
HermiteH

Notations

Traditional name

Hermite polynomial

Traditional notation

HnHzL
Mathematica StandardForm notation

HermiteH@n, zD

Primary definition
05.01.02.0001.01

HnHzL � n! â
k=0

f n

2
v H-1Lk H2 zLn-2 k

k ! Hn - 2 kL !
�; n Î N

Specific values

Specialized values

For fixed n

05.01.03.0001.01

HnH0L �
2n Π

GJ 1-n

2
N

For fixed z

05.01.03.0002.01

H0HzL � 1

05.01.03.0003.01

H1HzL � 2 z

05.01.03.0004.01

H2HzL � -2 + 4 z2

05.01.03.0005.01

H3HzL � -12 z + 8 z3



05.01.03.0006.01

H4HzL � 12 - 48 z2 + 16 z4

05.01.03.0007.01

H5HzL � 120 z - 160 z3 + 32 z5

05.01.03.0008.01

H6HzL � -120 + 720 z2 - 480 z4 + 64 z6

05.01.03.0009.01

H7HzL � -1680 z + 3360 z3 - 1344 z5 + 128 z7

05.01.03.0010.01

H8HzL � 1680 - 13 440 z2 + 13 440 z4 - 3584 z6 + 256 z8

05.01.03.0011.01

H9HzL � 30 240 z - 80 640 z3 + 48 384 z5 - 9216 z7 + 512 z9

05.01.03.0012.01

H10HzL � -30 240 + 302 400 z2 - 403 200 z4 + 161 280 z6 - 23 040 z8 + 1024 z10

Values at infinities

05.01.03.0013.01

HnH¥L � ¥ �; n > 0

05.01.03.0014.01

HnH-¥L � H-1Ln ¥ �; n > 0

General characteristics

Domain and analyticity

The function HnHzLis defined over N Ä C. For fixed n, the function HnHzL is a polynomial in z of degree n. 

05.01.04.0001.01Hn * zL �HnHzL � HN Ä CL �C

Symmetries and periodicities

Parity

05.01.04.0002.01

HnH-zL � H-1Ln HnHzL
Mirror symmetry

05.01.04.0003.01

HnHz�L � HnHzL
Periodicity

No periodicity

Poles and essential singularities
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With respect to z

The function HnHzL is polynomial and has pole of order n at z = ¥� .

05.01.04.0004.01

SingzHHnHzLL � 88¥� , n<<
Branch points

With respect to z

The function HnHzL does not have branch points.

05.01.04.0005.01

BPzHHnHzLL � 8<
Branch cuts

With respect to z

The function HnHzL does not have branch cuts.

05.01.04.0006.01

BCzHHnHzLL � 8<
Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

05.01.06.0009.01

HnHzL � HnHz0L + 2 n Hn-1Hz0L Hz - z0L + Hn - 1L n Hn-2Hz0L Hz - z0L2 + ¼ �; Hz ® z0L
05.01.06.0010.01

HnHzL � HnHz0L + 2 n Hn-1Hz0L Hz - z0L + Hn - 1L n Hn-2Hz0L Hz - z0L2 + OIHz - z0L3M
05.01.06.0011.01

HnHzL � â
k=0

¥

2k n

k
Hn-kHz0L Hz - z0Lk

05.01.06.0012.01

HnHzL � â
k=0

n 1

k !
 

2k+n Π z0
-k

GJ 1-n

2
N 2F

�
2 1, -

n

2
;

1 - k

2
, 1 -

k

2
; z0

2 -
2k+n Π z0

1-k

GI- n

2
M  2F

�
2 1,

1 - n

2
; 1 -

k

2
,

3 - k

2
; z0

2 Hz - z0Lk

05.01.06.0013.01

HnHzL µ HnHz0L H1 + OHz - z0LL
Expansions at z � 0
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For the function itself

05.01.06.0001.02

HnHzL µ
2n Π

GJ 1-n

2
N  1 - n z2 -

nH2 - nL
6

 z4 + ¼ -
2n+1 Π

GI- n

2
M  z 1 +

1 - n

3
 z2 +

H1 - nL H3 - nL
30

 z4 + ¼ �; Hz ® 0L
05.01.06.0014.01

HnHzL µ
2n Π

GJ 1-n

2
N  1 - n z2 -

nH2 - nL
6

 z4 + OIz6M -
2n+1 Π

GI- n

2
M  z 1 +

1 - n

3
 z2 +

H1 - nL H3 - nL
30

 z4 + OIz6M
05.01.06.0002.01

HnHzL � n! â
k=0

f n

2
v H-1Lk H2 zLn-2 k

k ! Hn - 2 kL !

05.01.06.0003.01

HnHzL � 2n Π
1

GJ 1-n

2
N  1F1 -

n

2
;

1

2
; z2 -

2 z

GI- n

2
M  1F1

1 - n

2
;

3

2
; z2

05.01.06.0004.02

HnHzL µ
2n Π

GJ 1-n

2
N  I1 + OIz2MM -

2n+1 Π z

GI- n

2
M  I1 + OIz2MM

05.01.06.0015.01

HnHzL µ
H-1Lf n

2
v n! 2n-2 f n

2
v zn-2 f n

2
v

In - 2 e n

2
uM ! e n

2
u!

 I1 + OIz2MM �; n Î N

Expansions at z � ¥

For the function itself

05.01.06.0005.01

HnHzL � 2n zn 1 -
Hn - 1L n

4 z2
+

Hn - 3L Hn - 2L Hn - 1L n

32 z4
- ¼ �; H z¤ ® ¥L

05.01.06.0016.01

HnHzL µ 2n zn 1 -
Hn - 1L n

4 z2
+

Hn - 3L Hn - 2L Hn - 1L n

32 z4
- O

1

z6
�; H z¤ ® ¥L

05.01.06.0006.01

HnHzL � 2n zn â
k=0

f n

2
v H-1Lk I- n

2
M
k

J 1-n

2
N
k

z-2 k

k !

05.01.06.0007.01

HnHzL µ 2n zn
2F0 -

n

2
,

1 - n

2
; ; -

1

z2
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05.01.06.0008.02

HnHzL µ 2n zn 1 + O
1

z2

Expansions at n � ¥

05.01.06.0017.01

HnHzL µ
H-1Lf n

2
v 2n

Π
ã

z2

2 g n

2
w! g n

2
w-

1+H-1Ln
4

cos
Π H1 - H-1LnL

4
- 2 n + 1 z -

z3

4 2 e n

2
u cos 2 n + 1 z +

H-1Ln Π

4
- sin 2 n + 1 z +

H-1Ln Π

4
+

32 z2 I-2 z2 + H-1Ln Iz2 - 1M - 1M
512 z2 e n

2
u  cos

Π H1 - H-1LnL
4

- 2 n + 1 z +

z I-4 z2 + 2 H-1Ln Iz2 + 2M - 5M
32 2 e n

2
u3�2  cos 2 n + 1 z +

H-1Ln Π

4
- sin 2 n + 1 z +

H-1Ln Π

4
+ ¼ �; Hn ® ¥L

05.01.06.0018.01

HnHzL µ nn�2 ã
1

2
n HlogH2L-1L 2 ã

z2

2

z4 - 2

24 n
+ 1 cos

n Π

2
- 2 n z -

z Iz2 - 3M
6 2 n

 sin
n Π

2
- 2 n z  H1 + ¼L �; Hn ® ¥L

05.01.06.0019.01

HnHzL µ
GHn + 1L
GI n

2
+ 1M  ã

z2

2 cos z 2 n + 1 -
Π n

2
+

z3

6 2 n + 1
sin z 2 n + 1 -

Π n

2
 H1 + ¼L �; Hn ® ¥L

05.01.06.0020.01

HnHzL µ
H-1Lf n

2
v 2n

Π
ã

z2

2 g n

2
w! g n

2
w-

1+H-1Ln
4

cos
1

4
H1 - H-1LnL Π - 2 z

1

4
H2 n + 1L + â

k=1

¥ g n

2
w-k â

j=0

k â
r=0

k- j â
s=0

k- j-r H-1L j+r+s 22 j-2 k+s

j ! s! J 1

2
N
r

1 -
H-1Ln

2

s

z2 Hk- j-2 r-sL A2 Hk- j-r-sL cos Π
1

4
HH-1Ln - 1L + j - k + r + s + 2

1

4
H2 n + 1L z

B j

K1-
H-1Ln

2
O

1 -
H-1Ln

2
 

H-1Ln

2 j

1

4
H1 - H-1LnL - j + k - s

s

1

4
H1 - H-1LnL - j + k - r - s

r

1

4
H3 - H-1LnL - j + k - r - s

r

1

4
H1 + H-1LnL + j - k + r + s

r

1

4
H3 + H-1LnL + j - k + r + s

r
-

2

z2
â
j=0

k-1 â
r=0

k- j-1 â
s=0

k- j-r-1 H-1L j+r+s 22 j-2 k+s

j ! s! J 3

2
N
r

1 -
H-1Ln

2

s

z2 Hk- j-2 r-sL A2 Hk- j-r-sL-1 B j

K1-
H-1Ln

2
O

1 -
H-1Ln

2
 

H-1Ln

2 j

1

4
H1 - H-1LnL - j + k - s

s

1

4
H1 - H-1LnL - j + k - r - s

r

r

+
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1

4
H3 - H-1LnL - j + k - r - s

r

1

4
HH-1Ln + 1L + j - k + r + s

r+1

1

4
H3 + H-1LnL + j - k + r + s

r+1
sin Π

1

4
HH-1Ln + 1L + j - k + r + s + 2

1

4
H2 n + 1L z +

z

2 e n

2
u  â

k=0

¥ â
j=0

k â
r=0

k- j â
s=0

k- j-r H-1L j+r+s 22 j-2 k+s

j ! s! J 3

2
N
r

 1 -
H-1Ln

2

s

z2 Hk- j-2 r-sL g n

2
w-k

B j

K1-
H-1Ln

2
O

1 -
H-1Ln

2
 

H-1Ln

2 j

1

4
H3 - H-1LnL - j + k - s

s

1

4
H3 - H-1LnL - j + k - r - s

r

1

4
H5 - H-1LnL - j + k - r - s

r

1

4
HH-1Ln - 1L + j - k + r + s

r

1

4
HH-1Ln + 1L + j - k + r + s

r

H2 r + 1L A2 H- j+k-r-sL+1 cos Π
1

4
HH-1Ln - 3L + j - k + r + s + 2

1

4
H2 n + 1L z -

H4 j + H-1Ln - 4 k + 8 r + 4 s - 1L H4 j + H-1Ln - 4 k + 8 r + 4 s + 1L
8 z2

 

A2 H- j+k-r-sL sin Π
1

4
HH-1Ln - 1L + j - k + r + s + 2

1

4
H2 n + 1L z �;

Hn ® ¥L í A0 � 1 í A1 � 0 í A2 �
H-1Ln-1 + 2

4
í

Am �
2 m + H-1Ln-1 - 2

2 m
 

Am-2 -
1

2

K4 g n

2
w + H-1Ln-1 + 2O

Am-3 í m Î N+

05.01.06.0021.01

HnHzL µ H-1Lf n

2
v g n

2
w +

H-1Ln-1

2
! ã

z2

2 2n zn-2 f n

2
v â

k=0

¥

Ak 2-k z2 k
0F

�
1 ; k +

H-1Ln-1

2
+ 1; -z2

H-1Ln-1 + 2

4
+ g n

2
w �; Hn ® ¥L í

A0 � 1 í A1 � 0 í A2 �
H-1Ln-1 + 2

4
í Am �

2 m + H-1Ln-1 - 2

2 m
 Am-2 - 2 g n

2
w +

H-1Ln-1

2
+ 1 Am-3 í m Î N+

05.01.06.0022.01

HnHzL µ nn�2 ã
1

2
n HlogH2L-1L 2 ã

z2

2 cos
n Π

2
- 2 n z  H1 + ¼L �; Hn ® ¥L

Integral representations

On the real axis
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Of the direct function

05.01.07.0001.01

HnHzL �
2n+1

Π
 ãz2

 à
0

¥

ã-t2 tn cos 2 z t -
Π n

2
 â t

05.01.07.0002.01

HnHzL �
ã3 Π ä n�2 2n

Π
à

-¥

¥

ã-Ht-ä zL2
tn â t

05.01.07.0004.01

HnHzL �
2n

Π
à

-¥

¥

ã-t2 Hz + ä tLn â t

Integral representations of negative integer order

Rodrigues-type formula.

05.01.07.0003.01

HnHzL � H-1Ln ãz2 ¶n ã-z2

¶zn

Limit representations
05.01.09.0001.01

HnHzL � lim
Λ®¥

2n�2 GHn + 1L Λ-
n

2 Ln
ΛKΛ - 2 Λ zO

05.01.09.0002.01

HnHzL � GHn + 1L lim
Λ®¥

Λ-
n

2 Cn
Λ

z

Λ
�;  z¤ < 1

05.01.09.0003.01

HnHzL � 2n GHn + 1L lim
a®¥

a-
n

2 Pn
Ha,aL z

a

Generating functions
05.01.11.0001.01

HnHzL � n! J@tn D ã2 z t-t2 N
05.01.11.0002.01

HnHzL � n! @tn D 
ã

4 z2  t

1+4 t

1 + 4 t
�; 2 n Î N

05.01.11.0003.01

HnHzL � @tnD g n

2
w! I4 t2 + 1M-3�2 I4 t2 + 2 z t + 1M ã

4 z2 t2

4 t2+1
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05.01.11.0004.01

HnHzL � @tnD 
1

HcLf n

2
v

 g n

2
w!

1

2 f n

2
v 1F1 c;

1

2
;

4 z2 t2

4 t2 + 1
I4 t2 + 1M-c

+

32 c t3 z3

3 I4 t2 + 1Mc+2
1F1 c + 1;

5

2
;

4 z2 t2

4 t2 + 1
+

2 z t I-8 c t2 + 4 t2 + 1M
I4 t2 + 1Mc+1

 1F1 c;
3

2
;

4 z2 t2

4 t2 + 1

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

05.01.13.0005.01

w¢¢HzL - 2 z w¢HzL + 2 n wHzL � 0 �; wHzL � c1 HnHzL + c2 ãz2
H-n-1Hä zL

05.01.13.0006.01

WzJHnHzL, ãz2
H-n-1Hä zLN � -ä ãz2-

ä Π n

2

05.01.13.0007.01

w¢¢HzL - 2 z w¢HzL + 2 n wHzL � 0 �; wHzL � c1 HnHzL + c2 z 1F1

1 - n

2
;

3

2
; z2 + 1F1 -

n

2
;

1

2
; z2

05.01.13.0008.01

Wz HnHzL, z 1F1

1 - n

2
;

3

2
; z2 + 1F1 -

n

2
;

1

2
; z2 �

2n+1 ãz2
Π

GI- n

2
M +

2n ãz2
Π

GJ 1-n

2
N

05.01.13.0001.01

w¢¢HzL - 2 z w¢HzL + 2 n wHzL � 0 �; wHzL � c1 HnHzL + c2 1F1 -
n

2
;

1

2
; z2

05.01.13.0002.02

Wz HnHzL, 1F1 -
n

2
;

1

2
; z2 �

2n+1 ãz2
Π

GI- n

2
M

05.01.13.0003.01

w¢¢HzL - 2 z w¢HzL + 2 n wHzL � 0 �; wHzL � c1 HnHzL + c2 z 1F1

1 - n

2
;

3

2
; z2

05.01.13.0004.02

Wz HnHzL, z 1F1

1 - n

2
;

3

2
; z2 �

2n ãz2
Π

GJ 1-n

2
N

05.01.13.0009.01

w¢¢HzL - 2 gHzL g¢HzL +
g¢¢HzL
g¢HzL w¢HzL + 2 n g¢HzL2 wHzL � 0 �; wHzL � c1 HnHgHzLL + c2 ãgHzL2

H-n-1Hä gHzLL
05.01.13.0010.01

WzJHnHgHzLL, ãgHzL2
H-n-1Hä g HzLLN � -ä ã-

1

2
ä Π n ãgHzL2

g¢HzL

http://functions.wolfram.com 8



05.01.13.0011.01

w¢¢HzL - 2 gHzL g¢HzL +
2 h¢HzL
hHzL +

g¢¢HzL
g¢HzL w¢HzL + 2 n g¢HzL2 +

2 gHzL h¢HzL g¢HzL
hHzL +

h¢HzL g¢¢HzL
hHzL g¢HzL +

2 h¢HzL2 - hHzL h¢¢HzL
hHzL2

 wHzL � 0 �;
wHzL � c1 hHzL HnHgHzLL + c2 hHzL ãgHzL2

H-n-1Hä gHzLL
05.01.13.0012.01

WzJhHzL HnHgHzLL, hHzL ãgHzL2
H-n-1Hä g HzLLN � -ä ã-

1

2
ä Π n ãgHzL2

hHzL2 g¢HzL
05.01.13.0013.01

z2 w¢¢HzL - I2 a2 r z2 r + r + 2 s - 1M z w¢HzL + I2 a2 r Hs + r nL z2 r + s Hr + sLM wHzL � 0 �;
wHzL � c1 zs HnHa zrL + c2 zs ãa2 z2 r

H-n-1Hä a zrL
05.01.13.0014.01

WzJzs HnHa zrL, zs ãa2 z2 r
H-n-1Hä a zrLN � -ä a ãa2 z2 r-

ä Π n

2 r zr+2 s-1

05.01.13.0015.01

w¢¢HzL + I-I2 a2 r2 z + 1M logHrL - 2 logHsLM w¢HzL + I2 a2 logHrL Hn logHrL + logHsLL r2 z + logHsL HlogHrL + logHsLLM wHzL � 0 �;
wHzL � c1 sz HnHa rzL + c2 sz ãa2 r2 z

H-n-1Hä a rzL
05.01.13.0016.01

WzJsz HnHa rzL, sz ãa2 r2 z
H-n-1Hä a rzLN � -ä a ãa2 r2 z-

ä Π n

2 rz s2 z logHrL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.01.16.0001.01

HnH-zL � H-1Ln HnHzL
Addition formulas

05.01.16.0002.01

HnHz1 + z2L � 2-
n

2 â
k=0

n n

k
HkIz1 2 N Hn-kIz2 2 N

05.01.16.0003.01

HnHcosHΑL z1 + sinHΑL z2L � n! â
k=0

n coskHΑL sinn-kHΑL
k ! Hn - kL !

HkHz1L Hn-kHz2L

Multiple arguments

05.01.16.0004.01

HnHz1 z2L � z1
n â

k=0

f n

2
v

n!

k ! Hn - 2 kL !
1 -

1

z1
2

k

Hn-2 kHz2L

Products, sums, and powers of the direct function
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Products of the direct function

05.01.16.0005.01

HnHzL HmHzL � n! m! â
k=0

minHn,mL 2k H-2 k+m+nHzL
k ! Hn - kL ! Hm - kL !

05.01.16.0006.01

HnHzL HmHzL � â
k=0

minHn,mL m

k

n

k
H-2 k+m+nHzL 2k k !

Identities

Recurrence identities

Consecutive neighbors

05.01.17.0001.01

HnHzL �
2 z

2 Hn + 1L  Hn+1HzL -
1

2 Hn + 1L  Hn+2HzL
05.01.17.0002.01

HnHzL � 2 z Hn-1HzL - 2 Hn - 1L Hn-2HzL
Distant neighbors

05.01.17.0006.01

HnHzL � CmHn, zL Hm+nHzL -
1

2 Hm + nL  CmHn, zL Hm+n+1HzL �;
C0Hn, zL � 1 í C1Hn, zL �

z

n + 1
í CmHn, zL �

z

m + n
 Cm-1Hn, zL -

1

2 Hm + n - 1L  Cm-2Hn, zL í m Î N+

05.01.17.0007.01

HnHzL � CmHn, zL Hn-mHzL - 2 Hn - mL CmHn, zL Hn-m-1HzL �;
C0Hn, zL � 1 ì C1Hn, zL � 2 z ì CmHn, zL � 2 z Cm-1Hn, zL - 2 Hn - m + 1L Cm-2Hn, zL ì m Î N+

Functional identities

Relations between contiguous functions

Recurrence relations

05.01.17.0003.01

2 n Hn-1HzL + Hn+1HzL � 2 z HnHzL
05.01.17.0004.01

HnHzL �
2 n Hn-1HzL + Hn+1HzL

2 z

Normalized recurrence relation
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05.01.17.0005.01

z pHn, zL � pHn + 1, zL +
1

2
n pHn - 1, zL �; pHn, zL � 2-n HnHzL

Complex characteristics

Real part

05.01.19.0001.01

ReHHnHx + ä yLL � â
j=0

f n

2
v H-1L j 22 j H-nL2 j y2 j

H2 jL !
 Hn-2 jHxL �; x Î R ì y Î R

Imaginary part

05.01.19.0002.01

ImHHnHx + ä yLL � â
j=0

f n-1

2
v H-1L j-1 22 j+1 H-nL2 j+1 y2 j+1

H2 j + 1L !
Hn-2 j-1HxL �; x Î R ì y Î R

Argument

05.01.19.0003.01

argHHnHx + ä yLL � tan-1 â
j=0

f n

2
v H-1L j 22 j H-nL2 j

H2 jL !
 Hn-2 jHxL y2 j, â

j=0

f n-1

2
v H-1L j-1 22 j+1 H-nL2 j+1

H2 j + 1L !
 H-2 j+n-1HxL y2 j+1 �; x Î R ì y Î R

Conjugate value

05.01.19.0004.01

HnHx + ä yL � â
j=0

f n

2
v H-1L j 22 j H-nL2 j

H2 jL !
 Hn-2 jHxL y2 j - ä â

j=0

f n-1

2
v H-1L j-1 22 j+1 H-nL2 j+1

H2 j + 1L !
 H-2 j+n-1HxL y2 j+1 �; x Î R ì y Î R

Differentiation

Low-order differentiation

With respect to z

Forward shift operator:

05.01.20.0001.01

¶HnHzL
¶z

� 2 n Hn-1HzL
05.01.20.0002.01

¶2 HnHzL
¶z2

� 4 Hn - 1L n Hn-2HzL
Backward shift operator:
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05.01.20.0003.01

¶HnHzL
¶z

- 2 z HnHzL � -Hn+1HzL
05.01.20.0004.01

¶Iã-z2
HnHzLM

¶z
� -ã-z2

Hn+1HzL
Symbolic differentiation 

With respect to z

05.01.20.0005.02

¶m HnHzL
¶zm

�
2m n!

Hn - mL !
 Hn-mHzL �; m Î N

05.01.20.0006.02

¶m HnHzL
¶zm

�
2m+n Π z-m

GJ 1-n

2
N  2F

�
2 1, -

n

2
;

1 - m

2
, 1 -

m

2
; z2 -

2m+n Π z1-m

GI- n

2
M 2F

�
2 1,

1 - n

2
; 1 -

m

2
,

3 - m

2
; z2 �; m Î N

Fractional integro-differentiation

With respect to z

05.01.20.0007.01

¶Α HnHzL
¶zΑ

�
2n+Α Π z-Α

GJ 1-n

2
N  2F

�
2 1, -

n

2
;

1 - Α

2
, 1 -

Α

2
; z2 -

2n+Α Π z1-Α

GI- n

2
M 2F

�
2 1,

1 - n

2
; 1 -

Α

2
,

3 - Α

2
; z2

Integration

Indefinite integration

Involving only one direct function

05.01.21.0001.01

à HnHzL â z �
1

2 Hn + 1L  Hn+1HzL
05.01.21.0002.01

à HnHzL â z � n! â
k=0

f n

2
v H-1Lk 2n-2 k z1-2 k+n

k ! Hn - 2 k + 1L !

Involving one direct function and elementary functions

Involving power function

05.01.21.0003.01

à zΑ-1 HnHzL â z � n! â
k=0

f n

2
v H-1Lk 2n-2 k zn-2 k+Α

Hn - 2 k + ΑL k ! Hn - 2 kL !

http://functions.wolfram.com 12



05.01.21.0004.01

à z HnHzL â z �
1

3
2n-1 Π

3 J1F1J- n

2
- 1; - 1

2
; z2N - 1N

Hn + 2L GJ 1-n

2
N -

4 z3
1F1J 1

2
- n

2
; 5

2
; z2N

GI- n

2
M

05.01.21.0005.01

à zm HnHa zL â z � 2n-1 Π zm+1
GJ m+1

2
N 2F

�
2J- n

2
, m+1

2
; 1

2
, m+3

2
; a2 z2N

GJ 1-n

2
N -

a z GI m

2
+ 1M 2F

�
2J 1

2
- n

2
, m

2
+ 1; 3

2
, m

2
+ 2; a2 z2N

GI- n

2
M

05.01.21.0006.01

à z-n-3 HnHzL â z �
1

GJ 1-n

2
N GI- n

2
M  2n-1 Π z-n-2 GK-

n

2
- 1O 1F1 -

n

2
- 1;

1

2
; z2 - 2 z G -

n

2
-

1

2
1F1 -

n

2
-

1

2
;

3

2
; z2

Involving exponential function

05.01.21.0007.01

à ã-z2
Hn HzL â z � 2n Π

z 1F1J n

2
+ 1

2
; 3

2
; -z2N

GJ 1-n

2
N +

1F1J n

2
; 1

2
; -z2N - 1

n GI- n

2
M

Involving exponential function and a power function

05.01.21.0008.01

à zΑ-1 ã-p z HnHzL â z � n! â
k=0

f n

2
v H-1Lk-1 2n-2 k zn-2 k+Α Hp zL2 k-n-Α GHn - 2 k + Α, p zL

k ! Hn - 2 kL !

05.01.21.0009.01

à zΑ-1 ã-p z2
HnHzL â z � n! â

k=0

f n

2
v H-1Lk-1 2n-2 k-1 zn-2 k+Α Ip z2Mk-

n+Α

2 GI n+Α

2
- k, p z2M

k ! Hn - 2 kL !

05.01.21.0010.01

à zm ã-a2 z2
HnHa zL â z �

2n-1 Π zm+1
GJ m+1

2
N 2F

�
2J n+1

2
, m+1

2
; 1

2
, m+3

2
; -a2 z2N

GJ 1-n

2
N -

a z GI m

2
+ 1M 2F

�
2J n

2
+ 1, m

2
+ 1; 3

2
, m

2
+ 2; -a2 z2N

GI- n

2
M

05.01.21.0011.01

à zn-2 ã-z2
 HnHzL â z �

zn-1 sinHΠ nL
Π

 z G
1

2
-

n

2
GHnL 1F1

n

2
;

3

2
; -z2 + GK1 -

n

2
O GHn - 1L 1F1

n - 1

2
;

1

2
; -z2

Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions

Involving powers of the direct function and a power function
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05.01.21.0012.01

à z HnHzL2 â z �
1

8
2 HnHzL2 +

Hn+1HzL2

n + 1

Involving powers of the direct function, power and exponential functions

05.01.21.0013.01

à z ã-2 z2
 HnHzL2 â z � -

1

4
ã-2 z2 I2 n Hn-1 HzL2 + Hn HzL2M

Involving direct function and Gamma-, Beta-, Erf-type functions

Involving probability integral-type functions

Involving erf 

05.01.21.0014.01

à erfHa zL HnHa zL â z �
1

2 aHn + 1L  
2

Π
ã-a2 z2

HnHa zL + erfHa zL Hn+1Ha zL

Involving erfi 

05.01.21.0015.01

à ã-z2
erfiHzL HnHzL â z �

HnHzL
n Π

- ã-z2
erfiHzL Hn-1HzL

Definite integration

Involving the direct function

05.01.21.0016.01

à
0

¥

tΑ-1 ã-a t2 HnHtL â t � n! â
k=0

f n

2
v H-1Lk 2n-2 k-1 ak-

n+Α

2 GI n+Α

2
- kM

k ! Hn - 2 kL !
�; ReHaL > 0 ß ReHΑL > 0

05.01.21.0017.01

à
-¥

¥

ã-Hz-tL2
HnHtL â t � 2n Π zn

Orthogonality:

05.01.21.0018.01

à
-¥

¥

ã-t2 HmHtL HnHtL â t � 2n n! Π ∆n,m

05.01.21.0019.01

à
-¥

¥

ã-t2 HlHtL HmHtL HnHtL â t �
2

1

2
Hl+m+nL l! m! n! Π

J 1

2
Hl + m - nLN ! J 1

2
H-l + m + nLN ! J 1

2
Hl - m + nLN !

�;
1

2
Hl + m + nL Î Z í l + m ³ n í m + n ³ l í l + n ³ m
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05.01.21.0020.01

à
-¥

¥

ã-t2 HlHtL HmHtL HnHtL â t � 0 �; Ø
1

2
Hl + m + nL Î Z í l + m ³ n í m + n ³ l í l + n ³ m

05.01.21.0021.01

à
-¥

¥

HnHzL2 logIHnHzL2M ã-z2
 â z � 2n n! Π logI22 nM - 2 â

k=1

n

VnHzkL �;

HnHzkL � 0 í VnHzL � 2n n! Π logH2L +
ý

2
- 2F2 1, 1;

3

2
, 2; -z2 z2 +

1

2
â
k=1

n H-1Lk 2k

k
 

n

k 1F1 k;
1

2
; -z2

(entropic integral)

05.01.21.0022.01

à
-¥

¥

ã-
z2

2
-

1

2
Hz-ΖL2

HnHzL HpHz - ΖL â z � Π 2n n! 2p p!
n! p!

2p-n
ã-

Ζ2

4 H-ΖLp-n â
k=0

n K-
Ζ2

2
Ok

k ! Hn - kL ! Hk - n + pL !
�; n Î N ì p Î N

05.01.21.0023.01

à
-¥

¥

ã-
z2

2
-

1

2
Hz-ΖL2

HnHzL HpHz - ΖL â z �

Π 2n n! 2p p!  2n-p GHn + 1L GHp + 1L
GHn + 1L  ã-

Ζ2

4 H-ΖLp-n
1F

�
1 -n; -n + p + 1;

Ζ2

2
�; n Î N ì p Î N

Summation

Finite summation

05.01.23.0001.01

â
k=0

n HkHxL HkHyL
2k k !

�
Hn+1HxL HnHyL - HnHxL Hn+1HyL

2n+1 n! Hx - yL
05.01.23.0002.01

â
k=0

n n

k
äk Hn-kHxL HkHyL � 2n Hx + ä yLn

05.01.23.0003.01

â
k=0

n n

k
cos

k Π

2
Hn-kHxL HkHyL � 2n ReHHx + ä yLnL

05.01.23.0004.01

â
k=0

n n

k
sin

k Π

2
Hn-kHxL HkHyL � 2n ImHHx + ä yLnL

05.01.23.0016.01

â
k=-m

m H-1Lk 2-n 2 m

m - k
Hn-kI 2 zN Hk+nI 2 zN �

H2 mL ! Hn - mL !

m!
 â
k=m

n 2k-n

Hn - kL !

k - 1
m - 1

Hn-kI 2 zN2 �;
n Î N+ ì n Î N+ ì n ³ m
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Infinite summation

05.01.23.0005.01

â
n=0

¥ HnHzL wn

n!
� ã2 z w-w2

05.01.23.0006.01

â
n=0

¥ H2 nHzL wn

H2 nL !
� ã-w cosI2 z -w N

05.01.23.0007.01

â
n=0

¥ H2 n+1HzL wn

H2 n + 1L !
�

ã-w sinI2 z -w N
-w

05.01.23.0008.01

â
n=0

¥ HcLn H2 nHzL w2 n

H2 nL !
� Iw2 + 1M-c

1F1 c;
1

2
;

z2 w2

w2 + 1

05.01.23.0009.01

â
n=0

¥ Jc + 1

2
N
n

H2 n+1HzL w2 n

H2 n + 1L !
� 2 Iw2 + 1M-c-

1

2 z 1F1 c +
1

2
;

3

2
;

w2 z2

w2 + 1

05.01.23.0010.01

â
n=0

¥ HnHzL wn

e n

2
u!

� I4 w2 + 2 z w + 1M I4 w2 + 1M-
3

2 exp
4 w2 z2

4 w2 + 1

05.01.23.0017.01

â
k=0

¥ HcLf k

2
v

f k

2
v! J 1

2
Nf k

2
v

 HkHzL wk �

I4 w2 + 1M-c
 1F1 c;

1

2
;

4 z2 w2

4 t2 + 1
+

32 c w3 z3

3 I4 w2 + 1Mc+2
1F1 c + 1;

5

2
;

4 z2 w2

4 w2 + 1
+

2 z t I-8 c w2 + 4 w2 + 1M
I4 w2 + 1Mc+1

1F1 c;
3

2
;

4 z2 w2

4 w2 + 1

05.01.23.0011.01

â
n=0

¥ HnHx + n yL tn

n!
�

ã2 x Α-Α2

1 - 2 y Α
�; Α � -

WH-2 t yL
2 y

í -1 < t < 1 í -1 < y < 1

05.01.23.0012.01

â
n=0

¥ Hk+ j nHzL wk+ j n

Hk + j nL !
�

1

j
 â
l=1

j

exp 2 ã
2 ä Π l

j z w + ã
4 ä Π l

j I-w2M -
2 ä Π k l

j
�; k Î N ì j Î N

05.01.23.0013.01

â
n=0

¥ HnHzL HnHz1L wn

n!
�

1

1 - 4 w2

 exp
2 w I2 w Iz2 + z1

2M - 2 z z1M
4 w2 - 1

�;  w¤ <
1

2
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05.01.23.0014.01

â
n=0

¥ HnHxL HnHyL
2n n!

� Π ã
1

2
Ix2+y2M ∆Hx - yL �; x Î R ì y Î R

05.01.23.0015.01

â
n=0

¥ m

n
HnHzL Hm-nHz1L � 2m�2 Hm

z + z1

2

05.01.23.0018.01

â
k=0

¥ Hb k + 1Lk�2
k !

 J-t ãb t2+2 a z tNk
Hk

Ha k + 1L
b k + 1

 z �
ã-t2-2 z t

2 b t2 + 2 a z t + 1
�; ¢2 a t z ãb t2+2 a z t+1¦ < 1

05.01.23.0019.01

â
k=0

¥ Hb k + 1L k-2

2

k !
 J-t ãb t2+2 a z tNk

Hk

Ha k + 1L
b k + 1

 z � ã-t2-2 z t
1F1 1;

b + 1

b
;

2 z t Hb - aL
b

�; ¢2 a t z ãb t2+2 a z t+1¦ < 1

05.01.23.0020.01

â
k=0

¥ Hb k + 1Lk�2
k ! Ha k + 1L J-t ãb t2+2 a z tNk

Hk

z Ha k + 1L
b k + 1

� ã-t2-2 z t
1F1 1;

2 a + 1

2 a
;

2 t2 Ha - bL
a

�; ¢2 a t z ãb t2+2 a z t+1¦ < 1

Multidimensional summation

05.01.23.0021.01

2-
n2

2 â
m1,2=0

¥ â
m1,3=0

¥

¼ â
m1,n=0

¥ â
m2,3=0

¥

¼ â
mn-1,n=0

¥ Ûi=1
n Ûj=i+1

n wi, j
mi, j

Ûi=1
n Ûj=i+1

n mi, j !
 HÚj=1

n m1, j

z1

2
HÚj=1

n m2, j

z2

2
¼ HÚj=1

n mn, j

zn

2
�

1

 W ¤  ã
1

2
IÚj=0

n z j
2-Új=0

n Úk=0
n z j w j,k zkM �; n Î N+ ì mi,i � 0 ì Iwi, j � w j,i �; i ¹ jM ì wi,i = 1 í W �

1 w1,2 ¼ w1,n

w1,2 1 ¼ w2,n

» » ¸ »

w1,n ¼ wn-1,n 1

This is far reaching generalization of Mehler's formula—the Kibble–Slepian formula. More compactly it can be

written as:

ÚMÎM 2-
n2

2  
Ûi=1

n Ûj=i+1
n wi j

mi j

Ûi=1
n Ûj=i+1

n mi j!
 Hs1

J z1

2
N Hs2

J z2

2
N ¼ Hsn J zn

2
N � 1

detHWL  expJ zT .z-zT .W.z
2

N
Here W is asymmetric n ´ n matrix with 1's on the diagonal and indeterminates wi j, 1 £ i, j £ n else. z is a vector

of length n with indeterminates z1, z2, …, zn. M is the set of all symmetric n ´ n matrices M with elements mi j that

are  0  on  the  diagonal  and  nonnegative  integer  else  and  the  outer  sum  runs  over  all  such  matrices.  Finally

si = Új=1
n mi j.

Operations

Limit operation
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05.01.25.0001.01

lim
n®¥

H-1Ln

4n n!
 H2 n+1

z

2 n
�

2 sinHzL
Π

05.01.25.0002.01

lim
n®¥

H-1Ln n

4n n!
 H2 n

z

2 n
�

cosHzL
Π

Orthogonality, completeness, and Fourier expansions

The set of functions HnHxL, n = 0, 1, ¼, forms a complete, orthogonal (with weight 1

2n n! Π
 ã-x2

) system on the

interval H-¥, ¥L. 
05.01.25.0003.01

â
n=0

¥ 1

Π  2n n!

 ã-
x2

2 HnHxL  
1

Π  2n n!

 ã-
y2

2 HnHyL � ∆Hx - yL
05.01.25.0004.01

à
-¥

¥ 1

Π 2m m!

 ã-
t2

2  HmHtL  
1

Π 2n n!

 ã-
t2

2  HnHtL  â t � ∆n,m

Any sufficiently smooth function f HxL can be expanded in the system 8HnHxL<n=0,1,¼ as a generalized Fourier series, with its

sum converging to f HxL almost everywhere.

05.01.25.0005.01

f HxL � â
n=0

¥

cn ΨnHxL �; cn � à
-¥

¥

ΨnHtL f HtL â t í ΨnHxL �
1

Π 2n n!

 ã-
x2

2  HnHxL í x Î R

Representations through more general functions

Through hypergeometric functions

Involving 1F
�

1

05.01.26.0001.01

HnHzL � 2n Π
1

GJ 1-n

2
N  1F

�
1 -

n

2
;

1

2
; z2 -

z

GI- n

2
M  1F

�
1

1 - n

2
;

3

2
; z2

Involving 1F1

05.01.26.0002.01

HnHzL � 2n Π
1

GJ 1-n

2
N  1F1 -

n

2
;

1

2
; z2 -

2 z

GI- n

2
M  1F1

1 - n

2
;

3

2
; z2

Involving pFq
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05.01.26.0003.01

HnHzL � H2 zLn
2F0 -

n

2
,

1 - n

2
; ; -

1

z2

Involving hypergeometric U

05.01.26.0004.01

HnHzL � 2n U -
n

2
,

1

2
, z2 �; ReHzL > 0

05.01.26.0005.01

HnHzL � 2n z U
1 - n

2
,

3

2
, z2 �; ReHzL > 0

05.01.26.0006.01

HnHzL �
2n

z2 GJ 1-n

2
N  Π z2 - z 1F1 -

n

2
;

1

2
; z2 + z G

1 - n

2
U -

n

2
,

1

2
, z2

05.01.26.0007.01

HnHzL �
2n

z GJ 1-n

2
N G

1 - n

2
U

1 - n

2
,

3

2
, z2 z2 + Π z - z2

1F1 -
n

2
;

1

2
; z2

05.01.26.0008.01

HnHzL �
2n

GI- n

2
M 2 Π z2 - z 1F1

1 - n

2
;

3

2
; z2 + GK-

n

2
O U -

n

2
,

1

2
, z2

05.01.26.0009.01

HnHzL �
2n

GI- n

2
M 2 Π z2 - z 1F1

1 - n

2
;

3

2
; z2 + z2 GK-

n

2
O U

1 - n

2
,

3

2
, z2

Through Meijer G

Classical cases involving exp

05.01.26.0010.01

ã-z2
Hn HzL � 2n G1,2

2,0 z2

1-n

2

0, 1

2

�; Re HzL > 0

05.01.26.0011.01

ã-z Hn I z N � 2n G1,2
2,0 z

1-n

2

0, 1

2

Generalized cases for the direct function itself

05.01.26.0012.01

Hn HzL � Π n! H-1Lf n

2
v G1,2

1,0 z,
1

2

n

2
+ 1

n

2
- e n

2
u, - n

2
+ e n

2
u + 1

2

05.01.26.0013.01

Hn HzL �
1

2 Π z
 lim
m®n

1

G H-mL  G1,2
2,1 z,

1

2

m+3

2

1, 1

2

http://functions.wolfram.com 19



Generalized cases involving exp

05.01.26.0014.01

ã-z2
Hn HzL � 2n G1,2

2,0 z,
1

2

1-n

2

0, 1

2

Through other functions

Involving some hypergeometric-type functions

05.01.26.0018.01

HnHzL � H-1Lf n

2
v 2n g n

2
w! zn-2 f n

2
v Lf n

2
v

1

2
H-1Ln-1 Iz2M

05.01.26.0015.01

HnHzL � lim
Λ®¥

2n�2 GHn + 1L Λ-
n

2 Ln
ΛKΛ - 2 Λ zO

05.01.26.0016.01

HnHzL � GHn + 1L lim
Λ®¥

Λ-
n

2 Cn
Λ

z

Λ
�;  z¤ < 1

05.01.26.0017.01

HnHzL � 2n GHn + 1L lim
a®¥

a-
n

2 Pn
Ha,aL z

a

Representations through equivalent functions

With related functions

05.01.27.0001.01

HnHzL � 2n cos
n Π

2
GK n

2
+ 1O L n

2

-
1

2 Iz2M + z sin
n Π

2
G

n + 1

2
L n-1

2

1

2 Iz2M
05.01.27.0002.01

H2 nHzL � H-1Ln 22 n n! Ln
-

1

2 Iz2M
05.01.27.0003.01

H2 n+1HzL � H-1Ln 22 n+1 n! z Ln

1

2 Iz2M
Zeros

05.01.30.0001.01

â
k=1
k¹ j

n 1

x j - xk

� x j �; HnHxkL � 0

Theorems
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Expansions in generalized Fourier series

f HxL � â
k=0

¥

ck  ΨkHxL �; ck � à
-¥

¥

f HtL ΨkHtL â t, ΨkHxL �
1

2k�2 k !  Π
4

 ã-x2�2 HkHxL, k Î N.

Fourier transform eigenfunctions

Hermite polynomials together with their weighting function are eigenfunctions of the Fourier and inverse Fourier

transforms:

1

2 Π
 à
-¥

¥

ãä t x ã-x2�2 HnHxL â x � -än ã-t2�2 HnHtL �; n Î N

Zeros of Hermite polynomials

For any given interval Ha, bL, there exists some n Î N such that HnHxL has a zero in this interval.

The number of simple graphs

The number of simple graphs with no cycles and n vertices is HnHn + 1L - n Hn-1Hn + 1L.
History

– P. S. Laplace (1810)

– Ch. Hermite (1864)

– N. J. Sonine (1880)
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