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Notations

Traditional name

Hermite polynomial

Traditional notation

Hn(2

Mathematica StandardForm notation

Herm t eH[n, z]

Primary definition
05.01.02.0001.01
&l 1K@z

Ho@=n! ) ————;
= kl(n-2K)!

Specific values

Specialized values

For fixed n

05.01.03.0001.01

2V
(%)

For fixed z

Hn(0) ==

05.01.03.0002.01
Ho(2) ==

05.01.03.0003.01
Hi(2==2z

05.01.03.0004.01
Hy(2) = -2+47

05.01.03.0005.01
Hs(2) = -12z+87
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05.01.03.0006.01
Hq(2) ==12- 4872 + 167

05.01.03.0007.01
Hs(2) == 1202— 1602 + 322

05.01.03.0008.01
He(2) == —120+ 7202 - 4807 + 648

05.01.03.0009.01
H;(2) == —1680z+ 33607 — 1344 7 + 128 7

05.01.03.0010.01
Hg(2) == 1680 — 13440 7 + 13440 7' — 3584 2 + 256 7

05.01.03.0011.01
Hg(2) == 30240z 806407 + 483842 — 9216 7' + 512 7°

05.01.03.0012.01
H1o(2) == —30240 + 302400 22 — 403200 Z* + 161280 £ — 23040 2 + 1024 7'°

Values at infinities

05.01.03.0013.01
Hn(e0) == 0 /;n>0

05.01.03.0014.01
Hn(—=00) = (-1)" 00 /;n>0

General characteristics

Domain and analyticity
The function H,(2)is defined over N ® C. For fixed n, the function Hy(2) is apolynomial in z of degreen.

05.01.04.0001.01
Nx2—HR2::N®C)—C

Symmetries and periodicities

Parity

05.01.04.0002.01
Hn(_z) == (_1)n Hn(z)

Mirror symmetry

05.01.04.0003.01
Hn(2) == Hh(2

Periodicity

No periodicity

Poles and essential singularities
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With respect to z
The function H,(2) is polynomia and has pole of order nat z = .
05.01.04.0004.01
Sing (Hn(2) = {{c, n}}
Branch points
With respect to z
The function Hy(2) does not have branch points.
05.01.04.0005.01
BP,(Hn(2) = {}
Branch cuts
With respect to z
The function H,(2) does not have branch cuts.

05.01.04.0006.01
BCAHn(2) = {}

Series representations

Generalized power series

Expansions at generic point z== 7,

For the function itself
05.01.06.0009.01
Hn(2) = Hn(Z0) + 2N Hy1(20) (2— 20) + (N = D NHy_2(20) (2— 20)* + ... [; (2 20)

05.01.06.0010.01
Hn(2) == Hn(20) + 2N Hyy_1(20) (2~ Z0) + (N — 1) NHy_5(20) (2- 20)° + O((2— 20)°)

05.01.06.0011.01

- n
Hi@ = 32| | oo @~ 20
k=0

05.01.06.0012.01

n 1-k k

n 2k+nﬂ.26k
Hn(2) == % =)
B 2

05.01.06.0013.01
Hn(2) o« Hn(2) (1+O(z - z))

2 2

2ﬁ2[1, s zs]-

1
Kt

Expansionsat z==0
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For the function itself

05.01.06.0001.02

2V nR2-n 211 1-n 1-n)@3-n
Hn(2) o " (1—n22— ( )z“+...)— n” z(1+ 22+( )¢ )z4+...)/;(z—>0)
) R
05.01.06.0014.01
n nR2-n 211 1-n 1-n)@3-n
oo - (1m0 2T {1 2 BT o)
= R
05.01.06.0002.01
&l -1 @
Hn(2) == n! _

05.01.06.0003.01

Hh@ = 2"V [

oo K!(n-2k)!
')

n 1 2z 1-n 3
1F1(——§ —;22)— 1F1(—; —;22)
2 2 r(_ E) 2 2
05.01.06.0004.02

Zn\/F 2n+1\/72
+0(2) - ——
oy

Hn(2) o (1+0(2))
05.01.06.0015.01

_q)l3)nr om2l3) 2
Hn(Z)oc( S*n z (1+0(Z))/;ineN

(n-2[3)! (3]

Expansionsat z== oo

For the function itself

05.01.06.0005.01
n-Hn M-3)(n-2)(n-21)n
- +
47 3Rz

05.01.06.0016.01

m-Hn M-=-3)(n-2)(n-=2)n 1
Hn(2) o 2”2”(1— + —O[—)] /5 (124 = o0)
47 Rz b

05.01.06.0006.01
n 1—
N

Hh(2=2"2" {1 - ] /; (12 - o0)

__on
Hi@=2"7")" o
k=0 :
05.01.06.0007.01
N n l1-n 1
Hn(Z)OCZ anFo —E, —2 ;;_;
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05.01.06.0008.02

1
w22 (10[ S
ra

Expansionsat n == oo
05.01.06.0017.01

_pllon et
os =]

-D)"x

1--1" -
[cos[%—x&n+l z]— (co va2n+1 z+ ] (\/2n+1 z+( :ﬂ)]+

vz \[3]
RA2(-22+(-D"(Z-1)-1) {n(l—(—l)“)
CO!
5127 7]

2n+1 z]+

z(-4Z2+2(-D"(Z+2)-
2V |5

05.01.06.0018.01

D'n

_1n
[co{v2n+1 zZ+ ) (\/Zn+1 z+( : n]]+...]/;(n—>oo)

2 _
Ho(2) o N2 o3 "1092-D 5 5 z-2
24n

Z2- n
usin(n——\/7\/?2)](1+...)/; (N = o0)
6vV2 Vn

+1]co n—ﬂ—ﬁﬁz)—
2 2

05.01.06.0019.01

rin+1 i[ n B n
Hn(2) o« - ez cos(z 2n+1 ——)+7sin(z 2n+1 ——) A+..)/;(n> )
(5 +1) 2/ ev2n+1 2

05.01.06.0020.01

plal2n 2 0 0
o« — =7 |3]1[3]
) k=j k=j-r +r+s + _\n
Cog[—(]_ M2z ,_(zn_’_l)]_}_Z{J Zk: ki (] 22j 2k5[1_( 1 ]s
k=1 j=0r=0 s=0 'S'( )r 2

: 1 1
22 DN COS[”(Z (D" =D+ j—k+r +s)+2 N Z(2n+ 1) z]

(17 (,;)n ) (_ 1)n ( 1)!’1 1 .
B, (1— 5 )[ 5 ]( A--DM-j+k- s)( (1—(—1)“)—J+k—r—s)
]

r

1 1 1
(Z(S—(—l)")—j+k—r—s] (Z(l+(—l)”)+j—k+r+s) [Z(3+(—1)”)+j—k+r+s) -

r

k=1 k-j-1k-j-r-1 j+r+s 92 j-2k+s _1\N\S G _1\n

EZ D 2 1_( D 2lej-2r-9 p B(l 2 ) 1_( b
2 (k-j-r-9)-1 Pj

z j=0 r=0 s=0 'S'( ) 2 2

r

=" 1
[ )( Q- -j+k- s) (Z(l—(—l)")—j+k—r—s)
j S

LT

2

r
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1 1
(—(3—(—1)")—j+k—r—s] (—((—1)”+1)+j—k+r+s)
4 4

r+1

1 1 1
(—(3+(—1)")+j—k+r+s] sin[ﬂ(—((—l)"+l)+j—k+r+s)+2 [ —@n+1) z]]+
4 r+1 4 4

z & gk_j_r (—1)l*res 22i-2kss [1 YT ]S 2lk-j-2r-9 PJik B(_l_%)[l - (—1)”]

2@ éi:ZOr:O ; j!S!(g)r 2 2 j >

1" (1 1
[ )(—(3—(—1)")—j+k—s) (—(3—(—1)”)—j+k—r—s)
2 )\a s\4 ‘

[EnY

1 1
[Z(S—(—l)”)—j+k—r—s) (Z((—l)”—1)+j—k+r+s) (Z((—l)"+1)+j—k+r+s)

1 1
[(Zr +1) Ay Cjsker—gel cos[n(z (D)"-3)+j—k+r +s) +2 J Z(2n+ 1) z]—

@Bj+(-D)"-4k+8r+4s-1)4j+(-)"-4k+8r+4s+1)
87

1 1
A2(j+krs)3in[7r(z (D)"-D+j—k+r +s] +2,/ Z(2n+ 1) z]]] /i

_1\n-1
(naoo)/\Aozl/\Al:O/\Azzw/\

4
Arnz
2m+(-p™t-2

r

2m

1

ArrFZ_E

(4EJ+(—1)”-1+2)
Afn_3/\me N*

05.01.06.0021.01

n -1 n-1 2 n| & —ln71 —ln71 2
Hn(z)oc(-l)lzJ[EJJr( 2) ]!e?ann‘ZbJZAkz—kzzkorzl[;k+( 2) +1;_Zz(()—++EJ]]/;(nqoo)/\

k=0 4

-D™t42 2m+(-)"t-2 -yt
A0=1/\A1=0/\A2=()%/\Am:%mz—[ng(2) +1]Am_3/\meN+

05.01.06.0022.01

2 nlog@-1) 2 nr
HA(2) o 12 o2 VZ 7 oo 7_ﬁﬁz)(1+...>/;<nm)

Integral representations

On the real axis
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Of thedirect function
05.01.07.0001.01
2n+1 0o n
2
Hn(2) == —ezzf et cos(Zzt— —)dt
p 0 2
05.01.07.0002.01
e3m‘n/2 on . -
Hy(2) = —— f e 7 " gt
7-[ —00
05.01.07.0004.01
2n

Hn(2) == —f e (z+i)"dt
7r —00

Integral representations of negative integer order

Rodrigues-type formula.

05.01.07.0003.01

- ane—z2

Hn(2) == (-1)" ¥ ——
" 87"

Limit representations

05.01.09.0001.01
Hn(@ = lim 22T(n+ 1)1 "2 LQ(A -422 z)
A—00
05.01.09.0002.01
n z
Hn(@ == T(n+1) lim "2 cﬁ[—]/; l7<1
A—>00 \/T
05.01.09.0003.01

n z
Hn(@=2"T'(n+1) lim a2 Pga@[—]
a—oo \/E

Generating functions
05.01.11.0001.01
Ho(2) = n! ([t"] 22F)

05.01.11.0002.01

42t
e 1+4t

Ho@=n!|[t"] ——|/;2neN
Vitat

05.01.11.0003.01
42212

n _
Hy(@) = [t"] [lEJ 142+ 1) (424 22t + 1) e
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[HIENHEEAS

32ct3 A 5 4212 2zt(-8ct?+4t2+1) 3 42
1F1 + F1

Hn(2 = [t"]
I

2

c+1;, —;
2 4¢2+1

c =
2 41241

)c+2

3(4t?+1

(42 + 1)

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
05.01.13.0005.01
W' (2-2zW (@ +2nwW2) =0/;W(2) = ¢, Hh(2 + ¢ P H_p1(i2)

05.01.13.0006.01

irn

Wz(Hn(Z), e H_1(@ Z)) == —r,'ezL 2

05.01.13.0007.01
1-n 3 n 1

W (2) - 22zW(2)+2nW(2) = 0/; W(2) = ¢, Hn(2) + C; (ZlFl(T; 5; Zz] + 1F1(—5; E; 22))

05.01.13.0008.01
1-n 3 n 1 2 e?Nr 2P Nn
- —;22)+1F1(——; — 22)] == - " -
C ) ()

Wz(Hn(Z)v ZlFl(

05.01.13.0001.01
nl
W' (2-2zW (@ +2nwW2) =0/;W2) =, H\(2 + & 1F1(— 5; 5; 22)
05.01.13.0002.02
n 1 2%l e? 1
Y T I |
22 r(-3)

05.01.13.0003.01

1-n 3
W' (2-2zW (@ +2nwW2) =0/, W2 ==C; Hn(z)+czle1( > ;E; 22)

05.01.13.0004.02

1-n 3 on o7 \/;
WZ(Hn(Z), ZlFl(—. — 22)) -_

BT

05.01.13.0009.01

4

- (2 @e@+ %]W @+ 2ng@° W@ = 0/; W2 = ¢; Ha(g(2) + %% H_,_1(i 9(2)

05.01.13.0010.01
1

Wy(Hn(@@), €6 H 169 @) = i 2" 9% ¢ 2

~—_———
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05.01.13.0011.01
2 g’

2029 @ ) @249’ .\ 2h(2*-h@h' (@

w’(2) - (2 929 @+

+
g®@ h(2) h(2g'(2

]vx/(z) + [2 ng@?%+
W(2) = ¢, h(@) Ha(9(2) + ¢, h@) 92" H_, 1(i g(2))
05.01.13.0012.01
1
W;(n(@ Ha(@@), h@) e%* H 19 @) = —i e 2" " h2’ g0
05.01.13.0013.01
ZW(2) - (2812 +r+2s-1)zw (@ +(2a°r(s+rnZ" +s(r+9)w2 =0/;
W) = ¢, FHn@Z) + e % H., 1(iaZ)
05.01.13.0014.01

WJZ H(@2), #e % H_y s(ia2)) = Liaet P T st

05.01.13.0015.01

w(2) =0/,
h(2)?

W (2) +(—(2a2 r?%+ 1) log(r) — 2log(s)) W' (2) + (2@2 log(r) (nlog(r) + log(s)) r?* + log(s) (log(r) + log(s)) w(z) = 0/,

2 .22
W(2) =c¢; S Hp@rd) +c, e " H_,_1(iar?
05.01.13.0016.01

rzz_

Wz(sZ Hn@r?), €e® ™ H_, 1 arz)) —_iadt T rrge log(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.01.16.0001.01
Hn(_z) == (_1)n Hn(z)

Addition formulas

05.01.16.0002.01
n

Ho(a +2) =272 Z( rk]) H(z V2 ) Holz V2

k=0

05.01.16.0003.01

_ N cos(a) Sin"Xa)
Hn(Cos(@) 21 + SiNn(@) 22) = ! )| ———————— Hy(2) Hy «(2)
o klin-k!

Multiple arguments

05.01.16.0004.01

EIN 1)
Hoz2) =2 ) —— [1 - —) Ho-24(2)

k-2 2

Products, sums, and powers of the direct function
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Products of thedirect function

05.01.16.0005.01
minnm - 2k H_2ksmin(2)

Hn(2) Hn(2) = n!'m! —_—
KI(n-K!(m-k!

k=0

05.01.16.0006.01
min(n,m)

H@H@= . (4 ][ ) zemn@ 2K

k=0

Identities

Recurrence identities

Consecutive neighbors

05.01.17.0001.01

2z
Hn(2) = 27 Hn+1(z) - Hn+2(z)

n+1) 2(n+1)
05.01.17.0002.01
Hn(2 =2zH,_1(2 -2(n—- D Hp2(2
Distant neighbors

05.01.17.0006.01

Cm(n, 2 Hminia(@ /3

1
Hn(z) =Cm(n, 2) Hrmn(z) -
2(m+n)

z z
Co(n, 2) == 1/\C1(n, 2) = m /\Cm(n, 2) = m Cm-1(n, 2) - Cm-2(n, 2) /\ meN*

2(m+n-1)

05.01.17.0007.01
Hn(2) = Cm(N, 2 Hp-m(2 = 2(n—m) C(n, 2 Hp_m-1(2) /;
Con, 2 =1AC1(N,2)=2ZA\Cm(N, 2 ==2ZCpr-1(N, 2 —2(N—M+ 1) Ciyo(N, 2 A Me N*

Functional identities

Relations between contiguous functions

Recurrence relations

05.01.17.0003.01
2nHn_1(2 + Hp1(2 = 2zHy(2)

05.01.17.0004.01
2nHp_1(2 + Hpa (2

Hn(z) ==
2z

Normalized recurrence relation
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11

05.01.17.0005.01

1
zp(n, 2 =pn+1, 2+ 5 npin-1,2/; p(n, 2 =2"Hy(2

Complex characteristics

Real part
05.01.19.0001.01
2] -1y 221 (-, 2

Re(Hn(X+iy)) == -
" JZO @)

Hh2j(® i xeRAyeR

Imaginary part
05.01.19.0002.01
n-1 . . .
[TJ (_1)1—1 22]+1 (_n)2j+1 y21+1
IM(Hn(X + i y)) == Z
j=0

, Hhoj-1(®0 /i xeRAyeR
j+1!
Argument

05.01.19.0003.01

5] (~1y) 22 (-, 2] o2y,

ag(Ha(x+iy) = tan !l ) —————Hq ;0 ¥/, ,
= ,ZO 2]+ D!
Conjugate value
05.01.19.0004.01

5] (—1)i 221 (=ny,; 1 it 2201y,
[ 2] . 2j+1
Hix+iy)= » ——————Hy 0y —i _

J.Zg @j! ") ]Zj @j+1!

Differentiation

Low-order differentiation
With respect to z

Forward shift operator:

05.01.20.0001.01
oHK(2

0z

=2nHy_1(2

05.01.20.0002.01
8?H,(2)

e =4(n-1)nH, (2

Backward shift operator:

Hoojin10 Y1 i xeRAyeR

Hoojina® Yy ;xeRAyeR
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05.01.20.0003.01
oHK(2
0z

—22Hn(?) = -Hp1(2)

05.01.20.0004.01
5(@"22 Hn(z))
0z

= _6722 Hn1(2)

Symbolic differentiation

With respect to z

05.01.20.0005.02

0MHN (2 2™n!
== Hhm(2 /; meN

oz" n-my!
05.01.20.0006.02
OMHn(2 2™Ngz™ | nl-m m 2N pZl-m 1-n m 3-m
Zm == 1 2 2(1__;711_5; )_—nz 2(117;1_51—122)/;m€N
-n
9 F(T) r(_E)

Fractional integro-differentiation

With respect to z
05.01.20.0007.01
®Hn(20 2mz® n l-«a a o gl 1-n a 3-a
= 2(, ; )—72 2( 71 ;22)

— 1,
r(-3)

oz r(l_Tn)

1 ’

1-—
2 2 2

Integration

Indefinite integration

Involving only one direct function

05.01.21.0001.01

1
Hh(2dz= Hni1(Z
f 2 2 D) n+1(2)

05.01.21.0002.01

EJ (_1)k 2n—2k Z1—2 k+n
an(Z)dZ:: n! Z m
k=0 : :

Involving one direct function and elementary functions

Involving power function

05.01.21.0003.01

[EJ (- 1)k on-2k J-2k+a

fz‘”l Hn(2 dz==n!
o (Nn=2k+a)k! (n-2K)!
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05.01.21.0004.01
.1, 1
fZHn(Z)dZ:: % on-1 \/; 3(1F1(—ﬂ -1, -z 22) - 1) ) 473 1F1(— _

05.01.21.0005.01
F(&l) 2'22(—2, mtl, % m\L3; a2 ZZ) aZIﬂ(T + 1)2'22(% — g, m +1; g, g+2, a2 22)
1

fz‘“ Hh(@2 dz==2"1x 7™
05.01.21.0006.01

O (SR RN FEEEr)

Involving exponential function

05.01.21.0007.01

fe’zz Hh(2)dz=2" v +

Involving exponential function and a power function

05.01.21.0008.01
n

[z ermaz nv%(_l)k_lzmzn2k+w(pz)2k_”_°’r(“—2k+a‘ p2
e =n!
) k! (n—2K)!

k=0

05.01.21.0009.01

fz"-l ¢P? Hy(2)dz=n! % (-t Bz (p2) (% —k pZ)
n =TIl
k=0

k!'(n—2K)!

05.01.21.0010.01

fz‘“ e¥?H azndz=

. F(ﬁl)zﬁz(ﬂ mi. 1 E'—azzz) azl"(m+1)2|32(2+1 L P S 2 —azzz)

05.01.21.0011.01

1y 1 3 -11
fz“‘z e Z Hh(@dz= Zsnem [zl"(— - E)F(n)lFl[E; - —22) + F(l— E)r(n— 1) 1F1(n g —22))
T 2 2 2 2 2 2 2

Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions

Involving powers of the direct function and a power function
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05.01.21.0012.01

1 Hn+1(z)2
fz Hn(22 dz== 5 2Hn(2? +

+1
Involving powers of the direct function, power and exponential functions

05.01.21.0013.01

1
fm-zzZ Hh(2?dz= - 2 €27 (2nHy 1 @2 + Ha (27)
Involving direct function and Gamma-, Beta-, Erf-type functions

Involving probability integral-type functions

Involving erf

05.01.21.0014.01

1 2
ferf(az) Hh@a2)dz== —— 7 Hn(a2) + ef(az)Hy1(a2)
2a(n+1) v

Involving erfi

05.01.21.0015.01

2 . Hn(2) 2 .
f@’ efi@ Hn(2)dz= —-e? efioH, .12
nvn

Definite integration

Involving the direct function
05.01.21.0016.01
[3] (—pjkon2kr a7 p(ie g

f 12 H (t) dt = n! Z 2 /; Re(@) > 0ARe(a) > 0
0 o k! (n—2K)!

05.01.21.0017.01

f e EVH () dt=2"V7 2

Orthogonality:
05.01.21.0018.01

f e Hy(®) Ho) dt = 2" n! V7 60

05.01.21.0019.01
1
22 ™Y [tV

T ) ) ()t /i
R P DYoo

g(l+m+n)ez/\l+mzn/\m+nzI/\I+nzm
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05.01.21.0020.01
o 1
f e H(t) Hn(®) Ha(0) dt == 0 /; ﬁ(£(|+m+n)eZ/\l+m2 n/\m+nz|/\|+nzm)
05.01.21.0021.01

00 n
f Hn(2)? log(Hn(2)?) eZdz=2"nVr log(22") - 2Zvn(zk) /;

k=1

n k ok
o=z fmn- Lol o) SO 1) o
Hn(zk)__O/\Vn(z)__Z n!x/?[log(2)+2 »F> 1,1,2,2, 2 22+2kz=;‘ — WFlk: 5 2

(entropic integral)

05.01.21.0022.01

2\
o 2 1 n! p! 2 0 (_?)
f ¢ 7 2% M@ Hpz— O dz=Vr 2'n! /2P p! Y Zpi e @ (=P neNApeN

o Kln=Kk!k-n+p!

05.01.21.0023.01
2 1

f ¢ 7 2% M@ Hp(z— ) dz=

Va V2l {22 pt 2P+ HI(p+ D) @ [ 2

£ . 'S
7 (=P Fy|-n; - 1, =|/ineN N
P e 4 (=P " Fqf-n;—n+p+1; 2)/,ne Ape

Summation

Finite summation

05.01.23.0001.01
Hk(x) Hk(y) Hn+l(x) Hn(Y) - Hn(x) Hn+l(y)

2Kk 2"1nt (x—y)

NgE

i
<)

05.01.23.0002.01

NgE

n -k n . AN
( k)” Ha 00 He(y) = 2" (x + i y)

T
o

05.01.23.0003.01
n

n km
( k ) COS[?] Ha-k(X) Hi(y) = 2" Re((x + i y)")

k=0

05.01.23.0004.01

ny . (km
( K ) Sn[7] Hnk (9 Hi(y) = 2" Im((x + i y)™)

k=0

05.01.23.0016.01

m o 2m @m!nh-m! D, 2" K—1 2
k;m(_l)kz (m—k)H”‘k(ﬁz)H“”(ﬁz): m! é(n—k)!(m—l)H“‘k(ﬁz) ;

neN*AneN"An=m
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Infinite summation

05.01.23.0005.01
> Hh(@wW"

2,

n=|

— 2 zw-w2

05.01.23.0006.01

© Hy,(2 W'
T e cos(2zV -w )

& 2n)!

05.01.23.0007.01

Wsin(ZZm)
V-w

Honp(@w" €

Z 2n+ 1! -

n=0

05.01.23.0008.01

22t(—80w2+4vv2+ 1)

©_ (), Hon(2) W2" 1 2w
227::(\/\/2+1)ch1[0 - )
n=0 (2 n)! W'2 +1
05.01.23.0009.01
oo (C+ %)n Hanw1 (@ wW?" 1 1 3 W2 2
D —2WP+1) " Zlel[c+— - )
pard (2n+1)! 2 W1
05.01.23.0010.01
& Ha(@w! _3 4w 72
> = (4w? +2zw+1) (4w’ +1) 2 exp
o |3 4w +1
05.01.23.0017.01
= O
Y H@W=
o 3]!(3)
217 \2]
1 472 wW? R2cw P 5 472w
(4w2+1) Fic + Fale+1; -
2 412 +1 3(4W2+1)°2 4w2+1

05.01.23.0011.01

2xa—a2

Hn(X + ny)tn W( 2ty)

NgE

= /i a
n! “1-2va

=]
I
o

05.01.23.0012.01

i Hk+j n(Z)\/\/kJrih 1 Zexp[ ZLJ}rl s 4:J7r| ( ) 2inkl

—_—— = = e e -

o (k+jm! [y j
05.01.23.0013.01

&, Hn(2) Hn(z) W' 1 2w(2w(Z +4) - 227) 1

Z | = exp W2 /3wl < E

n=0 m V1-4w 4w -1

= /\ 1<t<1/\ -1<y<1

)/ keNAjeN

(4w? + 1)

1F1(

3 472w
C_
2 4wl+1

|
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05.01.23.0014.01

© Hy(xX)H
Z%——«/— 2 5x-y) /i xe R Ay eR
n!

o

n=

05.01.23.0015.01

Z+Z
( r:) Hi(@) Hinn(z) = 2" Hm[ 1]

e

>
Il
o

05.01.23.0018.01

0 k/2 -t2-2zt
Z (bk+ 1) ( bt2+2azt)k Hk( (ak+ 1) ] _ e / |2at Zebt2+2a2t+l <1
o Vbk+1 2bt?+2azt+1

05.01.23.0019.01

k-2

i(bk+ Dz ( bt2+2azt)k Hk[ (ak+1) Z] _ e“tz_zztll:l[l; b+1; 2Zt(b_a)]/; |2atZ€bt2+2azt+l <1
k=0 Vbk+1 b b

05.01.23.0020.01
00 k/2 2 (q_
5 (bk+1) (_tebtz+2azt)ka[z(ak+ 1)] L teen Fl[l; 2a+1 2f(@ b)]/; patze@eml <1
k! (ak+1) VbKk+1 2a a

Multidimensional summation
05.01.23.0021.01
m,
o2 X SR > H| lHJ |+1W|]J 7 Z Zn
2 Z Z Z Z .o 7-' HZ?_lml,j[—] HZT_lsz[—) HZTzlmn,j — | ==
my ,=0m, 3=0 my ,=0m, 3=0 m,_1,=0 Hi:l Hj=i+1 m,] . \/? ‘/7 \/?
1 W12 Win
1 w 1 .. w
WQZ(ZJOZJZ ZJOZKOZIWJka)/ne’\ﬁ/\m ——O/\(WIJ‘—WJI/|=/=J)/\W||—1/\W 12 . zn
Win ... Wpoan 1

This is far reaching generalization of Mehler's formula—the Kibble-Slepian formula. More compactly it can be
written as:

2ZMem 2% % 51(%) Hsz(%) Hsn(%) = \/(#etl(7W) exp(ZT'Z‘ZT'W'Z)

Here W is asymmetric nx n matrix with 1's on the diagonal and indeterminatesw; j, 1 <1i, j < n else. zisavector
of length n with indeterminates z;, 2, ..., z,. M isthe set of al symmetric nx n matrices M with elements my ; that
are 0 on the diagonal and nonnegative integer else and the outer sum runs over al such matrices. Finaly

§ = Z?:l ;.

Operations

Limit operation
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05.01.25.0001.01

=" z 2sin(2)
2n+1 ==
Vr

lim
noeo 400!

2vVn

05.01.25.0002.01
-D"vVn y [ z ) cos(2)
2n
2vn)  x

lim
noeo 4Nl
Orthogonality, completeness, and Fourier expansions

1

2nVr

The set of functions H,(x), n=0, 1, ..., forms a complete, orthogonal (with weight e‘xz) system on the

interval (—co, 00).

05.01.25.0003.01

& 1 x2 1 ¥
Z[— e 2 Hn(x)] [— ez Hn()’)] =0(X~-Y)
=0V Vr 2'n! VVr 2'n!

05.01.25.0004.01

2

!
e 2 Hm(®) ez Hn(t)]dt == Gnm

00 1 12 1
fw[\/ Vr 2"m! ][V Vx 2'n!

Any sufficiently smooth function f(x) can be expanded in the system {Hh()} =gy, @ ageneraized Fourier series, with its
sum converging to f(x) amost everywhere.

05.01.25.0005.01
2

0 00 1 x
f(x) ==ch Yn(¥) /; Cn ==f Yn(®) f(t)dt/\wn(X) =—e 2 Hn(X)/\xe R
n=0 - NE-

Representations through more general functions

Through hypergeometric functions

Involving 1F,

05.01.26.0001.01

Ho@) = 2 =3 I I A
n2=2"n 1 1(—— - )— 1 1(— - )
r(%2) 2' 2 r(-2) 2
Involving 1F,
05.01.26.0002.01
1 1 2z 1-n 3
Hn(@ = 2"Vr 1F1[—— —;22]— - 1F1(—; —;22)
) 22 (-3 2 2

Involving ,Fq
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05.01.26.0003.01
N n l-n 1
Hn(@ = (22" ;Fo| = —— i —-—
2 2 ia

I nvolving hypergeometric U
05.01.26.0004.01

H ?_”U[ nt 22) 'R 0
n(Z)—— _El 51 /r e(z)>

05.01.26.0005.01

1-n 3
Hn(2) = 2“zu(7, > 22) /i Re(2) >0

05.01.26.0006.01
n

= S )

1-n
VZ ()
05.01.26.0007.01

o (M SR bRl g )

05.01.26.0008.01

o= oot (V7 el ) o D ] 5
05.01.26.0009.01
o= oo VE ol S DS L

2

Through Meijer G

Classical casesinvolving exp

05.01.26.0010.01
l—_n
eZHy(2=2" ei;g[zz 21] /iRe(2 >0

12

1-n

2 ]
1

(0 >

Generalized casesfor the direct function itself

05.01.26.0011.01

e Hy (VZ ) =2"GEY)z

05.01.26.0012.01
n
n 1 -+1
Ho @ = V7 n! (-1l Gz - 2 L
' 2 J + >

05.01.26.0013.01

1 1 1

Hp (2) = lim G|z -
2y 2™ Tem T 2
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Generalized casesinvolving exp

1-n

2 ]
1

0, 5

Through other functions

05.01.26.0014.01

1
6_22 Hn (2) == 2" Gi:g[z, E

I nvolving some hyper geometric-type functions
05.01.26.0018.01
Ho(2 = (-Dl] 2r Ht 723 L%n(_l)m(zz)
2 H
05.01.26.0015.01
Hu(2) == lim 22 F(n+ 1Az LQ(A - \/5 z)
05.01.26.0016.01

n z
Hn(2) = T'(n+1) }[im A2 cﬁ[F]/; 17 <1
—00 A

05.01.26.0017.01

n z
Hh2=2"T(n+1) lim a 2 P(na'a)[—]
a—oo /a

Representations through equivalent functions

With related functions
05.01.27.0001.01
nmx n _1 nr n+1y 1
Hn(2) = 2" (cos(—) r(— + 1) La2(Z) + zsin(—) r(—) Lﬁl(zz)]
2 2 3 2 2 ) =

05.01.27.0002.01
1
Han(2) == (-1)" 22" n! Ln?(Z)

05.01.27.0003.01
1

Hzna(@ = (-1)" 22" n! zLE(2)

Zeros

05.01.30.0001.01
n

kel X~ %
k]

Theorems
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Expansions in generalized Fourier series

1
22k 1

f09 =) G /s G = f HO YD dt, Y0 = e X2 H ), keN.
k=0 —®

Fourier transform eigenfunctions
Hermite polynomials together with their weighting function are eigenfunctions of the Fourier and inverse Fourier
transforms:

[oe]

1 )
fe“)( e—XZ/Z Hn(X) dX == —in @_tz/z Hn(t) /7 ne N

F13

—00

Zeros of Hermite polynomials

For any giveninterval (a, b), there exists some n € N such that H,(x) has a zero in thisinterval.

The number of simple graphs

The number of simple graphs with no cyclesand n verticesisH,(n+ 1) —nH,_1(n+ 1).

History

—P. S. Laplace (1810)
—Ch. Hermite (1864)
—N. J. Sonine (1880)
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