
HarmonicNumber2

Notations

Traditional name

Generalized harmonic number

Traditional notation

Hz
HrL

Mathematica StandardForm notation

HarmonicNumber@z, rD

Primary definition
06.17.02.0001.01

Hz
HrL � ΖHrL - Ζ

`Hr, z + 1L �; r ¹ 1

06.17.02.0003.01

Hz
H1L � ΨHz + 1L + ý

06.17.02.0002.01

Hn
HrL � â

k=1

n 1

kr
�; n Î N

Specific values

Specialized values

For fixed z

06.17.03.0017.01

Hz
H-nL �

H-1Ln

n + 1
 Bn+1 +

1

n + 1
 Bn+1Hz + 1L �; n Î N

06.17.03.0001.01

Hz
H-5L �

1

12
z2 Hz + 1L2 I2 z2 + 2 z - 1M

06.17.03.0002.01

Hz
H-4L �

1

30
z Hz + 1L H2 z + 1L I3 z2 + 3 z - 1M



06.17.03.0003.01

Hz
H-3L �

1

4
z2 Hz + 1L2

06.17.03.0004.01

Hz
H-2L �

1

6
z Hz + 1L H2 z + 1L

06.17.03.0005.01

Hz
H-1L �

1

2
z Hz + 1L

06.17.03.0006.01

Hz
H0L � z

06.17.03.0007.01

Hz
H1L � Hz

06.17.03.0008.01

Hz
HrL �

H-1Lr

Hr - 1L !
IΨHr-1LH1L - ΨHr-1LHz + 1LM �; r Î N+

06.17.03.0018.01

Hz
HrL �

H-1Lr

Hr - 1L !

¶r logGHz + 1L
¶zr

�. 8z ® 0< -
¶r logGHz + 1L

¶zr
�; r Î N+

06.17.03.0019.01

Hz
HrL �

H-1Lr

Hr - 1L !
 

¶r-1

¶GHz+1L
¶z

GHz+1L
¶zr-1

�. 8z ® 0< -
¶r-1

¶GHz+1L
¶z

GHz+1L
¶zr-1

�; r Î N+

For fixed r

06.17.03.0009.01

H-1
HrL � 0

06.17.03.0010.01

H0
HrL � 0

06.17.03.0011.01

H1
HrL � 1

06.17.03.0012.01

H2
HrL � 1 + 2-r

06.17.03.0013.01

H3
HrL � 1 + 2-r + 3-r

06.17.03.0014.01

H4
HrL � 1 + 2-r + 3-r + 4-r

06.17.03.0015.01

H5
HrL � 1 + 2-r + 3-r + 4-r + 5-r
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06.17.03.0016.01

Hn
H-mL �

Bm+1Hn + 1L - Bm+1

m + 1
�; m Î N+ ì n Î N

General characteristics

Domain and analyticity

Hz
HrL is an analytical function of z and r which is defined in C2. For fixed z, it is an entire function of r.

06.17.04.0001.01Hz * rL �Hz
HrL � HC Ä CL �C

Symmetries and periodicities

Mirror symmetry

06.17.04.0002.01

Hz
�
Hr�L � Hz

HrL

Periodicity

No periodicity

Poles and essential singularities

With respect to r

For fixed z, the function Hz
HrL has only one singular point at r = ¥� .  It is an essential singular point. 

06.17.04.0003.01

SingrIHz
HrLM � 88¥� , ¥<<

Branch points

With respect to r

For fixed z, the function Hz
HrL does not have branch points.

06.17.04.0004.01

BPrIHz
HrLM � 8<

Branch cuts

With respect to r

For fixed z, the function Hz
HrL does not have branch cuts.

06.17.04.0005.01

BCrIHz
HrLM � 8<

Series representations

http://functions.wolfram.com 3



Generalized power series

Expansions at generic point z � z0

06.17.06.0015.01

Hz
HrL µ Hz0

HrL - r IHz
Hr+1L - ΖHr + 1LM Hz - z0L +

r Hr + 1L
2

IHz
Hr+2L - ΖHr + 2LM Hz - z0L2 + ¼ �; Hz ® z0L

06.17.06.0016.01

Hz
HrL µ Hz0

HrL - r IHz
Hr+1L - ΖHr + 1LM Hz - z0L +

r Hr + 1L
2

IHz
Hr+2L - ΖHr + 2LM Hz - z0L2 + OIHz - z0L3M

06.17.06.0017.01

Hz
HrL � â

k=0

¥ HHk,0LHz0, rL
k !

 Hz - z0Lk

06.17.06.0018.01

Hz
HrL � Hz0

HrL + â
k=1

¥ H-1Lk HrLk

k !
 IHz

Hk+rL - ΖHk + rLM Hz - z0Lk

06.17.06.0019.01

Hz
HrL µ Hz0

HrL H1 + OHz - z0LL
Expansions at z � 0

06.17.06.0001.01

Hz
HrL � r ΖHr + 1L z -

1

2
r Hr + 1L ΖHr + 2L z2 +

1

6
r Hr + 1L Hr + 2L ΖHr + 3L z3 - ¼ �; ReHrL > 1 ß  z¤ < 1

06.17.06.0002.01

Hz
HrL � â

j=1

¥ H-1L j-1 HrL j ΖH j + rL z j

j !
�; ReHrL > 1 ß  z¤ < 1

06.17.06.0003.01

Hz
HrL � ΖHrL - â

k=1

¥ â
j=0

¥ H-1L j HrL j z j

j ! k j+r
�; ReHrL > 1 ß  z¤ < 1

06.17.06.0004.01

Hz
HrL µ r ΖHr + 1L z H1 + OHzLL �; Hz ® 0L

Expansions at z � -m

06.17.06.0005.01

Hz
HrL µ -

1

Hz + mLr
+ H-1Lr-1 Hm

HrL -
H-1Lr

Hr - 1L !
 â
k=1

¥ IGHk + rL Hm
Hk+rL + ΨHk+r-1LH1LM

k !
Hz + mLk �; Hz ® -mL ì m Î N+ ì r Î N+

06.17.06.0006.01

Hz
HrL µ -

1

Hz + mLr
+ H-1Lr-1 Hm

HrLH1 + OHz + mLL �; Hz ® -mL ì m Î N+ ì r Î N+

Expansions at r � 1
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06.17.06.0007.01

Hz
HrL � Hz + â

k=1

¥ logHk + zL
k + z

-
logHkL

k
Hr - 1L +

1

2
â
k=1

¥ log2Hk + zL
k + z

-
log2HkL

k
Hr - 1L2 + ¼

06.17.06.0008.01

Hz
HrL � Hz + â

j=1

¥ 1

j !
 â
k=1

¥ log jHk + zL
k + z

-
log jHkL

k
Hr - 1L j

06.17.06.0009.01

Hz
HrL µ Hz + â

k=1

¥ logHk + zL
k + z

-
logHkL

k
Hr - 1L H1 + OHr - 1LL �; Hr ® 1L

Asymptotic series expansions

06.17.06.0020.01

Hz
HnL µ ΖHnL -

n + 2 z + 1

2 Hz + 1Ln Hn - 1L +
 argHz + 1L¤

Π

Hä cotHΠ zL - 1L Hä ΠLn 2n-1

Hn - 1L !
 â
k=0

n-1 H-1Lk k !

2k
 Sn-1

HkL Hä cotHΠ zL + 1Lk -

1

Hn - 1L !
 â
k=1

¥ H2 k + n - 2L ! B2 k

H2 kL ! Hz + 1L2 k+n-1
�; H z¤ ® ¥L ß n Î Z ß n > 1

06.17.06.0021.01

Hz
H-nL �

H-1Ln

n + 1
 Bn+1 +

1

n + 1
 â
k=0

n+1 n + 1

k
Bn-k+1 Hz + 1Lk �; n Î N

06.17.06.0010.01

Hz
HrL µ

H-1Lr ΨHr-1LH1L
Hr - 1L !

+
r - 2 z - 1

2 Hr - 1L zr
-

1

Hr - 1L !
 â
k=1

¥ H2 k + r - 2L ! B2 k

H2 kL ! z2 k+r-1
�;  argHzL¤ < Π ì r - 1 Î N+ ì H z¤ ® ¥L

06.17.06.0022.01

Hz
H2 nL µ ΖH2 nL -

2 n + 2 z + 1

2 Hz + 1L2 n H2 n - 1L +
 argHz + 1L¤

Π

Hä ΠL2 n 22 n-1 Hä cotHΠ zL - 1L
H2 n - 1L !

 â
k=0

2 n-1 H-1Lk k !

2k
 S2 n-1

HkL Hä cotHΠ zL + 1Lk -

1

H2 n - 1L !
 â
k=1

¥ H2 k + 2 n - 2L ! B2 k

H2 kL ! Hz + 1L2 k+2 n-1
�; H z¤ ® ¥L ì n Î N+

06.17.06.0011.01

Hz
HrL µ

H-1Lr ΨHr-1LH1L
Hr - 1L !

-
z1-r

r - 1
1 + O

1

z
�;  argHzL¤ < Π ì r - 1 Î N+ ì H z¤ ® ¥L

Residue representations

06.17.06.0012.01

Hz
HrL � â

j=0

¥

ress

GHsL GH1 - sL GH1 - sLr H-1L-s

GH2 - sLr
 H- jL - â

j=0

¥

ress

GHsL GH1 - sL GH1 + z - sLr H-1L-s

GH2 + z - sLr
 H- jL �; r - 1 Î N+

Other series representations

06.17.06.0013.01

Hz
HrL � 1 + 2-r + 3-r + ¼ - H1 + zL-r - H2 + zL-r - H3 + zL-r - ¼ �; ReHrL > 1
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06.17.06.0014.01

Hz
HrL � â

k=1

¥ 1

kr
-

1

Hk + zLr
�; ReHrL > 1

Integral representations

On the real axis

Of the direct function

06.17.07.0001.01

Hz
HrL �

1

Hr - 1L !
 H-1Lr ΨHr-1LH1L - à

0

¥ tr-1 ã-t Hz+1L
1 - ã-t

 â t �; r - 1 Î N+ ì ReHzL > -1

06.17.07.0002.01

Hz
HrL �

H-1Lr-1

Hr - 1L !
 à

0

1 Htz - 1L logr-1HtL
t - 1

 â t �; ReHzL > -1 ì r Î N+

Contour integral representations

06.17.07.0003.01

Hz
HrL �

1

2 Π ä
 à

L

GHsL GH1 - sL GH1 - sLr H-1L-s

GH2 - sLr
 â s -

1

2 Π ä
 à

L

GHsL GH1 - sL GH1 + z - sLr H-1L-s

GH2 + z - sLr
 â s �; r - 1 Î N+

06.17.07.0004.01

Hz
HrL �

1

2 Π ä
 à

L

GHsL GH1 - sL GH1 - sLr H-1L-s

GH2 - sLr
 â s -

1

2 Π ä
 à

L

GHsL GH1 - sL GH1 + z - sLr H-1L-s

GH2 + z - sLr
 â s �; 0 < Γ < 1 ì r - 1 Î N+

Generating functions
06.17.11.0001.01

Hn
HrL � - @tnD 

LirHtL
1 - t

�; n Î N

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.17.16.0001.01

H1-z
HrL � H-1Lr-1 Hz

HrL + H-1Lr z-r +
H-1Lf r

2
v-1 H2 ΠLr

r!
 Br - Π ∆r,1 +

1

H1 - zLr
+

Π

Hr - 1L !
 
¶r-1 cotHz ΠL

¶zr-1
�; r Î N+

06.17.16.0002.01

H-z
HrL � H-1Lr-1 Hz-1

HrL +
H-1Lf r

2
v-1 H2 ΠLr

r!
 Br - Π ∆r,1 +

Π

Hr - 1L !
 
¶r-1 cotHz ΠL

¶zr-1
�; r Î N+

http://functions.wolfram.com 6



06.17.16.0003.01

H-z
HrL � H-1Lr-1 Hz

HrL + H-1Lr z-r +
H-1Lf r

2
v-1 H2 ΠLr

r!
 Br - Π ∆r,1 +

Π

Hr - 1L !

¶r-1 cotHz ΠL
¶zr-1

�; r Î N+

06.17.16.0004.01

Hz+1
HrL � Hz

HrL +
1

Hz + 1Lr

06.17.16.0005.01

Hz-1
HrL � Hz

HrL -
1

zr

06.17.16.0006.01

Hz+n
HrL � Hz

HrL + â
k=1

n 1

Hk + zLr
�; n Î N

06.17.16.0007.01

Hz-n
HrL � Hz

HrL - â
k=0

n-1 1

Hz - kLr
�; n Î N

Multiple arguments

06.17.16.0008.02

H2 z
HrL � 2-r H

z-
1

2

HrL + Hz
HrL - I21-r - 1M ΖHrL �; ReHzL > 0

06.17.16.0009.02

Hm z
HrL � m-r â

k=0

m-1

H
z-

k

m

HrL + I1 - m1-rM ΖHrL �; ReHzL > 0 ì m Î N+

Products, sums, and powers of the direct function

Sums of the direct function

06.17.16.0010.01

Hz
HrL + H

z+
1

2

HrL � 2r H2 z+1
HrL + H2 - 2rL ΖHrL �; ReHzL > -

1

2

Identities

Recurrence identities

Consecutive neighbors

06.17.17.0001.01

Hz
HrL � Hz+1

HrL -
1

Hz + 1Lr

06.17.17.0002.01

Hz
HrL � Hz-1

HrL +
1

zr
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Distant neighbors

06.17.17.0003.01

Hz
HrL � Hz+n

HrL - â
k=1

n 1

Hz + kLr
�; n Î N

06.17.17.0004.01

Hz
HrL � Hz-n

HrL + â
k=0

n-1 1

Hz - kLr
�; n Î N

Functional identities

Relations of special kind

06.17.17.0005.01

H-z
HrL � H-1Lr-1 Hz

HrL + H-1Lr z-r +
H-1Lf r

2
v-1 H2 ΠLr

r!
 Br - Π ∆r,1 +

Π

Hr - 1L !

¶r-1 cotHz ΠL
¶zr-1

�; r Î N+

Differentiation

Low-order differentiation

With respect to z

06.17.20.0001.01

¶Hz
HrL

¶z
� r IΖHr + 1L - Hz

Hr+1LM
06.17.20.0002.01

¶2 Hz
HrL

¶z2
� r Hr + 1L IHz

Hr+2L - ΖHr + 2LM
With respect to r

06.17.20.0003.01

¶Hz
HrL

¶r
� â

k=1

¥ logHk + zL
Hk + zLr

- â
k=2

¥ logHkL
kr

�; ReHrL > 1

06.17.20.0004.01

¶Hn
HrL

¶r
� -â

k=2

n logHkL
kr

�; n Î N

06.17.20.0005.01

¶2 Hz
HrL

¶r2
� â

k=2

¥ log2HkL
kr

- â
k=1

¥ log2Hk + zL
Hk + zLr

�; ReHrL > 1

Symbolic differentiation 

With respect to z
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06.17.20.0006.02

¶n Hz
HrL

¶zn
� ∆n ΖHrL + H-1Ln HrLn IHz

Hn+rL - ΖHn + rLM �; n Î N

With respect to r

06.17.20.0007.02

¶n Hz
HrL

¶rn
� ∆n + H-1Ln â

k=2

¥ lognHkL
kr

- â
k=1

¥ lognHk + zL
Hk + zLr

�; ReHrL > 1 ß n Î N

06.17.20.0008.02

¶n Hm
HrL

¶rn
� H-1Ln ∆n + H-1Ln â

k=2

m lognHkL
kr

�; m Î N+ ì n Î N

Fractional integro-differentiation

With respect to z

06.17.20.0009.01

¶Α Hz
HrL

¶zΑ
�

ΖHrL z-Α

GH1 - ΑL - z-Α â
k=1

¥

k-r
2F

�
1 1, r; 1 - Α; -

z

k

Integration

Indefinite integration

Involving only one direct function

06.17.21.0001.01

à Hz
HrL â z � z ΖHrL +

ΖHr - 1L - Hz
Hr-1L

r - 1

Involving one direct function and elementary functions

Involving power function

06.17.21.0002.01

à zΑ-1 Hz
HrL â z �

H-1Lr zΑ ΨHr-1LH1L
Α Hr - 1L !

-
zΑ

Α
 â
k=0

¥ 1

Hk + 1Lr
 2F1 Α, r; Α + 1; -

z

k + 1
�; r Î N+

Involving one direct function with respect to r

06.17.21.0003.01

à Hz
HrL â r � r - â

k=2

¥ k-r

logHkL + â
k=1

¥ Hk + zL-r

logHk + zL �; ReHrL > 1 ß ReHzL > -1

Integral transforms

Laplace transforms
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06.17.22.0001.01

LtAHt
HrLE HzL �

ΖHrL
z

- zr-1 â
k=1

¥

ãk z GH1 - r, k zL �; ReHzL > 0 ì r Î N+

Summation

Finite summation

06.17.23.0001.01

â
k=1

n

Hk
HrL � Hn + 1L Hn

HrL - Hn
Hr-1L �; n Î N

Representations through more general functions

Through hypergeometric functions

Involving pFq

06.17.26.0001.01

Hz
H2L � 2 z 4F3H1, 1, 1, 1 - z; 2, 2, 2; 1L - z2

3F2H1, 1, 1 - z; 2, 2; 1L2

06.17.26.0002.01

Hz
H3L � z3

3F2H1, 1, 1 - z; 2, 2; 1L3 -

3 z2
4F3H1, 1, 1, 1 - z; 2, 2, 2; 1L 3F2H1, 1, 1 - z; 2, 2; 1L + 3 z 5F4H1, 1, 1, 1, 1 - z; 2, 2, 2, 2; 1L
06.17.26.0003.01

Hz
HrL � r+1FrH1, a1, a2, ¼, ar; a1 + 1, a2 + 1, ¼, ar + 1; 1L - Hz + 1L-r

r+1FrH1, b1, b2, ¼, br; b1 + 1, b2 + 1, ¼, br + 1; 1L �;
a1 � a2 � ¼ � ar � 1 ì b1 � b2 � ¼ � br � z + 1 ì r - 1 Î N+

Through Meijer G

Classical cases for the direct function itself

06.17.26.0004.01

Hz
HrL � Gr+1,r+1

1,r+1 -1
0, 1 - a1, ¼, 1 - ar

0, -a1, ¼, -ar
- Gr+1,r+1

1,r+1 -1
0, 1 - b1, ¼, 1 - br

0, -b1, ¼, -br
�;

a1 � a2 � ¼ � ar � 1 ì b1 � b2 � ¼ � br � z + 1 ì r - 1 Î N+

Representations through equivalent functions

With related functions

06.17.27.0001.01

Hz
HrL � ΖHrL - Ζ

`Hr, z + 1L �; r ¹ 1

06.17.27.0004.01

Hz
HnL � -

H-1Ln ΨHn-1LHz + d-ReHzLt ΘHd-ReHzLtL + 1L
Hn - 1L !

- â
k=0

d-ReHzLt-1 1

Hk + z + 1Ln
+ ΖHnL �; n Î Z ß n > 1
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06.17.27.0005.01

Hz
H-nL �

H-1Ln Bn+1 + Bn+1Hz + 1L
n + 1

�; n Î N

06.17.27.0002.01

Hm
H-nL �

Bn+1Hm + 1L - Bn+1

n + 1
�; n Î N+ ì m Î N

06.17.27.0003.01

Hz
HrL �

H-1Lr

Hr - 1L !
IΨHr-1LH1L - ΨHr-1LHz + 1LM �; r Î N+ í -

Π

2
< argHz + 1L £

Π

2

History

– L. Euler (1740)
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