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Notations

Traditional name

Inverse of the Jacobi elliptic function ns

Traditional notation

nst(z| m)

Mathematica StandardForm notation

I nver seJacobi NS[z, m]

Primary definition
09.45.02.0001.01
z=ns(w|m)/; w=ns1z| m
09.45.02.0002.01

o 1
ns‘l(zlm)::f —clt/;ze[R/\22>1/\22>m

t2-1 yt2—-m

Specific values

Specialized values

For fixed z
09.45.03.0001.01

ns(z| 0) = csc(2)
09.45.03.0002.01

1
5) VZ F(sint@]2)+

in?

ns‘l(z

2 r(%)z

09.45.03.0003.01
ns(z| 1) == coth *(2)
For fixed m

09.45.03.0004.01
ns (=1 m) == —K(m)
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09.45.03.0005.01

m) = K(m) - % (F[z

1
ns‘l(— —
2 — U6

)

09.45.03.0006.01

ns1(0| m) = K(m) - i K(i)
m m

09.45.03.0007.01
1 1 bd
ol I
2 m 6

09.45.03.0008.01
ns1(1 | m) = K(m)

09.45.03.0009.01
1 1 1 o 1

ns~@|m=Km-—— [K[—) - F(ismh D ‘ —D
\/H m m

09.45.03.0010.01
1 1 . 1
ns (=i | m) = K(m) - — (K(—) + F(isinh 1) ’ —))
W m m
Values at infinities

09.45.03.0011.01
ns(z|c0)==0

09.45.03.0012.01
ns(z| —c0)==0

09.45.03.0013.01
ns(co | M)==0

09.45.03.0014.01

nsY(—oo | M) = 2K(m) — i K(i)
m m

General characteristics

Domain and analyticity

ns~1(z| m) isan analytical function of zand mwhich is defined over C2.
09.45.04.0001.01

(z¢#m—nsz|m:: (C®C)—C

Symmetries and periodicities

Mirror symmetry
09.45.04.0002.01

nsi(z|m =nstz| m
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Quasi-reflection symmetry

09.45.04.0003.01

)
o)

Poles and essential singularities

2
nst(-z|m=nstz|m- — F(sinfl(z)
m

09.45.04.0004.01

2 1
nst-z|m=nsz|lm- — ns‘l(—
m z

With respect tom

The function ns~%(z | m) does not have poles and essential singularities with respect to m.
09.45.04.0005.01

Sing, (ns™(z| m)) = {}

With respect to z

The function ns~%(z | m) does not have poles and essential singularities with respect to z.

09.45.04.0006.01
Sing,(ns™(z| m)) = {}

Branch points
With respect tom
For fixed z, the function ns~1(z| m) has two branch points: m== 72, m = &.

09.45.04.0007.01
BPr(ns ™tz m) = {7, &}

09.45.04.0008.01
Rm(ns(z| m), ) = 2

09.45.04.0009.01
Rn(ns™H(z| M), &) =2

With respect to z

For fixed m, the function ns™1(z| m) hasfive branch points: z =+ 1, z=+Vm, z = &.

09.45.04.0010.01
BP,(nsHzIm) = {1, -1, Vm, -Vm, &}
09.45.04.0011.01

RAnsHz| m), 1) =2

09.45.04.0012.01
Rnst(z| m), -1) =2
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09.45.04.0013.01

R(ns~H(z | m), W) =2

09.45.04.0014.01

Ro(nsH(z| m), —\/ﬁ) =2

09.45.04.0015.01
R(nst(z| m), &) ==1log

Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat z==0

09.45.06.0001.02

1 1\ %2 1 1 1+m 3+2m+3n?
ns(z| m) « (——) K (m) +u‘K(—) + zZ+ 2+ 2+... 0/ @z->0
“m m m vm 6m 40 P

09.45.06.0002.01

1 11172 o (3 11
nsiz|m)= —— [(— —) K(m) +uK( ))+Z ) (—, -k ——k; m)z2k+1
vom Um 2k+ k! 2 2

-m k=0

09.45.06.0007.01

ns(z| m) o«

K(m)

ool L ™ ym

Expansionsat m==0

09.45.06.0003.02

1 1 3 1
nstzimoescta-—| [1- — —zesc'@|m- ——| [1-— (3Z+2)-3Zcsc (@ |mP—... /; (M- 0)
4z 2 647 2

09.45.06.0004.01

— 1
L Z2k 1(5)

1 1 31
s1(z|m)::27kzF1[—,k+—;k+—; —]n’ﬁ/; Im <1
Sek+n o 2 2 22
09.45.06.0008.01
1) 2
© 2 1 1 K (j-Drz2
ns‘l(z|m)=Z:—k csctd-—-z [1-— ZJ— m</; iml < 1
k=0 (k!)2 2 Z j=1 (%)J
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09.45.06.0005.01

e )

2)i\2

ns(z| m)==
m ZZ 2j+2k+1Dj'k!

j=0 k=0

09.45.06.0006.01

1.1,
2' 2

N =

Nw
E!

1
-1 1x1x1
ns(z|m = ;Flioio[

N | -

09.45.06.0009.01
ns1(z| m) « csc2(2) (1 + O(m))

Integral representations

On the real axis

Of thedirect function

09.45.07.0001.01

00 1
ns’l(z|m::f —dt/;ZER/\22>1/\22>m
CYe-1+42-m
VZ-mcdnsizim|m) 1
dt
VZ-1 V-1 y#-m

= 3t frer 0<r<1 (Im((T (z—-279) + 20)2 - 1) = O/\
(r(2-2)+2)°~1<0 /\Im((r 2~ 2) + 2 ~m) = 0 )\ (r (2 2) + 2 ~m < 0]

09.45.07.0002.01

nstz|m =ns(z | m-

/i

09.45.07.0003.01
VZ-m cdnsiz| m) | m) foo 1
2-1 V-1 E-m

EET [.m[(z+ () - 1] —o/\(z+taf )] -1 <0\

2 2

(e =0 eesmf ) -me

Differential equations

nsiz|m =

dt/,

Ordinary nonlinear differential equations

09.45.13.0001.01
W@ +(22-m-1)zw(@°® =0/, w2 = ns}(z| m)

Transformations
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Transformations and argument simplifications

1|)

09.45.16.0001.01

2
nst(-z|m)=ns*z|m- — F(si @
m

09.45.16.0002.01

2 1
nst-zlm=nstz|m- — nsfl(—
m z

Identities

Functional identities

09.45.17.0001.01

(Z- z%)2 NSW(z) +W(Z) | M) + (-2 2 +(-24 +4(M+ 1) Z - 2m) Z - 2MZ) nsSW(Zy) + W(Z) | M)* + (M- Z z%)2

W(2) == nsY(z| m)

Differentiation

Low-order differentiation

With respect to z

09.45.20.0001.01
ans(z| m) 1

0z o cs(nst(z| m) | m)ds(nsX(z| m) | m)

09.45.20.0011.01
anstzlm) csns izl m | m)dsnsiz| m) | m)

0z m-2)Z-1)
09.45.20.0002.01
ans izl m 1
;Zl )==— /;ze[R/\22>1/\22>m
z

Z-1+vZ-m

09.45.20.0003.02
nstz|m  z(2Z2-m-1)cdns(z| m) | m)

o7 (Z-17Z-m

09.45.20.0012.01
1

§—Lt
82ns(z| m) VZ-mcdnsizim|m 21 Jzm

i B 9z

Z2-1

With respect tom
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09.45.20.0004.01

ans(z| m) 1 mcd(ns(z| m) | m)

= - E(am(ns*z|m) | m) | m)+ (1-m)ns'(z| m)]
am 2(m=-1)m z

09.45.20.0005.01

ans(z| m) 1 VZ-1z

> ::2 ( D +vm E( ) E(M-vm E(sn 2
m m(m-
VZ-m

ze[R/\22>l/\22>m

09.45.20.0006.02
nsz| m 1

)+ 1-m K(m)]/

= [((4m— 2 E(am(ns™*(z| m) | m) | m) + (m—- 1) F(am(ns™*(z| m) | m) | m)) Z +
an? 4(m 12 m? 2

(m-1)mz
B z] cdns™(z|m) | m)]

3(m-1)°%ns (z|m)22+m[ 3mz+
Z-m

09.45.20.0013.01
8ns(z| m)

o

3

——— [ (-23(m-1m-8) E(am(ns*(z| m) | m) | m) - (m- 1) (11 m-7) F(am(ns"*(z| m) | m) | m) +
8(m-1°nr

m-2)

1
[mz[zz(m Z)(BmGBmM=-4)+5) 2 —mGm(7m-6) + 11) Z + m? (m(23m - 24) + 9)) cd(ns*(z| m) | m) -

(m-1 [1- g (m- 22)2 en(ns iz m) | m) |- 15(m- 1) (m- 22)3 ns(z| m)]]

Symbolic differentiation

With respect to z
09.45.20.0014.01
d"ns(z| m)

nsi(z| m) 6, +
92" "

3

Z-m cdns(z| m) | m)

V2-1 i

09.45.20.0015.01
a"nsi(z| m

a7

-1 (- 1)1 1(1 n)2(n -2

Zj;()[ ) ( ),k 22_1)4<7%(22—rn)k717%/;neN

(n-j-11@y"21

I
o

=nsz|mé,+

cd(ns‘l(zl my | m) n-t 17 21 2104 (2 ) (1—”)2<n—i)—2(%)

i 1 1 Z-m
2Fi| = -l -—-1i ——|/ineN

- = (n-j-1! 20 "2 T2l
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09.45.20.0016.01

8n—l 1
a"ns1(z| m vV Z-m cdnsiz| m) | m) Vz1 V2m
- =6,nsiz|Im- /ineN*
o0z" 2 1 571

09.45.20.0007.02

"ns1(z| m 2v1x 271 (n- D!cdnstz| m) | m)
— = 5ynsizIm)-
07" 2-1 J

3

1 (2-)7(2-m

J'(n—J—l)'F(——j) (J—n+g)

1-j j 1 1 j—-n+2 j-n+1 3 m
ZFl(—v__ ——il- ]ZFI[ ; ;j—n+—;1——]/;neN
2 2 2 Z 2 2 2 72

I
o

With respect tom

09.45.20.0008.02
Mnstzlm )"V 21 [ 11 1 1 m

3
Fin+—; =, n+—=n+—;, —, —\|/;1Z2>1AneN
2 2 2 2 2

ont' (2n+1)F(%—n)

Fractional integro-differentiation

With respect to z
09.45.20.0009.01
Frsizim Va2 oo 5L
0z* n vm [

% 22] ze [ 1 (1
. 2, —|+ K(m)——K(—) /i-1<z<1Am<0
< rd-o) mo\'m
With respect tom

09.45.20.0010.01

' nsi(z| m) i me v ~1X1X2[

ant 27 1x0x1]

Integration

Indefinite integration

Involving only one direct function
09.45.21.0001.01

fns‘l(z| m dz==2zns *(z| m) +log(cs(ns(z| m) | m) + dg(ns™*(z| m) | m))

Involving only one direct function with respect tom
09.45.21.0002.01

fns‘l(z|m)dm==2(—z—\/ﬁE( )+E(m)+\/_E(sm 2

)+(m 1)K(m))/ z>1Am<1

Representations through more general functions
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Through hypergeometric functions of two variables

09.45.26.0001.01
1.1.1.
2'2' 2

N |3
D

—1 1x1x1
nst(z|m) = —Flioio[
Z

3...
>

Through other functions
Involving some hypergeometric-type functions

09.45.26.0002.01
1 11131 m
nstz|m=— Fl(—; - ===, —]/; (z>1Vz< —1)/\22 >m
VA

Representations through equivalent functions

With inverse function
09.45.27.0001.01

ns(ns(z| m) | m) =2z
With related functions

Involving cd™*

09.45.27.0002.01
1

nst(z| m)=K(m - — cd"l[z
m m

)/;—1<z<1/\m<0

Involving cn?
09.45.27.0003.01

nsi(z| m)=cn?!

2-1
m|/;z>1Am<1
z

Involving cs™t
09.45.27.0004.01
nstGz|m=icsi(-z|1-m)

Involving dc™*

09.45.27.0005.01
1

)/;—1<z<1/\m<0
m

nst(z| m) = K(m) - i dc‘l[
m z

Involving dn™?

09.45.27.0006.01

nst(z| m) = K(m) + L dn_l(—
m z

1
1——)/;z>—l/\m>1
m
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Involving ds™*

09.45.27.0007.01

1 1 z m
nsi(z| m) = ds ;0<z<1Am<1
1-m 1-m |Mm-1
Involving nc™t
09.45.27.0008.01
i 1 1
nst(z| m) = K(m) + 7nc‘l(— —) /;z>1AmeR
1-m z|1l-m
09.45.27.0009.01
1
nst(z| m) = K(m) - nc’l(z ) iz>1Am<1
1-m m-—

Involving nd™*
09.45.27.0010.01

ns1(z| m) = K(m) + L nd"l(z

1
1——)/;—1<z<1/\m<0
m m

Involving sc™t

09.45.27.0011.01
i

nsi(z| m) = —rlsc‘l(— ‘ 1- m] /iz>1AmeR
z

Involving sd~t
09.45.27.0012.01
. i [Vm-1
ns(z| m)= sd /;z>0Am>1
1-m z 1-m

Involving sn~!

09.45.27.0013.01

1
nsi(z| m) = sn‘l(— m) izeRAm<1
z

Involving elliptic integrals

09.45.27.0014.01

1
nsi(z| m) = F(sin"l(—) ‘ m) /i(z<-1Vz>1Am<1
z

09.45.27.0015.01
-1/2

nsi(z|m) = i F(si nt2

1
K(m) +i K(—))
m m

S =
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09.45.27.0017.01

nstz|m =
VZ-mcdnsizim|m| " rHZ vi \/
ns(zo | M) - ( ) sm Y2 ‘
VZ-1 VZ-1+VZ-m \/Z% 1\/25 m
= 3 frer 0<r<y (Im((r(2—20)+20)2— =0 \c@-z)+2?2-1<0/\
Im((r 2- 20) + 2)? - m) = 0 /\ (7 (2- 20) + )* - m< 0)

09.45.27.0018.01

Zcd(ns™(z| m) | m)
1 1
nsi(z|m = - csc i@ | m)/

[.m[(man( ) - ] 0 A(z+tan( ) -1<0/\
ol 5 )=o) meo

Involving other related functions

09.45.27.0016.01

nstz|m)=-

dog(z, z;a b) /; {a, b, z} = {-m-1,m, 22}/\zi+az§+bzl—z§==0/\z>0/\m<l

Z

History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)
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