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Notations

Traditional name

Inverse of the Jacobi elliptic function cn

Traditional notation

cn(z| m)

Mathematica StandardForm notation

I nver seJacobi CN[z, m]

Primary definition

09.38.02.0001.01
z=cn(w|m)/; w==cn(z| m

09.38.02.0002.01

dtf;-1<z<1/\mZ-1)>-1

1 1
cn(z| m) == f
‘ \/1—t2 \/mtz—m+1

Specific values

Specialized values

For fixed z

09.38.03.0001.01
cn(z| 0) == cos1(2)

09.38.03.0002.01
1

—1 g F[ —1
cn (z 2) cos (2

g

09.38.03.0003.01
cni(z] 1) = sech™(2)
For fixed m

09.38.03.0004.01
cn (=1 m)==2K(m)
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09.38.03.0005.01
1
cn‘l(— —

2n
oo
2 3

")
09.38.03.0006.01
en 0| m=K@m/meRAmM<1

09.38.03.0007.01

SHLREE

09.38.03.0008.01
ent(lim=0

09.38.03.0009.01

on (i | m) = ! (i(K( m )—F(sin'l(i)

m-1 m-1

n-— )))

1 m m
en (=i | m) = (F(isinh’l(l) ‘ )+ K(—))
w’l—m m-1 m-1

Values at infinities

09.38.03.0011.01
cn(z] ) =0

09.38.03.0012.01
cni(z] —0)=0

09.38.03.0013.01

i 1
en oo | M) == ——— K(l— —)
vm m
09.38.03.0014.01
2 m i m-1
en Y (—oo | M) == K( )+ K( )
1-m M- m m

General characteristics

Domain and analyticity

cn~X(z| m) isan analytical function of zand mwhich is defined over C2.
09.38.04.0001.01
(z+m)—cn izl m):: (C®RC)—C
Symmetries and periodicities

Mirror symmetry
09.38.04.0002.01

ent(z|m =cn iz m)

Quasi-reflection symmetry
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09.38.04.0003.01

eni(—-z|m) =

m
F(si nY2 —1) +en izl m)

1-m

Poles and essential singularities
With respect tom
The function cn=(z | m) does not have poles and essential singularities with respect to m.
09.38.04.0004.01
Sing, (cn™(z| m) = {}
With respect to z

The function cn~1(z | m) does not have poles and essential singularities with respect to z.

09.38.04.0005.01
Sing (cn™(z| m) = {}

Branch points
With respect tom

For fixed z, the function cn~1(z| m) has two branch points: m = m = .

1
1-2’
09.38.04.0006.01

BPr(en(z| m) = {i &)}

09.38.04.0007.01

1
Rm[cn‘l(z [ m), —] = log
Z

09.38.04.0008.01
Rm(cn™(z| m), &) = log

With respect to z

For fixed m, the function cn=(z| m) has six branch points: z==0, z=+ 1, z=+ mT’l , Z = co.

09.38.04.0009.01

m-1 m-1
gpfontzim)={01,-1, | — - .| — &}
m m

09.38.04.0010.01
Ro(cn~Y(z| m), 0) == log
09.38.04.0011.01

Ren(z|m), 1) =

09.38.04.0012.01
R(cn(z|m), —1) =2
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09.38.04.0013.01

R en iz m), || m_—l ]::2
m

09.38.04.0014.01

R cntzim), -/ m;l ]==2
m

09.38.04.0015.01
R(en(z| m), &) = log

Branch cuts

Branch cut locations: complicated.

Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself

09.38.06.0009.01
z-7 (2mz-2m+1)z
ezl m) o eni(zg | m) - - Z-20*+...[; (2> Z)

Vi-3 ymZ-me1 2(1-2)" (mZ-m+ 1"

09.38.06.0010.01
z-17, 2mz-2m+1)z
ez m) o eni(zg | m) - - ( ) (z- 2+ O((z- 2)*)

Vi-2 ymZ-m+1 2(1-2) (mF-m+ 2™

09.38.06.0011.01

ceniz|m) =
© 1kl (1-Kapej-2 J vy (1 A Y ot
Cn_l(Zo [ m)— — - (‘DHS( )(—) (_) m~s ]__2(2) 2 mz(z)—m+1 =3 (Z—Zo)k
;klg(k—j—n!(zz@)k—z'*; S/R2)s\2)i- tom )

09.38.06.0012.01
en izl m)=cn iz | m) -
@zt aAm It (B mB-me2)™ T 1o 1 g

2F1 R
ik S k-2 - j)r(i-k+3) 2 22 2

T

e

dn(cn(zo | m) | m) sn(cn(zo | m) | m)

=
I

Fl'kzl'kl'kgl_
—(J-k+2), -(J-k+1);j-k+ =;
212] 2] J >

+1|(z- )
mz

09.38.06.0013.01
en iz m) o enH(zo | M) (1 + Oz 2))
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Expansionsat z==0

09.38.06.0001.02

L 1 [ em-1Z2 (3-8m+8m?)7
cn~(z| m) oc K(m) — Z+
m

+ +...1/;(z->0
6(m-1) 40(m-— 1)

1-

09.38.06.0002.01

1 (e}
enX(z| m)=K(m)- Z
V1-m k=0
09.38.06.0014.01
en Yz m) o« K(m) (1 + O(2))

CUCNT.
FrTTRA

-, -k — -k ;1)22“1/; Iz <1
2k+ k! 2 m

Expansions at generic point m == mg

For the function itself

09.38.06.0015.01

en iz m) o« eni(z| my) +

-2 y

N w
N e
N w
N O

(1-2, (1—22)mo)(m—mo) +

3(1-2" (5
o 1[‘

NI -
N o

;
5 ;5;1—22,(1—22)%)(m—rrb)2+.../;(m—>mo)

09.38.06.0016.01

en izl m « eni(z| mp) +

(1-2)" Fl(

NI w
N
N w
N gl

(1-2, (1—22)mo)(m—mo) +

31-A" (5157
— RS S o1-2(1-2 —mp)? +O((M—my)®
0 1[2 '35 ( )mo](m mp)® + O((m-mp)®)

09.38.06.0017.01

o (-D*Vr 1-2): 11 1 3
a ) (k+— —k+5k+£1 Z,my(1- zz))(m mo)

cniz|m =
2 2

pary k!(2k+l)1‘(%— )

09.38.06.0018.01
en Yz m) o« enX(z| mp) (1 + O(M— my))

Expansionsat m==0

09.38.06.0003.02

1 3
cn~i(z| m) « cosi(2) + Z(COS lg-zy1-2 )m+ &((222—5)\1 1-72 z+ 3cos‘l(z))mz+

09.38.06.0004.01

- [/;(m-0)
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09.38.06.0019.01
1)\ 2

)

entz|m = Z 2)k

k=0 (k!)

K (i— _ )
cos X(z) - i Z(] bia-7)

09.38.06.0005.01

. (= 1)knf<221+2k+1( )(1)2 (- 1)kmj+k+122k+l( ) 2

j+k

en~i(z| m) == K(m) - ZZ

0 Qi+2k+D(j+k!k! ,Z;% 22k+1)k!(j +k+l)!(5)]_

09.38.06.0006.01

1.1 1., 1. 3 3.1 ..
5 5 3 1, 5 mz 5151 50 1

en(z|m)=K(m)-zF3i 33 N -m?Z, 7 —7Ff§%§i s 5 —MZm
2 255

09.38.06.0007.01

1

o o 221+2k+1 . 1
cnt(z| m) = K(m) - ZZ ( ) (Z)k ( m )k
Vi-m jokoo 2] +2k+1)jlk! im

09.38.06.0008.01

1 S3iEom
cn iz m) =K (m) - zFiloi0 —

3. —
Vv1i-m 20 m-1

N
N
N
™

09.38.06.0020.01
enX(z| m) o« cos1(2) (1 + O(m))
Integral representations

On the real axis

Of thedirect function

09.38.07.0001.02

cn (z|m)::f1 ! datf;(-1<z<1/\m(Z-1)>-1)\/1a<1AIm <D
‘ \/1—t2 \/mtz—m+1

09.38.07.0002.01
1-2 dseni(z|m)|m 1
\ S |m) f it
mZ-1)+1

‘ \/1—t2 \/mtz—m+1
= 3 rerperey (IM(1 - (2= D7+ 17) = oA1-@-vr+1?<0\

Imm(z-17+1%-m+1) =0 /\ m(z- D7 +12-m+1<0)

cen iz m =
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09.38.07.0003.01

V1-2Z dfenizim|m) 2 1

enzim =cntzg | m) - it
m(22—1)+1 ZOJl_tZ Jmtz_m‘i'l
= 3 frer <1<y (|m(1—(‘r(z—zo)+zo)2) = 0/\ 1— (1 (2= 2) + 2)? <O/\

Im(m(r (z—20) + 20)* - m+ 1) = 0/\ M (Z-2) +2)>-m+1< 0)

Differential equations

Ordinary nonlinear differential equations

09.38.13.0001.01
W2 -(2mZ -2m+1)zw (2% = 0/, W@ == cn"(z| m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.38.16.0001.01

m
cni(-z| m)== F(sin’l(z) —) +en izl m)
m-1

1-m

Products, sums, and powers of the direct function

Sums of the direct function

09.38.16.0002.01

2.2~ (1-Z)(mZ + (1 -m) (1-Z) (B + 1-m)
1-m(1-2)(1-3)

enlzg | m+eniz | m= cnl[

:

Identities

Functional identities

09.38.17.0001.01
(Z-1)mZ -mZ +m-1)cnw(zy) + W(Z) | M) + 22 2, cN(W(Zy) + W(Z) | M) + (-mZ+ m—-1)Z +(m-1)(Z-1)=0/;
W(2) == cn”X(z| m)

Differentiation

Low-order differentiation

With respect to z
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09.38.20.0001.02
acnlzim  dsleniz| m)| m)

0z mzZ-m+1

09.38.20.0002.01
aen(z| m) 1

0z -

i-1<z<1/\m(Z-1)>-1

\/1—22 \/mzz—m+1

09.38.20.0003.02
denlzim)  z(2m(Z - 1)+ 1)dsien(z| m)| m)

07 (Z-1)(mEZ-1)+1)

09.38.20.0011.01
1

)—
enlzim  V1-Z dsenrzIm|m) iz Vmz-ma

3 m(Z-1)+1 9z

With respect tom

09.38.20.0004.02
dcni(z| m) E(am(cnt(z| m) | m) | m) + (m— 1) en~(z| m) - mzsd(cnX(z | m) | m)

om 2(m-1)ym

09.38.20.0005.01

deni(z| m) 1 Vi-2z i [[ . _1{ \/mz] m—1] [ . _1[ vm ] m—1]
= + Elisinh ——|-Elisinh +
om 2(m—1) (22_1)m+1 w/m ,ll_m m 1-m m
[ | _l[ - ] m_l] [ | _1[ - Z] m_l]]
Flisinh —— |-F|isinh —I|l/i-1<z<1Am<1
1-m m 1-m m

09.38.20.0006.02

d%enl(z| m) 1
= 3entz| m)(m-1)? + Flam(en™(z| m) | m) | m) (m—-1) +

A 4(m-1)%>m?

(am- 2 Efan{or iz m | my | m) - T2 A ) S oz m | m)]

mZ-1)+1
09.38.20.0012.01

dBen izl m)

am? _8(m—l)3m3

[(m— 1)(M@A5m-19) + 8 cn(z| m) +

- ((23(m— 1)ym+8) E(am(cn™*(z| m) | m) | m)(m(Z - 1) + 1)3 +mz(Z - 1)
(m(Z-1)+1)

(M (23(m-1)m+8)Z' - (m- 1) m(m@A6m- 35)+9) Z + (M- 1)>(M(23m- 12) + 4)) dslcn™(z| m) | m))
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09.38.20.0013.01
den izl m) 1

am? _8(m—l)3m3

15¢en(z| m) (m-1)% + (11m-7) Flam(cn™(z| m) | m) | m) (m—1) + (23(m— 1) m+ 8) E(am(cn*(z| m) | m) | m) -

1
— (m(zz_ 1)2((m— 1) ns(en iz m) | m) (m(2 - 1) + 1)° + (P (m(23m - 24) + 9) 7 -
(m(Z-1)+1)

(M-1)mm@6m-37) + 11) Z + (m- 1)? (m(23m-13) + 5)) ds(en*(z| m) | m) y m(Z - 1) + 1 ))

Symbolic differentiation

With respect to z
09.38.20.0014.01

aen(z| m) 5. enlz|
- —=yentzim -
a7 !
dgen~t(z| m) | m) n-1 A=Mnj2 i iy (1 _ B y
i Im i : —l)”k(j)(—) (—) m"k(l—zz)k(mzz—m+1)kl/;neN
mZ-1)+1 m-j-11@2"21 S kJ\2)\2)j«
09.38.20.0015.01
oneni(z| m) ds(cnt(z| m) | m)
- —sontemee ————— 7
a7 mZ-1)+1
| 92j-n+l i 2 j-n+l i1
a1 (CDI 22T m 21 (2 - m+ ) (E)j @=Mzopz (1 1 mZ-me1
- oF| = - ——)i———|/ineN
i (n-j-D! 2 2 m(1-2)
09.38.20.0016.01
an—l 1
etz m) V1-2Z dgeni(zim|m) V12 mzZ—m1
- =gyentzim- - /ineN*
oz m(Z-1)+1 9z"
09.38.20.0007.01
Farizim 27zt -Drdsen izl m [m) ot it (2 - 1) (m2 - me 1)
07" m(Z-1)+1 j:oj!(n—j—l)!F(%—j)F(j—n+g)
1-j j 1 1 j-n+2 j-n+1 3 1-m
2F1(—,——;——j;1——]2F1[7, pi—n+—; +1]/;nel\l+
2 2 2 2 2 2 2 mZ

With respect tom
09.38.20.0008.02

1
anent )"Vr (1-A)"2 11 1 3
onzim = ( ) Fl(n+§; E,n+—;n+5;1—22,m(1—22))/;neN

o' @n+1r(3-n)
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Fractional integro-differentiation

With respect to z
09.38.20.0009.01

e i(z| m) e m 2V o1 % 1 %: %: mz
= K - : 22’_1 [i-1<z<1lA-1<m<1
2

m-1

0z -\/1—m rl-a)

With respect tom

09.38.20.0010.01
1.1,1
enizim  mevn 3 = zis, L
- 1-Z2 Foa 222 1-2mA-2)|/i-1<z<1r-1<m<1
ont 2 Sil-o;
Integration

Indefinite integration

Involving only one direct function

09.38.21.0001.01

fcn’l(z| mydz==zcnY(z| m +

i idn(cni(z| m) | m)
log —sn(en'(z| m) | m)

m Vm
Involving only one direct function with respect tom

09.38.21.0002.01

zAmA-1)+1 -z vm )| m-1 Vvmz )| m-1
fcn‘l(z| mydm==2 ( ) +i\/ﬁ{E[isinh"l[7) ]— E[isinh"l{ ] ]—
Ji-2 1-m m 1-m m
Flisinh + F|isinh —Ill/iz<1A0<m<1
Vicm)| m Tm)| m

Representations through more general functions

Through hypergeometric functions of two variables

09.38.26.0001.01

1 .11 o
-1 _ _ 1a1 272722 M 2
cn(z|m) =K (m) zFilo%0 ,

09.38.26.0002.01

I
N

1.1 1.

1 1x2x2| 2" 2" 2’
cn (z|m)==K(m)—zF2§0§0[ 3
2

mz 3 3.1
-m2, f]—?Ffﬁﬁ[z 22 _mZ, m]

. 3. 3.
%55

Through other functions
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I nvolving some hyper geometric-type functions

09.38.26.0003.01
1113
enlzim=+1-2 Fl(? > E; 5; 1- 27, m(l—zz))/; —1<z<1lA-1<m<1

09.38.26.0004.01

1 m z 1113 mZz
cni(z| m) = K( )— Fofl— = == 2 — |/ -1<z<1n-1<m<1
Tom \2'2'2'2 1

m-—

Representations through equivalent functions

With inverse function

09.38.27.0001.01
cnen ™zl my| m) =z

With related functions

Involving cd™*

09.38.27.0002.01

cn‘l(z|m)::K(m)—cd"1(\/ 1-7 ‘m)/;0<z< 1Am<1

Involving cs™t
09.38.27.0003.01

1

etz my=ics? 1-m|/;z>1Am>1

N

Involving dc™*

09.38.27.0004.01

1 1
cn‘l(z|m)==K(m)——dc‘1(\/ 1-7 ‘—)/;0<z< 1A0<m<1
vm m

m

Involving dn™?

09.38.27.0005.01

1
—)/;—1<z<1/\m<1

cni(z| m) = i dn_l(z
m

m

09.38.27.0006.01

cn’l(z|m)==dn'1(\j mzZ-m+1 ‘m)/;0<z< 1Am>1V-1<z<0Am<0

Involving ds™*
09.38.27.0007.01

1 4 1 m
en(z| m) == ds iz>1Am>1

Vi-m Z-1)m-1 | M~
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Involving nc™*

09.38.27.0008.01
enizm=-inclz|l-m/-1<z<1AmeR

09.38.27.0009.01

1
en(z| m)== nc’l(— m) /iz<1lAmeR
z

Involving nd™*

09.38.27.0010.01

enY(z|m) == K(m)+ind"1(\/ 1-7 ‘1—m)/;z> 0OAmeR

Involving ns™*
09.38.27.0011.01

1
entzim=ns——|m|/;0<z<1AmeR

Vi-272
Involving sc™t

09.38.27.0012.01

cnX(z| m) == —rzsc‘l(u'\/ 1-7 ’1—m)/;0<z< 1AmeR

Involving sd™*

09.38.27.0013.01

' 1
cn—l(z|m):_Lsd‘l(\/(m-l)(l-zz) ‘1—)/;O<z< 1A0<m<1
V1i-m -m

Involving sn~t

09.38.27.0014.01

1 m m
eniz|m=——+ (K(—)—sn‘l(z —)) Li-1<z<1lAm<1

Vi-m m-1 m-1

09.38.27.0015.01

cn‘l(z|m)==sn‘1[\j 1-7 ‘m)/;0<z< 1Am<1

Involving elliptic integrals
09.38.27.0016.01
cn izl m==F(cos’(2)|m)/; ~-1<z<1AmeR

09.38.27.0017.01

enX(z| m) == K(m) - ; F[si nt2

m
—)/; (-1l<z<1lAm<1Vi]zg<1l
1-m 1
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09.38.27.0019.01

V1-2 dslen(z|m)|m) 1

en iz m = 1 K( 1

m 1 -mZ+m-1
)— F(sin" (2

m-1
VmZ-m+1

= A reroerey (1M1 - (2= D7+ 17) = o A\1-(@-pr+12<0
Imm(z-Dr+D?-m+1)=0/\ m(z-Dr+1?-m+1< 0)

mZ-1)+1

09.38.27.0020.01

Vi-7 dsonizim|m 2t Bainto | ) T E(sn | )

enzlm =cni(zg | m) - _

mZ-1)+1 VmZ-m+1 VmzZ-m+1

= Frjreroerey (ML= (0 2= 20 +20%) =0 \ 1- (2~ 2) + 2)2 < 0 /\
Im(m(r (z-2) + ) - m+1) = 0/\ M (z—2) +2)° -m+1< 0)

Involving other related functions

09.38.27.0018.01
iNg

ZVm

{a b, zl}::{%—z,1—%,zz}/\z§+az§+bzl—z§::o/\0<z< 1/\o<m<1

enXz|m)==-—

1
[K(l - —) +dog(z, z; a b)) /i
m

History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)
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