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Notations

Traditional name

Generalized harmonic number

Traditional notation

H

Mathematica StandardForm notation

Har noni cNunber [z r]

Primary definition
06.17.02.0001.01
HO = ¢ -2, z+ ) /i1

06.17.02.0003.01
HO =yz+1)+y

06.17.02.0002.01

HP = /ineN

n1
K

Specific values

Specialized values

For fixed z

06.17.03.0017.01
="

n+1

1
H§_n) = Bn1+ —— Bpa(z+1)/;neN
n+1

06.17.03.0001.01

1
HED — 5 Z@z+1?(22+2z-1)

06.17.03.0002.01

1
HE® = 5 2@ h@z+D (37+3z-1)
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06.17.03.0003.01

1
H® = 2 Z(z+1)?

06.17.03.0004.01

1
H{? = gz(z+ D@z+1)

06.17.03.0005.01

1
HEY = 5 z(z+1)

06.17.03.0006.01

HO ==z
06.17.03.0007.01
H® = H,
06.17.03.0008.01
-
HO = —
(r=1!
06.17.03.0018.01
(Gl
HO =
(r—1! 0z
06.17.03.0019.01
ar(z+1)
r-1_ 9
(_1)r I'(z+1)
HO =
(r-n! 971
For fixed r
06.17.03.0009.01
HY =0
06.17.03.0010.01
) __
Hy’ =0
06.17.03.0011.01
" __
H'=1

06.17.03.0012.01
HY =1+27"

06.17.03.0013.01
HY =1+27"+37

06.17.03.0014.01
HY =1+2"+37+47

06.17.03.0015.01

HY =1+2"+3"+47+57"

d"logli(z+ 1)
[ A{z- 0})

W@ -y e+ ) /irenN

d'logl'(z+ 1)]

/ireNt

eN*
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06.17.03.0016.01

Bnii(N+1) — Byt
HEm - 7 ™ meN* AneN
m+1

General characteristics

Domain and analyticity

H" isan analytical function of zand r which is defined in C2. For fixed z, it is an entire function of .

06.17.04.0001.01
(zxr)—HY :: (CRC)—C

Symmetries and periodicities

Mirror symmetry

T __
H.’ = HZ( )

Periodicity

No periodicity

Poles and essential singularities
With respect tor
For fixed z, the function H{" has only one singular pointatr = &. Itisan essential singular point.
06.17.04.0003.01
Sing, (Hf) = {0, co}}
Branch points
With respect tor
For fixed z, the function H." does not have branch points.
06.17.04.0004.01
BP(HY) = {}
Branch cuts
With respect tor
For fixed z, the function H{" does not have branch cuts.

06.17.04.0005.01
BCr(HY) = {}

Series representations
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Generalized power series

Expansions at generic point z== 7,

06.17.06.0015.01

rr+1
H o HY — 1 (HY™ = £(r + 1)) (- 20) + ) 2+ ) (HE2 =2+ 2)) (2= 20 + ... [; (2> 20)

06.17.06.0016.01

rir+1
HE o HY — 1 (HYD = £(r + 1)) (- 20) + rr+y 2+ : (HE*2 - 2(r +2)) (2— 20)* + O((2- 20)%)

06.17.06.0017.01

=, H* Oz, 1)
HY =) ———— 2-2)"

o k!

06.17.06.0018.01

= (=DM
HY =HY + Z a0 « (H&D = 2(k+ 1)) (z- 20)
k=1 °

06.17.06.0019.01
HY o HY (1+ Oz - 7))

Expansionsat z==0

06.17.06.0001.01

1 1
HO =:r§(r+1)z—5r(r+1)§(r+2)22+gr(r+1)(r+2){(r+3)z3—.../; Re(n > 1Az <1

06.17.06.0002.01
© (DI +n

HO = Z

j=1 !

/iRe(r) > 1Az <1

06.17.06.0003.01
®© o (=1 "), Z
HO =70-) Y ——— /i Ran > 114 <1

cijzo JUK
06.17.06.0004.01
HO ocrz(r+1)z(1+0@) /; (z— 0)
Expansionsat z==—-m

06.17.06.0005.01
(-1 & (Tk+r) HE + yter=DD))

HO o — +(=DTHO — Z+m*/;z->-mMAmeN AreN*
(z+m)f r-n'o k!
06.17.06.0006.01

HO o — +(=D)THPA+0z+m) /; z-» -mAmeNt AreN*

(z+m)

Expansionsat r ==
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06.17.06.0007.01

x (log(k log(k 1 & (log’(k log?(k
H%’)==H2+Z[M_ g( )](r_1)+_z g( +Z)_ g()
k+z k 25 k+z

k=1
06.17.06.0008.01

© 1 = (log'k+2 log'(k .
H(’)—-H+Z Z[ vlea g()](r—l)J

'l k+z k

(r-1°%+

06.17.06.0009.01

logk+2 logk
HO o H, +Z[ 0( ) (k)
o\l k+z

](r—l)(1+O(r—1))/; r-1

Asymptotic series expansions

06.17.06.0020.01
(icot(mrz) — 1) i ;)" 2™1 =l 1)k k!
(n=1)!

n+2z+1 larg(z+ 1)|
HEY o £(n) — +{ ’

SY. (i cot(r2) + 1) -
2z+1)"(n-1)

T

k=0
1 = 2k+n-2)!Byy
Z /i(Zd > 0)AneZAn>1
(N-DT 2K (z+ D2kt
06.17.06.0021.01
=" 1 n+1
Hyn) = m By + m Z( K )Bn_k+1 (z+ 1)k /ineN
k=0
06.17.06.0010.01
D'y V) r-2z-1 1 = (2k+r—2)!By
HY o + - > [lag@ <a Ar—1eN* A (12 - o)

r-1n! 20-DZ (-5 @2k 2kt

06.17.06.0022.01

2n+2z+1 {|arg(z+ || Gr)?" 22" (icot(mz) - 1) 2Pt (-D)¥k!
+

SY  (icot(rz) + 1k -
2n-1)! £ x ono1 (ECO(T2) + 1)

HEZ™ o 22 ~

2z+1%"@2n-1) b

1 © (2k+2n-2)! B,y
/; (12 » o) AneN?

@n-D!i5 2K (z+ 1)2k+2n-1

06.17.06.0011.01

o (_1)r lp(r—l)(l) Z-r 1 .
Hy o W r_1(1+O( ]]/; larg@)| <7t Ar—1eN* A (|7 > )

Residue representations

06.17.06.0012.01
S [F(s) rl-9r-s" (—1)-5] o (F(s) r1-9Tl+z-9 (-1

HO = > r D=
z ;‘%5 rQe-s9f =D ;;%5 rR+z-9

-Dhr-lenNt

Other series representations

06.17.06.0013.01
HO =1+2"4+3"+...-(1+2"-2+2"-B+2"-.../;Re(nN>1
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06.17.06.0014.01

HY ::i[% -

k=1

]/; Re(r) > 1
k+2)

Integral representations

On the real axis

Of thedirect function

06.17.07.0001.01

0o tr—l e—t (z+1)
HO = (=D D) - f dt|/;r-1eN" ARe(2 > -1
(] 0o 1-¢t
06.17.07.0002.01
Dt r1(-1)log™ i)
H = . 1)"[‘ - dt/;Re(z) > -1AreN*t
— ! O p—

Contour integral representations

06.17.07.0003.01

1 ,rTETA-9T1-9 (-1 1 ,rTEOTA-9TA+z-9 (=1
Hg):_f ds— —— ds/;r-1eN*
2niJzr re-9' 2niJdz r2+z-9s'
06.17.07.0004.01
1 rer@ad-sr@a-9s(-1—s 1 rerad-srd+z-9 (-1s
H;”::—f d ——f ds/;0<y<1Ar-1eN*
2riJzr re-9sr 2riJdz Ir2+z-9f

Generating functions

06.17.11.0001.01

Lir(t)
HP = - [[t”] —) /ineN
1-t

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations
06.17.16.0001.01

9" cot(zx) .

HY, = () HY + (-1 2 + :
r!

06.17.16.0002.01

1lzl @y

HO = () H + ————— B — 7,1 +

r!

Dl @y 1 x

r _776r,1

+ +
1-2" -1 gzt

7 9 lcot(zn)

0771

/ireN*t

/ireN



http: //functions.wolfram.com

06.17.16.0003.01

3" Lcot(zn)

2lz @y n
HO = (D) *HO +(-)' 2"+ ————— B -7+
r! (r=21!
06.17.16.0004.01
HY =HD + ——
z+1 z (Z+ 1)r
06.17.16.0005.01
1
o __
HY = HY - 2
06.17.16.0006.01
noo1
HOp=HO + > —— /;neN
e k+2
06.17.16.0007.01
n-1
HY, = Hg)—z - /ineN
o Z-K)

Multiple arguments
06.17.16.0008.02

Hy) =2 (H“jl + Hg)) ~(2%"-1)¢() /; Re® > 0

2

06.17.16.0009.02
m-1
HO == " Z HO, +(1-m7) 4 /; Re@ > 0 Ame N
ko “m
Products, sums, and powers of the direct function

Sums of the direct function

06.17.16.0010.01

1
HY +HO, = 2T H) +(2-2)40) /;Re@) > -3
2

Identities

Recurrence identities

Consecutive neighbors

06.17.17.0001.01

——HO
Hg) - Hz+l -

(z+1)f
06.17.17.0002.01

HY = HD + —

/ireN

+
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Distant neighbors

06.17.17.0003.01
n

HY =H - > ——/ineN
1 Z+K)
06.17.17.0004.01
n-1 1
HY = HD, + —/ineN
o (Z—K

Functional identities

Relations of special kind
06.17.17.0005.01

1z @y

HO = (-D)"*HO +(-)' 2"+ ————— B -7+

r!

Differentiation

Low-order differentiation

With respect to z

06.17.20.0001.01

AHY
—— =r(Lr+1)-HY)
0z

06.17.20.0002.01

PHP
— =1+ D) (HM?P -2 +2)
P ( )

With respect tor

06.17.20.0003.01
OHY = logk+2 & logk)

)

= k+2" o K

/; Re(r) > 1

06.17.20.0004.01
AHY N log(k)
=— ; /ineN
k=2

06.17.20.0005.01

PHY = logfk) &, log’k+2)
== - - /i Re(r) > 1
or o K e (k+2)

Symbolic differentiation

With respect to z

T

9" Lcot(zn)

r-1n!

71

/ireN*t
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06.17.20.0006.02
HY

=60 L) + (=" (N (H™) = Z(n+1)) /ineN

With respect tor

06.17.20.0007.02

O"HD ) |Ogn(k) ) |Ogn(k +2)
S+ (=1 > - —|/;Re(r)>1AneN
orn - K - (k+2)

06.17.20.0008.02
A"HO m Jog"(k)
i (—1)”6n+(—1)”2— imeN"AneN
k=2 K

or"

Fractional integro-differentiation

With respect to z

06.17.20.0009.01

3" H Nz o0 5 z

7R _ o —z"’Zk’r 2F1(1, ril-e; ——)

07 T(l-a) = k
Integration

Indefinite integration

Involving only one direct function

06.17.21.0001.01

{r—1)-H{Y

fH§” dz==2{(r)+
r-1

Involving one direct function and elementary functions

Involving power function

06.17.21.0002.01

CD)' Yy 1 z
fz‘"l HOdz=z ——— - — ) —— 2F1(a, o+l ——
a(r—21! @i k+1) k+1

Involving one direct function with respect tor

06.17.21.0003.01

o kT = (k+2)
ng”dr::r_Z +Z( ) /i Re(r)>1ARe(?) > -1
2 10g(k) 17 logk +2)

Integral transforms

Laplace transforms



http: //functions.wolfram.com

10

06.17.22.0001.01

r (o8]
L[H"] @ = €0 4 > e*ra-r, k2 /;Re@ >0 AT N’
k=1
Summation

Finite summation

06.17.23.0001.01
n

DHY =m+DHY -HI P /ineN
k=1

Representations through more general functions

Through hypergeometric functions

Involving ,Fq

06.17.26.0001.01

HP =22,4F3(1,1,1,1-72,2, 2 1) - Z3F,1, 1, 1-7 2, 2, 1)?
06.17.26.0002.01

HO =7 3F,1, 1,1-7 2,2, 1)° -

3224F3(1, 1,1,1-22,2,2,1)3F(1,1,1-72,2,1)+3z5F4(1,1,1,1,1-72,2,2,2; 1)

06.17.26.0003.01

HO = aFL a, 8, .o anap+1,a+1, o, a+L D) -+ D)7 qF(L by, by, o b by +1, 0+, ., 0+ 1, 1) /;

q=ap=..=a=1Ab=by=..=b=z+1Ar-1eN*

Through Meijer G

Classical casesfor thedirect function itself

06.17.26.0004.01

0,1l-a,..,1-a 0,1-by,...,1-Db
1r+1 ' 1 ' 1r+1 ’ ’ ’
HO == Grﬁm(—l 0 .. a )—Gw’lfrﬂ(q‘ 0 —bi " r)/

=a=..=a=1Ab=by=...=b =z+1Ar-1eN*

)

Representations through equivalent functions

With related functions
06.17.27.0001.01
H =2 = 4r, z+ 1) /i # 1
06.17.27.0004.01
D"y Vz+|-Re@]0(-Re(z) +1) LRyl g
— —+{)/sneZAn>1
(n-1! = (k+z+1)"

H;n) —
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06.17.27.0005.01
n (_1)n Bn+1 + Bn+l(z+ 1)
HED = ineN
n+1

06.17.27.0002.01

B 1(m+1)—B 1
HEn = 2 7 ™ heNt AmeN
n+1

06.17.27.0003.01
r

-1
H == —(r( - i)' W P@ -y P+ 1) /1 eNt /\ —g <agz+1) <

History

—L. Euler (1740)

T

2
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