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Notations

Traditional name

Inverse of the Jacobi elliptic function sn

Traditional notation

sn izl m)

Mathematica StandardForm notation

I nver seJacobi SN[z, m]

Primary definition

09.48.02.0001.01
z=sn(w|m)/;w=sn"(z| m

09.48.02.0002.01
1

sni(z| m) ::fZ
*Vi-2 y1-me

dtf;-1<z<1/\m#Z<1

Specific values

Specialized values

For fixed z

09.48.03.0001.01
siz|0)=sn©@

09.48.03.0002.01

1 NE!

sn‘l(z —):: F(sin 4] —)
2 2
09.48.03.0003.01

s i(z| 1) =tanh }(2)
For fixed m

09.48.03.0004.01
sni(-1|m)=-Km)
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09.48.03.0005.01

. 1 Vs
SRR
2 6
09.48.03.0006.01
snt0|m=0

09.48.03.0007.01

SERRHE

09.48.03.0008.01
sn (1| m) = K(m)

09.48.03.0009.01

s3(i | m) = F(i sinh (1) | m)
09.48.03.0010.01

s (=i | m) == —F(i sinh™(1) | m)

Values at infinities

09.48.03.0011.01
s (z| 00)==0

09.48.03.0012.01
snH(z] ) =0

09.48.03.0013.01

1 1 1
sn” (oolm)::K(m)——K(—)/;m>1
m m

09.48.03.0014.01

N 1 1
SN (—co | M) == —— K[—)— K(m)/;m>1
m m

General characteristics

Domain and analyticity

sn~Y(z| m) isan analytical function of zand mwhich is defined over C2.

09.48.04.0001.01
(z¢+m—sn izl m:: (C®C)—C

Symmetries and periodicities

Mirror symmetry
09.48.04.0002.01

ds"l(zl m) == ds"l(z | m)

Quasi-reflection symmetry
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09.48.04.0003.01
s i(-z| m) = -sn"}(z| m)

Poles and essential singularities

With respect tom

The function sn~1(z| m) does not have poles and essential singularities with respect to m.

09.48.04.0004.01
Sing, (sn~Y(z| m)) = {}

With respect to z

The function sn~%(z| m) does not have poles and essential singularities with respect to z.

09.48.04.0005.01
Sing,(snH(z| m) = )
Branch points
With respect tom
For fixed z, the function sn~1(z | m) has two branch points: m = %
09.48.04.0006.01

BP(snH(z| m)) = {% o”o}

09.48.04.0007.01

1
Rm[snl(zl m), —) = log
Z

09.48.04.0008.01
Ren(snH(z| m), &) = log

With respect to z

For fixed m, the function sn~1(z| m) has five branch points; z = + 1, z==

09.48.04.0009.01

BP sz m) = {1, -1, I &
vm  Vm

09.48.04.0010.01
Re(snH(z| m), 1) =2

09.48.04.0011.01
R(snH(z| m), -1) =2

09.48.04.0012.01

Rz[snl(z| m) i] =2
m

m

= oo.

1
— Z
vm



http: //functions.wolfram.com

09.48.04.0013.01

1
‘Rz[sn‘l(zl m), ——) =2
m

09.48.04.0014.01
R(sn~H(z| m), &) = log
Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat z==0

09.48.06.0001.02

1+m 3+2m+3n?
sn iz m o« z+ 5 + ™ Z2+.../,(z-0)

09.48.06.0002.01

rrf‘(l)

> 1 1 1

sn—l(z| m) == E izFl[_, -k ——k; _)22k+1
P 2k+1k! 2 2 m

09.48.06.0007.01
sniz|m « z(1+O(2))

Expansionsat m==0

09.48.06.0003.02

1 3
sz m «sint2) - 2 (Z\/ 1-7 —sin’l(z))m— ” (2(222+3) Vi-7 —3sin’1(z))mz+

09.48.06.0004.01

122k+1 1 1 3

= |3
sn’l(zlm)::zkizFl[—,k+—;k+—;22)mk/;|m|<1

Skrpk 2 N2 2 2

09.48.06.0008.01

ad (%)kz V1-7 (j—-1! A

k
sz m)=Z— dni(2 - Z mk 7 ml < 1

o (kN> 2z A (%)J

09.48.06.0005.01
o (%)(%) K Ri+2k+1
) _ i\2k
sreim=).), 2j+2k+1)j!k!

j=0 k=0

... /;(m->0)
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09.48.06.0006.01

1.1.1,
_ 2’2" 2’
s iz m) ==2F}§3§3[ . mZ 22]
e

09.48.06.0009.01
s1iz| m) « sin"1(2) (1 + O(m))

Integral representations

On the real axis

Of thedirect function

09.48.07.0001.01
1

Z
szl m) = f
*Vi-2 J1-me
09.48.07.0002.01

Vi-mZ cdsnizim |m) f ! dt
Jiz °Vi-e Vi-me

= A jreroeray) (IM1L-722) =0 \1-22Z2 <0 /\ Im(1-me22) =0 \ 1-mr2 2 < 0)

d/’t/;—l<z<1/\m22<1

/s

sniz|m) =

09.48.07.0003.01

sntz| m) = s i(zo | m) +

Vi-mz cdsiizim|m f ! at/;
m 4 mm |

= 3t frer 0<r<1) (Im(l - (t(Z-2)+2)°) = o/\
1-(r(z-2)+ 27 <0 /\Im1-mr@z-2)+2)?) =0\ 1-m(x z-2) + 2 <0)

Differential equations

Ordinary nonlinear differential equations

09.48.13.0001.01
W@ +(2mZ-m-1)zw (@’ =0/, w2 = sn"*(z| m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

09.48.16.0001.01
sni(-z| m) = -sn"}(z| m)

Products, sums, and powers of the direct function



http: //functions.wolfram.com

Sums of the direct function

09.48.16.0002.01

o iz, | m) + si(z, | m) = st \/(1—25)(1—mz§) zl+\/(1_z§)(1_mz§) 2

mJ/;
1-mZ2
zle[R/\zze[R/\me[R/\—%<zl<%/\—%<ZZ<%

Identities

Functional identities
09.48.17.0001.01

(MZ B - 1) snw(zy) + wi(zz) | m)* - 2(((m(

W(2) = sn"1(z| m)

Z+2Z)-2(M+1)Z+1)Z +Z) snW(z) + W(Z) | m)2+(z§—z§)2 =0/

Differentiation

Low-order differentiation

With respect to z

09.48.20.0001.02
asniz|m  cdisn iz m)|m)

0z 1-2
09.48.20.0002.01
dsn~1(z| m)
0z

= ! /;—1<z<1/\m22<1
Vi1-2 y1-mZ

09.48.20.0003.02

Parizim  z(m22-1)-1)cdsnizIm|m)
07

(Z-17(m2-1)

09.48.20.0011.01

1

67
Psrizim  V1-mZ cdsnt@im|m iz 12
02

1-2 0z
With respect tom

09.48.20.0012.01

asn izl m)  E(am(sn~(z| m) | m) | m)+ (m-1)sn-i(z| m) - mzed(sn(z| m) | m)
om - 21-mm
09.48.20.0004.01
dsn(z| m) E(sin’l(z) |m)-@-m) F(sin’l(z) | m) - mzcd(F(sin’l(z) | m) | m)
om

2(1-mm
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09.48.20.0005.01

dsn~1(z| m) 1 [m\/ 1-2 z

om i 2(m-1)m

- E(sin’l(z) | m)—(m-1) F(sin’l(z) | m)] fi-1l<z< 1/\ mz <1
1-mZ
09.48.20.0006.01
8snl(z| m)
on?  A(m-12n?

[3 sz m) (m—-1? + F(am(sn™*z| m) | m) | m) (m— 1) +

(4m-2) Eam(st(z| m) | m)| m) + (mz(m(@-4m 2 +3)- 1)) cdsn(z| m | m)]

mzZ -1

09.48.20.0013.01

Bzl m 1 1
oo =—8 o (23(m-1)m+8) E(am(sn*(z| m) | m) | m) + (M- 1) (11 m—7) F(am(sn~*(z| m) | m) | m) +
(m-1)
1
77/2(15(m—1)3sn’1(z| m) (1—m22)7/2+mz((m—1)cn(sn’1(z| m) | m) (m22—1)3+\j 1-mZ (1-m?)
(1-m2)

(M(-mmM23m-24)+9) 7' + (Em(7m-6) + 11) Z - 15m+ 12) - 5) cd(sn"'(z| m) | m)))]

Symbolic differentiation

With respect to z

09.48.20.0014.01

Msn(z| m)

0

cdlsnizim|m)nt  (L-n)ym i I oivs1y 1 _ ~ »
izt m gy [ =S G) [_) (1= 2 (1-m2) T nen
1-7 S n-j-D1ym2 g\ K 2Ad 2/«
09.48.20.0015.01

Msn(z| m)
— =iz M+

92"

1 1  1-mZ
St Bl
2 2 m(il-2

cd(sn~t(z| m) | m) n-1 / \
‘ne
0

1-7 i

22i=mL i 2i=m+L (1 - mzz)_j (%) A =Mzn-j-2
j
2F1[
j=

(n—j-1!

09.48.20.0016.01

6n—1;
5”5!'1_1(Z| m) L Y 1-m7Z Cd(sn_l(Z| m) | m) V1-2 V1-mZ2
T::sn’ (z| M) 6n + 1 /ineN’
97+

1-7
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09.48.20.0007.01
it (1-2)7 (1-mz2) ™

[uN

Msnlzim 2" x(=2"(n-D!edsni(z|m) | m) o
0z -2 j:oj!(n—j—l)!l"(%—j)l"(j—n+§)
1-j j 1 1 j-n+2 j-n+1 3 1
2 1(—,——3——1;1——]2&[ , ;]—n+—;1——]/;nel\lJr
2 22 2 2 2 2 mz

With respect tom
09.48.20.0008.02
3

Menlz|m 22”+1(%)n V1-mZ cdsnz|m)|m) 11 1
Fl(n+£; E,n+£;n+5;22, mzz)/; neN

gnt @n+\1-2

09.48.20.0017.01
peieim  V1-m2 csrieim|m PFEno|m
= /ineN
om’

om’ 12

Fractional integro-differentiation

With respect to z
09.48.20.0009.01

*sni(z| m) _2x1x1

T 2V Foono| o,

2, mzz]/;—l<z<l/\mzz<l

With respect tom
09.48.20.0010.01

sizim mOVE z g0 5 s AL
em i o2 T 2 m2 /;—l<z<l/\m22<l
3
ont 2 o 1-a;
Integration

Indefinite integration

Involving only one direct function

09.48.21.0001.01
log(dn(snt(z| m) | m) - v'm cen(sniz| m) | m))
fsn‘1(2| mdz==sn"(z| mz-
Vm

Involving only one direct function with respect tom

Vi-2 y1-mZ -1
+E(Sn '@ | m)+m-DFsn@|m)|/;-1<z<1Am<1
z

09.48.21.0002.01

fsn’l(z| mydm==2
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Representations through more general functions

Through hypergeometric functions of two variables

09.48.26.0001.01

N

1
-1 1x1x1 2
szl m) =zFilgs0

"mZ, 22]

¥

3...
Zm

Through other functions
I nvolving some hyper geometric-type functions

09.48.26.0002.01
1113
- =, = —'zz,mzz]/; —1<z<1/\m22<1

1 _ F( 2
sEim =R o
Representations through equivalent functions

With inverse function
09.48.27.0001.01
sn(sn“t(z| m) | m)=2z

With related functions

Involving cd™?
09.48.27.0002.01
s iz|m=Km-cdz|m/;zeRAmeR

Involving cn=t

09.48.27.0003.01
)/; -1<z<1lAm<1

sni(z| m) = K(m) - cn‘l(z
m-1

09.48.27.0004.01

sn‘l(z|m)==cn‘1[\j 1-7 ‘m)/;0<z< 1AmeR

Involving cs™t

09.48.27.0005.01
m-1
) /iz<0Am>1

m

sni(z| m) = K(m) + L dn’l(z
m

Involving dc™?
09.48.27.0006.01

1
)/;z>1/\m>1
m

sn(z| m) = K(m) - i dc"l[z
m
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Involving dn™?

09.48.27.0007.01
m-1

snY(z| m) = K(m) + L dn‘l(z

)/;z<0/\m>1
m

m

09.48.27.0008.01

sni(z| m)::dn"l(\/ 1-m?7Z ‘m)/;z> 1Am<0

Involving ds™t

09.48.27.0009.01

1 (1

snlz|m = ds /;iz>0Am>1

1-m l1-mz| M-
Involving nc™*

09.48.27.0010.01
i 1
sni(z| m) = K(m) + nc‘l(z )/;—1<z< 1Am<1
1-m 1-m

Involving nd™?

09.48.27.0011.01
silzm=Km+indz|1-m/zeRAmeR
Involving ns™t

09.48.27.0012.01

1
sn‘l(z|m)==ns‘1[— m)/;—1<z<0/\m<0\/z>0/\m<0
z

Involving sc™t

09.48.27.0013.01
sniz|m)=-isciiz|1-m)

Involving sd™*

09.48.27.0014.01
1

1-m

sn izl m)=-

sd-l[m .

)/; -1<z<1Am<1

1-m

Involving elliptic integrals
09.48.27.0015.02

s izlm=Fsn '@ |m) /2 <1

09.48.27.0018.01

V1-m2Z cdsnizim)|m)

sriz|m = Fsn™@|m)/;
Vi-2

= A jreroeray) (IM1L-722) =0 \1-722Z2 <0 /\ Im(1-me22) =0 \ 1-mr2 2 < 0)
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09.48.27.0019.01

vV 1-mZ cd(sn(z| m) | m)

sizlm =siz | m)+ (F(sin™@ | m) - F(sin" ) | m) /;
V1-7
= A reroerey (IM(1- (1 @-20) + 20%) = 0 \
1-(1(z-20)+2)° < 0/\ Im(1-m(r(z- 20) + 20)?) = O/\ 1-m(r(z—-29) + 2)° < O)

Involving other related functions

09.48.27.0016.01
sn izl m)= —zelog(l, Va+b+1;a b) /i {a b} ={-Z (m+1), mZ}} /\ 7 <1

09.48.27.0017.01

1
s iz m)= - dog(z;, ;8 b) /; (a, b, zl}=={—m—1, m, ;}/\ﬁ+az§+bzl—z§==0/\z>0/\m<l

%

History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)
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