||Fnlz ) == )’ K2k
V<o (%)kk!

27" (Vg vV + Dy (1 = 2™
P -

(),

53-

3F2(

Summed form of the truncated series expansion.

Special cases
07.13.06.0014.01
2 8 (=) () (1—2

k
CP ==E;0 (%) - T) /ineN?
k

Expansionsat z== -1
For the function itself
General case
07.13.06.0016.02

2
CO2) « — cos(v) [1 —V2(z+1) -
v

1

1(1 1
22 Vz+1 sin(nv)(1+g(g—v)[§+v)(z+1)+3—(

z-1?+0(z-1?)

k

3

1-2z

1, m-v+1, m+v+1;m+£,m+2; T] /\meN

A-v2A+v) ]
- L (Z+1?-..|+

1

0\2

il

3
——v

2

I

1
—+v

3
)(5+v)(z+1)2+...)/; (z- -1
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07.13.06.0054.01

A-vv2A+v)

2
C(2) o — cos(n v) [1 —v4z+1) - (z+1D?-0O((z+ 1)3)] +
4

1/1 1 1/1 3 1 3
2vV2 Vz+1 sin(nv)(1+ —(——v)(—+v)(z+l)+ —(——v][——v)(—+v)(—+v)(z+1)2+0((z+ 1)3))
312 2 30\2 2 2 2

07.13.06.0017.01

1 1
2 (=M (z+1 ( _V) (V+E) z+1\¢ jz+1

c<°>(z)-——cos(vn Z X k( ) +2V2 Vz+1 Sn(vn)zik(—) i

v = ( ) K! (E)kk! 2 2

07.13.06.0018.01

2 1 z+1 11 3 z+1
C(o)(z) ———cos(vn)zFl[ v,V — —)+2\/—\/z+1 sm(wr)zFl[v+— e —)

2" 2 2 2 2" 2

07.13.06.0055.01

)
CO(z) = — cogv|rx-2sin
v VZ

07.13.06.0019.02

2
CO2) « — cosrv) (1+O@z+ 1) +2V2 sinrv) Vz+1 (1+0(z+ 1))
v

07.13.06.0056.01

O Ve W (z+1
COD =Futz ) ;|| Frta 1) = = costvm = k(L) +2V2 Vz+1 sn(wr)Z
4

n (377) 0+ 3), 2o 1
5 ey

(2.

27Mcos(m V) (= V)1 (V + Dy 3 z+1
COz) - (z+ l)m*lng(l, m-v+1 m+v+1Lm+— m+2 —] -
INIE 2 2
(m+1)! 3 )t
el 1 1
2 zsn(ﬂv)(z—v)rml(wr E)Wl 3 3 5 z+1
z+1)™ 23F21m V+E—, M+Vv+ —m+2, m+ -, — /\meN
NIE 2 2 20 2
(m+1)! 2 e

Summed form of the truncated series expansion.

Special cases

07.13.06.0020.01
2= & (=) (D ( 2+ 1\
. (—) /ineN*
n
k=0 (E)kk!

C(no) (Z) ==

07.13.06.0021.01
n

CP(@) (1+0(z+1)/;neN*

Expansionsat z==
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For the function itself

Expansionsin1/z

07.13.06.0057.01
27 [ v v+3)v ] 2 [ v v-3)v
+ ... +

[1+ — +

47 Rz

07.13.06.0058.01

2’V v v+3)v 1 2 v v=3)v 1
CO2) [1+ —+ + O[—]] +—Zz [1 -— + O(—])
v 47 Kr¥e 47 3R yd

07.13.06.0059.01
(-2) (l;)
27 2/k\ 2 Jk

v v+l)

oo _) (_ 21/ 0

C&o)(z)___zv Ky — 2y — 72k A 1A2veZ
4 kZC; (V+1)kk' 4 é (1—V)kk!

CE,O) (2)

v

07.13.06.0060.01

27 v v+1 1 2V vy 1 v 1
CO@=—2z"F|=, —v+1 — |+ —2F|-= === 1-v, —|/;z¢ (-1L,LOAveZ
2" 2 2] 2 2

v 2 2

07.13.06.0061.01

rm PR

CO2) = + -2 ———+1| ;z2¢(-1L,OAVEZ
v b

07.13.06.0062.01

2 (%), (-3), 2%
CO(z) = —2“2 /ineN*
k=0 k'(l n)k

07.13.06.0063.01

2n n 1-n 1
CO == —z”2F1 -, ——1-n; —]/; n-2eN*
2" 2 il

07.13.06.0025.02

27 1 o 1
CP@ o — Z‘V(1+ O(—)) +—7 (1+ O(—)) veZ
v z

V4 v

07.13.06.0027.02
n

2 1
CO2 o« — 2" [1+ o[—)) /ineN*
n Z

07.13.06.0029.02

27 1y 2" 1 1
CO2) o« — z"V'(1+ o[—)) +— ivl(1+ o(—)) iv-—-€eZ
z z 2

v v
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07.13.06.0064.01

v v+1 v 1-v
27 m()(z)k 2 m(Z)k(z)k
CO2) =Fu(z V) /;|Fmz V)V = — 2 A T S AL T
% o v+ k! v i A-vik!
272mv=2 72Dy FOm+ v + 2) v v 3 1
CO(z) - FolLm+—+1L,m+—+ —m+2,m+v+2, — |+
m+D!'T(M+v+2) 2 2 2

272mv=2 =2 D) P2 m— y 4 2) y y 3 1
3F2[1, m—-—+1lm-—+—m+2 mM-v+2 —]/\meN /\v¢z
M+ D! T(m-v+2) 2 2 2 2

Summed form of the truncated series expansion.

Expansionsinl/(1- 2

07.13.06.0022.02

—V

CP@ « —(z-17 [1 +

v v(3+2v) 2 v v(3-2v)
+—+‘..] +—(z—1)V[l—1——7—...]/; (2= 0)\2ve¢Z

v 1-z  401-2?2

07.13.06.0065.01

27 v v(3+2v) 1 2 v v(3-2v) 1
CO2) o —(Z 1) "[1+ —+ 7+O[—)] + —(Z—l)V[l— _— 7—0[—]] [i2ve”Z
1-z  4(1-2? 2B v 1 z

07.13.06.0023.01

1 1
N 2~ . o Mk (V+ E)k 2 (kv , 0o (_V)k(z_v)k 2 K 1-7
C@ =—(2z-1 27(—) +— (z-1) 7(—) ; —>1/\2V$Z
4 k=0 (2V+ 1)kk' 1-z 4 k=0 (1—2V)kk' 1-z 2

07.13.06.0024.01
27 1 2 2 1 2
CO@Z) = — (z- 1)‘V2F1(v, v+ — 2v+1; —) +—(z- 1)V2F1(-v, ——y;1-2v; —) ize O, DA2veZ
y 2 1-z y 2 1-z

07.13.06.0066.01

-2v 2v
2 z+1 27 z+1
CP@=—z-17" |1+, — — | fhze-1D
v z-1 -1

YV

07.13.06.0067.01
0 CM(3-0) o
cEP)z—— z- ( ) ;neN’
@ ( )Z kl1-2n)y \1-z fne

07.13.06.0068.01
22V z-D)" O, (2n—k= D! (=n), ( 2\

CY(@ = —) /ineN*
n! k=0 k!l“(n—k+%)

1-z

07.13.06.0069.01
2" 1 2
COZ) = —(z-1" zFl(—n, ——nm1-2n —) fin-leN*
n 2 1-z
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07.13.06.0028.01

1(1
21-1v 1 2 2] M- (E - |V|)k (=D 2 \k 1
COz = — @z-1™M 2F1(|v|, v+ =2+ 1 —) +— (z-1M Z ( ) iv-—-€Z
v 2 1-z % o Kl@-2ph \1-z 2
07.13.06.0070.01
1
27V m (V)k (V + 5)

1-z

1-z

2\ 2 m(_V)k(%_V)k 2 \K
R e

- + @z
k=0 (2V+ 1)k k!

CP@ =Fuz V) /;||Fm(z v) = — z-1
% oo (1-2v)k!

214 ()4 D v+ 3) @-

3 2
COi + 3F2(1,m+v+1,m+v+—;m+2,m+2v+2; —J—
M+D!'2v+Dyq 2 1-z

QLM (_ym (% _ V)rml A=)y (z- 1)-me-1

M+ (L =2V) g
3 2
3F2[1,m—v+1,m—v+£;m+2,m—2v+2; 1—)/\meN /\—|2veZ
-z

Summed form of the truncated series expansion.

Generic formulas for main term

07.13.06.0071.01
vz
v
27z
v

LR —ZVZ True

Re(v) >0

CE,O)(Z) o Re(v) <0 /; (1 - o)

v

Asymptotic series expansions

Expansionsat v == oo

07.13.06.0072.01

% £iveos@ - < arg(v COSfl(Z)) <0

CO@ «| eivoos' O<ag(veos@)<n /; (V] - o)
2 1
~cogvcos™(2) True

Other series representations

07.13.06.0030.01
2l k
CO2) = Ez( )2”‘2"(22—1) /ineN*

= 2k

Integral representations
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On the real axis

Of thedirect function

07.13.07.0001.01

2 1y 1-t2 Up_1(t)
CO)=-—P | —————dt/;neN* A-1<x<1
n -1 t—x

Integral representations of negative integer order

07.13.07.0002.01
1
D" Vr Vi1-2 "(1-2)?
CO2) = /ineN*
n2n-1 F(n+ %) 07"

Limit representations

07.13.09.0001.01

1
CP@ =lim - C}2
A-0 /\

Generating functions

07.13.11.0001.01
t(z-1)

2
Cﬁo)(2)==a([t"] ]/;neN*/\—l<z<1

t2-2zt+1

07.13.11.0002.01
C(2 = —([t"]log(t* - 2zt +1)) ;neN* A-1<z<1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

With respect to v

07.13.13.0005.01

C
YW ) +2WO) +v cos-l(z)2 wv) =0/;w) =¢, CO2 + i U,(2)
v

07.13.13.0006.01

1 2zcos Y(2)
WV(CSf’)(z), - uv<z>) =
)4

Vi-2 2
07.13.13.0007.01
24 2 /
W) - [g ) 29 )
g  9gm

1
]mv) +cosi@) g P W) =0/, W) = ¢, C @ + ¢ o Ugn (@
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07.13.13.0008.01

0 1 2zcos (29 (v)
WV[CQ(V)(z), — Ug<v>(2)] =
gv)

V1-2 gy
07.13.13.0009.01
29(v) 2h(wv) g’
+ +
g0 h(v) gw

w’(v) - [—

h(v)
W) = ¢&; h(v) (@) + € —— Ugi(2)
gw)

07.13.13.0010.01

] _ 2zcos(2) h(v)? g'(v)

V1-2Z gv?

Wv[h(v) c?

h(v)
o) (Ds ? Ugn(2

gl

07.13.13.0011.01

20 o) 2hm? WO g o)
+ + -

)W’(v) + [cos-l(z)2 g -

w() =0/;

ahe) w2 gy ho)

VW) + -2+ D) vwW ) + (a2 r? cos‘l(z)2 V2" +s(s— r)) w(v) = 0/; W) = ¢ v° C(ao}(z) +C v U, (2)

07.13.13.0012.01
2rzv 251 cos(z)

Viz

W, (¥ C2(2), Vo U, (2) ==

07.13.13.0013.01

w’(v) + (log(r) — 2log(s)) W (v) + (az cos’l(z)2 log?(r) r2” + log(s) (log(s) — Iog(r))) wv) =0/;

W) =8 C(2) +¢,17 8 Uy (2

07.13.13.0014.01
2r7vs?” zcos () log(r)

W,(s'C @), 1 Uy (@) =
1-7

With respect to z

07.13.13.0001.01

(1-Z)W' (@) - z2W (@) + V* W2 = 0/; W(2) = ¢, C\?(2) + ¢, sin(v cos™(2))

07.13.13.0002.01
2

W,(C%(2), sin(v cos 1(2))) == —
Vi-z

07.13.13.0003.01

(1-2)W'@ - 2w @+ W@ =0 /; WD = ¢; Ci°(2) +c; sinh(v cosh™(2))

07.13.13.0004.01

2 cos(v cos™(2)) cosh(v cosh"l(z))

2sin(v cos™(2)) sinh(v cosh_l(z))

W,(CP(2), sinh(v Coslfl(z))) =

vz-1+vz+1

07.13.13.0015.01

. i

1-2)W@-zw@ +VW2) =0/, w2 =c,CP@ +c,V1-2Z U,
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07.13.13.0016.01

2
WZ(CS/O)(Z), \/; Uv_l(z)) =

Vi-2

07.13.13.0017.01

929@ g"(z)] V2 g'(2)
+ W (2) +

1-g2° 9@ 1-9g(2?

2

W2 =0/; W2 = ¢, CO(g) + ¢,V 1-9@? U,_1(9(2)

wia-|

07.13.13.0018.01
29'(2
Wz(C(VO)(g(Z)), vV 1-92? uv,l(g(z))) 5T
1-9@°

07.13.13.0019.01
292 2h(z "(Z
V\/’(z)—(g()g()+ ()+g()]vx/(z)+
1-g2> h@ dJ@

[ Vg@2? 9ah@g@ hdhN@9@+9@ (N> -h@h' @)
+ + w2 =0/

1-9@* (1-9@?)h@ h@’g'@
W(2) = ¢, h(2 CPg@) + ¢, h@ Y 1- 9 U,-1(9(2)

07.13.13.0020.01

2h2° g @
wz(h(z) COg@), h@y 1- g2’ uH(g(z))) Sl

1-92?

07.13.13.0021.01
@2 -)w' @ +(r-@2s-D (@2 -1)zw@ +(a® 2" (S - r*v?}) s +9)w(@2) =0/,

w2 =¢,2CQ@a7z) +c, 2V 1-a22" U, ,(a?)

07.13.13.0022.01

2ar zr+2's,—l
WZ(ZSC(VO)(az'), ZV1-a22" Uy_l(azr)) =

Vi-a22Z’
07.13.13.0023.01
(2?2 - 1)w’(2) + (log(r) — 2(a r* - 1) log(s)) W (2) + (& r?* (Iogz(s) - Iogz(r)) —log(s) (log(r) + log(s)) w(z) = 0/;

W2 =6 CO@ar?) +c, &V 1-a?r?? U,_y(ar?)

07.13.13.0024.01

2ar?s?Zlog(r)
Wz(sZ CO@r?, &4 1-a?r?? Uv_l(arz)) . _Zars n
Vi1-a2r??

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
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07.13.16.0001.01
@ =C’@

07.13.16.0002.01
CO(-2=(-1)"CP@ /;neN*

Products, sums, and powers of the direct function

Products of the direct function

07.13.16.0003.01

1
CP2CP@ = — (M+m Cn@ +In-mCY (@) /s meN* Ane N*

Related transformations
07.13.16.0004.01

m
(:59(E Cﬁ?(z)) =mC% @ /; meN* AneN*

Identities

Recurrence identities

Consecutive neighbors

07.13.17.0001.01

2v+1)z
CO@=""""c
v

v+1

v+2
@-—— c%@

07.13.17.0002.01

2v-1z y—2

CO(2) = C@ - —C2%®
4

Distant neighbors

07.13.17.0005.01

0 © m+v+1 ©
C2(2) = Cm(v, 2 C\)m(D - Cma(v, 2C 1D /;

m+v -

2v+1)z 2z(m+v)
Cov,2=1\Crv, 9= ——= )\ Cnlv, D == Cra(v, 2 -

m+v-—
07.13.17.0006.01
-m-1

4
CO(2) = Cm(v, 2 C(@ — ———— C1(v, 2C2, @) /;
m+1

2(v=-1z 2z(v-m
Cov,2=1/\C1(v, 2 = 2Dz /\Cn(v, 2= (Vil) Crma(v, 2) -
)4 +

Functional identities

Relations between contiguous functions
07.13.17.0003.01

v-1C%@+0+1C%@=22vC0>

V-

m+v
——Cma(v,2 /\ meN*
m+v-2 m2 /\

v—m
——Cmo(v, 2 /\ meN"*
m+ 2 m2 /\
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07.13.17.0004.01

1
CO2 = —(v-1C2% @+ +1)C )
2vz

+

07.13.17.0007.01

2v+ 1)z v+2

0z =——Cc%@2-— %@
v 4

Complex characteristics

Real part
07.13.19.0001.01
[EJ (_1)1 22j-2 5 )
Re(CO(x+iy) =CP)+2 ) ———C0,0y?* 1 ;xeRAyeRAneN*
j=1
Imaginary part

07.13.19.0002.01

[%IJ(_]_)J?J 2 el .
Im(qp)(x+iy))=:22 i1 C;fzﬂfl(x)yz“l/;xe[R/\ye[R/\neN+
j=0

Differentiation

Low-order differentiation

With respect to v

07.13.20.0001.01

iCP%2 1
=—— (2 V1-Z cost(@U, (2 + Cio)(z))

v v

07.13.20.0002.01
?Cc% 1
= (4 V1-2Z cost9U, (2 + (2 -2 cos‘l(z)z) C(VO)(Z))

G V2

With respect to z

07.13.20.0003.01
aCP(2)

0z

=2U,.4(2

07.13.20.0004.01
*CP@ VCP@-22U,42

7 Z-1

Symbolic differentiation

With respect to v
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07.13.20.0005.01

gm CE,O)(Z) m (_1)rmk yk-m-1 7k
- =2m! Z - cost@co§ — +vcos k@ |/;meN
av™ P k! 2

07.13.20.0006.02

dmCO(2) _ _

671“ =y ™ (M T(m+1, —iveos (@) + e ™ I(m+1, ivcos(2)) /s meN
4

07.13.20.0007.02

om Cﬁo)(Z) m (_ Kk k-m-1 cos 1(z k
— =2-1)"m! Z o @ (Tv(z) - (Tv(z) -iy1- Z Uv,l(z)) (kmod 2)) /imeN
ov™ prs k!

With respect to z

07.13.20.0008.01
(0)
amCO(z)

=2"m-D!C" (2 /; meN*
dz" "

07.13.20.0009.02
mCO%2 2vnr 1 1-z

= (z-1)™™,F (1, v, v, —,1-m —) /imeN
87" v ¥ 2 2

Fractional integro-differentiation

With respect to v

07.13.20.0010.01
0
2*CP(2

a 3-a 1 2)
ov”

=2 Tcgf(i)(v, —Yy ol opelyla [0 cosfl(z)2 2|53[1, 1,2 1- > T; - V2 cosi(2)

With respect to z

07.13.20.0011.01
"CP2 2vn Y ..2><l><0( vvilnoz 1]

== z 1x1x0
0z v

1. . ’
511—0’., 2 2

Integration

Indefinite integration

Involving only one direct function

07.13.21.0001.01

1
f CP@dz= > (€% @-c? @)
Involving one direct function and elementary functions

Involving power function
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07.13.21.0002.01

—a l-a

2
fz‘”l CO2dz=—2"1 (T(,_l(z) +iVy1-7 Ud_z(z)) (z(z+i\/ 1-2 )]
4
1 - _
( (Tv,a(z)n\/l—zz U_W_l(z))zFl(vza, 1-a; Vza +1,-22-2i\1-2 z+ 1)+
a-—-v
1 + +
—[Tw(z)—i\/ 1-7 Uw_l(z))zFl[—azv,1—a;1—azv;—2z2—2m/1—z2 z+1)+
a+v
(TZ,W(z)H'\/l-zZ Ul,a+y(z))2|:1(v_a+l,l—a; T o 22 2iy1-7 z+1)—
v—a+2 2 2
1
Z(Tz_a_v(z)+i\/1—22 Ul_a_v(z))zFl(l—aTH,l—a;Z—agv;—Zzz—Zi\/ 1-7 z+1))

a+v-—

Involving only one direct function with respect to v
07.13.21.0003.01

f C%(2) dv == 2Ci(v cos *(2)
Involving one direct function and elementary functionswith respect to v

Involving power function

07.13.21.0004.01

f V0@ dy = v (~(-iv cos@) " T(a -1, —iveos@) - (iveos @) “T(a-1,iv cos(2)

Definite integration

Involving the direct function

07.13.21.0005.01

1 COt) 2n
—  dt=—U0/;n-1eN"A-1<x<1
n

-1
1-t2 (t-x)
07.13.21.0006.01

1CO(2) CO(2) 2n
————dt=—én/imeN AneN’

T oy1-e :

Summation

Infinite summation

07.13.23.0001.01

0 2W(Z—W)
ch(no)(z)v\ﬁ: — /i-1<z< 1AW <1
= w2 —2zw+1

07.13.23.0002.01

> CO@wW =~ logw? ~2zw+1) /; ~1<z< 1AW <1

n=1
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Representations through more general functions

Through hypergeometric functions

Involving »F;
07.13.26.0001.01

cO 2 1 1-z
Vv (2) == — F(—v, v, = —]
y it 2" 2

07.13.26.0002.01
1 z+1

2 11
CE,O)(Z) = — Coiyﬂ') ZF]{—V, 2 5, T)+ Zﬁsin(vn) Vz+1 ZFI(V"' 5, E—V;
4

07.13.26.0003.01

27 1 2 2 1
CO2 = —@zZ-1" 2F1(v, v+ = 2v+1; —) +—(z-1 zFl(—v, ——»1-2y; —
v 2 2 1

1-z v

Through hypergeometric functions of two variables

07.13.26.0004.01

-V, Vi 1 z
CO(2) == Ffzg:g( 1 = ——)
2 2 2

Through Meijer G

Classical casesfor the direct function itself

07.13.26.0005.01

2sin(ry) _(z-1| v+l 1-v
CO(@)=-—— G| — 1 LhveZ
y 0, =
n 2
07.13.26.0006.01
2 z—1| m+1,1-m
C9 (2) = ——— lim sin(x m) Gy5| — 1 ]/;neZ
m-n “l 2 o, =
T 2
07.13.26.0007.01
2sin(ry) (| v+L1-v
CP@2z+)=-——G;jz ol |hvez
v "2

Classical casesinvolving algebraic functions

07.13.26.0008.01

1-2z 22v+1 l—V,l—V
e o [ oy frrece
0,5
07.13.26.0009.01
z-1 22t 1—v,%—v
@ ()=l 1 Jreecno
"2

3 z+1

1Y

2

]/;ze(O,l)/\Zver:Z
VA
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07.13.26.0010.01

M Vv 1- K’ ﬂ
(z+1)72CQ = 2 122 2 2
Jz+1) To+n ° o,%
07.13.26.0011.01
M 4 1- K’ 1__V
(z+1)2CQ S . Goal z 2
z+1 rev+1y ° i
Classical casesinvolving unit step 6
07.13.26.0012.01
oa-12) o 2Vx o=
—-C @ = Gy5lz = 1 LiveZ
1-2 Y 03
07.13.26.0013.01
1 1
01— |2) 2Vrn Sy, v+
— —C9@= —ngg z| ? N 2 /iz¢ (-1, 0)
Vi-z v V5
07.13.26.0014.01
0ad-1 2V o |5-vv+3
———CP@2z-)=—-Gyj|z .
Vvz-1 v 0, 5

07.13.26.0015.01

— 1
o1 - 12) C(O)(g 1)::2x/7 ngg[z Ovz]

4

Vi-z z v v, v

07.13.26.0016.01
(2 - 1) 2 2V 021

c (— - 1) ngﬁ[z 2 |[;2¢ (—c0, -1)
z—1 z \4 -V, VvV
07.13.26.0017.01
1

812 - 1) 2 S-2v,2v+ =
————C%(82-8z+1)= Gyalz| /;Re(2 >0
Vz-1 v 0.3

07.13.26.0018.01
01— |2) 8 8 2V o Lt
7C5°)(———+1]::—G§’gz "2 |/;Re(2>0

1-z2 2z z ' -2v,2v

Generalized casesinvolving algebraic functions

07.13.26.0019.01

r z 2 1]1-
(Z+1)2 C = Goalz = /;Re(@>0

rov+1 2
VZ2+1

Generalized casesinvolving unit step 6
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07.13.26.0020.01

01— 12)) 2Vn

1
Ci/o) (Z) ==

Z, — ]/;veEZ
2

2,0
G2,2
v

1-7

07.13.26.0021.01

62 -1 2Vn 1
1Y o= 2Y" 2 %z,
2-1 Y

07.13.26.0022.01
01— |2)) 1y 2vVnr 1| ot
co})- 2 el | 0%

2

Z
1-2 v

07.13.26.0023.01

"D o)V 7 g,
\/Z z v 2

Through other functions

I nvolving some hyper geometric-type functions

07.13.26.0024.01

(1 _ 22)1/4 l
CP@=v2n P2 ,(2
v V=3

07.13.26.0025.01
V2n 1
CO2 = —— @+ D z-1¥P* ,(2
v V=3

07.13.26.0026.01

20-1! (i1
CO(2) == —(Vl ) P(v 2 2)(2)

2),
07.13.26.0027.01

1
C,/(@ =lim - C}(2
A-0 )\

Representations through equivalent functions

With related functions

07.13.27.0001.01

2
CP@=-T,©
v

07.13.27.0002.01

2
C22 = - (U2 - zU,1(2)
v
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07.13.27.0003.01

1
C2%2 = - (Uy(2 - U, _»(2)
)4

07.13.27.0004.01

PRILLE TEL
y2 0z

-z Unl(z)]

With elementary functions

07.13.27.0005.01

1 iny - inv v
CO = —(eT [z?z+\/ 1-7 ) +e 2 (iz+ 1-27 ) )

4

07.13.27.0006.01
(0) 2 1
Ci?(2) == — cosv cos '(2))
v
07.13.27.0007.01

2" (=" 2n 2n
CO@ = (Vi=z -v=z=1) "+ (VI-z +V=2z-1) ) finen

n

07.13.27.0008.01

1 1 1
CE]O)(Z)::_Z" 1- [1—— | +|1+ |1-— /;neN*
n 7Z ra

History

—F. G. Tricomi (1955)
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