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Notations

Traditional name

Generalized hypergeometric function 4F3

Traditional notation

aFa(@y, @, as, ay; by, 1y, b3; 2)

Mathematica StandardForm notation

WpergeorretriCPFQ[{al! dp, ag, 3,4}, {bl! bZ! bS}! Z}

Primary definition

07.28.02.0001.01
o () (@) (83)y (Al

i 3 4
4F3(aq, 8y, ag, ay; by, by, bg; 2) = Z il < 1\/ 1z = 1/\ RE{ij —Zaj] >0
=1

oo (bo)y (02 (b3), K! =

For & == —n, bj == —m/; m = n being nonpositive integers and A, (a > —n A ax € N) A\ Ap, (b > —-m A b, € N) the func-
tion 4F3(a1, a, as, as; by, by, bs; 2) cannot be uniquely defined by a limiting procedure based on the above definition
because the two variables a;, b; can approach nonpositive integers —n, —m; m= n at different speeds. For the above condi-
tions we define:

07.28.02.0002.01
n (@) (Bl (Bg) (@) 2
o (b () (b3), K!

aFa(ag, .., @, ., 8 by, o, by, by 2) = /ia=-nAbj=—mAmeNAneNAm=n

Specific values

Values at z =-

07.28.03.0001.01
4F3(@y, @, ag, ay; by, by, b3 0) == 1

Valuesatz=1

For fixed a3, ay, as, aa, by, by, bs
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07.28.03.0002.01
TWa) [T, Ty =, W3), & (@, &, as, &), (b1, by, bs)) _

MesT@) i Tk+ag+ya) Tk+a;+ )

3 4
ws=» b~ > a [\ Rews) >0 /\ Retas) > 0 /\ Refay) > 0
=1 j=1

4F3(34, @y, ag, ay; by, by, bg; 1) ==

For fixed ai, dp, ag, a4, bg, b3

07.28.03.0003.01
aF3(@y, @, @, a4; by, by, by 1) = (=1)™7 T (by) [(bz) VI(L-ay) VI(1-ay)

RV F(l— ag) v F(l—a4) \/F(al - b1+ 1) \/r(az— bl + 1) Y} r(ag - bl + 1) \, F(a4— b1+ 1)
b3-a;-a4-1 by-a;-az-1 a;+a,-b-1

bytat bo a1 aea bl } / (m ~by) y/T(bs —ay) Y T(b~a) T(b,~as) T(by-a,)

b,—a,-a,-1
2 2 2

\ T(b, —ay) Tbs - ay) /T(bs - a9) \/F(bs—a4))/?al+az+a3+a4—b1—bz—b3==—1

For fixed a;, ap, az, a4

07.28.03.0004.01

abr(l-dy (c-a-1Hr@ (€c-b-1r(b
JF3@ b,c,d;a+l,b+1,¢c-1;1) = ( _

)/; Re(d) < 1
c-Hb-a | ra-d+1) b-d+1)

For fixed ag, ay, a3

07.28.03.0005.01
a  a (%) r@-b+nra-c+Hr(%-b-
4F3(a, b, c, > +1; > a-b+1,a-c+1; 1) == /iRe(a-2b-2c)> -1

Ia+ 1)r(a%1 —b)r(a%l —c)r(a—b—c+ 1)

07.28.03.0006.01
(@) . ¥(b) . ¥(C)
(b-a)(c-a) (a-by(c-b) (a-c(b-0o

4sF3(@ b,c,a+1l,b+1,c+1;1) == —abc[ )/;a;t bAc+aAb=#c

07.28.03.0007.01
a  a r(%l)r(a—m DHI@a-c+ 1)r(%1—b—c)
4F3(a, b, c, E+l; 5 a-b+1,a-c+1; 1) = /iRe(a-2b-2¢)>-1

I@+ 1)r(%1 —b)r(a;—l —c)r(a—b—c+ 1)

For fixed ay, a3, a4

07.28.03.0008.01
Y(b) . ¥(©) . Y(d)
(c-bd-b (b-c(d-0 (b-d)(c-d)

4F3(L, bcdb+1,c+1,d+1; 1)==—bcd[ ]/;bqtc/\bqtd/\(:qtd

07.28.03.0009.01
4F3(4, b,c,d;3-b,3-¢,3-d;1) =
1 (F(S—b)F(S—c)F(S—d)F(4—b—c—d)

2b-1)@c-1@d-1)| T@-b-coTr3-b-d)TB-c-d)

—(2—b)(2—c)(2—d))/; Re(b+c+d) <4
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07.28.03.0010.01
4F3(1,b,c d;2,b-c+2 b-d

+2;1) =

(b-c+Db-d+1) [T(%F)Tb-c+HTb-d+ (% -c-d

b+5 )

b-DE-DA-D | r(

07.28.03.0011.01

b3 _
2

-11/;Re(b-2c-2d)> -5

c)r(b;—"‘—d)r(b—c—mz)

sF3(-n,b,c,d;b-k,c-1,d-m;1)=0/;neNAmeNAkeNAIleNAO=<k+I+m<n

07.28.03.0012.01

4F3(=n,b,c,d;b-k c-1l,d-m; 1) =

07.28.03.0013.01

4F3(=n,b,c,db+1,c-l,d-m 1) =

07.28.03.0014.01

1
4F3(—n, b,c,d-b-nb+c+ 5 b+d+ 5; 1

=" (b+ %)n (b+c+d—

n!

/ineNAmeNAkeNAleNAKk+l+m=n

A-by@-c)1-d)y,

n!(b-

c+1),(a-d+1),

/ineNAmeNAleNAO=<I+m=n

(b+1),(1-c)1-d),

1

1
n+—)
2/2n

(b+c+ %)n(b+d+ g)n(g—b—c—d)n

07.28.03.0015.01

b-n b-n+1
4F3|-n, b, c, d; 5

07.28.03.0016.01

b-n b-n+1
4F3|-n, b, ¢, d; —,

07.28.03.0017.01

b-n b-n+1
4F3|-n, b, ¢, d, —,

(c+d—b+%)

n

(1-b,

For fixed ay, a3, by

07.28.03.0018.01

b b
4F3l-n,b,c,—+1,e —, b-c+1;1
2 2

For fixed ag, a4, by

07.28.03.0019.01

1
,c+d+—;1
2

1
,c+d+—;1
2

1

,c+d+ —;1]=
2

1
3F2(—n, 2c,2d; -2b-2n,b+c+d+ 5; 1)/; neN

2d-b+1), 1 1
= 43F2(_n’2dv —+d-cc+d+—,2d-b+1; 1)/;n€N
A-b), > ;

1
==3F2(—n, 26, 2d;b-n, c+d+ 1)/; nen

11 1 1
3F2(—n,c—d+—, ——c+d;c+d+—,b—c—d—n+—;1)/;neN
2 2 2 2

e+n
= ——3F(-n,b+1,c+1e+1,b-c+11)/;neN
e

n 1-n 1
4F3(——, ——,cdee+—,c+d-2e-n+1; 1) =
2 2 2

(On
(28,

sF2(-n,c-2e-n+1,2e-c-d;1-c-n,c+d-2e-n+1;1)/;neN
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07.28.03.0020.01

n 1-n 1 (-0
4F3(——, —,c,d;e,l—e—n,c+d+—;1):: aFa(-n, 2c,c+d;2c+2d,c-e-n+1;1)/;neN
2 2 2 (&)n

For fixed ag, a»

07.28.03.0021.01
a3
Fs@baaa+l,a+l,a+rl 1= > B(a, 1-b) (@ - y(a-b+1)° +yP@ -yP@-b+1)/; Reb) < 3

07.28.03.0022.01
3 1 Vr F@+2)T1-bTr2a-b+2)
4F3(a, 2a+1l,a+—,bja+—-,a+2 2a-b+2 1) = /i Re(b) <0
2 2 2Za+1r(a+ g)r(a—b+1) Ia-b+2)

07.28.03.0023.01

1
1 11 1 22211224 2b+ 1) F(z-Zb) v 1
4F3(a, b, a+—,b+—; —,a—b+—,a—b+1;1)== + /i Re(b) < —
2’7 2'2 2 [@a-2b+1) F(a—2b+%) F(a+%) 4

07.28.03.0024.01

3
1 13 3 222r2a-2b+2) T(;—Zb) Vr 3
4F3(a, b,a+ -, b+—; —,a-b+—,a-b+1; l):: - ——1/; Re(b) < —
(2a—1)(2b—1)r(a—2b+§) [@a-2b+1) T@ 4

For fixed ay, a3

07.28.03.0025.01
b%c 2

b‘c
sFa(l,b,c,byb+1,c+1,b+11) == W(b) - y(0) - P YD) /;b#c
-C

(b-0)
07.28.03.0026.01
b+1
(b+1), ( C)n

b b 2
4F3(—n, b,c,—+1,—,b+n+1, b-c+1; l):: bl—/; neN
2 2 (5%), 0-c+ Dy
07.28.03.0027.01

b b (b-2c-1),(-c-1),(b-2c+2n-1)
4F3(—n, b,c,—+1,—,b-c+1,2c-n+2; 1]:: /ineN
2 2 (b-c+1),(-2c-1),(b-2c-1)

07.28.03.0028.01

b b
4F3(—n, b, c, 5+1; 5 b-c+1,2c—-n+2; 1] =

(b—2c-1), b+1 b-1
——F)|-n, —,b-2c+n-1b-c+1, — -¢;1{/;neN
(-2c-1), 2 2

07.28.03.0029.01

1 c-n c-n+1 2b-c+1),
4F3(—n, b,c,b+—;2b+1, , '1):: /ineN
2 2 2 (1-0)

07.28.03.0030.01

,—+11

c-n+1 c—-n 2b-c+1),2b-c-n)(c—n)
)== /ineN

1
4F3(—n, b,c,b+—;2b+1,
2 1-0,2b-c+n)(c+n)
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07.28.03.0031.01

1 1 2b+1), 0, (b+0),
4F3(—n, b,c,—-b-c-n,-b-n,1-c-n,b+c+ —; 1):: /ineN
2 2 (b+1),(©,2b+20),

07.28.03.0032.01

1 1 (2b), (20, (b+0),
4F3(—n, b,c,—-b-c-n1-b-n,1-c-nb+c+ —; 1]:: — /ineN
2 2 (b), (©,(2b+20),
07.28.03.0033.01
1 1 (2b), (20), (b+0),
4F3(—n, b,c,——-b-c-n;1-b-n,1-c-nb+c- —; 1] = ineN
2 2 (b)n (C)n (2 b +2c- 1)n
07.28.03.0034.01
3 1 2b), (20, (b+0),(2b+2c-1)
4F3(—n, b,c,——-b-c-n;1-b-n,1-c—-n,b+c+ —; 1] == ineN
2 2 (b), (©,(2b+2c-1),(2b+2c+2n-1)

07.28.03.0035.01

neN

1 ] 2b),(2c-1), (b+c-1),

3
4F3(—n,b,c,——b—c—n;1—b—n,2—c—n,b+c——;1 == /;
2 2 (b), (c-1),(2b+2c-2),

07.28.03.0036.01

5 1 2b-1),2c-1),(b+c-1),2b+2c-3)
4F3(—n, b,c,——b—c—n;2—b—n,2—c—n,b+c——;1] /;
2 (b-1),(c-D,2b+2¢c-3),(2b+2c+2n-3)

2
For fixed az, a4
07.28.03.0037.01
c(c-d+1) c+1 c+3
JF34, 1, cd;2,c+1,c-d+2;1) == (l//( )—w(c)—w(——d)+¢//(c—d+1))/; Re(c-2d) > -3
(c-Hd-1) 2 2

07.28.03.0038.01

c(d+ %)m d(c+ %)m

n 1-n 1 n!
4F3(——, —,C.d;——m,C+l,d+1;1):: -
20 2 2 (C_d)(%)m 2d+1), (2¢c+1D;

07.28.03.0039.01

n 1-n c+d+1 c+d (©ns1 — (nye
4F3( ; ]-

-—, —, ¢ d;-n, , —+ L 1= —m—
2 2 (c-d)(c+d+1),

neN

For fixed ay, b,

07.28.03.0040.01

11 1 1-f)pyy  (F-2b-1),
4F3(—n, b,n+1, b+ —; —,f,2b—f+2;1)== - /ineN
2 2 2b-f+1Hl(@2b-f+2), (Hn
07.28.03.0041.01
13 1 1-f)p (F-2b-1),,
4F3(—n, b,n+2 b+ —; —,f,2b—f+2;1)== -
2 2 2N+ (b-f+1)A-2b){2b-f+2), (M,

)/;neN

For fixed az, b,

/;meN/\neN/\EJsmsn
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07.28.03.0042.01

n l1-n 1 (f-0),+(c+1),
- ) oniee i

-— —c ¢ -, f,-f-n+11 ineN
2(f),

For fixed a4, by

07.28.03.0043.01

n 1-n 2-n 1 2
4F3(——, — —,dee+—,e+—; 1) =
3 3 3 3

(3e-3d), 1 1 3
735(—”, d,3d-3e+1; —(3d-3e-n+1), - (3d-3e-n)+1; _)/; nenN
3e), 2 2 4
For fixed a4, by
07.28.03.0044.01
(f-1)d-f-n
aF3(-n,1,1,d2 f,d-f-n+L )= ——  (~¢(f —D+yd-f+ D+y(f +n)—y(d-f-n) /;neN
(N+1)(d-1)

For fixed a;
07.28.03.0045.01

1 1 3 N 2—2a+571 CO#% r(4a+ n)) 4 2-4atn-2
4F3(a, a+ 7 a+ > a+ Z; by, by, bs; 1) == mg

n
/s Re(@) > —
k-4a 4
Vect or by, by, bzincludesthosethreeconponents of vector (1+n) /4,
(2+n) /4, (3+n) /4, (4+n) /4that not equal tol1, n=0, 1, 2, 3

07.28.03.0046.01

227 1(; 1-3a) 1
/s Re(@) < 5

4F3(a, a1 o 1) -
2 27 ar@ra-an(3)rs)

For fixed a,

07.28.03.0047.01
3

b
4F3(1, b, b, b;b+1,b+1,b+1;1)= 5 @ (b)

For fixed az

07.28.03.0048.01
1

ma(l-a) 2
— [cotora) ~ —(2log(2) +¥(1-a) +y)) fax
T

1 3
4F3(—, l,al-a — a+l1 2-4g 1) ==
2 2 1-2a)?

07.28.03.0049.01

4F3(-n,1,¢c,2-¢n+3,c+1,3-¢c1)=

(3 - C)n (C + l)n

n+2 (n+1)!2
2(n+1) (c- 1)

—c(2—c)]/;neN

Values at z == -1

For fixed ag, ay, az, a4
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07.28.03.0050.01

'@a-b+1)T'(a-c+1) a a
_ Fz( )

4F3(@ b,c,dja-b+1l,a-c+1,a-d+1;,-1)== sFol——d+1,bc —+1a-d+1;1
a+1)r'a-b-c+1) 2 2

07.28.03.0051.01

4F3(a, b, C, d;a—b+l, a—C+ 1, a—d+1; —1)::

'a-b+1)T'(a-c+1) a a
3F2(——d+1, b,c,—+1,a-d+1; 1)
la+1lIl'(a-b-c+1) 2 2

For fixed ag, ay, a3

07.28.03.0052.01

a ) 'a-b+1)T'(a-c+1)

a
4F3(a, bc,-—+1 -,a-b+l,a-c+1-1 /;Re(a-2b-2¢) > -1
2 2 a+1)Ira-b-c+1)

For fixed ap, az, a4

07.28.03.0053.01

bed (UF)-0l3) u(F)-u3) u(F)-u(3)
4F3(L,b,c,dib+1,c+1,d+1 -1)= — + +
2 |c-bd-b ((-0od-c ((b-d(c-d

ibcAb#+dAc+d

For fixed ag, a,

07.28.03.0054.01
r2a-b+2)Tr@+2)

Ta-b+2)T(2a+2)

3 1
4F3(a, b,2a+1,a+ 5; a+ 5 a+2,2a-b+2 —1) ==

For fixed ay, a3

07.28.03.0055.01
JsF3(L, b, cbb+1,c+1,b+1;-1)==

b%c (c+1) b+1 b c b%c o b+1 <1>b Y
o ) s T ) e

07.28.03.0056.01

b b (b+1),
4F3(—n, b,c,—+1,—,b-c+1,b+n+1; —1] =——/;neN
2 2 (b-c+1),

For fixed az, a4
07.28.03.0057.01

3 1 r2-cr@-d
4F3(1, -, cd —,2-c¢c 2-d —1) = =
2 2 re-c-d

For fixed a,

07.28.03.0058.01

ELb.bbibs L bel bel—1— 2 [p2f 2 (Z)b)
1,b,b,bb+1,b+1b+1;,-1)=— — |- _
. s L)

For fixed a3

07.28.03.0059.01

3 1
4F3(11 _,C,l—C; —, C+ 1,2—C,—1) ==
2 2
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07.28.03.0060.01

1 3 nc(l-c)(csc(rc)—1)
4F3(—, 1,c,1-c —,c+1,2-c —1)
2 2 2c-1y7

07.28.03.0061.01

/ineN

4F3(-n,1,¢c,2-¢n+3,c+1,3-¢ -1)=

2(n+1)(c—1)> (On+1 (2= 0Oyt 4 2K!

(h+2)c(2-0) [1 (n+1)1? ™ (d-c), (c—1), 22k
07.28.03.0062.01

1 1
4F3(—2n—1, E—n, c,-c—-2n-1,-n- 5 c+1 -c-2n; —1)::0/; neN

Specialized values

For fixed a;, ay, ag, au, by, by, 2
07.28.03.0063.01
aF3(aq, ap, g, a4; by, by, ay; 2) = 3F,(ay, ay, ag; by, by; 2)
For fixed ay, ap, ag, aq, by, 2
07.28.03.0064.01
aF3(aq, 8y, a3, a4; by, a3, ay; 2 = ,F1 (a1, @ by; 2)
For fixed ay, ay, ag, a4, b3, z

07.28.03.0065.01
1

a_b) (b(@a-g)sFya,c d;a+1l,g+1;2—ab-g3sFsb,c,d;b+1,g+1;2)
a_

sFa@b,c da+l,b+1,9,2=
g

For fixed ag, ap, ag, a4, 2

07.28.03.0066.01
JF3@ b,c,d;a+l,b+1,c+1;2-==

bc ac ab
— F@ada+l,929+ ———Fib,d;b+1, 220+ ———— ,F4(c,d;c+ 1, 2
(b-a)(c-a) (@-b)(c-b) @-o(b-o

For fixed aj, ay, as, z

07.28.03.0067.01

a+b a+b+1 Z
4sF3la b, c,a+b-c; , ,a+b;
2 2 4(z-1)

]:: (1-22,Fi(a, c;a+b;2,F(a,a+b-ca+b;2/;z¢ (1, )

07.28.03.0068.01
a+b a+b+1
4F3

ab,ca+b-c; T ,a+b;z]==

(1—2(z+\/z—1 ﬁ))azFl(a, ca+h2(z+Vz-1 \/?))zFl(a,a+b—c;a+b;2(z+\/z—1 \/;))

07.28.03.0069.01

a a
4F3(a, b, c, £+1; 5 a-b+1,a-c+1; z) =

a a+1l 4z
(z+ 1)(1—2)‘a‘13F2(—+1, — ,a-b-c+l;a-b+l,a-c+1; - )
2 2 1-2?
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For fixed ap, ap, bz, 2

07.28.03.0070.01

a+b a+b+1
4F3(a, b, T > ;a+b,f,a+b—f+1;z]==2F1 a b; f;

aba+b-f+1;

07.28.03.0071.01
1 11 1 1
F(a,b,a+—,b+—; —,f,f+—;z)::— Fi(2a, 2b 2 -z | +,F(2a 2b;2f: vz
aF3 5 > 5 > 2(2 1 ) 2F4( ))
07.28.03.0072.01
1 1 3 1
4F3(a, b,a+—,b+—; —, f, f+—;z)==
2 2 2
2f-1
2a-1)2b-1)Vz

(:Fi(2a-1,2b- 1,2 -1, VZ ) - Fy(2a-1,2b-1; 21 - 1; ~VZ )

For fixed a;, ap, z

07.28.03.0073.01

2a 1 2a 22a-1(z4 ) a+1l a+2 a 1 272
4F3(a, b, —+1,a-b+—; —,2b,2a—2b+1;z)== , ,—+1b+—,a-b+1;
3 2 3 4-22"t 3 3 3 2 4-2°
For fixed ag, by, z
07.28.03.0074.01
1 1 3 1 3 1 1-v1-z 1 3 1-v1-z
4F3(a, a+ 4_1 a+ 5 a+ —; e 2a+—,2a—-e+ E; z) =,F|a a+ E; e ——|o,Fa a+—;2a-e+ 5; f

For fixed ay, by, z
07.28.03.0075.01
(-1)"nt?

1
4F3(—n, aa+—,2a+n;2a f,2a-f+1; z) =
2 (H,Ra-f+1),

For fixed aj, z

07.28.03.0076.01
3 11
4F3(a, 1-a, 5 -a,a- E; > 1, 1; z) =Poa(V1-z -V-2 ) Pioa(V1-z +V —z)

07.28.03.0077.01

11 1
4F3(a, l-a a+ > E—a; > 11 z):: Poai(V1-2 —\/—Z)PZa,l(\/l—z +\/—z)

For fixed z and integer parameters

07.28.03.0078.01

1 1 1 @n)In222nA Vi-z +1 Vi-z -1
4F3( Z) == ; Pan Pon

-n,-n,-n, ——n;, —, -2n, —-2n;
2 2 2 (4n!

—-Z

07.28.03.0079.01

1 3 1 @n)In222n A Vi-z +1 Vi-z -1
4F3( Z) P2 n+1] P2 n+1

-n,-n,-n, ——-n;, —, -2n, -2n—- —;
2 2 2 4n+1)!

1—\/1—2] F[ 1-vV1-z
R Tz

PL O (VI=Z )P (V1= Z ) ineN

|
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For fixed z and all parametersrational

07.28.03.0187.01

3
(3579579]4«“/? z+V -7 1
aFsl = = = = =, =, = Z]= + -
888866 6 33 z

3/2
Jz+V2-7 V2 1
- + - /i Re(2) =0
z
, \ 2 22 . 1 \3/z+\/22—z3
\ Jaz2
Magnus Herberthson
For fixed z

07.28.03.0080.01

5512 2 Do) e (VE) V2 (V7 - (V2 - (V7 +3) o1~ V) - 1o V7 +3))

42" 4 47
07.28.03.0081.01

e 211,572
- 11 --,2 - z|=
434

4 4 4
(V7 -2 -2 427 - (7 (V7 1) g2 - V7 -1og({7 + 1)
07.28.03.0188.01
4123(1, 11,1 g 2,2 z) - i (2¢sin‘l(\/?)3 +6log(2(z+iV(I-22)) sin‘l(\/?)2 +

6ilip(1-2iV1-7 Vz -22)sin'(Vz ) +3Lis(1-2iV1i-2 \/——Zz)—3§(3))
07.28.03.0189.01
3
4F3(1, 11L-,22 2)=
2
i

- (2sn(Vz ) -6 log(1- ¢ 2" 1V* ) sn vz f+e Ligfe 2" 1)) sin(VZ) - 3iLigfe 2" V7)) 4 31 ¢09)

Brychkov Yu.A. (2006)

07.28.03.0082.01

7 5 15 9 2
4F3(1, 1,332 —, 4 z) - _[13+ = 6Qz+)Vi-2z sin’l(\/;) 732 _ —gnt (x/?) ]
2 16z z i
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07.28.03.0083.01

(45 ,,78,
=220 o3z
43 3’ 3

3 3
10 (; 4 3
e (4\/? _2B. 6) ZRlog(l-2 -2vV3 (ﬁ +4) 2 tan-L
3
07.28.03.0084.01
Z2+112+11z+1
WF32,2,2,2,1,1,1;,2==—
z-1°

Values at fixed points

For z==1and integer parameters

07.28.03.0085.01
Fa-nlLne322ml=—
n+1(n+2)
07.28.03.0086.01
2(m-1)?

nN+1)2m+n-2)

4F3(-n, L, 1L, 2m+n-1,2,mm; 1) =

07.28.03.0087.01

3 15
AR

| w

4" 48
07.28.03.0088.01
119131 n! 1
4F3(—n, I I I I L l): 4(n+ —) /ineN
2 2 2n+1)! 2)n
07.28.03.0089.01

1 133 1-2n
4F3(—n, =L - --n 1):
2 222

= /ineN
1+2n

07.28.03.0090.01

V3 Vz
— |+

\3/?+2 3(\3/_—4)zlog(1—\3/?)

Ryn+2)—yMmM-D+y)/;m-1eN"An-1eN" " Am=<n+3

Wm+n) —y(m-1)/;m-1eN" AneN

11 n! 1
- ——=n;1]=- (n+—) /ineN
2 2 22n)! 2/n-1

2 2 2

1

2 "2 2 2

n1-n1-n1-n1 n+1 n+1 23 (n+4)
4F3( . s 'l)::

n+1

Valuesat z==
07.28.03.0091.01
1111555 vV
aFel— - = == = 5 1= ——
44 42 4 4 4
07.28.03.0092.01

113 537 3log(2)
aFgl = = = 1L = = = 1=
4 2 4 4 2 4 2

07.28.03.0093.01

3
; 1] = E (8log(2) —n+1)

/in=2eN*
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07.28.03.0094.01

5
; 1) == g(4log(2)—7r+2)

07.28.03.0095.01

113 39 11 7

4F3(—, - =1 - - — l) = —(6log(2) -37+7)
4 2 4 2 4 4 12

07.28.03.0096.01

(113,795 ) o 9n
- = =1 = = = 1]=Ilog8) - — +
Y424 442 S
07.28.03.0097.01
113 9511 7
aF3|-, =, -1, - =, —; 1[=-(10-37n)
424742 4 4
07.28.03.0098.01
11 53 T
4Fa|l - =1L 1, — = 2, 1|=—
42 42
07.28.03.0099.01
Ll 2,2 ! 3_6log® +2
Fsl— =L L —, 2 —; 1= —-(3-6l0g(2) + 27)
P42 472 5

07.28.03.0100.01
F (1 ! 1,1 3 2 i l)
473 41 21 ] 21 1 4:

07.28.03.0101.01

10
— (l0g(2) +1)
3

11 95
aF3[ =, = 1,12 4_1’ 5; 1|=-14log(2) - 27+ 17

11 75 3 11 7
aF3[ =, =1, = =, =, —; 1= —(log(512) + 37 - 2)
4 2 4 4 2 4 90
07.28.03.0103.01
11 7951 b
4F3| -, =1, - —, =, —; 1[=100(128) - — + —
4 2 4 4 2 4

07.28.03.0104.01
13 57

Fs|—, —, 1,1 —, —, 2,1]|==n—-10g(8)
34 4 44 ] 9

07.28.03.0105.01

13 7 9 5
4F3(—, - 11 -, 2 - 1) = — (6—4log(8) + n)
4 4 4 4 4

07.28.03.0106.01
13 9 11 35
4F3(—, - 152 - —; 1) = — (13- 6109(8))
4 4 4 18

07.28.03.0107.01

13 35765 3
4F3(—, =1 == = = 1] = —(2r-109(2) - 2)
4 4 2 4 4 2 10
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07.28.03.0108.01

1

9 5 3
-, = )::—(Iog(16)+7n 22)
4 2

N
Mlw
N w
ENJIEN

07.28.03.0109.01

3 3 95 11 7
R R — ::—(Iog(64)+37r 13)
4 24" 2" 4’

NI

4F3

07.28.03.0110.01

35 5 1
Ll = =2, - 1= —(12Iog(2)+7r 6)
2 4 2

07.28.03.0111.01
1 3 9 5
JFa| =, 1,1, =2 —, —;1[=6@3log2 -4 +4n
4 2 4 2

07.28.03.0112.01

1 7 5 11

.,
Fal - 11— -,2 —; ———(9|0 (2)-2)
i VA 4) ?

07.28.03.0113.01

7
1[= —(9log(2)-37+8
30( g(2) )

07.28.03.0114.01

11 4 3 9v3 ) V3nr
4F3( yLL = =2 1) ==log +
32 16

32 4

07.28.03.0115.01

45 1
Fol=, =, 1,1 —, —, 21| == (V3 n-3log3)
N NNy ] 2( 9)

07.28.03.0116.01

F12115271]4I729 2
- ~i1|=4-log729)+ —
R T * NeS

07.28.03.0117.01

07.28.03.0119.01
111 333 7
F(— A Fp —;1)==—§(3)
2'2'2"72'2° 2 8
07.28.03.0120.01

111 555 27 81n?
o= o Lo s S = - ——
2'2'2"72'2° 2
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07.28.03.0121.01
11 55 9

aFal =, =, 1, 1,2, —, = 1= —(3-4log(2))
2 2 2 2 2

07.28.03.0122.01

12 35
JFsl=, = 1,1, —, —, 21|==8log(2) - 9log3) + V3 7
2' 3 2’3

07.28.03.0123.01

(— - 1 1 —y — 2 1)——'3 71—4|0 2
) , 4, L ) y &
43 ( g( ))

07.28.03.0124.01

t3 P 30l0g(2) + 67+ 3
Fsl= - 11 -2 = 1|=- (2) + 67+
i PRV R ] *
07.28.03.0125.01
13 , 51 7 Doz s 6
Fs|= =112 -, —;1|=—-(11-42log(2) + 67)
32 a 2 4 5 9
07.28.03.0126.01
(13 5379, 5(|(2)2
=l —— - =i l|=—(r-log@ -2
Y24 T4 24 a 2 9
07.28.03.0127.01
13 57095 15
Fo| = ol oo D= -
24744 42 2

07.28.03.0128.01
13 595 1 637
aF3[=, =1, = = =, —1[=21(log(2) - 3) + —
2 4 4 4 2 4 4
07.28.03.0129.01
1 5 72
aF3l=,1,1,1,2,2, —;1({=6- —
2 2 2

07.28.03.0130.01

1 5 3 9 5
4F3l =11, —; =, 2, —;1|=—(8log(2) + 7 — 8)
2 4 2 4 3

07.28.03.0131.01

1 5 9 5
4F3l = 1,1, —; 2, —, —;1|==50log(2) + 107 — 65
2 4 4 2

07.28.03.0132.01
1 73 11 7
4F3(—, 1,1 - -2 —; 1) = — (36log(2)-37 -8
2 42 4 45
07.28.03.0133.01

1 57 391 7
4F3(—, L - === = l) = 6(8—|09(2)_2”)

07.28.03.0134.01

1 395 8
o= L= = =231 =
2 2 4 4 5
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07.28.03.0135.01

2 4 5 7

4F3l =11 — -, 2, —1|=12(0g(3) - 1)
3 33 3

07.28.03.0136.01

2 4 5 7

4F3l =11 — - 2, —1|=12(0g(3) - 1)
3 33 3

07.28.03.0137.01

B2 1127 22 1) - 1531002 -2
- L1 - -2 - 1{=15¢( (2)-2)

4 4474 o

07.28.03.0138.01

3 37 5

sFa| =, 1,1, —; - 2, —;1[=3(8log(2)—n-2)
4 2 4 2

15
1= ?(4—Iog(2)—n)

e 12. ;1= — (o 2) —

07.28.03.0141.01

F11532951 15 (~log(16 6
L = =2, =, =1 1|=15(-log(16) - 7 + 6)
S P 42] o

07.28.03.0142.01
57 91 ) 35

3 ETE R Sl ) [
S A 9

y T (16 -9log(2) — 37)
4 4

07.28.03.0143.01

43 75
Fal1,1, =, —; 2, —, —; 1|=6(8log2) - 910g(3) - V3 x+ 10
e P S NP ] (Blog 9 )

07.28.03.0144.01

4578
|11, - = =, =, 31|=110-20V3 «
3’333

07.28.03.0145.01

33 2C
4F3(l, 1, -,-:222 1) =16 (Iog(Z) - —)
2 2 n

07.28.03.0146.01
35 538 15
Fol 11, =, =12, =, 1| = —(7-16l0g +9log3 - V3 7)
2'3 4
07.28.03.0147.01

F113725111 70
43,,2,4,,, ;

07.28.03.0148.01
JF3(1,1,1,1; 3, 3,3 1)=80-87°
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07.28.03.0149.01

32
4F3(1,1,1,1;5,5,5; 1) = p= (6307% - 6217)

07.28.03.0150.01

F(11552331]
AR

07.28.03.0151.01

( 772 ]
Fs(l, 1, - = 2,441
aF3 2’2

32 22C+1
= [1— — 4 2Iog(2))

T

4 4(18C+13)
[27 - 436 Iog(Z))

T

For z==-1and integer parameters

07.28.03.0152.01

AFa(-n,2,2,21,1, 1, -)=2"3(n+2) (" +7n+4)/;neN

Valuesat z== -1

07.28.03.0153.01

113 537 3
4Fs| = = = L = = = —l) = —(\/——l)
42474 2 4 4
07.28.03.0154.01
113 5765 3
aFa| = = = L= - —1]== —(x(8V2 -7)-4V2 log(1+V2 ) -2)
424744 2 20
07.28.03.0155.01
11 53 1
4F3 Z, E, 1, 1, Z, E, 2, -1|= g(ﬂ'(—3+ 2\/?)""09(4)‘}'4\/?'09(14' \/7))
07.28.03.0156.01
13 5 7 n
aFo = = 11—, —, 2 -1|=l0g@ +2V2 log(1+ V2 ) - —
4 4 4 4 NG
07.28.03.0157.01
L2 22 1((2«/?3)|32 V2 log(1+ V2 |- 3]
Fs|— =11 -2 = -1|=—|n —3)+109(32) + 4 og(1+ -
M A N 5 9 g
07.28.03.0158.01
13 3575 3
F5 1 525U BVZ 8L VZ)VE Ry
44724 4 2 20

07.28.03.0159.01
13 35765
4F3 ; ;

07.28.03.0160.01

1 3 755 11
4F3 ; ;

07.28.03.0161.01

F(1111432
433,21,,3,2,,

,—1):%(sﬁ|og<1+ﬁ)_ﬁﬂ_ﬂ+4)

,—1] 6—70(n(9—6x/?)+18«/7|og(1+\/7)—16)

_1) = g (V3 - 2) +log(4)



http: //functions.wolfram.com

17

07.28.03.0162.01

07.28.03.0164.01

12 4 5 b
4F3| =, = 1,1, =, =, 2, 1| ==10g(16) - —
33 33 V3
07.28.03.0163.01
12 5 7 4
Fof = = 11—, 2~ -1 =~ (24109 - V3 7-9)
33 3 3 9

F12174510 . 716| -
- =1, == =, —;-1|=—(16log(2) - 3)
“33'3 7333 3 60 9
07.28.03.0165.01
111 555
aF3l= = =1 = = =-1 ::—(—64+127r+7r3)
2'2'2"7 2" 2" 2 128
07.28.03.0166.01
12 35
Fal—, — 1,1 —, —, 2, -1|=1log256) + 2(1- V3 | =
35 3 2'3 ) 0(256) + 2 ( )

07.28.03.0167.01
F (1 3 11 37 2, -1
473 5: Zy 1 E: Za y T

07.28.03.0168.01

):: g(Iog(4)+4\/?Iog(1+\/7)—2\/7ﬂ+ﬂ)

13 7 5
4F3(E, SLLp2 -1) ==n(3-6x/7)+|og(512)+12x/7|og(1+ \/7)-3

07.28.03.0169.01
53

1 9 5
4F3(5, L1 -2 _1) - g(;r(l-2«/?)-6|og(2)+4\/7|og(1+ «/?)+16)

07.28.03.0170.01
73 1

F(lll 2 1
L P R

4 2 4

07.28.03.0171.01
53 7

F 111
432,,,2,2,

07.28.03.0172.01

F2114527 1
433,,,3,3,,3,

07.28.03.0173.01

3 57 9
AFl =11, - -2 - -1
4 4 4 4

07.28.03.0174.01

3 37 5
4F3l = L1, = -2, - -1
4 2 4 2

07.28.03.0175.01

F31
434,.,, y T

):: l(n(g—ex/?)—lslog(4)+12\/?|og(1+«/7)+16)

10
1] =~ (5-loge4)

==12-16109(2)

30
=30 - 15log(2) - — log(1 + \/?)
V2

g(n(_1+2«/?)—3|og(4)—4«/?Iog(1+\/7)+4)

1) 3 (r(-102V2)+2VZ loga+v2) -9
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07.28.03.0176.01

5 7 11 13
Fol oLl o2 —1] == 35(3-1l0g - V3 log(2+ V3 )

07.28.03.0177.01
4F3(1,1,1,1; 3,3, 3, -1) =9610g(2) + 12£(3) — 80

07.28.03.0178.01

53 95 ) ?(K(Z\/—_1)+|og(4)+4x/7log(l+\/7)—12)

Fsl1,1, —, — 2 —
o 42742

07.28.03.0179.01

57 911 35
JFa1, 1=, =2 =, 1= —(log(64)+12x/?|og(1+\/7)+3x/7n—32)
4474 4 18

07.28.03.0180.01
43 75
Fil1,1, -, ;2 =, = —1|=12(r (V3 —1)+log(16)- 5
o 32732 (= J+1og )

07.28.03.0181.01

7.
4578
—, —; —, —, 3,—1|==160log(2) - 110
33

Fs 1, 1, v
aF3 33

)

07.28.03.0182.01
35 538 15
2, =, = -1|= Z(2n(2—\/§)+8|091(2)—7)

Fsl1,1, —, —;
a3 23723

07.28.03.0183.01

37 51 7
JF3l1,1 2, -, —;—1)::—(n(g—6\/?)+|og(64)+12x/?|og(1+\/?)—2o)

'2'4 72 4 6

Valuesat z== %
07.28.03.0184.01
1 1 s
4F3(1, 1,1,1,2,2,2 5] =05 (410g°(2) - 7° log(4) + 21£(3))

3-V5

Valuesat z== >

07.28.03.0185.01

3-V5 2 (1 3-v5) 1 (3-V5) 4
JF3l1,1,1, 1,22 2 5 = — 7 log - —log . +g§(3)

For z==-27 and integer parameters

07.28.03.0186.01
nl-n1 22-9n 5 4 1-9n (-8)"
4F3( ) y = 7)

- —, ==

) n,

2" 2 '3 21 '6'3 21

General characteristics

Some abbreviations
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07.28.04.0001.01
NT({al, ceey ap}) ==~ (—al eNV..V —ap € N)

Domain and analyticity

4F3(aq, ay, ag, as; by, by, bs; 2) isan analytical function of ay, a,, az, as, by, by, bz and zwhich is defined in C8. If
parameters ayinclude negative integers, the function 4F3(ay, as, as, a4; by, by, bs; 2) degenerates to a polynomia in
Z

07.28.04.0002.01
({ag =@ = ag x a4} = {Dy = by xbg} x 2) — 4F3(ay, @y, as, ay; by, by, b3; 2) 11 ((CRCRCRCIR{CRCRCIRC)—C

Symmetries and periodicities

Mirror symmetry

07.28.04.0003.02

4F3(at, 3, @, ag; by, by, by; 2) == 4F5(ay, @, @g, ay; by, by, b3 2) /5 2 (1, )

Permutation symmetry

07.28.04.0004.01
aF3(an, @, ..y ay, ooy @), oo Ag; by, L, B 2) == 4F5(0, B, e @, e B e A DL e ) A A AKE

07.28.04.0005.01
4F3(a1, ceey By, bl, bz, veey bk, ceey bj, veey b3; Z) = 4F3(a1, coy Ay, bl, bz, veey bj, ceey bk, ceey bg; Z) /i bk * bj /\k¢ J

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed &, b;j in nonpolynomial cases (when -~ (-a; e NV ...V —a4 € N)), the function 4Fs(ay, ay, as, as; by, by, bs; 2)
does not have poles and essential singularities.
07.28.04.0006.01
Sing (aF3(ay, 8y, ag, as; by, by, b3; 2) == {} /; NT ({ay, ap, as, as})
If parameters ay include r negative integers ay, the function 4F3(as, a, as, as; by, by, bs; 2) isa polynomial and has pole of
order min(-ay, ..., —a;}a z = co.
07.28.04.0007.01
Sing (4F3(@, 8, 8g, 84; by, by, by; 2) = ({0, —al} /5 ~ (NT ({q, 8, as, &) [\ @ = min(-as,, ..., -85} /\ ~as eN*
With respect to a

The function 4Fs(a1, &z, as, as; b1, by, bs; 2) asafunction of &, 1 <1 < 4, has only one singular point at g = co.
Itisan essentia singular point.
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07.28.04.0008.01
Sing,, (aF3(@q, 8, a3, 8; by, by, bs; 2) = {0, o} /1 <1 <4

With respect to b;

The function 4F3(ay, &, as, as; b1, by, bs; 2) asafunction of bj, 1 < j < 3, hasaninfinite set of singular points:
a) bj == — k /; ke N, are the simple poles with residues ("ki,)k Fs(ay, @, ag, a4; by, ..., b1, =k, b1, ..., bs; 2);
b) b; == & isthe point of convergence of poles, which isan essential singular point.

07.28.04.0009.01
Singy, (aF3(1, 8o, a, &; by, by, b3; 2) == {{{-k 1} /; ke N}, {6, co}} /; 1< ] =3

07.28.04.0010.01
k
(GY

resbj(4F3(a1, ay, ag, ay; by, by, by; 2) (-K) = 4'33(3@ ay, 83, ay; by, ..., bj_1, =K, bj4q, ..., b Z) ikeNAl=<j<3

Branch points
With respect to z
For all ax, not being negative integer, the function 4F3(a;, a, as, as; by, by, bs; 2) hastwo branch points; z==1, z== .

07.28.04.0011.01
BP,(aF3(ay, 8y, ag, ay; by, by, bs; 2) = {1, &} /; NT ({&y, &, a3, as})

07.28.04.0012.01

3 4
Ro(4F3(ay, @, @3, 84; by, by, b3; 2), 1) ==log/; Y3 € Z \/lﬁs ¢Q /\¢3 = ij _Zaj /\N'T({aL 8, a3, au})

=1 =

07.28.04.0013.01
Ra(4F3(aq, ay, a3, ay; by, by, bg; 2), 1) =5/,

3 4
W3 ::ij —Zaj = g/\r eZ/\s— 1eN+/\gcd(r, S) == 1/\N‘T({a1, a, as, au})
=1

=1
07.28.04.0014.01
Ro(4F3(@y, 8, 8g, ; by, by, b3 2), ©) =109 /; Faa (& -8j € ZAN1<i<4\1<j=<4\iz j)/\(alesz...Va4ezQ

07.28.04.0015.01
RaF3(ay, @z, 83, ay; by, by, by; 2), &) =lem(s;, s, S, S4) /;

;—I/\{r|,3}el/\s| >1 A\ gedn, 9 =1/\1=1 =4\ NT (51, %, 55, 54D

With respect to g
Thefunction 4F3(a1, ap, as, as; by, by, bs; 2 asafunction of a, 1 <1 < 4, does not have branch points.

07.28.04.0016.01
BP, (4F3(a1, 3, as, ag; by, b, b3;2)=={} ;1< <4

With respect to b;

The function 4F3(ay, ay, as, as; by, by, bs; 2) asafunction of bj, 1 < j < 3, does not have branch points.
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07.28.04.0017.01
BP,(aF3(an, @, 8g, ay; by, by, b3 2) =1} /1= ] <3

Branch cuts
With respect to z

For all a, not being negative integer, the function 4F3(a, a2, as, a4; b1, by, bs; 2) isasingle-valued function on the z-plane
cut along theinterval (1, o), whereit is continuous from below.

07.28.04.0018.01
BC4F3(aq, @, ag, ay; by, by, bs; 2) = {{(1, ), i}} /; NT ({ay, a, a3, aa})
07.28.04.0019.01
”mo aF3(aq, @, ag, a4; by, by, by; X—i€) = 4F3(ay, @y, a3, ay; by, by, bg; x) /; x> 1
>+

07.28.04.0023.01

3 .

T'(b i
l_[kzl ( k) 4,1[e

lim 4F3(ay, @, ag, a4; by, by, by; X+i€) =
e-»+0 Hﬁ:l F(ak) X

1, by, by, b
Bl VS|
a1, ap, a3, Ay

07.28.04.0020.01
I (by) T'(by) T'(bg) I'(a, — a1) I'(ag — a1) I'(ay — ay)

['(ay) I'(ag) T'(ay) T'(by — ay) T'(b, — ay) T'(bs — ay)

lim 4F3(a, @, as, ay; by, by, bs; X+ie€) =
e—>+0

1\& 1
(——) 4F3(a1, a.]_—bl+1, al—b2+1, al—b3+1; a]_—az-l-l, al—ag-i-l, al—a,4+1; —] +
X X

I (by) I'(bp) I'(bg) I'(ay — &) I'(ag — &) I'(ay — &) ( l)e‘2

[(ay) T(ag) T(aq) T(by — 8p) [(b, — a) T(bs —ap) \ x

1
4F3(a2, -+l a-b+la-by+l-ag+ax+l,ap—az+1l, a—as+1; —) +
X

I (by) I'(bp) I'(bg) I'(ay — ag) I'(ap — 83) I'(ay — &3) ( 1)33

I'(ay) T(ag) T(ay) T(by — ag) (b, — ag) [(bg —ag) \ X

1
4F3(a3, a3—b1+1, ag—b2+1, a3—b3+1; —a1+a3+1, —a2+a3+l, a3—a4+1; —) +
X

T () Ty T(by) T(agy —au) Ty —ay) T(@z —ag) ( 1\M
I'(ay) (@) T(83) T(by — ag) T(b, — 2) T(b3 - ) (_ Q)
4F3(a4, ay—-b+1la,-by+1,8,-by3+1, —ag+a4+1, —ax+a,+1, —ag+a,+1; ;) /i
Vi Kitikez ek <j<antzkea (3 —a € Z) A x> 1
With respect to a

Thefunction 4F3(ay, ap, ag, as; by, by, bs; 2) asafunction of a, 1 < | < 4, does not have branch cuts.

07.28.04.0021.01
BCq (aF3(a, 8y, 83, a4; by, by, bg; 2)={} /; 1< <4

With respect to b;

Thefunction 4F3(ay, ay, as, as; by, by, bs; 2) asafunction of bj, 1 < j < 3, does not have branch cuts.
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07.28.04.0022.01
BCh(aF3(@q, 8, ag, 84; by, by, bg; 2) ={} ;1= j=3

Limit representations

07.28.09.0001.01
4F3(aq, 8y, ag, ag; by, by, bs; 2) == ,LL“; sF4(ay, @y, 8, &, Pz by, by, bs, p; 1) /;

Re(p(l-2—-a;—a—az—au+b;+by+b3)>0

07.28.09.0002.01
aF3(a1, @, ag, a4, by, by, b3y 2) = L'_)n; 4Fa(ay, @, ag, ay; by, by, bz, p; p2)

Continued fraction representations

07.28.10.0001.01

zZ(l+a;)(1+ay)(l+ay) (1+a,4)/

F(a,a,a,a4;b,b,b;z)==l+(aaaa42/(bbb))/ 1+-
473\41, A2, a3 1, M2, M3 ] A2 A3 1 M2 V3 2(l+b1)(1+b2)(1+b3)

z(2+ay) (2+ay) (2+ag) (2+ay)

z1+a)(A+a)(l+az) (1+ay) 3(2+by) (2+b,) (2+by)
1+ +
2(1+by) (1+by) (1+hby) 1 Z2+a)(2+a) (2+az) (2+ay)
+ + ...
3(2 + bl) (2 + bz) (2 + b3)
07.28.10.0002.01
ajayaza,z
4F3(ay, @y, @, ag; by, by, b3y 2 =1+ —
be by ba[1 + K. — (k+ay) (k+ay) (kt+ag) (k+ay) z (k+ay) (k+ay) (kt+ag) (k+ay) z
128 K\™ ke D) tkerby) (k) (keby) (k1) (keby) (keby) (kebg) )

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

Representation of fundamental system solutions near zero
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07.28.13.0002.01
A-22WY@D +(-z(@+ay+ag+a,+6)+ b+ b+ b3+ 2w +
(—z(@may+agay+tayay+3a+3a+mazt3ag+aayt+agay+3ay+7)+b+bby+by+bbs+byby+by+1)
zwW’(2) +
(bibbs—(maj+tayazaytaza+tayayaytBauy+tyyay+t+H+dB+ @B+t +azytag+l)2)
W2 -aiayazauw2z =0/
l-a,1-ay,1-a3,1-a4
0,1-by,1-by, 1-bg )
Gzzfi(z‘ 1—a1,1—a2,1—a3,1—a4)+G‘21’2(z‘ 1—a1,1—a2,1—a3,1—a4))
’ 0,1-by,1-by,1-by ’ 0,1-b3,1-by,1-by
l-a,1-ay,1-383,1-3a4 l-a,1-ay,,1-a83,1-a4
%(Giﬁ('z‘ 0,1-by, 1—by, 1 bs )*Gﬁ(‘zl 0,1-by, 1—bs, 1-b, )

l-a;,1-a,,1-a3 1- l-a,1-a,,1-a3 1-
Gi:i(—z‘ 1 2 3 a4)) +c, Gii(z‘ 1 2 3 a4)

W(2) = ¢ 4F3(ay, 8y, ag, a; by, by, b3} 2) + G, (Giﬁ(z

0,1-by, 1-bs, 1-by; 0,1-by,1-by, 1-bs
07.28.13.0003.01
Wz(4|23(all ap, ag, ay; by, by, bs; 2),
l-a,1-a,1-a;1-a, l-a,1-ay 1-a3, 1-3a, l-a,1-ay 1-a3, 1-2a,
2,4 1 2 3 2,4 1 2 3 24
G4’4(Z‘ 0,1—b1,1—b2,1—b3 )+G4’4(Z‘ 0,1—b2,1—b1,1—b3 )+GA’4(Z‘ 0,1—b3,1—b1,1—b2 ),
l-a,1-ay,1-a3 1-a4 l-a,1-ay,1-a3 1-a4
34 _ 1 2 3 34 _ 1 2 3
G“"‘( Z‘ 0,1-by, 1—by 1-by )*G“"‘( Z‘ 0,1-by, 1-bs 1-b, )*
1-g,1-a,1-a31- 34) G4,4(Z 1-a,1-a,1-a51- a‘4)) —(1- Z)—al—az—a3—a4+b1+bz+b3—3
0,1-by,1-bg,1-b; ) 4 0,1-by, 1-by, 1-bg
(—2)™17P27Ps 70170270573 (_ (— 2)2*Ps (cs(r (g — bg)) SN (by — b)) + eSC(r (by — bp)) sinGr (by — bg)) 24 +
(=217 (cso(n (b, — b)) Sin(r (by — b)) + cso(r (b — by)) Sin(r (b, — b)) 22 — (—2)P+2
(eso(m (bp — bg)) sinr (by — bg)) + esc(r (by — bg)) SNGr (b — bg))) 2% — 2((—2)%2 05 21 + (—2)P170s 22 + (— 2102 2%))
F(al - bl + 1) r(az - bl + 1) F(a3 - bl + 1) F(a4 - bl + 1) F(al - b2 + 1) r(az - b2 + l) F(a3 - bz + 1)
F(a4—b2+ 1)F(al—b3+ 1)F(a2—b3+1)F(a3—b3+l)r(a4—b3+l)

34
G4’4(—z‘

07.28.13.0004.01
L-22WY@D) +(-z(ag +ap+ag+a,+6)+b + b, + b3+ 3 2w (2 +

(~zZ(may+azy+ayay+3a+3ay+aaz+3ag+aayut+azas+3as+7)+b+biby+by+bibs+bybg+ b+ 1)

ZwW’(2) +
(bibybs—(@maj+tayazay+tazay+tayayayt@zauy+yuay+ g+ +d @ +@+utmazyt+tazyt+tag+l) 2

W (2) — &y dpagayW(2) = 0/, W(2) = C; 4F3(ay, @, as, a; by, by, bg; 2) +

2P Py —by+1,a-b;+1,a3-b+1,a,—by+1;2-by, by +b,+1, -b; + by + 1; 2) +

C3Z P2 Fayag—bp+1, a-by+1,a5-by+ 1L ay—by+1;2-by, by —by+1, ~b+ by +1; 2) +

CaZ P Py —bs+1,a—bg+1, a3—by+1,a,—bs+1;2—-bg, by —bs +1, b, — by + 1; 2) /\

blffl/\bzGEZ/\bséfz/\bl—bzGEZ/\bl—bséEZ/\bz—bseEZ
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07.28.13.0005.01
W,(4F3(ay, ap, ag, au; by, by, bs; 2),
2P Py b+ 1l ay—by+1,a3-b;+1, a4 —by +1;2—by, -b; + by + 1, by + bg + 1; 2),
2% Fa@ —by+1, ay—bp+1,a3—by+1,8,—by+ 1, 2—by, by —by + 1, by + by + 1; 2),
2% Faa —bs+1 @ —by+1,a3-bg+1, 8, -by+1,2- b3, by b+ 1, b —bs + 1, 2)) =
sin(z by) sin(r (by — by)) sin( ) sin(r (by — b)) sin(r (b, — b)) sin(z by) a

_ Z)—al—az—a3—a4+b1+b2+b3—3 Z—bl—bz—b3—3

7

07.28.13.0001.01
A-22WY@) +(-z(ag+ap+ag+as+6)+ by + by + by + 3 2w (D) +

(-z(may+agay+tayuay+3ay+3a+paz+t3ag+aayt+tagay+3ay+7)+by+bby+by+bby+byby+by+1)

zwW’(2) +
(bibbs—(@maj+tayazaytazay+tayyaytBzauy+tyyay+t +Hp+d B+ @+t +tazyt+tag+l)2

W(2) —ag 8y azayW(2) == 0/, W(2) == C; 4F3(ay, @, a3, &4; b1, b, bs; 2 +

Cy 2t P Fy(a; by +1, 8-+ 1, a3-b; +1,8,—by+1;2—by, —b; + by + 1, =b; + b + 1; 2) +

C3 2t P2 Fg(a; —by+1, @ —by+1,a3—by+1, @, —by+1;2—by, by —by+1, by + by + 1, 2) +

C4 2 4Fg(@g —bg+1, @ —bg+1,a3-bg+1,a,—bg+1,2-bg, by b3+ 1, b, —b3+1; 2 /\

breZ \byez N3¢z \by-breZ [\bi-bs¢z \b,-bse Z

07.28.13.0006.01
Wi (4F3(ay, @, ag, ay; by, by, bg; 2),
2P Py -by+1, 8 -by+1,a3—by+1,a,-b; +1;2-by, ~by + by + 1, —b; + by + 1; 2,
2% Fa@—by+1, ap—bo+ 1, a3—by+1,a,-by+1;2—by, by — by + 1, —by + by + 1; 2),
7% Fya —bs+ 1,8 —by+1,83—by+1, 8~ by +1;2—bg, by —by+1, b —by + 1, 2)) =
—(by — 1) (b, — 1) (bs — 1) (by — bp) (by — bg) (b — bg) (1 —2)72 7% %2 Pu+D2#0a73 770y 0y 0y~3
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07.28.13.0007.01
4 (@+ap+ag+au+6)g@ (Oi+b+b3+3)g(2 6972
w92 + - -
92-1 9@-192 g
[(a1a2+a3a2+a4a2+a1a3+a1a4+a3a4+3(a1+a2+a3+a4)+7)g’(z)2

9@-1Da9®

w3 (2) +

(bp+ 1) (bg+1)+by (b + b3+ 1) g(@° 15¢"(2?
9@ -D 9@’ i 9@’ ’
3(by+by+b;3+3)g’ (2 3@ +a+az+au+6)g'(@ 49°©®
@@-Dg2 9@ -1 T

]W”(z)+

/

g@

bibybsg(2°  3(a;+a,+ag+ay+6) g’ 2> 1
[(1 -9(2)92° ' 92-1Hg@ ' 92 -1 9>
((azal+a2a3a1+a3a1+a2a4a1+a3a4a1+a4a1+al+a2+a2a3+a3+a2a4+a2a3a4+a3a4+a4+1)
109”2 9% 1
g@? ' 92-192

(rqyap-—aga—aya - ag-—qau-aa—-3@+a&+ag+a) - g @9 @+ by +b+ by +3)g¥) -

9@ + (b +1) (bs+ 1) + by (0, + by + 1) 9" (2) +

@+a+a+au+60¥2 3bi+bh+b+39'@* 15¢9'@° ¢9@
9@ -1 92-1929@ g2 9@

]V\/(Z)+

a2

) . W(2) = 0/; W(2) = ¢; 4F3(ay, ay, as, ay; by, by, bs; 0(2) +
@@2-1a92

l-a,1-ay,1-a3,1-a4
(o] o) 1 na b, |
l-a,l-a, l-as 1-a l-aj,l-a, 1-as 1-a,
2.4 1 2 3 24 1 2 3
G‘“‘(g(z)‘ 0,1-by, 1-by, 1 b, )*G“A(g(z)‘ 0,1-bs, 1-by, 1 b D

l-a,1-a,1-a3,1-a4 l-a,1-ay,1-a3 1-a4
3y4_ 1 2 3 3'4_ 1 2 3
°3(G4v4( g(z)‘ 0, 1-by, 1-by, 1- by )*G“v“( 9(2)‘ 0, 1-by, 1-bs, 1-b, )

1—3.1, 1—3.2, 1—&3, 1—3.4

l-a, l-ay l-ag 1—a,
4.4 1 2 3
0,1—by, 1—bs, 1—by )) +Ca G“"‘(g(z) )

34
G4,4( g(z) O, 1- bl: 1- b2| 1- b3

07.28.13.0008.01
@+;p+taz+au+6)g@ (Oi+b+b3+3)g@ 4@ 69'@
w2 + - - -

92-1 9@2-1)9 h(2) g@
(alaz+a3a2+a4a2+a1a3+a1a4+a3a,4+3(a1+a2+a3+a4)+7)g’(z)2
@2-Ha2

)W“)(z) +

(0 + 1) (b3 +1) +by (b + b3+ 1) g@* 3 +b+b3+3)N@D (2
+ —

92 - 1) 9@? ©@-1g9@h@
3+ +az3+tau+6)N(29g@ 12 h’(z)2 15 g”(z)2 3(by+b,+b3+3)0"(2
+ + + +
@@ -Dha) h@?  g@? ©2-Dg@

1829’2 3@m+a+az+a,+6)9g’@ 6h(@ 49902
h2g 92-1 h(2) g@

W’ (2) +
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bbb g(2®  2((hy+ D(bs+1)+by(by+bs+ D)N@DY(2? 6 +a+az+a+6)N@2° g2
+ + -
(1-92)92? 9@ -1 9@2?h@ 92 -1 h@?

6(b+b, + by +)N(@2° (2 3(ay+a,+as+a,+6)g" (2?2
+

+
9 - 1) g2 h)* 92-1H9g®

—g/(Z)((a2a1+a2a3a1+a3a1+a2a,4a1+a3a4a1+a4a1+a1+a2+a2a3+a3+
9@ -1g@?
Bay+apagay+agay+ay+ 1) g @ + (b + 1) (by+1) + by (b + by + 1) g (@) +
24@h' (2 3@+a+az+a4+6)2hW (29’2 -d@h”(2) 1
+ +
h2)’ 9@-Dh@ 9@ -1 g@h@
(3 (bi+by+b3+3) (@@ @-2"W 29’ @) -2y +azas+aya+aaz+ajay +
109’2 9% 1
+
g (2? 9@2-1)92

(b1+b+b3+3)dP@) - (@@ + @+ +aag+d a+agay+3@ +a+a+a)+ 929" @)+

aay+3@+a+ag+ay)+7)g @ N@)+

189" (2 +8NW@D 932 (@+a+az+a,+6)g2@ 432 24h(2°
h g2 92-1 h(2) h?®

3 +b+b3+3)9°@% 36N (2°g'(2 30NDY'@* 15¢"@° d9@

wW(2) +
02-1)929@ h2° g (2) h(2) g (2)° qg2° g@

amaazaugd@' bbbh@g@® 2y +1)(bg+1)+by (b +bs+ 1) N2 g2
+ p—

+
©@@-19@2° W2-192*h2 (92 - 1) 92 h(2?

6(by +by, +b3+3) h’(z)3 gd@ 6@a+ax+az+au+6)@h @@ 6(@1+a+az+as+6) h’(z)3 g@
+ - +

9@ -1 9@ h@° 9@ - h@’ 92 -h@’
24" 15n@9'@° 30N@2°g'@? 3b+b+b+3N (29’2 36N g2
+ + + + +
h(2)* h2 g2° h2? g (2 @@-Ha2hdg©@ h2°g @

- CH@QNWD (e +aza+aa+aag+ajag+azdy+3@ +a+ag+ay) + 70 g @2° +
9@-Dao@h@

3(by+b, +b3+3)g"(2) -3 (b + b, + by +3) g (D W' (2) +
1

9@ -1 9@*h2

a3al+a2a4al+a3a4a1+a,4a1+a1+a2+a2a3+a3+a2a4+a2a3a4+a3a4+a4+1)g’(z)2)+

T@((b+ D) (bs+D+by (b + b3+ )T @ N @ -N@Dg'@)-N (2 (@2 + @ a3a; +

6h'(2°+8h@hd@2) (a+a+ag+a,+6)(39" @M (2 +N@2g%@-g@h32)
h(2)? ’ 92 -Dh@
1
(@@ -1)9@h@
(qaz+3az+3ay+ayp(@+au+d+a(@+az+au+3d)+NgdO MWD @D-9d@N @)+

((by+b,+b3+3)(3g"@ N @+ (2 d®@ -9 @h2) -

4 2g¥@2+60° QNP+ g¥@ h9@ 6@+a+az+a+6)N@°g @

h@ g @ h@ 9@ - 1) h@*
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36N (22N (2 3(a +a+ag+a,+6)N(2g’2?
h2?* 9@-Hh@gd®

4h@ (99" @' @+2h@2d®@) 59"@ (39 @ @+2 @2 g% @) 0
- w2 =0/,
h@’g'@ h2 g (? ] @0
l-a,1-a5,1-a3,1-a4
0,1-by, 1-by, 1-bs )
l-ay,1-ay,1-83,1-a4
0,1-bs,1-by,1-by ))

W(2) = ¢, h(2) 4F 38, 8z, as, au; by, by, bs; 92) + 2 h(2) (Gijﬁ(g(Z)

1—al,1—a2,1—a3,1—a4 24
0, 1—by, 1—by, 1—bs )+G“"‘(g(z)
l-a,1-ay1-a31-a 34
0,1-by, 1-by 1-bs )+G“’4(_g(z)
1—a1, 1—a2, 1—a3, 1—3.4
0,1-by, 1—bs 1—by

Gi:i(g(z)

l1-a;,1-a5,,1-a83,1-a4
0,1-by, 1-bs 1—-by )+
l-ay,1-ay,1-83,1-a4
0,1-by, 1—b,, 1-bs )

c;h@) [Gf{;i(—g(z)

Giii(—g(Z) )) +¢h(2) Giji(g(Z)

07.28.13.0009.01
ar(g+a+ag+ay)Z +3r-22s-3)(@z -1)—r(by+by+by)
wA(2) + LR te w3(2) +
z(@azZ -1

1

Z@z -1
3r2-9r(s-1)+B(-2s+7(@Z -1 +r(-3a(s-1)a, 7 —aa;(3s—-ra,—-3) 7 +
(2r+3s-3) b3+ by (~bgr+2r+3s-3)—b; (b, + by) r —2r -3s+3))w'(2) +

(araz(—33+r(a3+a4)+3)z'+ara1(—35+r(a2+a3+a4)+3)z'—

———(araB(s-Ds+r(l-2s)ay+rag(-2s+ra,+H+ 7 +
2@z -1

ara; (3(s—-s+r(1-29)ay+rag(-2s+rag+1)+ray(-2s+r(@a+a)+H+1)7 +

rP+r2(6s-3)+r9(s-1)s+3)-(2s(s(2s-3)+2)-1) @z -1)-

r(-a@s-Ds+hayz —aagB(s—-Ds+r(l-29a+1)7 +
(P+(@4s-2)r+3(s-1)s+1)bg+by (r -2+ 3+ (4r—3)s—r(r +2s-1)bg) +
by ((r-1%+3+@r-3)s—r(r+2s—1bg+rby(bsr—r-2s+1)))wW(@+

azZ (s—ra)(s—ray)(s—rag)(s—ray) —s(-byr+r+9)(=bor+r+s)(-bzr+r+y

2@z -1

w2 =0/,

1-a,1-a, 1-a3, 1—a4)
0,1-by,1-by1-bs )©
l-a,1-ay,1-a831-a4 24 l-ay,1-ay,1-83,1-a4
)+G4’4(azr ))+
0,1—b2,1—b1,1—b3 ! 0,1—b3,1—b1,1—b2
l-a;,1-a,,1-a3, 1- l-ay,1-ay,1-a3, 1-
1 7 3 34) +Gi‘3(—az’ il 7 3 34)
0,1—b1,1—b2,1—b3 ! O,l—bl,l—b3,l—b2

1—6.1,1—3.2,1—6.3,1—a4 4.4
0,1-by 1-bs 1-by )) +°4ZSG“"‘(aZr‘

W(2) = ¢; 2 4F3(ay, @, ag, a4 by, by, by;az) +¢, zs(Gﬁﬁ(az’ ‘
Gz;::(azr ‘
C3 zS(Giﬁ(—azr ‘

l-a,1-a,,1-a3 1-
Gi:i(—azr‘ i ) 3 5\4)

0,1-by, 1-by, 1 by
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07.28.13.0010.01
alog(r) (ay +ay +ag+ay) r*+ 3log(r) —4(ar? - 1) log(s) — log(r) (b; + b, + bg)
W)+ g g+ +aztay g . g g 1+ by + by W32+
ar?-—

ar?—

(alog(r) a, (log(r) (ag + as) — 310g(s)) r* + alog(r) a; (10g(r) (8, + ag + au) — 310g(s)) r* —

3(log’(r) + 3log(s) log(r) - 2 (ar? - 1) log*(9)) + log(r) (-3alog(s) a, r* — aas (3log(s) - log(r) a,) r* +
(2log(r) + 310g(9)) bz + by (—bz log(r) + 21og(r) + 31og(s)) — by (b, + b3) log(r) — 2log(r) — 3 Iog(s)))) w'(2) +

1 (—4a|og3(s) r“ +alog(r) a, (log(r) az (log(r) a, — 2log(s)) + log(s) (3log(s) — 2log(r) ay)) r* +
ar?-—
alog(r) a (3log’(s) +10g(r) (~2109(s) a, + ag (109(r) aq — 210g(9)) + a (10g(r) (as + &) — 2109(9))) r* +
(log(r) +log(9))* (log(r) + 41og(s)) - log(r) (—3alog’(s) a, r* — alog(s) az (3log(s) — 210g(r) a,) r* +
(log(r) + log(s)) (log(r) + 3log(9)) bs + b, ((log(r) + log(s)) (log(r) + 3log(s)) - log(r) (log(r) + 2log(s)) bs) +

by ((log(r) +l0g(s)) (log(r) + 3log(s)) + log(r) (b, (bs log(r) — log(r) — 2log(s)) — (log(r) + 210g(s)) bs))))
1
wW(2) +

a1 (ar*(log(s) - log(r) a;) (log(s) - log(r) a;) (log(s) — log(r) ag) (log(s) - log(r) aq) -

log(s) (—by log(r) + log(r) + log(s)) (—b; log(r) + log(r) + log(s)) (—bs log(r) + log(r) + log(s))) w(z) = 0 /;
W(Z) =C SZ4|53(31, Qy, 8z, y, b]_, b2, b3; az’) +C SZ(Gi:Z(a rz

1—a1, 1—a2, 1—a3, 1—3,4)

0,1-by, 1-b,, 1 b,
l-ay,1-ay,1-a3, 1-a4 l-a,1-ay,1-a3 1-a4
24( 5 il 7 3 24( 5 1 7 3
G“v“(ar 0,1-b, 1-by, 1-b, ]*G“v“(ar 0,1-bs 1-b;, 1-b, ])
l1-a,1-ay, 1-as 1-a, l1-a;,1-ay, 1-as 1-a,
34 7z 1 2 3 34( 7z 1 2 3
C3SZ(G4’4( a7 0,1-by, 1-b,, 1-by )+G4’4( a7 0,1-by, 1-by 1-by )
l-a,1-a,,1-a3, 1-
Gﬁ(—arz 1 2 3 ay

4,4 z
0,1-by 1-by 1-b; ))”“SZG“(“

l1-a,1-ay 1-a; 1—34)

0,1-b;, 1-by, 1-by
07.28.13.0011.01

WZ(4|ES(al- y, ag, &4; by, by, bs; 2),

l-a,1-a,1-a3 1-a4 l-a,1-a,1-a3,1-a4
24 1 2 3 24 1 2 3 24
G“"‘(Z‘ 0,1~ by, 1 by, 1- b, )*G“"‘(Z‘ 0,1 by, 1—by, 1- b, ) G“"‘( ‘
l-a,1-ay,1-a83,1-3a4 l1-3,1-ay,1-a83,1-a4
34 _ 1 2 3 3,4 _ 1 2 3
G“x“( Z‘ 0,1-by, 1-by, 1 by ]*G“v“( Z‘ 0,1-by, 1-bs 1—by ]*
l-a,1-ap1-a31- 34))  (1— 7 tr-t-as-agtby+by+bs-3
0,1-Dby, 1—Dby, 1-bs
(—2)PrP2mbs 70170270573 (_ (= 2)P2*Bs (ese(r (g — bg)) Sin(r (by — by)) + escl (by — by)) sin(r (by — bg))) 2 +
(=2)"1*3 (cse(n (b, — bs)) SIN(T (by — b)) + csc(r (by — by)) Sin(r (by — b)) 22 — (—2)P+P2

l-a,1-ay1-a31-a
0,1-bs 1-by, 1-b, )

1—31, 1—32, 1—a3, 1—3.4

341 _ 4,4
G“"‘( 2l 0,1-by 1-by 1-b, ) G“"‘(Z

(esc(r (b — bg)) sin(r (by — bg)) + esc(r (by — bg)) Sin(r (b, — bg))) 2% — 2((—2)%2*Ps 21 + (=2)°1*Ps 22 4 (—2)P1*P2 %))
[ -by+DI@—b+1)T@g—b,+ D@, —by+ D)@ —b,+1)T(@—by+ 1)@z —by+ 1)
F(a4—b2+l)r(al—b3+l)F(aZ—b3+l)F(a3—b3+1)F(a4—b3+1)

Representation of fundamental system solutions near unit
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07.28.13.0012.01
Q-2Z2WY@) +(-z(@+ap+az+a,+6)+b + by + by + ) Z2W(2) +
(—z(@may+agay+tayay+3a+3a+mazt3ag+aayt+agay+3ay+7)+b+bby+by+bbs+byby+by+1)
zwW’(2) +
(bibbs—(maj+tayazaytaza+tayayaytBauy+tyyay+t+H+dB+ @B+t +azytag+l)2)
W(2-aiayazauw2z) =0/
l-a,1-ay,1-a3,1-a, 26 0,b,1-a,1-a,1-a3 1-a,
0,1-by, 1-by, 1-bs ) ZG“(‘ 0,b;,0,1-by, 1—by, 1- by )

O,bz,l—al,l—az,l—ag,l—% 26 O,bg,l—al,l—az,l—a3,1—a4
c GZ‘"( ) G’( ) 1
366(%| 0,1, 0,1-by, 1—by, 1 by 47%66 0,bs, 0, 1—by, 1—by, 1—bs ARV

b1+b2+b3—al—a2—a3—a4a;Z/\blsEZ/\bzssZ/\bsssZ/\bl—bzezZ/\bl—bsssZ/\bz—bgezZ)

(W(Z) =q Gﬁ:g(z

07.28.13.0013.01
W(GA’O(Z l-a,1-ay, 1-a;, 1—3.4) 2'6( 0,b,1-a;,1-a, 1-a3, 1—a4)
A T 0,1-by,1-by, 1-Dbs 66 0,b;,0,1-by, 1-by, 1-b3 '
G ( O,b2,1—a1,1—a2,1—a3,1—a4] 26( O,b3,1—a1,1—a2,1—a3,1—a4])
'z y =
66 0,by, 0,1—by, 1-by, 1—byg 66 0,bs, 0,1—by, 1-by, 1—byg
Q-2 —ap-2 -a3-2, -2, b3—3) (G"’O( —ay, —ay, —ag, —84)
0,b3-3,-b; -2 -by—2, -b3-2 44 0, —=by, —b,, —bs
25 -1 -a-1-a-1,-a-1b-2) L5 | l-a,l-a 1-a31-a,;b
Gss(z o h1 h1 Gss B B B -
0,b,-2,-b;—-1,-b,-1,-bs-1 0,b;,1-by, 1-by, 1-Dby
st( a—-1 -a-1 -a3-1,—a, -1, bl—2) 25( l-ay,1-a,1-a3 1-ay, bz))
5, :
55 0,b;-2 -b; -1, -b,—1,-bs—1 55 0,by, 1-b;, 1-by, 1-by
G4’0(Z 1—al, 1—a2, 1_a3: 1_a4) (GZ’S( —al - 1, —az - 1, —a3 - l, —a4— 1, bl—Z)
44 0,1-by,1-by, 1-bs 55 0,b;—2 -b;—1,-b,—1,-by—-1
25 —ay, —8y, —a8g, —a4, b —
G55 _ _ _
0, b, -1, —by, —b,, —bs
—ap, —ay, —ag, —ay, bl 1)) (
Gz Gy
55(2‘ 0, by~ 1, by, by, - 44
25 l-a;,1-ay,1-a3,1-a4, by 25 —ay, —ay, —a3, —ay, b -1
GSS GSS _ _ _ _ -
0,by, 1-by, 1-by, 1-Dg 0, by 1, —by, —by, —bs
25(_| 1-a1, 1-ap, 1-ag, 1-au, by) o5 | —a1, —a, —ag, —as, by -1
Gss|z 5.5 +
! O, bl, 1- bl, 1- bz, 1- b3 ! O, bz - 1, —b]_, —bz, —b3
G'(Z‘—a1—2,—a2—2,—a3—2,—a4—2,b2—3)( ‘ ,—a4)
55 0,b,-3,-b;—2 -b,—2,—bg -2 0, bl, —b2, —bs
25 -1 -a-1 —a3-1, -y -1,b3-2) ,¢ l1-a,1-a,,1-a3 1- a4,b1
G552 0by-2 -by -1, -bp-1, -bs—1 ) ®5(%| 0,by, 1-by, 1-by 1-b
y M3 1 1~ 2 3 1y 1y 21 3
st( al—l,—az—l,—as—l,—a4—1‘b1—2] 25[ l—al,l—az,l—as,l—m,bs))
5[, :
55 0, b -2 -b; -1 -b,-1,-bs—1 55 0,bs, 1-by, 1—by, 1-bg
G4O( 1—a1,1—a2,1—a3,1—a4)(62’5( —al—l,—az—l,—a3—1,—a4—1,b1—2)
44 0,1-by,1-by, 1-bs 55 0,b;—2 -b;—1,-b,—1,-by—1
25 —a,, —ap, —ag, —ay, b3— 1 25 —-a; — 1, —ay — 1, —ag — 1, —ay — 1, b3— 2
Gss - G55
0, bz —1, —by, —by, —bs 0,b;—2,-by—1,-b,-1,-b3-1

~ci2

Gz,s(z -1 -a-1-a-1 -a4—-1,Db, - 2)
o0 0, -2 —by—1,-by—1, ~bg— 1
a-1-a-1-a-1, —a4—1)

01 _bl_ 1, _bz_l, —b3—l




http: //functions.wolfram.com

30

—aq, —ay, —az, —a4, b -1 20
GZ'S(Z ]) G, (z
55 0, bl — l, _blv —bz, —bg * 44

l-a,1-ay 1-a3 1-ay, bs) 5
Gz,s(z G252
[ 55 0,bg, 1-by, 1-by, 1-by ) >

0, b, 1-by,1-hy, 1-bg 55

a -1 -a-1 -ag-1 -a,-1
0,-by-1,-b,—1,—by—1 ]

—ap, —ap, —ag, —ay, bl_ 1)

0,b, -1, -by, —by, —bs

2,5( ‘ l-a,1-a, 1-a3 1-ay, bl) 2,5( ‘ -8y, —8p, —a3, —&4, b3 - 1)))
Ggslz -

Gz,s(z -y -2, —ap-2, -3 -2, -y -2 bl—S](
%5 0,b; -3 -by -2 -b,-2, —by—2

(22| ™

=

-1, -ap-1 -a3-1,-a4,-1, by -
0,b;—2,-b;—-1,-b,-1,-b3-1

44(%| 0,1-by, 1-by, 1-by

GZS( _al! _a21 _a31 a41 b3
7| 0,b3—1, —by, by, -

0 b2—1 —b]_, b21_

1-2,1-8,1-a51-a,bs
"2 e
[ 55 Z’ 0,bs,1-by,1-by, 1-Dbs 55

-y -1 -a-1-a3-1-a,-1b,-2
0,b,-2,-by—1,-b,—-1, -b3-1

4,0( 1—a1,1—a2,1—a3,1—a4)( 2,5( —al—l,—az—l.—aa—l,—a4—1,bz—2)
55 0,b,-2 -b;—1, -b,—1,-bs—1

ey

25 —84, —ay, —ag, —au, b2 1 40
G5y5(z‘ bs +Gyy(z

0,b;-1, —by, —b,, —bs
—a, —ay, —as, —a4)
0, —by, —by, —bs

) ( 1—31,1—32,1—33,1—%,132)
0,by, 1-by, 1-by, 1-bs

) 2,5( l-a,1-ay 1-a3 1-a, b3))
55 0, b3,1—bl,1—b2,1—b3

—a-1,-a-1-a3-1,-a,-1,b3-2
0,b3-2,-b;-1,-b,—-1, -bs-1 )
a—-1-a-1-a-1, -a,—-1
0,-b;-1,-b,-1,-b3-1 )

—ay, —ay, —a3, —au, by — 1]
0,b, -1, -by, by, —bs

l-a;,1-ay,1-a1-a,b —ay, —ay, —a3, —ay, b3 -1
Géjg(Z‘ g > 5, 1-ay 2) 2,5(2‘ 1, —8p, —83, —a, b3 )))

0,bp, 1-by, 1-by, 1-Dy 55

aof | ——2 — -2, —a3-2, -3y - 2)( 215[
G“f‘(z‘ 0 —by—2,—bp—2 -by—2 {5

[st( l-a;,1-a,,1-a3 1- a4b2)G (
55 0, by, 1-by, 1—by, 1-bg 55

os(_| 1-a, L—ay, 1-a3, 1-a4, by) 55
Gss

0,b;,1-b;, 1-by,, 1-bg 55

25| —1-1 -a -1 -a3-1 -a-1b,-2
GSS

0,by-2 -by -1, -by-1, —by—1

0, b3 -1, =by, —by, -

—a4, —ay, —ag, —ag, b -1
= N | = C

0,by -1, by, —by, -

1—a1,1—a2,1—a3,1—a,4, b3 25
Gz’s[z ]G' (z
[ 55 0, b3, 1- b]_, 1- b2, 1- b3 55

0,0, 1-by, 1-D,, 1-bs o8

¢z

25(_| —81, —a, —a3, —a, b3 — 25
65’5(2‘ b ) Gss( ‘

0, b3 -1, —by, —by, —bs

-1 -1, -a-1 -a3-1,-a;,-1,by;-2
0,b3-2,-b;-1,-by-1,-bs-1 )
—ay, —8, —a3, —a4, by -1

0,b; -1, —by, by, —bs ]'

—a;, —adp, —az, —ay, b2 - 1))
0, by -1, —by, —by, —bs

l-a,1-ay,,1-a3,1-a4Db;
0,b;,1-by, 1-b,, 1-bs ]

l-a;,1-ay, 1-az 1—ay bs

0,bs, 1-by, 1-hy, 1-bs )

—a1-1,-a-1-a3-1,-a;,-1,b; -2
0,bj-2,-b;-1,-b,-1,-bs-1 )

—aq, —ay, —ag, —au, by, — 1]
0,b, 1, —by, —by, ~bs )~

GZS( ‘1—a1,1—a2,1—a3,1—a4, bz) 2,5( ‘
5,51

—ay, —a, —ag, —ay, b3 — 1)))
0, bg -1, by, —by, —bs

Representation of fundamental system solutions near infinity
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07.28.13.0014.01
Q-2Z2WY@) +(-z(@+ap+az+a,+6)+b + by + by + ) Z2W(2) +
(—z(@may+agay+tayay+3a+3a+mazt3ag+aayt+agay+3ay+7)+b+bby+by+bbs+byby+by+1)
zwW’(2) +
(bibbs—(maj+tayazaytaza+tayayaytBauy+tyyay+t+H+dB+ @B+t +azytag+l)2)
W2 -aiayazauw2z =0/

. 1
W(Z)ZClZ_a14F3(a1, al—bl+l, al—b2+1, al—b3+l; al—a2+l, al—a3+1, al—a,4+l; —]+
z

1
of et

1, by, by, b 1
1, 02 3)+ 4,2(

1, by, by, b3) 4,2(1 1, bs, by, by )]
+ +

ay, a, &3, &y Nz an a8 a Nz | an a8
1| 1,b,byb 11 1, by, b b 1| 1,by,bg b 1)1 1,b,b,,b
%(Gﬁ(— - 1, D2, D3 ) + Gﬁ(— - 1, O3, 02 ) + Gi’i(— - 2, D3, D1 )) re Gﬁ(— 1, D2, O3 )
"\ z|an, a3 Uz anag az g "\ z| a3 a3 Nz | &, @83
07.28.13.0015.01
N 1
WZ(Z_a14F3(a1, al—b1+1, al—b2+l, al—b3+1; al—a2+1, al—ag‘f'l, al—a4+1; —),
z
a2( 1] L by, by by a2( 1] 1 by by, by a2( 1] L bs by by
Gyl = +Gya| - +Ggy| = '
z| &,82, 83, 4 z| a1,3, 83 a4 z| @1, 82,33 &
1| 1,b,byb 1| 1,b,b3 b 1| 1, by b b 1| 1,b,byb
43 » D1, D2, D3 43 » D1, D3, D2 43 , 02, D3, 0g 44 , D1, D2, D3
i, Jeet-, Jeet- e )=
zZ| &, 3,83, 4 zZ| @1, 3,83 a4 zZ| &, 83, 4 zZ| @&, 3,83, a4

(6G4,3[ 1 —1,b1—1,b2—1,b3—1) -1Lb-1b3-1b,-1
Wl a-1,a-1,a-1,8,-1 a-1a-1a-1a-1

1) —14,b,-1,b3-1,b -1 1) -2,-1,b;-2,b,-2,b3-2
3 e A E1c e B i P
zlag-la-1la-1,a,-1 zlayy-2,a-2,a3-2,a4,-2,0

1
Z+6 Gj};j(— -
z

)22+

1) —2,-1,b;-2,b3-2,b, -2
4.4 , s M1 » M3 y M2
665‘5[—; ) _

z
-2, a-2,a3-2,a,—-2,0

1 -2,-1,b,-2,b3-2,b; -2 1
octi(-- PN PRV
' a1—2,a2—2,a3—2,a,4—2,0 ! Z
1
44
G5,5(__

zZ
1
((2 z Gj;j[—
Z

B 1
[—4F3(al, a]_—b1+1, a]_—b2+1, al—b3+1;a1—a2+1, a.]_—a3+1, al—a4+1; —)
z

-3,-2,b;-3,b, -3, b3_3)+
-3, -3, 3-3,a4-3,0
-3,-2,b, -3, b3-3, b1—3))
-3, a&-3,a3-3,84-3,0

-3,-2,b; -3, bz -3, b2-3]+G4,4(_}
a-3a-3a-3a-30 >\ ,
-1,b;-1,b,—-1,b;—1 ) 4,5(1 -2,-1,b; -2, by, -2, b3—2))

al—l,az—l,ag—l,%—l 5'5; a1—2.a2—2.a3—2,a4_210

(64,2(} ~1,by-1,b,~1,by—1 ) 4,2(1 “1b,-1,b 1 by—1 )+
4’42 ay-la-laz-1la-1 4’42 -1, a-1la-1a-1
G4,2[E -1,b3-1,b;-1,by-1 ))_
Mzla-la-la-1a-1
(G“’Z(E 1, by, b, g ) N G4,2(} 1, b, by, bg ) . G4,2[E 1, b, by, b, )) a
Nz a, e a3 a4 M| &y, ap, ag, &y N7 | ag, ap as, a4

. 1
(—24F3(a1, a-bi+la-b+1,a-b3+la—a+1,ag-az+1,a—as+1; —)—
V4
. 1
4F3(al+1, al—bl+2, al—b2+2, al—b3+2;a1—a2+2, al—a3+2, al—a4+2; ;)

(a]_—b1+1)(a1—b2+1)(a1—b3+1)]]—
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1
(2 sz}ﬁ(—

~1,b-1,b,-1,by-1 1
- A 1)+2262:i(_

y-la-1a-1 a5- z
-1,b3-1,b;-1,b,-1 )+ 4,3(1

a-1a-1a-1a-1) " 2,

_z,_l,bz_z,bl—z,bs—Z) 4,3[1

-2 a-2a-2a-20 >\,

-1,b,-1,b; -1, b3-1 )+
al—l,az—l,ag—l,a4—1
-2,-1,b;-2,b, -2, b3—2)+
a-2,-2,83-2,8-2,0
-2,-1,b3-2,b; -2, bz—Z))
-2, -2,3-2,a4-2,0

1
2268 -

z
1
4,3
e
z

_ 1
[—4F3(al, -+l ayg-b+la-by+lay—ap+1,a—-az+1, ay—au+1; —)
z

1
44
G4,4( .

z

~1,b;-1,b,-1,by—1 aaf 1
— a4

1, by, by, bg)a
ay-1a-1a-1a-1 1

al! a2! a3! a4

z

. 1
(—24F3(a1, a;-bi+1l,a-b+1,a-b3+la—a+1,a-az+1,a—as+1; —)—
4
. 1
4F3(al+1, al—bl+2, al—b2+2, al—b3+2;a1—a2+2, al—a3+2, al—a4+2; ;)

(a]_—b1+1)(a1—b2+1)(a1—b3+1)])+

[_64,2(E 11 bls b21 b3] 4,4[E _11 bl_ 17 bZ_ 17 b3_ 1 )_ 4,2(& 11 b21 blv bB)
WMol ay, e a8 M|l ay-1,a-1a-1a-1 N5 | &y, a, ag ay
G‘“{E -1,b;-1,b-1,b3-1 J_GM(E 1, b, by, bz) 4y4[5 -1,b;-1,b,-1,b3-1 )+
WMolay-1,a-1ag—1,a,-1) *M\ ;| a,a a8 *Nz|a-La-1a-1a,-1
G4’2(E -1,b-1,b-1,by-1 ]GM{E 1, by, by, b3)+ 4,2[E -1,b,-1, b1—1,b3—1)
a4 zla-lLa-la-1a-1 44 zZ| @1, 3,83 a4 44 zla-lLa-la-1a-1
44 1 11 b]_, b21 b3 4,2 1 —1, b3 — 1, b]_ — 1, b2 -1 4.4 1 1, b]_, b2, b3
Gyl - +Gl - “la -1 a—1a—1) 247 a
z| a8, 83 zlaa-La-lLa-la z| &1, &, 83,

_ 1
[4F3(al, al—b1+1, a]_—b2+1, al—b3+1;al—a2+1, a;—ag+l,a,—as+1; —)(a1+1)22+
z
_ 1
24F3[a]_+1, a—-bi+2,a-b,+2, a1 -b3+2,ay—ay+2, g —az+2, ay —au+2; —]
z
(al—b1+1)(al—b2+1)(al—b3+1)2+24|i3(a1+1, al—b1+2, al—b2+2, a]_—b3+2;
1
-+, a-—ag+2,aq-—as+2 —)al(al—bl+1)(a1—b2+1)(a1—b3+1)z+
z
- 1
4F3(a1+2, y-b+3a-b+3,a-b3+3a—a+3,y—az+3,a—a,+3; —)(a]_+1)
z

(al - bl + 1) (al - bl + 2) (al - b2 + 1) (al - b2 + 2) (al - b3 + 1) (al - b3 + 2))) Z_al_l2 -

1| -1,b;-1,b,-1,bs—1 1| -1,b,-1,b;-1,bs—-1
(eej;i(— S )z%ﬁGj;i(- T )22+
zla-lLa-la-1,a4-1 zla-lLa-la-1,a4-1
1) —1,bs-1,b-1b,-1
662‘12(— o )z2
zlaa-lLa-1,a3-1,a,-1
6G4'3(E —2,—1,b1—2,b2—2,b3—2)
Sl a-28-2a-2a8-20
664,3(} —2,—1,b2—2,b1—2,b3—2)
Sl lzla-2a-2a8-228-20
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-2,-1,b3-2,b,-2,b,-2 1
3 . 2 )Z+Gg’g(—
ay-2,p-2,a3-2,4-2,0 '
-3,-2,b,-3,b; -3, b3—3) G4,3(1
-3 a-3a-3,a4-30 >\ 2
-1,b;-1,b,-1,b3-1 ) 4,5[}
-l a-1la3-1,a,-1 %5

-3,-2,b; -3, b, -3, b3—3)+
-3, -3, a3-3,4-3,0
-3,-2,b3-3,b; -3, bz—S))
-3, -3, a-3,4-30
-2,-1,b;-2,b, -2, b3—2))
-2, -2,83-2,8,-2,0

1
43
6 G5’5(—

z
4,3( 1

5,5
4

1
((2202(-
V4

. 1
[4F3(a1, a-bi+la-b+1,a-b3+la;—ap+1,ay-az+1,a—a,+1; —)
z

“1,b -1 bs—1,by—1 )
-l a-1a-1a,-1

4

(G4’3(—— -1,b;-1,b,-1,b3-1 ) 4,3(_&
Moz la-la-la-la-1 B

G4,3[ 1] -1, b,-Lbs-1,b -1 ))

W la-1,a-1a-1,a-1
43 1| 1, by, by, bs 43 1| 1,by, bs by 43 1] 1, by, bs, by

Gyl - = + Gyl - = +Gyy| = &
' z| @, 3,83 a4 ' Z| Q1,83 a4 ' zZ| @&, 3,83 a4

. 1
(—Z4F3(a1, al—b1+1, al—b2+l, al—b3+1;a1—a2+l, al—a3+l, a]_—a4+1; —)—
4
. 1
4F3(al+l, al—b1+2, al—b2+2, al—b3+2;a1—a2+2, al—a3+2, al—a,4+2; —)
4
(al—bl+1)(a1—b2+1)(a1—b3+1)))—

1
-2z

-1, b -1,by-1,bs-1 1
! 2 3 )—22(32;‘31(——
z

-1l a-1a-1,a,-1 z
—1,b2—1,b3—1,b1—1) 4,4( 1
a-1a-1a-1a-1 2\
—2,—1,b1—2,b3—2,b2—2) 4,4( 1
al—2,32—2,33—2,a4_210 55

-1,b;-1,bs-1,b,-1 )
al—l, az—l, a3—1,a4—1
-2,-1,b;-2,b,-2, b3—2)+
ay-2,a-2,a3-2,8-20
-2,-1,b,—-2,b3 -2, bl—Z))
-2, a-2,a3-2,4,-2,0

1
226
z

z

1

4.4
GS,S(__
z
~ 1
[—4F3(al, y-bi+lLa-b+1l,a-by+la—ap+l,ag—-az+1l,a—ay+1; ;)

1, by, by, bg)
a
a1, 8, 83, &y

1
44
G4,4( .

-1,b;-1,b,-1,by3-1 1
1 2 3 ) G4,4(
V4

a-1a-1a-1a-1 *\;

z

. 1
(—Z4F3(a1, a;-b+l,a-b+1,a-b3+la,—-a+1,a-az+1,a—as+1; —)—
V4
. 1
4F3(al+l, al—b1+2, al—b2+2, al—b3+2;a1—a2+2, al—ag+2, al—a4+2; ;)

(al—b1+1)(a1—b2+1)(a1—b3+1)))—

(G4'3( 11 1,0y, by, b3) 4,4[1 -1, b-1bp-1,b3-1 )+ G4,3( 11 1,0y, bg, bz)
N\ zlanaaga) "\z|a-La-la-La-1) *\ z|a,a a,a
4,4(E -1,b;-1,p,-1,b;-1 ]+G4’3(—1 1, by, bg, bl) 4'4(E -1,b;-1,b,-1,b3-1 J
a4 Z al_lra2_11a3_laa4_l 44 z | &, ay, az, 44 Z al—l,az—l,a3—l,a4—l
4,3(_} -1,b;-1,b,-1,bs-1 ) 4,4(f 1 by, by, b3)+G4,3(_E -1,b;-1,b3-1,b,-1 )
44 a-la-1a-1a-1) *N\,|a, a,a,a, 44 a-la-1a-13a-1
4.4 1 1 b]_, b21 b3 4,3 1 -1, b2 -1, b3 -1, b]_ -1 4.4 1 1, b]_, bz, b3
Gyl - + G- la -1 a—1a—1) 443 a
z| a1, 82, 83 ay-lLap-la-1aq z| &, &, 83,8
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[4l33(a1, a—b+1,a-by+1l,ay—-by+Lay—ay+1l, ay—azg+1, a—a,+1; ;)(a1+1)22+

_ 1
24F3[a]_+1, a—-bi+2,a-b,+2, a1 -b3+2,a1—a,+2, a9 —az+2, ay —ay+2; —]
z

(al—b1+1)(a1—b2+1)(a1—b3+l)Z+24IE3(al+l, al—b1+2, al—b2+2, a]_—b3+2;
1
a—p+2,a-—ag+2,a-—as+2 —)al(al—bl+1)(a1—b2+1)(a1—b3+1)z+
z
4'53(3.14—2, -b+3a-b+3,a-b3+3a—a+3,y—a3+3,a—a4+3; —)(a]_+1)
z

(al - bl + 1) (al - bl + 2) (al - b2 + 1) (al - b2 + 2) (al - b3 + 1) (al - b3 + 2))) Z_al_l2 -

~1,by-1,b; -1 by—1 )
+

-1,b;-1,b,-1,b3-1 1
! 2 3 )+22Gﬁ'ﬁ(—
' -l a-1la-1,a,-1

ay-la-la-1,a-1 z

1
(22
Z

2264,2(1 —1,b3—1,b1—1,b2—1) 4,3(1 —2,—1,b1—2,b2—2,b3—2)+
Wolay-1la-1,a-La,-1) >\, |a-2a-2a-22a-20
4‘3(1 —2,—1,b2—2,b1—2,b3—2) 4,3(1 —2,—1,b3—2,b1—2,b2—2)]
Slyla—-2a-2a83-2,a,-2,0) 7| a-2a,-2,83-2,a,-20
az( 1| Lbuboby) gl -Lbi-1by-1b3-1 a3 1| 1 by bs by
O G4l — + Gyl ——
N zlan g, \zlaa-la-la-1,a4-1 oz | &g, @83 8
G4’4(1 -1,b;-1,b,-1,b;-1 )+G4,3( 1 1,b2,b3,b1) 4,4(1 -1,b;-1,b,-1,b3-1 J+
Mzla-La-La-La-1) " z|a,a 8 a) *z|a-La-La-1La-1
G4,3(_} -1,b-1,b,-1,bs-1 )G‘“{E 1,b1,b2,b3]+G4,3(_} —1,b1—1,b3—1,b2—1)
Y zla-la-la-1a,-1) *Nz| &, a, a3 & Moz la-la-la-la-1
G4'4(1 1, by, by, b3]+G4,3( 1] -1,by-1,b-1, b1—1) 4,4(1 1, by, by, b3))
Nzlapaaga) N z|la-La-lLa-La-1 *z|a, aaa

-1,bp-1,b,-1,b3-1 1
SRR T2 e
' z

a-la-1la-1,a,-1
—1,b2—1,b3—1,b1—1) 64,4( 1
-1l a-l,a3-1,a,-1 >\ 2
—2,—1,b1—2,b3—2,b2—2) 4,4( 1
-2, -2, a-2,a-20 55 5
1, by, by, b 11 -1, b-1,by-1bs—1 1
(Gi’i(— 1, b2 3)64,4(_ 1 2 3 )+Gi’i(—
"Nz | a1, &, a3, 4 al—l,az—l,ag—l,a4—l "\z

4,4

z
4,4(f _1’b1_1’b2_1'b3_1)+G4’2(£ 1,b3,bl,b2] 44[}
a4 zla-La-la-la-1 44 Z | a1, &, a3, &y 44 z
—1,b1—1,b2—l,b3—1) 4,4[1 1,b1,b2,b3) 4,2[1
a-la-lag-La -1 *Nz|a, &, aa Nz
1, by, by, bg az( 1] —Lbs—-1,b—1,b—1 ) 441

a4 — Y

2| &, &, a3 a4 sla-lLa-1a-1a-1 *\;

z

1, by, by, 11 1, by, by, b 1| 1,bs by, b

1 2b3)+(33’421(— 2, D1 3]+Gi,i(_ 3, D1 2))
aq, dy, a3, Ay Nz | &g, a, a3 a4 Nz | &g, @, a3 a4

1 —1,b1—1,b2—1,b3—1) 43( 1 —1,bl—1,b3—1,b2—1)

+ G| —— +

al—l,az—l,ag—l,aﬁt—l

ot
44 z al—l,az—l,ag—l,a4—1 44 z

-1,b;-1,bs3-1,b,-1 )+

a-la-1la-1,a4-1
—2,—1,bl—2,b2—2,b3—2)

-2, a-2,83-2,,-2,0

—2,—1,b2—2,b3—2,b1—2))

-2, a-2,a3-2,8-20

1,bz,b1,bs)

alla21a3va4
—1,b1—1,b2—1,b3—1)
a-l,a-1,a3-1,8a,-1
—1,b2—1,b1—1,b3—1)

a-la-1la-1,a,-1
1, by, by, bs D N
a11a2!a3va4

1
[2263;3(__
V4

1
226~
z

4,2(1
4,4
z

4,4( 1

(&F




http: //functions.wolfram.com

-1,by—-1,bs-1,b; -1 )) ( 42(1
+| Gyl —
a-l,a-1,a3-1,8,-1 \ 2

1

4,3

G4,4(—_

z

G«%f -1,bp-1,b -1, bs-1 ) 41} —Lb3—Lb1—Lb2—1))

Mo ly-1,a-1a3—1,a4-1) * ;| ay-1a-1a-1a,-1

(GAB(—E 1, by, by, bs) 4,3(_} 1, by, b, bz] 4,3(_1 1, b, bs, bl)))

“ozlanaaga) M z|anaagal) N 2| an e aga
1) —1,b,-1,b,-1,bs-1 1) —2,-1,bj-2,b,-2,b;-2

el PR A ] A

zla-La-la-la-1 z|la-2a-2a-2a-20

-1,b;-1,b,-1,b3-1 ]+
a-l,a-1la-1a8-1

_ 1
al(—64F3[a1+1, a-b+2,a-b,+2, a1 -b3+2;ay—a,+2, g —az+2, g —ay+2; —)
z
(al—bl+1)(a1—b2+1)(a1—b3+1)22—
~ 1
34F3(al+1, -b+2,a0-b+2,a-bz3+2,a—a+2, g —az+2,a—ay+2; —)
z

ay@+D)@-bi+D(@-by+1)(@-bs+1)Z2-3a(a-b;+1)(a; — b+ 1)

_ 1
[224F3(a1+1, y-bi+2,a0-b+2,a9-bz3+2,a—ax+2, g —az+2,a—ay+2; —)+
z

~ 1
4F3(a1+2, y-b+3a-b+3,a-b3+3a—a+3,y—az+3,a—au+3; —)
z

(al+l)(al—b1+2)(a1—b2+2)(a1—b3+2))(a1—b3+l)z—

. 1
64F3(a1+2, a-b+3,a0-b,+3,a-bs3+3a—a+3, g —az+3,a—au+3; —)(a1+1)
z
@ -bi+D@-b+2@m-bh+D(@-b+2@-bs+1(a-by+2)z-

. 1
234F3[a1, a;-bi+1l,a-b+1,a-b3+la,—a+1,ay-az+1,a—as+1; —)(a1+1)(a1+2)—
z

. 1
4F3(a1+3, a-b+4a-b+4 a-b+day—ar+4,a-a3+4, a0 —a,+4; —)
4
(al+l)(al+2)(a1—bl+1)(&1—b1+2)(a1—b1+3)(al—b2+1)
(al—b2+2) (al—b2+3) (al—b3+l) (al—b3+2) (al—b3+3)) Z_al_lz—
1

Z—a1—12 (6 Gj:i( _
z

1
)z2+66;‘;§(—

z

-1,b;-1,b,-1,by3-1
ay-la-1la-1,a,-1

-2,-1,b; -2, by,-2, b3—2)Z+
-2, -2, 3-2,4-2,0

G4,5[f ~3,-2,b;~3, by~ 3, bs —3))

\zl -3 a-3a-3a4-30

((_ZZgﬁvj[_f by -1 bp-1bs—1 )—2sz*§(—£ C1by-1by-1 by-1 )_
X z al—l,az—l,ag_l,a4—1 g al—l,az_l,as_l,m_l
2264,3(_& —1,b2—1,b3—1,bl—1) G4’4(—E —2,—1,bl—2,b2_2,b3_2)

zla-lLa-lag-La-1) ™\ z|a-28-2a-2a4-20

G4,4( 1 -2,-1, bl -2, bg— 2, bz - 2) G4'4( 1 -2, -1, b2_2, b3_ 2, bl_ 2 ))
25 z a1—2,a2—2,a3—2,a4—2,0 55 z a1—2,a2_2,a3_2’a4_2’0

_ 1
[—4F3(a1,al—b1+l,al—b2+1,a1—b3+l;a1—a2+l,al—a3+l,al—a4+l;—)
z
(64,2(} —1,b1—1,b2—1,b3—1) 4,2(1
4,4
z

+ —
y-la-la-1, -1 Nz

1, by—1,b,—1,bs—1 ]+
a-la-1la-1,a-1
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36

G4,2[E -1, b3-1,b;-1,b,-1 ))_
Ny lay-1,3-1a3-1,a,-1
11 1, b, by b 1| 1,by, by, b 1| 1,bg by, b
(Gi'i(— 1, 02 3)+Gi’421(— 2, D1 3)+Gi’421[— 3, D1 2)]a1
“\z| &, a3 "\z| a1, ap a3 Nz | &, &, a3, 84

N 1
(—24F3(a1, a-bi+lLa-b+1l,a-by+lag—a+l,ag—-az+1l,a—ay+1; —)—
VA
~ 1
4F3(al+1, a-bi+2,a0-b,+2,a-bs3+2;a—a+2, g —az+2, a1 —ay+2; —)
zZ

(al—b1+l)(al—b2+l)(a1—b3+1))]—

1) -1,b,-1,b,-1,b3-1 1) -1,by-1,b;-1,b3-1
(226}2(— A ]+2sz’§(— 2o )
Nzlaa-lLa-1la-18-1 Nzlai-l,a-1,a-18-1
226“(1 —Lba—Lbl—Lbz—l) 4Tl —Z—lih—z,m—z,m—Z)
WMo lay-1,a-1az—-1,a,-1) ;| a-2a-2a8-2a,-20
G4,3(§ —2,-1,b,—2,b; -2, b3—2) 4,3[} -2,-1,b3-2,b, -2, bZ—ZD
55 zlayy-2,a-2,a3-2,a4,-2,0 55 zlag-2,a&-2,a3-2,8,-2,0

N 1
[4F3(a1, a-bi+la-b+1,a-bs+la;—a+1,ag-az+1,a—as+1; —)
z

(64,3(_} —1,b1—1,b2—1,b3—1)+G4,3(_} —1,b1—1,b3—1,b2—1)+
N zla-la-la-la-1 N z|la-lLa-la-1la-1
G4,3(_} —1,b2—1,b3—1,b1—1)J_
Mz -l a-1a-1a-1
(64,3(_} 1, by, by, b3)+ 4,3[_§ 1, by, bs, b2)+ 4,3(_} 1, by, by, bl))a
2] anaaga) Mz A e e a) M 2| A ap A @)t

. 1
(—Z4F3(a1, al—b1+1, al—b2+l, al—b3+1;al—a2+l, al—a3+l, a]_—a,4+1; —)—
V4
. 1
4F3(al+l, al—b1+2, al—b2+2, al—b3+2;a1—a2+2, al—a3+2, al—a4+2; —)
4

(al—bl+1)(a1—b2+1)(a1—b3+1)))+

1, b11 b21 bs) 4,2(1 1 b2’ bl' bs) 4’2(1
a, @, a3, a1 Nz |an, e asa

ot

1, b, by, b, ))
alv a2! a3v a4

4,4
z z

(G4’3( 1) -1,b,-1,b,-1,bs-1 )+G4’3( 1 _l,bl—l,bg—l,bz—l)
Wyl -1l a-1,a-1a-1) ** ,|la-1a-1a-1a-1
1) —1,b,-1,b3-1,b -1 1) —14,b-1,b,-1,bs-1

R N e
’ zlay-la-1a-1a,-1 Nzlay-L,aa-1l,a3—-1,a,-1
G4,z[} ~1,b,-1,b; -1, b;-1 )+ 4,2[} —~1,b3-1,b-1,b,—1 ))
Myla -1, -1 ag-La-1) *Nz|ay-Lap-1,a-1a,-1

a3( 1| 1, by, by bs a3( 1] 1, by, bs by a3( 1] 1,by b3, by

Gyl - - TG -~ Y a

' z| 1,3, 83 a4 ' Z| Q1,83 3 U z| an, e 83,

- 1
[4F3(a1, a-b+lLa-b+lag-by+lay—a+l,ag-az3+1, ag—as+1; —)(a1+1)22+
z

. 1
24F3[a1+1, al—b1+2, al—b2+2, al—b3+2; al—a2+2, al—a3+2, al—a4+2; —)
z



http: //functions.wolfram.com

37

(al—b1+1)(a1—b2+1)(a1—b3+1)Z+24|E3(a1+1, al—bl+2, al—b2+2, al—b3+2;
1
a]_—a2+2, al—a3+2, al—a,4+2; —)al(al—b1+1)(a1—b2+1)(a1—b3+1)2+
4
. 1
4F3(a1+2, al—b1+3, al—b2+3, al—b3+3;a1—a2+3, a]_—a3+3, al—a,4+3; —)
z

(al+1)(a1—bl+1)(a1—bl+2)(a1—b2+1)(a1—b2+2)(a1—b3+1)(a1—b3+2)))

07.28.13.0016.01
A-2Z2WY@) +(-z(@y+ap+az+a,+6)+b +by+ by +3) Z2W(2) +

(~z(may+agay+tayay+3a+3a+mazt3ag+aayt+tagay+3ay+7)+b+bby+by+bbs+bybs+by+1)
zwW’(2) +

(bibbs—(maj+tayazaytaza+tayayyaytBauy+tyyay+t +H+dB+ B+t +tazytag+l)2)
W(2)-agaagayW@2 =0/

z

N 1
W(Z)ZClZ_a14F3(a1, al—bl+l, al—b2+1, al—b3+l; al—a2+l, al—a3+1, al—a,4+l; —) +

. 1
czz‘a24F3(a2, -+l a-bh+l,a-bh+l-aj+ap+l,ap-ag+1l, a—as+1; —) +

N
[EnY

cgz‘a34l33(a3, ag—by+1,a3-by+1,a3-bg+ 1 —a,+a3+1, —ap+ag+1,a3—a, +1; —) +
z

_ 1
042*344123(3,4, a-bi+la-b+1,a4-bs+1—-aj+au+1, —ax+as+1, —ag+a,+1; _] /\
z
a-ue¢Z N\au-wez\a-aez\aw-awez\a-auez\a-a¢ez
07.28.13.0017.01
A-22WY@) +(-z(@+ap+az+a,+6)+b+by+ by +3) ZW(2) +

(z(may+aga+tayuay+3a+3a+mazt3az+aaytagay+3ay+7)+b+bby+b,+bbs+bybg+bs+1)
zZwW’(2) +

(bibybs—(mai+ayazay+aza+ayyay+Bau+ya+ +H+a B+ B+t t+tazutayt+l)2
W(2)-agapazaw2==0/;

1
w(z)=clz‘al4F3[a1, -+l a-b+lag-by+lay—a+l,ay—-az3+1,ag—as+1; —

)
)

1

C22_324F3(a2, a2—b1+l, az—b2+1, az—b3+1; —a1+a2+l, az—a3+1, a2—a4+1; — |+

1
C327a34F3(a3, ag—b1+l, a3_bZ+11 a3_b3+1; _al+a3+ll _a2+a3+1’ a3_a4+l; _) +

1
c4z‘a44F3(a4,a4—b1+1,a4—b2+1,a4—b3+1; —qytay+l, —aytay+l, —ag+as+ 1 —) /\
z

a-neZ\a-aez \a-wez \a-aez \o-aez\a-a¢z
Transformations

Products, sums, and powers of the direct function

Products of the direct function
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07.28.16.0001.01

aFslay, o, ag, as; By, Po, B3, d2) == chzk /i

dkH?ﬂ(aJ)k
C = 378F7(_k1 1-k=pB1,1-k= B2, 1-k=- B3, &, a, &, a&; 1 -k-ay,
k!njzl(ﬁj)k
C Ckn?ﬂ(aj)k
1—k—a'2, 1—k—a'3, 1—k—(1/4, blv bz, b3, —)\/Ck:: 37
d k!njzl(bi)k

d
8F7[—k, 1—k—b1, 1—k—b2, 1—k—b3, aq, A2, a3, (}’4; 1—k—a1, 1—k—a2, 1—k—a3, l—k—a4, 1811 ﬁz, Bg, —]

Cc
07.28.16.0002.01

(11 ), ) (TTa () 0 2
aF3(aq, @y, s, a4; by, by, bs; €2) 4Fslay, ao, a3, as; B1, Ba, P d2) = ZZ " -

kOm:O(]_[] (), m')]‘[]gl(ﬁ) (k—m)!

07.28.16.0003.01

tay, ap, ag, du; a7, @, @3, Ay,
4F3(a1,a2,a3,a4;b1,b2,b3;cz)4F3(a1,a2,ag,a4;,81,ﬁz,ﬂg,;dz)--FOM( L 82, 8, Gy, 01, 02 03, g

cz dz)
0:3:3 2 by, by, bs; B1, Ba, Bs;

Identities

Recurrence identities

Consecutive neighbors

07.28.17.0001.01
4F3(a, @y, ag, ay; by, by, bs; 2) ==
(B +C1 2 4F3(a+ 1, ay, ag, ay; by, by, bs; 2+ (B, + C,2) 4F3(@a+ 2, &y, a3, ay; by, by, bs; 2 +
(Bs + C32) 4F3(a+3, &y, a3, ay; by, by, b3 2 + (B + C4 2) sF3(@+ 4, &y, a3, ay; by, by, by 2) /;
B, = ((a+ 1)((4a2+11a+8)—(3a+4)(b1+b2+b3)+2(blb2+b3b2+b1b3))—b1b2b3)/
(—a+a2—l)(—a+a3—1)(—a+a4—1)/\
(a—b1+1)(a—b2+1)(a—b3+l)
(@+1)(-6a°-21a—b;b,—by by —b, b3+(3a+5)(b1+b2+b3)—19))/((a—b1+1)(a—b2+1)(a—b3+1))/\
= ((a+ 1)(3a2+9a+a2a3+a2a4+a3a4—(2a+3)(a2+a3+a4)+7))/((a—b1+1)(a—b2+1)(a—b3+1))/\
@+ @+2)4da-b;—b,—bs+9) (-3a+a+az+tay—-6)(@a+(@+2)
Bg == /\C3 == /\
(@a-b;+D@-by+1)(a-bz3+1) @-b;+@-b+H(@a-by+1)

(@-b +D@-by+@-by+1) /\C =

B, ==

N

B4 ==

@+l @+2@+3) @+@+2)@+3
- /\Ca=
(@a-bj+D@-by+(@a-bs+1) @-bj+D@-by+1)(@a-by+1)
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07.28.17.0002.01

B, +C;z B,+ Cyz
4F3(@, ay, ag, as; by, by, bs; 2) = 1 4F3@-1, a, ag, ay; by, by, bs; 2 + 1 4F3@—2, ay, az, a4; by, by, bs; 2 +
B3+C32 B4 7—4a+b1+b2+b3
aF3(@=3, 8, 8, &; by, by, b332)+—z 14F3(a—4,a2,a3,a4;b1, by, bs; 2) /; By == 1 /\
6—3a+a2+a3+a4/\ 1 ) by by + by by + by b b bt b /\
C, == By==——(6a"-27a+ 31+ + + +(7-3a)(by + by +by)
1 1_a 2 (a—l)(a—2)( 1 02 + 101 2 D3 1+ D2 3)
C2::;((2a—5)(a2+a3+a4)—19—3a2+15a—a2a3—a2a4—a3a4)/\
@a-@-2
1
B == (@a-3)((3a—-8)(by + by +bg)—2(by by + by by + by by) - 28— 4a + 21a) + b, by b
3 (a—l)(a—2)(a—3)( ( 1+ D02+ 03 1 02 + D302 +0, 03 ) 123)/\
c @-a-3@-a-3@-a-3 B (@a-b;-3)(@a-h;-3)(@a-h3-3)
T @-1@-2)@-3) ‘T @-1@-2)(@-3
07.28.17.0003.01
Bl+ C]_Z Bz+C22
4F3(a1, ay, 8z, ay, b, bz, b3, Z) == —1 4F3(a1, a, ag, ay, b+ 1, bz, b3, 2) + —1 4F3(a1, ay, 8z, ay, b+ 2, bz, b3, 2+
z_ —
B;+ Csz Cyz
E—— 4F3(a1, ady, Az, ay, b+ 3, bz, b3; 2) + —1 4F3(a1, ay, ag, Ay, b+ 4, b2, bg; Z) /,
. Z_
b2+b3—3b—5 4b—a1—a2—a3—a4+6 b2b3+(b+2)(3b—2b2—2b3+7)
Blzzi/\cl:: /\BZ:: /\
b b b(b+1)
1
C, = — (3(b+2)(a1+a2+a3+a,4)—6b2—24b—a1a2—a1a3—a2a3—a1a4—a2a4—a3a,4—25)/\
(b+1)

(b—b2+3)(b—b3+3)

B == /\Cs=

bb+1

——(2b+5)(2b° +10b+aj @y + &y a3+ Apag+ A A+ Ay + g+ 13)—a By ag— & Ay a3 — B a4 83 —
b(bb+1)(b+2)
(b-a;+3)(b-a,+3)(b-az+3)(b—a;+3)

b(b+1)(b+2)(b+3)

a1a2a4—(3b2+15b+19)(a1+a2+a3+a4))/\c4==—
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07.28.17.0004.01

B, +C;z B,+ Cyz
aF3(a, @y, ag, ay; b—1, by, bs; 2) + ———— 4F3(ay, @, a3, a1, b2, 0y, bg; 2) +
z

4F3(aq, @y, ag, as; b, by, bs; 2) ==

Bg+ C32 B4+C4Z
E— 4F3(al, ady, Az, &y, b- 3, bz, b3; Z) +

4F3(ag, @, ag, a4 b—4, by, bs; 2 /;

(b-DH(b-2)(b-b,-1)(b-b3-1) /\
b-a-Db-a-Db-a3-(b-a-1)

Ci==(b-D((-3b°+9b-7)(ay+a +az+a)+ (2b-3)(2b? - 6b+ay @+ a3+ @ ag+a d + Ay +agay +5) —

a1a2a3_a1a4a3_a2a~4a3_a1a2a4))/((b_al_1)(b_a2_l)(b_a3_l)(b_a4_1))/\
(b—1)(b—2)((3b—2b2—2b3—5)(b—2)+b2b3)

B, = /\Cz=

(b-ay-Db-a-Db-a-Db-a,-1)

(b-1(b-2(3(b-2(ar+ @ +ag+a)—6b*+24b-ay @ —ajag - ag—a - dHay — a ay — 25))/
(b-a-1(b-2,-1)(b-a-1)(b-a,-1) /\
b-1) -2 (b-3)(-3b+by+bs+7) (b-1)(b-2)(b-3)(4b-a; — a, — ag — a, — 10)
B; == /\C3== /\
(b-a-1)(b-a,-1)(b-ag—1)(b-as~1) (b-a; -1 (b-a,-1)(b-ag-1)(b-a,-1)
b-Db-2)(b-3)(b-4)
43@—@—3@—@—3@—%—3&—&—3/\
b-Db-2)(b-3)(b-4)
T (b-a-1b-a-1b-a-1)b-a-1)

Distant neighborswith respect to q

07.28.17.0005.01
4F3(aq, 8y, ag, ay; by, by, bs; 2) ==

H?:lr(bj) o (3 . 3 4
— 8 , y y y b y b , b F , ) k, X == b — f
l“(a3)1“(a4)§ (a1, @, a3, ag}, {b1, by, b)) oF1(ay, s &g + @ + Y3+ K 2) /; Y3 ; j ;a]

Functional identities

Relations between contiguous functions

07.28.17.0006.01
b4Fs(a b+1, ag, as; by, by, bs; 2 —asFs(@+1, b, ag, ay; by, by, bs; 2) + (@a—b) 4F3(a, b, as, a4; by, by, b3; 2 =0

07.28.17.0007.01
C4F3(a, &y, ag, a4; €, by, bg; 2 —asFs(@a+1, ap, ag, ay; ¢+ 1, by, bg; 2+ (a—0) 4F3(a ay, a3, a4, ¢+ 1, by, bg; 2 =0

07.28.17.0008.01
dsFs(ag, ay, a3, a4; ¢+ 1, d, bs; 2 — c4F3(ay, @, a3, a4; €, d+ 1, bs; 2 + (c—d) 4F3(a1, ap, a3, a4; ¢+ 1,d+ 1, bs; 2 ==0

07.28.17.0009.01
(@a—b)c,F3(a b, a3, a4; ¢, by, bs; 2 -
a(c—-b)4F3@a+1, b, az, a4;¢c+1, by, bs; 2+ (c—a)bysF3(@, b+ 1, a3 a4;¢c+1, by, bg; 2==0
07.28.17.0010.01
a(c—-d)4F3(a+1, a8y, a3, a4 ¢c+1,d+1, bs; 2 -
d(c—a)4F3(a, a, a3, a4; c+1,d, bs; 2+ (d—2a)c4F3(@ a, a3, a4;¢,d+ 1, b3; 2=0
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07.28.17.0011.01

4
[l_[aj]z4F3(a+ la+l, a3+l ay+1L,bi+1,b,+1,bs+1,2+
j=2

3
[]_[ bk) (4Fs(@ g, ag, a4; by, by, bg; 2) —4F3(@+ 1, @, &, a4; by, by, bs; 2)) =
k=1
07.28.17.0012.01
c(c+ 1) by bz (4F3(ay, @, as, ay; C, by, ba; 2) — 4F3(@y, @, a3, ay; ¢+ 1, by, bs; 2) -
4
z[ﬂaj]4F3(al+l, aw+laz+l,as+1,c+2,b,+1,b3+1,2==0
j=1
07.28.17.0013.01
3
[1_[ bk] (4F3(a, b+1, az, ay; by, by, bg; 20 — 4F3(@+ 1, b, a3, as; by, by, bs; 2) +
k=1

azayb-a)z4F3(@+1,b+1,a3+1,a53+1; by +1,by+1,bs+1;2 ==0

07.28.17.0014.01

4
[Ha,- (C-a)zsFs@+1, a+1,a3+1,a,+1c+2, by +1, b+ 12 +

j=2

b, bg(c+ 1) c(4F3(@ ay, a3, au; ¢, by, bs; 2) —4F3(@+1, @y, a3, ay; ¢+ 1, by, bg; 2) =0

07.28.17.0015.01
agagazysFz@+1,b+1, a3+ a+1;,¢c+1, by+1, by +1; 2+ bybg(csFa(@ b, ag, as; ¢, by, by 2) -
asF3(@+1,b+1 a3 a4 C+1, by, b3 2 —(c—a)4F3(a, b+ 1, a3 a4 C+1, by, b3 2)==0

07.28.17.0016.01
de(@a-c)(b-o0

sF3@+1,b+1,a3,a4;c+1,d+1,e+1;,90—- — 4F3(@, b, a3, a4;c+1,d, € 2 —
abd-c)(e-0
ce(@a-dy(b-d) cd(@a-e (-9
—— Fs(@ b, ag, a4 ¢c,d+ 1, ) - ——— 4F3(a, b, a3, a4, ¢, d, e+ 1,2 =0
ab(c-d)(e-d) ab(c-e(d-e

07.28.17.0017.01
abd-c)(e-o0

sF3@ b,c a4;d,6b3;2) - —— 4F3@+1,b+1,c,a5d+1,e+1,bs; 2 -
de(a-c)(b-0)

ac(d-b)(e-b)

de(a-b)(c-b)

bc(d-a)(e-a)

de(b-a)(c-a)

JF3@+1,bc+1,a4d+1,e+1, b 2 -

JF3@b+1l,c+1,a4d+1,e+1,b3;2==0

07.28.17.0018.01

3
[a+ ZZ(aj+1 — bj)]4F3(a, ady, Az, &y, bl: b2| b3; 2) +
i=1

3 (b — &) TTe_y (b} — aea)
yA
i1 by TTe, (b — )

Ktj

4F3(a1 Q, az, Ay, bl, ceey bj—lv b] +1, bj+1, ceey b3; Z) =

a(l-24F3@+1, ay, ag, ay; by, by, bs; 2)
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Relations of special kind

07.28.17.0019.01
4F3(@q, ap, a3, a4; —C, C+1, bs; 2) + 4F3(a1, @, @3, a4; C, 1 —C, bg; 2) ==2,4F3(ay, @, a3, a4; ¢+ 1,1-¢, bs; 2

07.28.17.0020.01
4F3(a 2y, a3, a4, —a,a+1, b3, 2 - 2,4F3(@, ay, a3, a4, 1—a,a+1, bg; 2) == —3F»(ay, a3, a4; 1 —a, bs; 2)

07.28.17.0021.01
aF3(-a, &y, a3, a4; 1 - a, by, bg; 2) + 4F3(a, &y, a3, ay; a+ 1, by, bs; 2 = 25F4(a, —a, &, a3, a4; a+ 1, 1-a, by, bs; 2)

07.28.17.0022.01
aFs(-a, a+1, ag, ay; by, by, 037 2) +4F3(a, 1 - a, a3, a4; by, by, bg; 2) == 24F3(a, —a, as, ay; by, by, b3; 2)
Division on even and odd partsand generalization

07.28.17.0023.01
4F3(@1, @y, a3, ay; by, 05, b3, 20 == A" + A" (D /,

1
A(9= 5(4F3(a1, ay, g, au; by, by, b3; 2) + 4F3(an, &, g, a; by, by, b3; -2) /\

1
A (2 = 5(4F3(a1, ay, ag, ay; by, by, bs; 2 — 4F3(ay, ay, as, as; by, by, bs; —2)

07.28.17.0024.01
4F3(a1, @y, @, ay; by, 0y, b3; 2 == A" + A" (D) /,
a a a3 ag ay+1 ap+1 az+1 a4+1 1 by by by bi+1 by+1 bs+1
A @=gFf| = — — —, : : : S : : 2|\
2°' 222" 2 2 2 2 ‘27222 2 2 2

)

2[1)1 3y [al+1 a,+1 ag+1 a;+1 a;+2
87 ’ ’ ’ y
3
IP,b, 2 2 2 2 2
aH+2 a3+2 ayu+2 3 bi+1 by+1 by+1 bi+2 by+2 by +2 2
2 2 272 27 27 27 27 2" 2"

07.28.17.0025.01
4F3(aq, 8y, ag, ay; by, by, bs; 2) ==

”’1ZKH?=1(aJ)k a; +k a+k+n-1 as+k a+k+n-1 k+1

1

3 4n+1T4n| n 3 eeey n 3 eeey n ) ooy n ; .
ko K!TTy (by),

k+n k+b k+n+b; -1 k+b, k+n+b,—1 k+bs kK+n+bz-1 P

ey y g eeey ; 3 eeey ) 3 ey y

n n n n n n n

Major general cases
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07.28.17.0026.01
aF3(aq, 8y, ag, ay; by, by, bs; 2) ==

I'(by) T'(by) T'(bg) [r(al) Fay-aplaz—a) '@ —ay)
I'(by —ay) (b, —ay) I'(by — &)

I'(ay) T'(ax) I'(ag) I'(ay)

a—-bs+lLag—a+1,a —

(2™ 4F3[a11 a-b+1,a-by+1,

1\ T@)l(a-a)l(az—ay)(ay—ap)
az+la—a,+1; —) +
['(by —ay) I'(by —a) I'(by — ay)

1
(—Z)_324F3[az, az—bl+1, az—b2+1, az—b3+1; —al+a2+1, a2—33+1, az—a4+1; —) +
z

F@) (e —ag) (@ —ag) I'(ay — ag)

['(by —ag) ['(by —a3) I['(b; — a3)

—a1+a3+ 1, —ay+az+l,a3—au+1; —

(—Z)_a3 4F3(&3, az — b]_ +1, ag — b2 +1, agz — b3 +1;

S

1) I(aw) I'(as —ay) (&, — as) I'(ag — &)
+

z ['(by —ay) (b, —ay) I'(by —ag)

1
4F3(a4,a4—b1+1,a4—bz+1,a4—b3+1; —yy+au+l —a+tay+l —agt+as+1; _))/;
z

-yl Ny -yt Z Nay-—y¢Z \Ny-g¢ZNay-a ¢ Z N\

ag-—ay¢EZN
z¢ (0,1

07.28.17.0027.01

4F3(31, 8p, ag, &; by, by, by w2) = (1-2% )’

Functional identitiesfor z==1

07.28.17.0028.01
4F3(-n,b,c,d;b-n+1,c—n+1,d+n—
nn-1)(n-b+d-1)(d-c+n-1)

b-n+1)(c-n+Dd+n-1)d+n)

07.28.17.0029.01
b b
4F3l-n,b,c,—+1e —,b-c+1;1|=
2 2
(e-2c-1),

(®)hn

07.28.17.0030.01

[eS)

(a)k

Z k
4F3(=K, ay, ag, ay; by, by, bs; w) (—]
o z-1

l, 1) ==

sF3(2-n,b+1,c+1,d;b-n+2,c-n+2,d+n+1;1)/;neN*

b+1 b-1
4F3l-n,b-2c-1, T—c, -c-1; T—c,b—c+l,e—2c—l;1 /ineN*

4F3(-n,b,c,1-b;e -c—-n+1,2c-e+1;1) ==

(*57),(%), @on

©n(c+3) @n

. b+e
_n’C_—
473 2

07.28.17.0031.01

4F3(=n,—n,—n, -n; 2, 2,2, 1) =

b-e+1 3-b-e b-e
1 ; > -n, > -n+1,2c-e+1;1]|/;neN

1
— JF(-n-1,-n-1,-n-1,-n-11,1 11 /;neN

2(n+1)°

Differentiation
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Low-order differentiation

With respect to a;
07.28.20.0001.01

1,0,0,04,{0,0,0},0 . .
4 Fg I ) )(al, ay, ag, a4, bll b21 b31 2)=

(@) (B)x (3g), (@) Wik +ay) &

— (A1) 4F3(aq, @, a3, a4, by, by, b3 2) /17 < 1
k; o G B, K W(ay) 4F (@, 8, 8, 8; by, by, bs; 2) /; 121 <

07.28.20.0002.01

4 F:(%{ZL,O,O,O),{O,O,O},O)(all 4%

. . 1x2
a, az, Ay, b1, b27 b31 7) = 3 F4x0>x<1

at+la+l,a3+1l,a,+1 11, a;
( 2,bi+1,by+1,bs+ 18, +1; Z’Z)

With respect to a,

07.28.20.0003.01
0,1,00},{0,0,0,0 ) )
A FYORO0H0000 @ a, a3, ag; by, by, by; 2) ==

(@) () (ag), (Au)y YK+ @) Z¢

— (@) 4F3(aq, @, a3, ay; by, by, b3;2) /112 < 1

par (by)y (b2)y (b3), K!
07.28.20.0004.01
zajagay ay+l,a+1,a3+1,a,+1;1; 1, ay;
F({O,l,O,O),{O,O,O},O) ay, A, aa, : b ; b ) b 7)== F4>< lxz( : )
aF3 (a1, &, as, ay; by, by, bs; 2 71_[3 o 401 2 41 by+1, byt 1 A+ 1 zz
j=19i

With respect to as

07.28.20.0005.01
4 Fgo,oa,o;,{o,o,o;,m(all ay, as, 8y, by, by, by; 2) =
(@) (B)x (), (@g)y W(K + @) &

— (@) 4F3(ay, ap, as, ay; by, by, b3; 2 /5 12 < 1
kZ(; (by)y (B2)y (b3), k!

07.28.20.0006.01

Zaj ay ay a+1l,a+1,a3+1,8,+1;1; 1, as;
F(00101,00010 : o F4xlx2( )
4F3 (ag, @, ag, ay; 1y, by, b3; 2) F b 201 241 by+l bg LAzl z
=19
With respect to a4
07.28.20.0007.01

4 FO00N0000q 8y, a;, ay; by, by, bg; 2 =
(@) (B)x (Bg), (@) Wik +ay) &

—Y(ay) 4F3(ay, 8y, a3, ay; by, by, b33 2) /112 < 1
k; (by)y (b (bg), K! G e T T e

07.28.20.0008.01
Zaj apag
. . 4x1x2
Q, a3, &y, by, by, b3 ) = ——— F4><O><l(

0,0,0,1},{0,0,0},0
Hj: b]

a1+1,a2+1,a3+1,a4+1; 1,1,a4,
2,bl+1,b2+1,b3+1;;a4+1; le)

With respect to by
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07.28.20.0009.01
0,0,00},{1,0,0,0 ) )
A FYOO0OL000q g, a3, ag; by, by, by 2) ==

(@) () (), (Ag)y Yk +by) Z

W(by) 4F3(ay, @y, ag, ay; by, by, bs; 2) - /i14<1
k=0 (by)y (b2)y (b3), k!
07.28.20.0010.01
2] 3 a+1 a+1,ag+1,a,+1 11 by
F({O,O,O,O),{l,O,O},O) Qy, &, ag, ay; by, by, b3} 2) == —— F4><l><2( 1 » G2 » A3 ) » 4 4y U1, , )
4F3 (a4, &, as, ay; by, by, b3; 2 blﬂ?_lbj 40 o p 41 byt d by 1o by + 1

With respect to b,

07.28.20.0011.01
0,0,00},(0,1,0,0 ) )
A FYOO00HOL00 @ g, a3, ag; by, by, by 2) ==

(@) (@) (), (Ag)y YK+ bp) Z

W(y) sF3(ay, 8y, @, as; by, by, bs; 2 - <1
kz;‘o (by)y (bo)y (b3), k!
07.28.20.0012.01
[T 3y a+lap+l ag+1 a+1 11, by
F({O’OYO'O,'{O’LO}'O) aq, dy, ag, ) b y b y b 1 Zl) == —— F4><l><2( 1 » A2 » A3 1 3 =y Ly M2, z Z)
473 (@4, 32, 8, 2; by, b2, g7 2) bzﬂlebj PO 2, b+ 1, by 1, b+ 1 by + 1

With respect to b

07.28.20.0013.01

00,0,0},{00,1},0 ) )
4 Féf HO0L0 @y, @y, ag, ay; by, by, bs; 2) =

> (ag)y (B2l (33), (Al Y(K + bg) Z

(//(b3)4':3(a11 ap, ag, Ay, b]_, b2, b3, Z) - /’ |Z| <1
k=0 (by)y (b2)y (D), k!
07.28.20.0014.01
Zn?:lai at+l,a+1,a3+1,a,+1;1; 1, by;
FJ0000L00LD g, 4, ag, ay; by, by, by; Z ::——F4><l><2( 1+1,8+1 ag+1, 111, by; ,z)
4F3 (a1, &, @3, ay; by, by, b3; 2 CP b 40 o p 41 byt by 1 byt I
3Hj:1 i

With respect to element of parameters||| With respect to element of parameters
07.28.20.0015.01

04Fs(@ 8, 85, a5;a+1, by, b2 Z[Tj-23;
= sFs@a+l,a+l, ay+l a3+, ay+1;a+2,a+2, by +1,b3+1;2
da (a+ 1)2 b2 b3

07.28.20.0016.01

04Fs(@+1, ap, a5, a5;8, by, by 20 21123
- sF(a+1l,a3+1,au+1 b, +1, bs+1;2)
oa a’b, by

With respect to z

07.28.20.0017.01

04F3(a1, @, a3, ag; by, by, 32 ayapazay
== 4F3(a1+1,a2+1,a3+1,a4+1;bl+l,b2+l,b3+l;z)
0z bl b2 b3
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07.28.20.0018.01
9% 4F3(ay, @, ag, ay; by, by, bs; 2) _
e a
a@+Da@+Dag@+as(@+1)
by (by + 1) by (b, + 1) b3 (b3 + 1)

4F3(a1+2, az+2, a3+2,a4+2; b1+2, b2+2, b3+2;2)

Symbolic differentiation

With respect to a;

07.28.20.0019.01
w (A (@), (@u) d"(ay)
4 F§L000H0000 @y, ay, 2y, ay; by, by, by; 2) = k 2L <1AnEN”
k=0 (bl)k (bZ)k (bS)k k' 68‘1

With respect to a,

07.28.20.0020.01
x () (@g), (@u)x 8"(ay)
4 FJOn00HO0000 5 8, &y ay; by, by, by; 2) = X . K /ilZd<1AneN*
k=0 (bl)k (bZ)k (b3)k k! aag

With respect to ag

07.28.20.0021.01
o (ag)y (@ (@) 9"(ag),
. FgO,O,n,OMO,O,OI,O)(al, ay, ag, a4, by, by, b3} 2 = Z - P /l2d<1AneN*
o (b (by)y (b3), k! dag

With respect to a4

07.28.20.0022.01
© (A (@)k (Bg), 3" (ar)
4 FJ000m00010 0 2. 2. - by, by, by; 2) == — Z/ld<1AneN'
oo (B (02) (b3) k! da,

With respect to by

07.28.20.0023.01

oL
o () (@) (@), (Bu)k & by
4 FO000Hn000q, 8y g, ay; by, by, bs; 2) = 2/l <1AneN’
= (b (by), k! ab]

With respect to b,

07.28.20.0024.01

1
i o (@) (@) (), (A 9 By
19 @y, &y, as, a; by, by, by; 2) = - X/ 12<1AneN'
S (by)y (by) K! b}

({0,0,0,04,{0,n,0]
4 F3

With respect to bz

07.28.20.0025.01

an
o (8)y () (), (Ba) ~ (bo)
4 Fgo,o,o,omo,o,n),m(all 8, 8, ay: by, by, by 2) = k :k K <1 Anen
o (b (b k! ab}




http: //functions.wolfram.com

47

With respect to element of parameters||| With respect to element of parameters

07.28.20.0036.01
9" oFy(a, ay, a3, ay; a+ 1, by, bs; 2)

oa"

(-D"nlza,aza,

maFns@+1, ...,a+1,a+1, a3+, ay+1;a+2, ...,a+2,b,+1,by+1;,2/;neN*
(a+ 1)n+l b, bs

07.28.20.0037.01

0"sF3(a+1, ay, ag, a4; @, oy, bs; 2)

oa"
-1)"n! Zayazay
asFs(ap, a3, a4, b0, b3; 20+ ———3F(ay+1, a3+ 1, a4+ L, b+ 1, b3+ 1, 2) | +
an+l b2 b3
(-D)"1n!

T 3':2(8.2, agz, &y, bz, b3; Z) /, neN"'

With respect to z
07.28.20.0026.01

9" 4Fs(ay, ap, ag, 8y by, by, by 2 [1-1(a)

= sFs(n+a;, n+ay, n+ag, Nn+ay; n+by,n+by,, n+b3;2 /; neN*
oz 3 (b
[T (by)

07.28.20.0027.01

6“4F3(a1, Q, ag, ay, bl, bg, b3, 2) T 3 _ .
- =7 gr(bj) sFa(l, 8, 8, 83, 84;1-N, by, by, b3;2) /s neN

07.28.20.0028.01
0" (Z" 4F3(aq, &y, ag, ay; by, by, bs; 2)

0z

=CED" (@), "sF4@+ 1, &, @, 83, 84; 1-N+a, by, by, bs; 2/, neNt
07.28.20.0029.01
6n(2a+n_1 4F3(a, Q, az, Ay, b]_, b2, b3; Z))
oz

07.28.20.0030.01
O£ 4Fa(ay, @, ag, ay; €, by, bg; 2)
o7

= (@), 2 4Fs@+n, &y, as, ag; by, by, b3; 2 ;ne N

= (C— My Z "1 4F3(ay, @, a3, a; C—N, by, b3;2) /s neN*

07.28.20.0031.01
an(z” 4F3(—n, ay, a3, au; % by, bs; Z))
0z

1
=n! 5F4(—n, n+1, ay, as, as; > 1, by, bg; Z) ineN?

07.28.20.0032.01
AN(Z 4F3(—n, &y, ag, a4; by, by, bs; 2)

97"

= (D" ()2 "sFa(-n, @ +1, 8y, 83, a5, 1 -Nn+a, by, by, bg; 2 /;neN*



http: //functions.wolfram.com

48

07.28.20.0033.01

3"(204F3(—%1 1;—”, 24_‘—”, ?:—n; by, by, bs; Zm))

0z
nl-n2-n 3-n a+1 a+2

a+m l-n+a

(_1)n (_a)n " m+4Fm+3(__r ’ ’ ’ ’ y e

4 4 4 4 m' m

2-nN+a m-n+a

by, by, bs;Zm)/;meW/\neN*
m m

07.28.20.0034.01
d"(e7% 4F3(=n, ay, &, au; by, by, bs; 2)) __
0z"
noo(—n)

k=0 k! Hj3=1 (bj)k

(_ 1)n e—z

Fractional integro-differentiation

With respect to z

07.28.20.0035.01
0% 4F3(ay, 8y, ag, a4; by, by, bs; 2) 3

0z

Integration

Indefinite integration

Involving only one direct function

07.28.21.0001.01
f4F3(a1, a, ag, ay, bl, bz, b3, Z) dz=
(b1 -1 -1 (b3 -1
@-D@-DH@E-H@-1

Involving onedirect function and elementary functions

Involving power function

07.28.21.0002.01

m m

sF3(=n, k=n, k+ay, k+ a3, k+a4; k+ by, k+ by, k+bg; 2 /; neN*

= Z""l_[F(bj)5IE4(1, ay, , 83, a4 1 -, by, by, bs; 2)
j=1

sFa@—-1,a-1a-1,a3-1b;-1,b,—-1,b3—1;2

z
fzd_l aF3(aq, @, ag, a4; by, by, by, D dz= - sFa(a, ay, @y, a3, ay; @ + 1, by, by, bg; 2)

Definite integration

For thedirect function itself
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07.28.21.0003.01

f 27t JF3(ay, @y, as, a4; by, by, bg; ~t) dt =
0

T(@T(a -a)T(@ - a)I(ag—a)[(a — @) ['(by) T'(b,) I'(ba)) /(M(@y) ['(@) I'(@g) ['(ay) ['(by — @) T'(b, — @) I'(bz — @) /;
0 < Re(a) < min(Re(ay), Re(a@p), Re(ag), Re(ay))
Involving the direct function
07.28.21.0004.01
foota_l e_Ct 4F3(ali dy, g, g, blv b2, b3v _t) dt =
0
T(@)T(a -a)T(@-a)T(ag - @) T(ay — a) T(by) T(,) T (b3)) / (T(a) T(@) T(@s) T(@) T(by — @) T'(by — @) T(bs — @))
dFa@,a-bi+1lL,a-b+1l,a-bs+le-agy+1l,a-a,+l,a—az+l, a-a,;+1,0)+
[(o-a)l(@-a)lag—a) M@y —a) I'(by) I(b) ' (bg)
ca
['(ap) T(ag) I'(ay) I'(by — ap) T(b, —ag) T'(bs — &)
sFaa, 9 -bi+1la-by+1,a-bs+1, —a+a;+l,ay—a+1l, a1 —-az+l,ag—a4+1,0+
[(@-ay) (g —ap) I'(ag — ap) ['(ag — @) T'(by) ['(by) T (b3) -
['(ay) T'(ag) I'(ay) ['(by — ap) T(by — &) T'(bs — a2)

aFa(@, a-bi+1l aa-b+1l,a-by+1l —a+a+l, —yy+ax+l,ay—ag+l,as—a,+1,0+
['(@-ag)[(ag —as) (@ — ag) ['(@4 — a3) I'(by) ['(b2) T (b3) -
['(ay) I'(ap) T'(ay) T'(by — a3) T'(b, — a3) T'(bs — aa)
sFa@z, a3-bi+1l,a3—by+1,a3-by+ 1 —a+az+1, —ay+a3+1, —avs+az+ 1, a3—au+ 1,0+
IFe-ayT(a;—as)T(ay—as) I(ag—ay) I'(by) I'(bp) T (bg) / (T'(ay) I'(ap) I'(ag) I'(by — ay) I'(b, — ay) I'(bs — ay))
Ca ™ Fpay, ag—b+1,a4-by+1,ay—-bs+1 —a+ay+1, —ag+au+1, —ap+as+1, —ag+as+ 1,0 /; R
a)>0ARelc)>0

Integral transforms

Laplace transforms

07.28.22.0001.01
rmesc(mag) I'(ay —ag) T'(ag — ag) T'(ay — &) ['(by) T'(by) I'(bs)

Li[4F3(aq, @, ag, a4; by, by, bs; —0](2) =
I'(ay) T'(ay) T'(ag) T'(ay) I'(by — a1) I'(b, —ay) ['(b; — ay)

2a1’13F3(a1—b1+1, a.]_—b2+1, al—b3+1; al—3.2+1, a]_—a3+1, al—a4+1; 2) +
7 CSo(r 8p) (g — 82) T'(ag — &) I'(84 — @) I'(by) I'(bz) T'(bg) -

['(a1) T'(@2) T'(@s) T'(@4) T(by — ap) ['(by — @) T(bz — &)
sF3@-bi+l,aa-bh+la-bh+tl-gg+ax+l,aa-ag+l,aa-a,+1,2+
mesc(mag) ['(ag —ag) ['(@z — ag) I'(@4 — ag) I'(by) I'(by) I'(bs) -
I'(ay) I'(@y) I'(ag) T'(ay) T'(by — ag) I'(b, — ag) I'(bs — ag)
sF3(@z—-bi+1,a3-by+1,a3—-b3+1;,-ay+az+1, —ay+az+1l,a3—au+1,2 +
7 Cso(n 8q) '3y — 84) (@2 — 84) (a3 — a) I'(by) T'(b2) T'(by) fut
['(ay) (@) ['(@g) I'(@4) I'(by — ay) ['(by — ay) T'(bs — a4)
sF3(as—-bi+1, ay -+l ay-bs+1 -y +ay+1, —ap+au+1, —az+au+ 1,2 +
(b= 1) (b~ 1) (b3~ 1)
@-D@-D@E-D@s-1

aFa(1,2-D01,2-by,2-Dbg;2-a,2-a3,2-a3,2-a,,2 /;Re2 >0
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Summation

Infinite summation

07.28.23.0001.01

© (ay)y 1\ ZW
Z aF3(—K, ap, ag, ay; by, by, bg; w) 2 = (—) 4F3(alv ay, ag, &y; by, by, bs; —)
o k! 1-z z-1

Operations

Limit operation

07.28.25.0001.01
. » [(=y3) ['(by) T'(bp) I'(bs)
lim (1-2)7"3 4F3(ay, &, ag, as; by, by, bs; 2) == fivs=br+by+bs—ay —a—az—a, ARe(y3) <0
21 I'(ay) T'(ap) I'(az) I'(ay)

07.28.25.0002.01
4F3(ag, ap, a3, a4; by, by, bs; 2)

b;—>-n ['(by)

4
2"+1r|(aj)n+l4lf3(n+a1+1, N+a,+1,n+ag+,n+a+Ln+2,n+by+1,n+bs+1;2/;neN
j=1

07.28.25.0003.01

z
lim 4F3[a, ay, a3, ay; by, by, bg; ;) == gF3(ay, ag, au; by, by, bs; 2)

a—oo
07.28.25.0004.01

VA
lim lim 4F3(a, b, as, ay; by, by, bs; _b) == ,F3(a, a; by, by, bs; 2)
a

b—oo a0

07.28.25.0005.01
a(l-2

a

lim 4F3(a, ay, ag, &, —, b2, b3; 1) = 3F2(az, asz, &y, b2, b3; 2) /, R{ ——azg—a+ b2 + b3) >0
a—oo Z

07.28.25.0006.01

1
lim ——,Fs@ a3 aa+1,a+1la+ L) =(-D)"1SY /;neN
" a®T(1-a)

07.28.25.0007.01
lim,Fa(1-m 2,221,112 = (D)™ r(m S /; meN*
-1

Representations through more general functions

Through hypergeometric functions

Involving ,Fq

07.28.26.0001.01
aF3(ay, 8y, as, a4; by, by, bz; 2) == T'(y) T(by) T(bs) 4F3(ay, @y, as, as; by, by, bs; 2)
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Involving ,Fq

07.28.26.0002.01
aF3(ay, @, g, ay; by, by, b} 2) = pFg(ay, ..., ap; by, ..., bg; 2) /; p=4Aq=3

07.28.26.0003.01
aF3(a1, @, ag, ay; by, 0y, b; 2) == sF4(ay, @, as, &, as; by, by, b, as; 2)

Through Meijer G

Classical casesfor thedirect function itself

07.28.26.0004.01

4Fa(@y, 8, 8, 241 by, by, bsi 2) = Cia( 72| 0, 1-by, 1~ by, 1 by

T (by) T (b) T (bg) 1,4( ‘1—a1,1—a2,1—a3,1—a4)
I'(@)T (@) (ag) T ()

07.28.26.0005.01
4F3(alv a2! 3.3, a41 blv bZ! b3; Z) =

[To_, T (b 3 Ty sin(r(bj - a))
rsin@Wsm [T T (@) o [T, sin(r (b — by)

k]

1—al, 1—32, 1—33, 1—a4
0.1-b;, 1-by, ..., 1-bj g, 1—bi,q, ..., 1-bq

iz

7T, T (b
sin@Wsm [T, T (@)

l-a,1-ay,1l-a3 1-3a, 3 4
4,0 1s 2) 3y X - o ) _

l-ay,1-ay,1-a3 1-
(a2 @-voseliz| - T T ¥

0,1-by, 1-by, 1-by

]_
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