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Notations

Traditional name

Jacobi éliptic function dn

Traditional notation

dn(z| m)

Mathematica StandardForm notation

Jacobi DN[z, m]

Primary definition

09.29.02.0001.01

dam(z| m)
dn(z|my= —
0z

Specific values

Specialized values

For fixed z

Casem=0
09.29.03.0001.01
dn(z| 0) =
Casem=1

09.29.03.0002.01
dn(z| 1) == sech(2)

09.29.03.0003.01
i
dnjz+ —
2
09.29.03.0029.01

ik ink
dn(z+ 7 1] == wch(z+ 7] likeZ

1) == —icsch(2)
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For fixed m

Values at quarter-period points in the fundamental period parallelogram

09.29.03.0004.01

dn0|jm=1
09.29.03.0005.01

dn(K(m) |[m)=+v1-m
09.29.03.0006.01

dn(2K(m) | m) =
09.29.03.0007.01

dnBK(m) |m=v1-m
09.29.03.0008.01

dn(4K(m) | m) =
09.29.03.0009.01

dnGK@A-m)|m) =&k
09.29.03.0010.01

dn2iK@A-m)|m)=-1
09.29.03.0011.01

dn@BiK@A-m) | m) =&
09.29.03.0012.01

dn(4i KA -m)|m)=
09.29.03.0013.01

dn(K(m) +iK(1-m)|m)==0
09.29.03.0014.01

dn2Km) + iK(1-m)|m)=c
09.29.03.0015.01

dnBK(m) + iK(L-m)| m)=0
09.29.03.0016.01

dn(AKm) + iK@A-m)| m) ==
09.29.03.0017.01

dn(K(m +2iKA-m|m=-vV1-m
09.29.03.0018.01

dn2Km +2iK(@A-m) | m)=-1
09.29.03.0019.01

dnBK(M +2iK@A-m|m=-v1l-m
09.29.03.0020.01

dn(AKm +2iK@A-m)|m)=-1
09.29.03.0021.01

dn(K(M +3iK@A-m)|m) =0

09.29.03.0022.01
dn2Km) +3iK(@l-m)|m) =c
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09.29.03.0023.01
dn@2rKm+i2s+DHK@A-m)|m=5/;{r,sleZ

09.29.03.0024.01
dn(K(m +4iK@A-m|m=v1-m

09.29.03.0025.01
dn2KmM) +4iK(@1A-m) | m) =

Values at half-quarter-period points

09.29.03.0026.01

K(m .
dn( m m):: 1-m

09.29.03.0027.01
iK(1-m
(7 m] Visvm

09.29.03.0028.01

Km iK@d-m Vi-m
dn(—+7‘m)::

dn

[\/m+1 —i\/l—mJ

2 2 V2

General characteristics

Domain and analyticity

dn(z | m) isameromorphic function of zand mwhich is defined over C2.
09.29.04.0001.01

(z#m)—dn(z|m):: (CRC)—C

Symmetries and periodicities
Parity
dn(z | m) is an even function with respect to z.

09.29.04.0002.01
dn(=z| m) ==dn(z| m)

Mirror symmetry

09.29.04.0003.01
dn(z| m) == dn(z| m)

Periodicity
dn(z | m) isadoubly periodic function with respect to z with periods 4 ¢ K(1 — m) and 2 K(m).

09.29.04.0004.01
dn(z+2K(m) | m) == dn(z| m)

09.29.04.0005.01
dn(z+2iK@A-m) | m) = -dn(z| m)
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09.29.04.0006.01
dn(z+4iK@A-m) | m)=dn(z| m)

09.29.04.0007.01
dn(z+2K(m)+2i K(L-m) | m) == —-dn(z| m)

09.29.04.0008.01
dn(z+2isK@-m)+2rKm) | m)=(-1°dniz| m)/;{r,seZ
Poles and essential singularities
With respect to z

For fixed m, the function dn(z | m) has an infinite set of singular points:
a)z=2rK(m+i@2s+1)K(@A-m),{r, s} € Z, arethe simple poles with residues -1%t;
b) z== & isan essentia singular point.

09.29.04.0009.01
Sing (dn(z| m)) = {{{(2s+ D i KL -m) +2r K(m), 1} /; {r, s} € Z}, {&, co}}

09.29.04.0010.01

res,(dn(z| m) (2s+ )i KL -m)+2rKm) = (-1%i/; {r,s}eZ
Branch points

With respect tom

For fixed z, the function cdn(z| m) is ameromorphic function in mthat has no branch points.

09.29.04.0013.01
BPm(dn(z| m) == {}

P. Walker

With respect to z

For fixed m, the function dn(z| m) does not have branch points.

09.29.04.0011.01
BP,(dn(z| m)) == {}

Branch cuts
With respect tom

For fixed z, the function dn(z| m) is ameromorphic function in m that has no branch cuts.

09.29.04.0014.01
BCr(dn(z]| m)) == {}

P. Walker

With respect to z

For fixed m, the function dn(z| m) does not have branch cuts.
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09.29.04.0012.01
BC,(dn(z| m) == {}

Series representations

Generalized power series

Expansionsat z==0

09.29.06.0006.01

mZ  m@m+4)
dnz|m)yocl- —+
2 24

Z+.../(z-0)

09.29.06.0001.02

mZ  m@m+4)
dn(zlm)ocl— —+
2 24

(64m+912n7? +408n° + )2 (-256 m— 15808 m? — 30768 m® — 3688 nt* — n) Z1°
+ +0(2%)
40320 3628800

1
7'+ —(-16m-44n? - ) L +
720

09.29.06.0007.01
= (=¥ dn(m) 2k n

n
dnzlm = Z T /; Sg(m) = 1/\ SNpy(m) = ZZ( )cn (m) dny (M) & 4_n /\ cno(m) = 1/\
! i

k=0 k=0

n-1n-1

-1 n-1n-1
cnn(m) = ZZ( 2j+1 )sn (M) AN 8 cne /\ dno(m) = 1 /\ dno(m) = Z;ZO( 2j+1 )snj(m) CNM) S 4ene

09.29.06.0008.01
dn(z| m) « 1+ O(Z)

Expansionsat z==2r K(m) + (2s+ 1)i K(1 - m)

09.29.06.0009.01

dn(z| m)m'(—l)*l(—+

1 1
—(M-2)(z- — (TP +8m-8)(z-2)°+...|/;
— 6(m ) (z 20)+360( +8m-8)(z-2)°+ )/

Z->2)NZp=2rKm+2s+1)iKA-mMArezZAsez

09.29.06.0010.01

(G+D D enejm) J - [
dn(z| m) = i (- 1)“22 ETRETY —y ( )qrmz 2?1 /;

k=0 j=0 o r+1

K (ji+i—k) (=1)" sn(m) g

zo=2rK(m)+(23+1)u‘K(1—m)/\reZ/\seZ/\qjvozl/\qj,kz E; it

keN* /\ Snp(m) = 1/\ snp(m) = ZZ( )cnj(m) dn(m) &4n /\ cnog(m) = 1/\

j=0 k=0

A

n-1n-1 n-1n-1
cnp(m) =
j=

2n
Z( )sn () AN 8jaic-nen [\ dno(m) =1 /\ dng(m) = mZZ( )snj<m) OMU(M) 6 i1
0 k=0
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09.29.06.0011.01
i(-1)%1
dn(z| m) e

(1+0(z-2)%) /i zo=2rK(M+@2s+DiKA-MAreZA\seZ

Expansionsat m==0
09.29.06.0012.01

1 1
dn(z| m)oc 1 - Esinz(z) m-— gsin(z) (-82c0s(2) + 55iN(2) + SiN(32) M + ... /; (M- 0)
09.29.06.0013.01
1, 1
dn(z| m)oc1- Esin (2 m- Esin(z) (-8zc0s(2) + 5sin(2) + Sin(32)) n? +

1
o ((31-327)cos(22) + 12cos(4 2) + CoS(62) + 722SiN(22) + 16 zsin(4 2) — 44) n® +

1
—— (-12(1122 - 75) cos(2 2) - 12 (322 — 37) cos(4 2) + 60 cos(6 2) +
49152

3cos(82) - 82(327 - 285)sin(22) + 816 zsin(42) + 72zsin(6 2) — 1407) * +

— (5127* - 17664 7 + 9765) cos(22) — 48(176 Z — 119) cos(4 2) — 24 (36 Z — 41) cos(6 2) + 84 cos(82) +

3c0s(102) - 32z(152 7 - 825)sin(22) — 64 2(32 2 - 189) sin(4 2) + 1800 zsin(6 2) + 96 zsin(8 2) — 16548) ™ +
———(60(1024 7' — 19520 7 + 9471) cos(22) + 5(8192 7' — 146304 7 + 75933) cos(4 2) — 1440 (90 Z - 53)
62914560

cos(62) — 60(128 Z — 143) cos(82) + 540 co5(10 2) + 15cos(122) + 8z(512 7" - 47680 Z + 202665) Sin(22) —

2407(1152 7 - 3641) sin(4 2) - 2880z(12 7 - 59) sin(6 2) + 15840 zsin(8 2) + 600 zsin(102) — 1033380) m’® +
———(—(163842° - 3356160 7' + 47416320 7 — 20807 865) cos(22) +
3019898880
60 (65536 7' — 587328 7 + 258687) cos(4 2) + 270 (2304 7' — 30768 2 + 12899) cos(6 2) —
720(1216 7 - 649) cos(82) — 3600 (10 Z — 11) cos(102) + 1980 cos(122) + 45 cos(14 2) +
482(7424 7 — 355600 7 + 1296 405) sin(22) + 482(8192 Z* — 342400 Z + 787305) sin(4 2) —

10802(3360 2 — 8077) sin(6 2) — 19202(128 7 — 567) sin(8 2) + 73800 zsin(102) + 2160 zsin(12 z) - 40320720)
M (—28(139264 2% - 13900800 7' + 162684000 7 — 65 714805) cos(2 2) -
338228674560

28(262144 2° — 21934080 7 + 137187360 7 — 53897 355) cos(4 2) + 22680 (7680 7' — 48024 7 + 16 237) cos(6 2) +

420(327687* - 370560 7 + 133503) cos(8 2) — 20160 (575 7 — 286) cos(102) — 1260 (288 Z — 313) cos(122) +

16380 cos(14 2) + 315cos(162) - 82(16384 2° — 6461952 7" + 219428160 7 — 717669855) sin(22) +

3362(303104 7' — 6054400 7 + 11396 145) sin(4 2) +

90722(2304 7' - 66800 7 + 110135) sin(6 2) — 33602(22016 Z — 44835) sin(82) —

672002 (50 Z — 207) sin(102) + 740880 zsin(122) + 17640 zsin(14 2) - 3779643735) P +
———(2(65536 2 — 45301760 2 + 3093081600 7' — 31716896400 Z + 11928 745395) cos(2 2) —
5411658792960
336(917504 2% — 35307520 7" + 175588080 7 — 63335 115) cos(4 2) —

63(1327104 2% - 72852480 7' + 303200640 7 — 88136 555) cos(6 2) +

5040 (1310727 - 660672 + 184 747) cos(8 2) + 210(160000 Z* — 1623600 Z + 524 121) cos(102) —
5040 (3888 Z* — 1835) cos(122) — 2520 (196 2 — 211) cos(14 2) + 18900 cos(16 2) +

315c05(182) - 24 2(212992 2 — 39244800 Z* + 1071069440 Z — 3225618585) sin(22) —
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642(2621447° — 39481344 7 + 532415520 7 — 871069 815) sin(4 2) + 151202(62208 7' — 816000 Z + 1056 475)
sin(62) + 26882(32768 7 — 767360 2 + 1026 525) sin(82) — 126002(13600 Z — 24757) sin(102) —
604802(96 Z — 379) sin(12 2) + 1005480 zsin(14 2) + 20160 zsin(16 2) — 51741682020 n° +
1

779278866 186240

9(33554432 2 - 8419016 704 2° + 212868956 160 7' — 900514460 160 Z + 303 767 329005) cos(4 2) —

11340(33177602° - 80123904 7' + 256 126 176 2 — 66479 231) cos(6 2) -

1008(4194304 2 - 179159040 7' + 579919680 Z — 135446 535) cos(8 2) +

7560 (2240000 Z* - 9765000 7 + 2375529) cos(102) + 22680 (27648 7 — 259920 7 + 77 249) cos(122) —

90720(3038 Z - 1377) cos(14 2) — 11340 (512 7 — 547) cos(16 2) + 192780 cox(18 2) + 2835 c05(202) +

162(65536 2 — 74022912 2% + 9060871680 7' — 212000166000 Z + 597 775583475) sin(22) —

576 2(123207682° — 8274309127 + 8661085440 7 — 12758 172525) sin(4 2) -

58322(4423682° — 41868288 7! + 356581120 7 — 389052335) sin(62) +

241927(17367047 — 176716807 + 17979285) sin(82) + 75600z(32000 7' — 650800 7 + 753081) sin(102) —

408240z(7552 7 — 12675) sin(12 2) — 4233602(196 Z — 747)sin(142) +

11793600 zsin(16 2) + 204120 zsin(18 2) — 6485526 884 340) m'® + O(m™*)

(72(720896 2 — 225075200 2° + 12041433600 7' — 111798981000 7 + 39463527 915) cos(2 2) +

09.29.06.0014.01
dn(z| m) o 1+ O(n¥)
Expansionsat m ==

09.29.06.0015.01

1
dn(z| m) o« sech(z) — Z tanh(2) (z+ cosh(z) sinh(2)) sech(z) (m-1) +

1
o (8cosh(22) 2~ 242 — 4sinh(22) - 4sinh(42) z+ 5 cosh(4 2) - 5) sech’(@) (M= 1% + ... /; (M > 1)

09.29.06.0016.01

1
dn(z| m) o sech(z) - Z sech(z) tanh(2) (z+ cosh(z) sinh(2)) (m-1) +
1
o sech®(2) (8cosh(22) Z - 247 - 4sinh(22) z- 4sinh(42) z+ 5cosh(4 2) - 5) (M- 1)? +

1
29152 sech*(2) (3(1602 + 83) cosh(z) — 3(88 2 + 43) cosh(32) - 3(82 + 41) cosh(52) +

3cosh(72) +322(237 + 6) sinh(z) - 8z(4 Z - 39) sinh(32) + 120 zsinh(52)) (M- 1)° +
——— sech’(2) (36802 - 2760 2 - 4(1976 2 + 1527) inh(22) 2+ 4 (56 2 - 1227) sinh(42) 2~
1572864

4(87 +297)sinh(62) z+ 36 sinh(82) z— (24327 — 3127 + 1167) cosh(2 2) +

2(16 7" + 1716 Z + 1287) cosh(4 2) + 3(120 Z + 389) cosh(6 2) — 60 cosh(8 2) — 2514) (m— 1)* —
——— sech®(2) (840 (476 2 — 87 22 — 411) cosh(z) — 30 (6288 2 — 10116 2 — 2755) cosh(32) +
251658240
5(736 7 + 44904 7 + 41811) cosh(52) + 10 (16 Z* + 1848 7 + 5835) cosh(7 2) — 30(36 2 + 161) cosh(9 2) +
15cosh(112) + 16 2(13456 7 — 28940 7 — 23745) sinh(2) — 242(1264 7} + 18980 Z + 27975) sinh(32) +
82(16 7" + 540 Z — 44145) sinh(5 2) — 202(160 Z + 2859) sinh(7 2) + 4500 zsinh(92)) (M- 1)° +

———sech’(2)(~3014144 2 + 171259207 + 2772000 2 +
24159191040
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24(4852967' — 14077207 — 1672185) sinh(22) z— 60 (31808 7' + 276960 7 + 638391) sinh(42) z+
180(327* + 408 Z — 80953) sinh(6 2) z— 24 (16 Z* + 2760 Z + 62415) sinh(8 2) z+ 180 (72 Z + 1381) sinh(102) z—
900sinh(122) z+ 2 (1349504 2 + 4620960 7' + 7884360 7 — 4624 785) cosh(22) —
4(46208 2% + 19228807 — 5262840 72 — 2644 965) cosh(4 2) +
(256 2° + 204480 7 + 8508960 7 + 9467 235) cosh(6 2) + 30 (400 Z* + 11904 7 + 58617) cosh(82) —
45(2160 2 + 4837) cosh(10 2) + 1620 cosh(122) — 12339990) (m— 1)° +
———— sech’(2) (63(9614336 2 - 67529280 7 — 48535200 7 + 46854 555) cosh(2) -
5411658792960
140(3269504 2 + 1174224 7" + 27202662 7 + 992079) cosh(32) +
70(478976 2 + 10396272 7 — 37828116 7 — 25073235) cosh(52) —
35(17922° + 4902727 + 20050128 7 + 27 450513) cosh(7 2) — 7 (256 2° — 84960 Z* — 1830960 7 + 16994 475)
cosh(92) + 630(4327" + 22276 7 + 35213) cosh(11 2) — 2520 (25 7 + 109) cosh(132) +
315 cosh(152) + 82(33244544 2° — 169790880 7 + 373682400 7 + 460 109475) sinh(2) —
1227(5176064 2° + 94597 440 7' — 370032320 Z — 594 245715) sinh(32) +
162(139456 2° + 13918800 7 + 88750830 Z + 293 798925) sinh(5 2) —
42(256 2% + 94080 7' + 9042600 Z — 336907 305) sinh(7 2) + 4202(192 7' — 20072 7 + 162363) sinh(92) —
25202(1260 7 + 11297) sinh(112) + 258300 zsinh(132)) (M- 1)” +

sech’(2) (1196803584 2 — 116212723202 + 59265712800 7" + 51670006920 Z

173173081374720
28(225685504 2° — 1385289216 7' + 3419854200 7 + 5152437585) sinh(22) z+
4(464069120 7° + 3558439584 7 — 18625005840 7 — 39050472195) sinh(4 2) z—
144480320 2° + 23703624 7' + 113082060 Z + 540952 755) sinh(62) z+
4(58882° + 6093024 7* + 375391800 7 — 4243004 955) sinh(82) -
32(322° - 1299487 - 12802230 7 - 2131605) sinh(102) z+
756 (864 7 + 95200 7 + 578675) sinh(122) z— 420 (1000 7 + 16 371) sinh(14 2) z+ 8820 sinh(16 2) z—
2(636233728 2% + 1416993536 2 — 30708972000 7' — 53216291520 7 + 17945797 275) cosh(2 2) +
4(42446336 2 + 2036204800 2° — 2051632800 7 + 22241422350 7 + 6 187 089 195) cosh(4 2) -
63(53248 2 + 10174720 2% + 163077600 7' — 668248 200 7 — 553255 345) cosh(6 2) +
2(256 2 + 760704 2% + 12390000 7 + 3620465 100 Z + 6 758870 265) cosh(82) + 35
(179222 - 2028000 7 — 25849368 7 + 29453985) cosh(102) — 1260 (8640 7' + 195426 7 + 251863) cosh(122) +
1
49873847 435919360
(sech™(2) (63 (5765895168 2 — 64101931520 2° + 358 754198880 7' + 461814328800 2 — 210208477 185) cosh(2) —
216(1654016128 7 — 3795293152 7° — 30335368280 7' — 117788351835 7 + 5787 713820) cosh(3 2) +
720(74894880 2 + 1610434336 2 — 3479640570 7 + 22032817380 Z + 9879 190965) cosh(5 2) —
63 (17245696 2 + 1590476032 2° + 22333139520 7' — 86714291880 72 — 90423595 035) cosh(7 2) +
9(24064 2 — 26967808 2° — 5753905920 7* + 53348533560 7 + 184980199 635) cosh(92) +
36(128 7 — 2892288 2° — 583461480 7 — 5821526340 7 + 1616 170815) cosh(112) -
189(62208 2 + 12659840 7* + 187133400 7 + 213575595) cosh(13 2) + 945 (20000 Z* + 800040 7 + 997 737)
cosh(15 2) — 5670 (196 Z + 839) cosh(17 2) + 2835 cosh(192) + 82(17 769803264 7 —
154337008896 2° + 662044 192992 7* — 1413285787 620 7 — 2207834702 955) sinh(2) —
47(11114481664 7 + 218002922496 2° — 1813216327776 7' + 4986817 337880 Z + 9150568 206 255)
sinh(32) + 20z(179849216 7 + 17458 283520 2° + 75235589856 7* — 516684 231 000 7 — 1408419633915)

1260 (2300 Z + 4459) cosh(14 2) — 16 380 cosh(16 2) — 37 948 733550) (m— 1)° —
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sinh(52) - 642(629536 2 + 211179024 2° + 6915622266 Z* + 21606985575 7 + 173396 382075) sinh(7 2) +
1287(16 2 + 22536 2° + 88216317 Z* + 3070844595 7 — 14032657 485) sinh(92) —
362(102402° - 65446752 7' — 2648877000 7 — 3662620605) sinh(112) + 113402

(233287 + 1054072 7 + 5123503) sinh(132) — 56 700 2(3400 7 + 23959) sinh(15 2) + 4524660 zsinh(17 2)))

1
(m-1)°- sech™(2) (3127485374464 7° — 43994001300480 Z° +
7979815589 747097 600
330560432294 400 2 — 1585067 158382400 7 — 2197 145541 729600 2 — 1080

(18545000960 2 — 183880478592 2° + 874548867 248 7' — 1915061306 760 Z — 3460899395415) sinh(22) z+
120(69804 123904 2 + 410456 968 704 2° — 5520309884 208 7' + 16449 365 164680 7 + 36 940 206 271815)
sinh(42) z- 160
(4557007 168 2 + 197971975584 ° + 530033745528 7 — 4517 746 166430 7 — 16561877 387 265) sinh(62) 2+
40(206488576 7 + 31450871808 2° + 739283503392 7' + 653416076880 7 + 21042 320833485) sinh(82) z—
320(9927 + 17632080 2° + 6037860528 7* + 148398278 175 72 — 293396 228055) sinh(102) z+
20(5127° - 53001216 2° - 18679375008 7' — 500341983120 7 — 880724436 795) sinh(122) z—
540(186624 2° + 62952736 7' + 1786 255800 Z + 7697 400375) sinh(14 2) z+
18900(200007" + 1596816 72 + 7072143) sinh(16 2) z— 18900 (2744 Z + 41535) sinh(182) z+
510300sinh(202) z— (3714757 763072 7' + 725097 369600 2 — 264064801674 240 2° +
20317690199016007" + 4031463722718600 7 — 969296803 112925) cosh(22) +
2(3651602513927'° + 18368995 703040 Z — 80431555034 880 2° — 126842 760399600 7' —
1454 744457558000 7 — 200711 093812425) cosh(42) —
(37339713536 2'° + 6399354 193920 7 + 85954169468 160 2° — 302198583304800 7" +
1412940934326 600 Z° + 861620 257 661 625) cosh(6 2) + 32 (7556864 7'° + 4110213600 2 +
266226090480 2° + 3641863424850 7* — 10988271 798525 7 — 15273874335825) cosh(82) —
(4096 7'° + 32532480 2 — 133951507 200 2° — 9643178109600 7' — 4911089891400 7 + 110501 743056 075)
cosh(102) — 90(11520 2 — 344065792 2° — 27964693680 Z* — 238785870960 7 — 6743301 075) cosh(12 2) +
4725(622080 2% + 47775520 7' + 557 948568 7 + 597 795471) cosh(14 2) —
4725(1120000 7 + 18727968 7 + 17561 343) cosh(16 2) + 2778300 (124 7 + 221) cosh(182) —
963900 cosh(20 2) + 889662247584 075) (m— 1)'° + O((m - ™)

09.29.06.0017.01
dn(z| m) oc sech(z) + O(m-1)

g-series

09.29.06.0002.01

o m)" nrz
dn(z| m) == Z am s{ i )
2Km K 1 1+gm?" KM

09.29.06.0003.01
(m)Zr—l
log(dn(2 K(m) z| m)) = —82 a sSni(2r-1)r2)
1 (2r—1)(1-gm?*?)

Other series representations
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09.29.06.0004.01

T & K(m) z
dn(z| my= — Z sech(n (k+ D
2K(1-m) K(1-m) 2K(m)

k=—00

09.29.06.0005.01
(_l)&ll-
dn(z| m) o +0(1) /;(z-» 2s+1D)iKA-m+2rKmM)Afr,sleZ
z-i(2s+ 1) K@ -m)—2r K(m)

Product representations

09.29.08.0001.01
o 1+2qm>" cog =)+ q(m)*n?
dn(z|m==\/41—mﬂ S( (m))

n=11-2q(m)>"* cos(%) +q(m*n-2

Differential equations

Ordinary nonlinear differential equations

With respect tom
09.29.13.0003.01
ZwWm®? +(3mZ - 62+ 1)wm'®+ (3m? Z - 15mZ + 152 — 4)wm)® + (Z n® - 122 n? + 302 m- 202 + 6) w(m)® +
(32 +18Z 1P -30Z m+ 157 — 4)wm)* + (32 P - 122 n? + 152 m- 62 + 1) w(m)” +
(64 (M- 1) m? w(m)® + 64 (M- 2) (M- 1)? P w(m)* + 16 (M - 2)? (m— 1) m? w(m)?) w' (m)* +
(-64(m-1mE@m-1wm)’ - 32(m-1)m(4n? - 13m+ 6) w(m)® —
32(m- 1) m(m* - 81 + 14m- 6) w(m)® + 32 (M- 2) (M- 1)> mw(m)) w'(m)* — (m-1)* 2 +
(16 (5P —5m+ 1) w(m)® + 8(9 1 — 43n? + 38 m - 8) w(m)® + 16 (M- 2) (m® — 11n? + 12m- 3)w(m)* -
8(m-1) (4n? - 21n? + 26 m- 8)w(m)? + 16 (M- 1)*) w' (m)* +
(16 (M- 1% n? w(m)® + 32 (M- 2) (M- 1)? m? w(m)® + 16 (M — 1)? ¥ (m? — 6 m+ 6) w(m)* —
32(m-2) (m- 1) m? wm)? + 16 (m - 1)* m?) w”’(m)” +
(-8(2m-1)wm)® - 8(m? - 8m+4) w(m)’ + 24 (m” — 4m+ 2) w(m)° - 8(m - 2) (3m— 2) w(m)* + 8(m— 1)” w(m))
W (m) + (-8 (M- 1) mw(m)® — 8(m-4) (M- 1) mw(m)’ + 24 (M- 2) (M- 1) mw(m)° -
8(m-1)mE@Bm-4)wm?+8(m-1)?mw(m) + (-64 (m— 1> P w(m)’ — 96 (M- 2) (m— 1)? m? w(m)° —
32(m- 1) n? (m? - 6m+ 6) w(m)® + 32 (M- 2) (m— 1)* m? w(m)) w'(m)* +
(32(m-1mE@m-1wm?+32(m-1)m(3n? - 9m+4) wm® + 32(m- 1) m(n® - 9n? + 15m— 6) wm)* -
32(m-1?m(2n? - 7m+ 4)w(m)? + 32(m- 1)* m)w' (m)) w’(m) /; w(m) == dn(z| m)

With respect to z

09.29.13.0001.01
W (2) +(2w(2? + m-2)W(2) = 0/; W(2) == dn(z | m)

09.29.13.0002.01
W (2 = (1-W2?) (m-1+W2?) /; wz) = dn(z| m)

Transformations
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Transformations and argument simplifications

Argument involving basic arithmetic operations

09.29.16.0001.01
dn(z|1-m)

cn(z|1-m)

09.29.16.0002.01

dn@@ z| m)
dn(z|1-m)= ———
cn@i z| m)

09.29.16.0003.01

dn(z| m)
dnGz|1-m)=

cn(z| m)
09.29.16.0007.01
dn(x+iy|m)==(dn(x|mcny|1—-mydny|1—m) —imsn(x| mcn(x| mysn(y|1- m))/
(en(y | 1-m)? + msn(x | m)?sn(y | 1- m)?) /; {x, y} e R

09.29.16.0008.01

dn(mz m ): !

m-1 i dn(z| m)

09.29.16.0009.01

dn(\/ﬁ z

1
—) =cn(z| m)
m

09.29.16.0010.01

dn(ziVl—m z

) 1
1-m/ cn(z| m)

09.29.16.0011.01

m-1 cnizim
dn(wm ) zm

m dn(z| m)
Landen's transformation:

09.29.16.0012.01

Vi—m)) 1-(1-Vi-m)sz|im?
of (1T [1 1 m)]: ( m )sn(z| m
1+vV1-m dn(z| m)

Gauss' transformation:

09.29.16.0013.01

4vVm 1-vVm sn(z| m?
dn(1+\/ﬁ)z = zm

(1+\/ﬁ)2 1+vVm sn@z| m?

n th degree transformations:
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09.29.16.0014.01

n-1

dn(& ‘ I) =dn(z| m)lj "

_ 2
- msn(w | m) sn(z| m)2

2
1- msn(@ ‘ m) sn(z| m)?

-1

n+1 F@r-DKm | P
ez Ni=nr n[ ‘m)/\M:n

=1

09.29.16.0015.01
2rK(m

/i

-1
2

r=1

Sn((2r 1HK@m) |m)

(2 of

‘ m)2 sn(z | my?

z K@) 1-1 : 1‘"‘5”(
d (_ |)
" M " nM ‘ r[

n 2 (2r-1Km | ;
sz A= s o = |m] Am=]]

Argument involving half-periods
09.29.16.0004.01

dn(z+K(m) | m)==+v1-m ndz| m
09.29.16.0169.01

dnz— K(m) | m)=v1-m nd(z| m)
09.29.16.0170.01

dn(z+3K(m) |m) = v1-m ndz| m)
09.29.16.0171.01

dnz+@r+HKm |m=v1i-mndz|m/rez
09.29.16.0005.01

dn(z+iK(1-m) | m)==—ics(z| m)
09.29.16.0172.01

dn(z—iK@A-m)|m)=icz| m)
09.29.16.0173.01

dn(z+3iK@A-m|m=icyz|m)/;se”Z
09.29.16.0174.01

dn(z+ (2s+1)iK@A-m|m = (-15ticsz|m)/;seZ
09.29.16.0006.01

dnz+Km) +iK@L-m) | m==ivV1-m scz| m
09.29.16.0175.01

dnz—iK(L-m) +Km) | m=—-ivV1i-m scz| m
09.29.16.0176.01

dnz+iK@L-m) —K@m) | m=ivV1-m scz| m
09.29.16.0177.01

dn(z-iK@A-m-Km)|m=-iVv1-m scz| m

.

/;

2
2r-1) K(rr

2
- gfzm
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09.29.16.0178.01
dn(z+iK(L-m)+3Km)|m =iV1i-m scz| m
09.29.16.0179.01
dnz+(4s+1)iKA-m+@r+HKm | m=ivV1i-m scz|m
09.29.16.0180.01
dnz+(4s—1)iKA-m+@r+1Km) |m=—-ivV1-m scz|m)
09.29.16.0181.01
dnz+(2s+1)iKA-m+@r+HKm | m=i(-1*V1-m scz| m

Argument involving inver se Jacobi functions

09.29.16.0182.01

dncd ™z m) | m)2 =

Z-1
09.29.16.0183.01
dn(cnt(z| m) | m)2 =mZ-m+1
09.29.16.0184.01
Z-m+1
Z+1

dn(cs™(z| m) | m)2 =

09.29.16.0185.01

(m-1 27
m- 2

09.29.16.0186.01

dn(dc‘l(z| m | m)2 =

dn(ds *(z| m) | m)2 =

+m
09.29.16.0187.01

m
dn(nc™(z | m) | m)2 = 2" m+1

09.29.16.0188.01
1

dn(nd"l(z| m|m=-—
z

09.29.16.0189.01

dn(ns™t(z| m) | m)2 =1- m
b

09.29.16.0190.01

1-m#Z+1
dn(sc™i(z| m) | m)2 = d-mz+i
Z+1

09.29.16.0191.01

dn(sd"l(zl m | m)2 =
mz+1

09.29.16.0192.01

dn(sn”t(z| m | m)2 =1-m2Z
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Addition formulas

09.29.16.0016.01

dn(u | m)dn(v | m) —msn(u| m)cnu | m)sn(v | mcn(v| m)
dn(@+v|m)==

1—msn(u | my? sn(v | my?

09.29.16.0017.01
2dn(u | m)dn(v| m)

dn(u+v|m +dnu-v|m)==
1— msn(u | my? sn(v | my?

09.29.16.0018.01
2msn(u | m)cn(u | my sn(v | my cn(v | m)

dn(u+v|m) —dnu-v|m)=—
1—msn(u | m)? sn(v | m?
09.29.16.0019.01

dn(v| m? — men(v | m)2 sn(u | my?
dn(u+v|mydn(u-v|m)==

1—msn(u | m)? sn(v | m)?
09.29.16.0020.01

dn(u | m)2 +dn(v | m)2
dn(u+v|mydn(u-v|m)== -1
1—msn(u | my? sn(v | my?

09.29.16.0021.01
2 2 2 2
m(cn(v | m)Z sn(u | m)® + en(u | m)? sn(v | m)?)

dnu+v|mydnu-v|m=1-
1 - msn(u | m)% sn(v | m?
09.29.16.0022.01

(dn(u | m) +dn(v| m))2
A+dnu+v|im)@+dn(u-v|m)) ==

1—msn(u | m)% sn(v | my?

09.29.16.0023.01

m(sn(u | m) en(v | m) — sn(v | m) cn(u | m))?
A+dn(u+v|im)@A-dn(u-v|m)) =

1—msn(u | m)? sn(v | my?

09.29.16.0024.01
sn(v|myen(u | mydnu+v|m)==dn(v|m)snu+v|m)—cnv| m)sn(u|m)

09.29.16.0025.01
cn(v|myen(u | mydnu+v|m) =cn(u+v|m)dn(v|m dn(u|m)+(1-m)snv|msnu|m

09.29.16.0026.01
dn(v| m)ycn(u| m)ysn(u+v|m)==dnu+v|m)sn(v|m +cn(u+v|msnu|m)

09.29.16.0027.01

1
—(enivimenu|menu+v|im)y=dnv|mydnu|mdnu+v|im-1)+1
m

09.29.16.0028.01

1
—(envimenu|menu+v|im =dniv|mdnu|mdnu+v|m-1)+1
m

09.29.16.0029.01
sn(u+v|m)

snivimsnu|msnu+v|m=—————(cn(u+Vv| m—cn(v| m)cn(u|m)
dn(u+v| m)
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09.29.16.0030.01
sn(u+v|im
sn(vimsnu|msnu+v|m=—-———————(dn(u+v|m —dn(v| mdn(u| m))
mcen(u+v|m)

09.29.16.0031.01
sn(u+Vv| myen(v| mydn(u| m)==cnu+Vv|m)snv|m +dnu+v|msnu| m)

09.29.16.0032.01
cnu+v|myeniv|mydnu|m =dn(u+v|mcnu|mdnv|m—(1-msnu+Vv]|m)snv|m

09.29.16.0033.01

dn(u+v | m)cn(v| m)sn(u| m)==sn(u+v|m)dn(u| m) —snv| m)cnu|m

Half-angle formulas

09.29.16.0034.01
1-m+dn(z| m)+mcn(z| m)

1+dn(z| m)

Multiple arguments

Double angle formulas

09.29.16.0035.01
dn(z| m)? + cn(z| m? (dn(z| my? - 1)

dn(2z| m) ==
dn(z| m)? - cn(z| m? (dn(z| my2 - 1)

09.29.16.0036.01
dn(z| m? — msn(z| m?2 cn(z| m)2

dn(2z|m) =
1-msn(z| m?*

09.29.16.0037.01
1-dn2z|m)  msnz| m?cn(z| my3?

1+dn2z|m) dn(z| my?

Multiple angle formulas

09.29.16.0038.01
n2-1

4KM) (u+v1)

1\ = n+1l
dn(inz| m) == (—) 1_[ dn[z+ m) [, ——eZ*
1-m Lv=0 n 2

09.29.16.0039.01

1 1 4(KmM)r+K(m)sT) n+1
ndn(nz|m)=(-1)2 Zdn(z+ m)/; — ez
r,s=0 n
09.29.16.0040.01
J1- /l(nlog(q(m»)

2n nlog(g(m)) n i 1 2K(@m) (or n+1
dn(— K{A[—]] X ‘ )((— Iog(q(m)))] = ndn( (— + x) ‘ m) ,——eZ"

n i ni (1-mmv4 S bis n 2

Products of a single Jacobi function
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09.29.16.0072.01

-1
1 P | AkKm i |2 (akkm | Ve | AKKm p-1
kel P

k=0 k=0

Khare/Lakshminarayan/Sukhatme 2002
K hare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0073.01

L
2

1Pl { 4kK(m)‘ ]
m cn

= 2) o1
ﬁd{4kz(m)‘ ]]chn( 4kK(m)‘ ] _eN/\rEW/\Kp
k=1 =

k=0

k=0

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0074.01
p-1 2kK(m P2l oK) | V)Rt 2kK(m
mp/znsn[u ”H[ s[ ”‘ ]]Z(_1>kz[a,n[z+ ”‘m]‘m]/;
k=0 p
EeN*/\reN*/\r<p/\gcd(p,r)::l/\l—m>0

Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0075.01

2kK(m P21l okK(m 2\t 2kK(m
m”/zncn[u (m ‘ )==V1—m (—1)p/2[1_[ d (m ‘m) ] (—1)"Z(am[z+ m ‘m)‘m)/;
k=1 p

k=0 p

EeN+/\reN+/\r< p/\gcd(p, r)::l/\l—m>0
K hare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

Sums over products of two Jacobi functions
09.29.16.0041.01
dn(z| mydnz+K(m | m=v1l-m
Khare/Sukhatme 2002

K hare/Sukhatme JMP_2002

09.29.16.0042.01

2K(m) 2K(m) 4K(m) 4 K(m)
dn(z| m) dn[z+ 3 ‘ m) + dn(z+ 3 ‘ m] dn(z + 3 ‘ m) + dn(z+ ‘ m) dn(z| m) =
2K(m) 2K(m)
dn( ‘ m) [dn(— m) + 2)
3 3

Khare/Sukhatme_2002
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Khare/Sukhatme JMP_2002

09.29.16.0043.01

K(m)
dn(z| m) dn[z+ T

K(m)
m) + dn(z+ > ‘ m) dn(z+ K(m) | m) +

3K(m) 3K(m)

dn(z+K(m)|m)dn(z+ ‘m]+dn(z+ ‘m)dn(z|m)::2\4/1—m (1+\/1—m)

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0044.01
2kK(m) 2(k+ 1) K(m) Pl oKK(mM) 2(k+ 1) K(m)
m) dn[z+ _— ‘ m] == dn[ ‘ m) dn[—
p p p p

-1

kel

dn(z +

‘m]/; p-2eN
k

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0045.01

Pt 2kK(m) 2 (k + n) K(m) Pl oKK(mM) 2 (k+ n) K(m)
(z+ m] dn[z+ _— ‘ m] == Zdn[ ‘ m) dn[i ‘ m] /i
p

d
Z " p k=0 p

k=0

p+ pmod2
-2eN/\neZ/\1=ns ——
p-2eNAnez /\ .

)
o

k=0

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0076.01

2kK(m) )( ( 2Km) (k-r1)
mj|enz+ —
p p

-1

kel

( ] [ 2Km) (k+1)
SN z+ m|+cnfz+ ——

m))::O/;peN*/\reN*/\r<p—1
p

k:

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002
09.29.16.0077.01
2K(mk 2K(m) (k+T1)
m) dn[z +
p ‘ p

[l
o

-1

kel

dn(z +

k

)
o

) 2rK(m) Jon( 25 | m] 2{sin™{sn( 25 [ m)) | m)
m|== dn[ ‘ m) 1- /
P (=5 ] on( =5 [ m)
peN*AreN*Ar<p-1AmeRAm<1
Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0078.01

S [ 2K(m>k‘ J ( 2K (k+ 1) ] por( 25 | m) Z{sn™ (s 252 [ m) [ m)
an Z+ misn|z+ m| =
- i i mjen( 25 ) fen( 25 | m)

p-2eNAreN*Ar<p-1AmeRAm<1
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Khare/Lakshminarayan/Sukhatme 2002

Khare/Lakshminarayan/Sukhatme JMP_2002
09.29.16.0079.01

-t 2K(mk 2K(m) (k+1)

cn [ ‘ m) cn(z+ 7{)

k=0
p-2eNAreN"Ar<p-1AmeRAm<1
Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0080.01
Pl 4KK(m)
Z+

ZCI’] 0

k=0

p

Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0081.01
-1 4KK(m)

Z dn(z +
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0082.01

p-l 2kK(m) 2(k=r)Km)
Z(— 1) sn{z+ ‘ m] [cn[z+ -
— p p

p

geN*/\reN*/\gcd(p, N=1

K hare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0083.01

Pt 2k K(m) 2(k+r)K(m)
Z (—D)K dn[z + ‘ m) dn(z+ - ‘ m]

p p

m] == pcn

|

4(kk-r)K(m) 4(k+r)K(m)
m) [dn(z+ _ ’ m] + dn(z+ _—

p

)(( 4(k—r)K(m)‘ ) ( 4(k+r)K(m)
snfz+ —— |m|+snz+ —

p

2rK(m e =5 [ m) 2{sin” (s 252 )} m)
o e

misn(Z5 ) jon( =5 )

‘m]]::O/;peN*/\reN*/\r<p—1

‘m)]::O/;peN*/\reN*/\r<p

2(k+r)Km
)

‘ m) + cn[z+
p

(S(Zr K(m)

geN+/\reN+/\r<p/\gcd(p, r)::l/\l—m>0

Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

gl 25 o)

p
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09.29.16.0084.01
p-1

m

p p p p

k=0

geN+/\reN+/\r< p/\gcd(p, r)::l/\l—m>0
Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0085.01

k=0

Pt 2kK(m) 2(k+r)K(m) 2 (2rK(m) Pt 2kK(m)
Z:(—l)k cn(z+ ‘ m] cn[z+ R ‘ m) =—— ds[ ‘ m)Z(—l)k Z[am(z+ ‘ m] ‘ m] /:
k=0 k=0

P m

geN+/\reN+/\r<p/\gcd(p, r)::l/\l—m>0

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

p p p

Sums over products of three Jacobi functions

09.29.16.0046.01
dn(z| m)? dn(z+ K(m) | m) + dn(z | m) dn(z+ K(m) | m)? = v 1—m (dn(z| m) + dn(z+ K(m) | m))

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0047.01
dn(z| m)2 dn(z+ K(@m) | m)—dn(z| m) dn(z+ K(m) | m)2 =vV1-m (dnz| m) —dn(z+ K(m)| m)

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0048.01

2K(m) 4 K(m)
dn(z| m) dn[z+ 3 ‘ m) dn(z+ 3 ‘ m) ==

dn(@ | m)2+m—l

2K(m) 4 K(m)
. (dn(z | m) + dn(z + ‘ m) + dn(z + ‘ m)]
1- dn(ZKS(m) ‘ m) 3 3

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

2k K(m) 2K+ r)K(m) 2 (2rK(m Pl 2k K(m)
Z(—l)"sn[u ‘m]sn(ui‘m]:z—ns( ’m]Z(—l)kZ[am[u ‘m]‘m]/;
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09.29.16.0049.01
, 2K(m) 4K(m)
dn(z| m) (dn(z+ 3 ‘ m) + dn[z+ 3 ‘ m)) +

2Km) | 4K (m) AK(mM) | 2 2K(m)
dn(z+ 3 ’m) [dn(z+ 3 ‘m)+dn(z|m))+dn[z+ 3 ‘m) (dn(z|m)+dn(z+ 3 ‘m))::

2K(m) 2K(m) 2K(m) 4K(m)
Z(dn(T m)—m+1)/[1+dn( 3 ’m))(dn(z|m)+dn(z+ 3 ‘m)+dn(z+ 3 ‘m))

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0050.01

K(m)
m) dn(z+ K(m) | m) + dn[z+ T m) dn(z+ K(m) | m) dn(z+

K(m) 3K(m)
dn(z| m) dn[z+ T ‘ m) +

3K(@m) 3K(m)

K(m) ]
m

dn(z+ K(m) | m) dn(z+ ‘ m) dn(z| m) + dn[z+ ‘ m] dn(z| m) dn(z+ T

K(m 3K(m
vi-m (dn(z|m)+dn(z+%‘m)+dn(z+K(m)|m)+dn[z+ 2( )‘m]]

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0051.01

K(m

(m) Km
dn(z| m) dn[z+ T

(m) 3K(m)
m)dn(z+ K(m)|m)—dn[z+T m)dn(z+ K(m)|m)dn(z+ > ‘m)+

3K(m) 3K(m)

K(m
dn(z+ K(m) | m) dn(z+ ‘ m) dn(z| m) - dn[z+ ‘ m) dn(z| m) dn(z+ % m) =

K(m)

3K
Vv1i-m (—dn(z| m) + dn(z+ ‘ m) —dn(z+ K(m) | m) + dn(z+ 2(m) ‘ m))

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0052.01

, K(m) 3K(m) Kam) | )2
dn(z| m) (dn(z+ T m) dn( + T ‘ m)) + dn[z+ T ‘ m) (dn(z+ K(m) | m) + dn(z| m)) +

2

) 3K(m) K(m) 3K(m)
dn(z+ K(m) | m) (dn(z+ > ‘ m) + dn[z+ T m)) + dn(z+ > ‘ m] (dn(z| m) + dn(z+ K(m) | m)) =

K(m)

v V 3K(m
2vV1-m (1—\/1—m +\/1—m)(dn(2|m)+dn(z+ ‘m)+dn(z+ K(m)lm)+dn(z+ 2( ) ‘m))

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002
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09.29.16.0053.01

, K(m)
dn(z| m) (dn(z + T m) + dn(z +

dn(z+ K(m) | m)2 (dn(z+

3K(m)

3K(m)

Km | \?
‘ m)) - dn[z+ T ‘ m) (dn(z+ K(m) | m) + dn(z| m)) +

K(m) 3K | )2
‘ m] + dn(z+ T m]) - dn(z+ > ‘ m) (dn(z| m) + dn(z+ K(m) | m)) ==

K(m

v v 3K(m
2V1-m (1+\/1—m +\/1—m)(dn(z|m)—dn(z+(7) m)+dn(Z+K(m)lm)—dn(z+ 2( )‘m))

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0054.01

dn(z| m)2 dn(z+ K(m) | m) + dn(z+

3K(m)
dn(z+

2 K(m)
‘ m) dn(z+ —_—
2

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0055.01

dn(z| m)2 dn(z+ K(m) | m) - dn(z+

3K(m)
dn(z+

2 K(m)
‘ m) dn(z+
2

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0056.01

. 2 _
Sro dn(z+ —Zk';(m) ‘ m) (dn(z+ 2(-DKm l; Km ‘ m) + dn(z+ L*l; K(m | m))

K(

K(m)

i

m)

)

2 3K(m) 5
‘ m] dn(z+ 5 ‘ m) +dn(z+ K(m) | m)“dn(z| m) +

K(m 3K(m
=v1l-m (dn(z| m)+dn(z+ % ‘ m)+dn(z+ K(m) | m)+dn(z+ (m

2 3K(m) )
‘ m) dn(z+ > ‘ m] +dn(z+ K(m) | m)“dn(z| m) —

K(m 3K(m
=+v1l-m (dn(z| m)—dn(z+ % ‘ m)+dn(z+ K(m) | m)—dn(z+ (m

a2 (2 o o

-1
pIS dn(z+ ZkKim ‘ m)

p

2(k-1)K 2(k+1) K
S ) 2 )

p

p-1 2kK(m)
Zico dn( p

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

/ip—2€N

[

)

)
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09.29.16.0057.01
. 2 _
s dn(z+ —Zk';(m) ‘ m) (dn(z+ L nK(m ‘ m) + dn(z+ L””; K(m | m))

1
o Odn(z+ 2kK(m ‘ )

pﬁ 2KK(m) 2 dnf 2% n)K(m) dnf 2k Kan
S of (2 o) e

il 2

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0058.01
-1
ZE:() dn(z+ 2k|:)(m) ‘ m) dn(z+ 2(k+1)K(m) ‘ m) dn(z+ 2(k+2;K(m) ‘ m)

1
h 0dn(z+ ZkK(m ‘ )

i o5 | m) an R ) eSS
o dn(&pm ‘ m)
Khare/Sukhatme_2002
Khare/Sukhatme_JMP_2002

09.29.16.0059.01
-1 2kK 2K(m) (k+n,
ho dn(z+ % ‘ m) dn(z+ %

/ip—2€eN

2Km) (k
m) dn(z+ 7('“); )

i

-1
Yo dn(z+ 2kKm ‘ m)

Zp—l I (ZKK( ) ‘ ) I (2(k+ ])K( ) | ) (2(k+ z)K( ) | )
Zp 1 ZkK T

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0060.01

o é( 1)k dn(z+ 2kKm ‘ ) (dn(z+ 72“(’1;}(““) ‘m)+dn(z+ 72(“1;'((”‘) ‘m))

/ip—2eNAneZAmneZ Al<sn<n,<p

Yo (-1 dn(z+ ZkLp(m) ‘ m)
ZE g( 1)K dn(sz<m) ‘ ) (dn(Z(k—l)K(m) ‘ )+dn( (k+1) K(m) | ))
ZE 3.( 1)k dn(ZKK(m) | )

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

p
/; —eN*
2
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09.29.16.0061.01

-1 2 _
ey (~1)F dn(z+ —Zkz(m) ‘ m) (dn(z+ 2k K(m) n; K(m ‘ m) + dn(z+ 72('“”;'((”‘) ‘ m))

o (1K dn(z+ ZkLp(m) ‘ m)

St o5 of {5 ) 25

P b
S -1 dn( 25 | ) eV \nez \1sn<>

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0062.01
Pl 2k K(m)

Z dn(z +
Khare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0063.01

2

2k+ p) K(m) Pl 2k K(m) p
] dn(z+7’m]:: 1-m dn[z+ ‘m)/;—eN+
p p

pl 2kKm) | \? 2k+ p)K(m -1 2kK(m
Z(_]_)kdn[z+ (m ‘m) dn[z+ w ‘ m) =+v1l-m Z(—l)kdn[2+ m ‘m)/, g eN*
k=0 p p

p k=0

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0064.01
-1
o (DX dn(z+ 2kkm ‘ m) dn(z+ —z(k”) Km ‘ m) dn(z+ —2(k+2; Km ‘ m)

(- 1)kdn(z+ 2kK(m ‘ )

B e {22

/i P eN*
Yo (— 1k dn(ZkK(m) | m) 2
Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002
09.29.16.0065.01
2K(m) (k+ny)

-1 2K k
Sh o (=1k dn(z + 2K ';(m) ‘ m) dn(z + 7('“); )

m) dn(z +

)

e (— 1) dn(z+ Z“Lp(m) | m)

-1 2(k K 2(k K
ZE:() (—l)k dn(2kK(m) ‘ m) dn( ( +n:)) (m) ‘ m) dn( ( +n’2)) (m) ‘ m)

ZE é( l)k dn(ZkK(m) ‘ m)

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

/;geN*/\nleZ/\nzeZ/\lsn1<n2<p
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09.29.16.0086.01
Pl 2K(m) k
Z+

ol -

k=0
[ 21 K(m) 21 K(m) 2rk(my | 22 2K(m k
2 ds{ ‘m)ns( ’m]—rs{ ‘ ) dn[ ‘ )/;peN*/\reN*/\r<p
p p k=0

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0087.01

2 2K(m) (K=r1) 2K(m) (K+T1)
m] [dn(z+ _— m] + dn(z+ _—
p

p

Pl [ 2K(mk
ch Z+ m]
k=0 p

( ( 2K(m) (k=)
cnfz+ ————————

p -

2 2rK 2rK 2rK = 2Kmk
__CS[ r (m)‘m][ds[ r (m)‘m)_ S[ r (m)‘ )]Z [ (m) ‘ ]/;peN*/\reN*/\mp
m p p k=0

Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0088.01

P‘l[ 2kK(m) ]
z m

an+p

k=0
2K(m)(k-r)
(dn[z+ _

p -

2 (2rK(m 2rK(m 2r K(m P 2K(m k
el o e S e v nec
m p P 2.

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0089.01
1 2K(m) k
m

d
an+ .

k=0

2KM) (k+r1)
m) dn(z+ _

2KmM)(k—=r)
m] dn[z+ _
p

] [ 2Km) (K+1)
m|+cnfz+ ——————
p

p

) ( 2Km) (k-r1)
msnz+ ———

2K(m) (k+r1)
m] + dn(z+ _
p

] [ 2Km) (K+1)
m|jsnfz+ —
p

p

2K(m) (k—-r) 2K(m) (k—s) 2K(m) (K+r) 2K(m) (k+s)
[d[ Zrme-n m) d( 2R m]+dn[z+ Zamten m] d( Zrmers m])
p p p p
2(r—9s)K(m) 2r K(m) 2sK(m) 2r K(m) 2sK(m)
AT e - ) o )
p p p p p
Pl 2K(m k

dn[z+ ‘m)/;peN”/\reN”/\r<p/\seN+/\s<r

k

K hare/L akshminarayan/Sukhatme 2002

i)
o
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Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0090.01

Pt 2K(m)k
Z dn(z + m]

k=0 p

( ( 2K(m) (k=)
cnfz+ ———

]{ 2Km) (k-9 ) [ 2K(m) (k+1) ][ 2Km) (k+9)
mjenz+ ——|m|+cnjz+ —— | mM|cnfz+ —

p p p p
2 2r K(m) 2sK(m) 2(r -9 K(m) 2r K(m) 2sK(m)
el s G R el LG Gl L s Sl
m p p p p p
p-l 2K(m)k
dn[z+ ‘m)/;peN*/\reN*/\r<p/\SEN*/\s<r
k=0

Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0091.01

2K(m)k
Zdn(z+ )

([ 2K(m) (k=) ] [ 2Km) (k-9
nz+ — mjsnfz+ —————
p p

2 [ S{ZrK(m) ‘ ) S(ZSK(m) ’ ] S(Z(r—s)K(m) ’ ][%ZrK(m) ’ ] G{ZsK(m) ‘ ))]
—|n m|n ml+ng ——[m
m p p P

-1

] [ 2K(m (k+1) ]( 2Km (k+9)
mj|+sn|z+ mjsn|

kel

2K(m)k

dn[z+ ‘m)/;peN*/\reN*/\r<p/\seN*/\s<r

k
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0092.01

Pt [ 2K(m)k )
cn m
] [ 2Km) (k-9

2KmM)(k-r)
(cn(z+ — [m|dn|z+

I)
o

k=0

2KmM) (k+r) 2KM) (k+9)
m] + cn[z+ _ m) dn(z+ _

p p p p
2 2sK(m) 2(r -9 K(m) 2r K(m) 2(r—s)K(m) 2sK(m)
S A= ) e e )
m p p p p p
Pt 2K(m)k
dn[z+ ‘m)/;peN*/\reN*/\r<p/\seN+/\s<r
k=0

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002
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09.29.16.0093.01

p—l( 2K(m) k ]
Z+ m

s
2 K(m) (k-9
(d“[

k=0

2KmM) (k-r) 2K(m) (k+9
m) sn(z+ B m] + dn(z
p

2[[ {ZSK(m)‘ ] G{Z(r—s)K(m)‘ ]] {ZrK(m)’ ] S(Z(r s)K(m)‘ ]S{ZSK(m)‘ ))
—1|c —— | m||n m m
m p p

1

p-

] [ 2K(m (k+1)
mjsn

2K(m)k

dn[z+ ‘ )/,peN*/\reN*/\r<p/\seN*/\s<r
k=0

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0094.01
2K(m)k 2K(m)k 2K(m)(k—r) 2K(m)(k+r1)
cn[z + m) dn(z+ ‘ m] {sn[z+ _ m) + sn[z+ _
0 p p p p
peN"AreNtAr<p-1
K hare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0095.01

2K(m)k 2K(m)k 2K(m)(k—r)
Z dn(z+ ) sn[z+ ‘ m] [cn[z+ _

p p
peNfAreN Ar<p-1

K hare/L akshminarayan/Sukhatme 2002

Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0096.01
2K(m)k
p
peNfAreN Ar<p-1
K hare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0097.01

Pt 2K(mk
Z cn[z + m)

k=0 p

2K(m) (k—19) 2KM) (k-r)
(dn[z+ _ m) sn(z+ _
p p

0/;peN*AreN*Ar<p-1AseNtAs<p-1
Khare/Lakshminarayan/Sukhatme 2002

-1

kel

m| =0

P
i}

) [ 2K(m) (k+1)
m|j+cnfz+ ————
p

m| =0

-1

kel

[ ) [ 2Km) (K+1)
cnlz+ nNz+ ——

2K(mk 2K(m) (k—-r)
m]sn(z+ ’m](dn[z+7 m|+d
p p p

3o

k

)
o

2K(m) (k+9)
m] + dn(z+ B —

] [ 2K(m) (k+r)
mfsnjz+ ——  [m
p

p
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Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0098.01
Pt 4KK(m)
Z+

2|z —

k=0
2 [ ArKm) | \? 41 K(m) 41 K(m)
a5 ) e
m p p p K

K hare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0099.01

]2( [ 4(k—r)K(m) ‘ ) [ A(k+r)K(m) ‘ )]
m| [snfz+ ——— |m|+snjz+ —— [ m||=
p p

-1

kel

4k K(m)

SI"I[Z+ ‘m]/;peN*/\reN*/\r<p—1

I
o

Pt 4KK(m)
Z cn[z + m)
k=0 p

( ( 4(k—r)K(m)‘ ] [ 4(k—r)K(m)‘ ) [ 4(k+r)K(m)‘ ) ( 4(k+r)K(m)‘ ]]
cnfz+ —— MmN z2+ —m M|+ 2+ —  MN| 2+ ——— | M| | =
p p p p

2 4r K(m) 4r K(m) 4r K(m) 4kK(m)
s el At el
m p p p

p
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0100.01

-l 4KK(m)
Z dn(z + m)
k=0 p

4kk-r)K(m 4k -r)K(m) 4(k+r)K(m) 4(kk+r)Km
(d[ A nrm ‘ m)sn[u 7’m]d[ AenRm ‘ m]sn[z+ A nrm ‘ m))
P p p p

8r K(m) 8r K(m) 8r K(m) 4kK(m)
o [l A )
p p p

Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0101.01

p—l( 4KK(m) ]
Z+ m

2|z —

k=0
( ( 4(k—r)K(m)‘ ] [ 4(k—s)K(m)‘ ) [ 4(k+r)K(m)‘ ] [ 4(k+s)K(m)‘ ))
cnfz+ ————— m|enjz+ —— M|+ z+ ——— | MjcNz+ ——— M
p p p p

2 4r K(m) 4sK(m) 4(r—s)K(@m) 4r K(m) 4sK(m)
S S T o A )
m p p p p p

-1

-1

kel

sn(z+ ’m]/;peN+/\reN+/\r<p—l

=
[l

0

-1

e}

sn(z+ ‘m]/;peN*/\reN*/\r<p—1

=~
]

0

kel

4kK(m)

sr{z+ ‘m]/;peN*/\reN*/\r<p/\seN*/\s<r
k

i)
o
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Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0102.01

-l ( 4kK(m) ]
snfz+ m
k=0 p
4(k-r)K(m) 4 (k-9 K(m) 4(k+r)K(m) 4(k+9) K(m)
[dn[z+7 m)dn(z+7‘m]+dn(z ‘ ) ( ‘m]]::
p p
4r K(m) 4sK(m) 4(r—s)K(m) 4r K(m) 4sK(m)
il el b e el G et R et ]JJ
p p p
-l 4KkK(m)
sn[z+ ‘m]/;peN+/\reN+/\r<p/\seN+/\s<r

k

i)
o

Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0103.01

P‘l( 4KK(m) ]
Z+ m

Zdn

k=0 p
4(k-r)K(m) 4(k-r)K(m) 4(k+r)K(m) 4(k+r)K(m)
(cn(z+ e ‘ m] dn[z+ _ ‘ m]+ cn[z+ _ ‘ m) dn(z+ _ ‘ m]] =
p p p p
4r K(m) 41 K(m) 41 K(m) Pl 4KK(m)
o A e 5 e recnc
p p k=0
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002
09.29.16.0104.01
Pt [ 4KK(m) ]
SN z+ m
k=0 p
( ( 4k -r)K(m) ‘ ) [ 4(k-r)K(m) ‘ ) [ 4k +r)K@m) ‘ ) ( 4k +r)K(m) ‘ ]]
Nz ——Imnz+ — | m|+enf 2+ —— MmN z+ —— [ M| | =
p p P p

Pt [ 4KK(m)
Z+

2 4rK(m 4rK(m 4rK(m
Sl T A ) e
p p k=0

m p

‘m)/;peN*/\reN*/\r<p

Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002



http: //functions.wolfram.com

09.29.16.0105.01
m)

( [ 4(k- r)K(m)‘ ] [ 4(k—s)K(m) ] [ 4(k+r)K(m)‘ ] [ 4(k+S)K(m)‘ ]]
n mfsnjz+ ——  |m|+sn|z+ ————  [m|sn[z+ —— | m|| ==
p

p-1

4kK(m)
ch[z+

k=0

p p
2 4r K(m) 4sK(m) 4(r-s)K(m 4r K(m) 4sK(m)
sl A A== e = )
m p

1

p p p
- ( AKK(m)
cn| z+
0

‘m]/; peN*AreN"Ar<pAseN* As<r
k=t
Khare/Lakshminarayan/Sukhatme 2002

Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0106.01
Pt 4 k K(m)
cnlz m

k=0
4k-r)Km
dn[z+ _
p

—

4(k-9) K(m
m) d( HoRm

4(k+r)K(m) 4k +s)K(m)
‘m]+dn(2 ‘ ) ( ‘m]] =
p
S{4rK(m)‘ ]{4SK(m)‘ ] 5(4(r—s)K(m)‘ )( S{4rK(m)‘ ] s(45K(m)‘ ]D
C m|c mf+c —— [m
p p p

-1 ( 4KK(m)
cn| z+

-2

—_—

kel

k

i)
o

’m]/:peN+/\reN+/\r<p/\seN+/\s<r

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0107.01
p-1

2kK(m) 2kk+r)Km 2(kk+2rnKm
Z(—l)kdn[z+ ‘m)dn(z+7‘m]dn[z+7‘ )::
k=0 p p p

2rKm | )2 2r K(m) 41 K(m) Pt 2kK(m)
p p p
p
—eN* N* d(p, r) ==
x A\ rent A gedip, 1)

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

29
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09.29.16.0108.01
2

2kK(m) 2(k-r)K(m) 2(k+r)K@m)
Z( 1) dn[z+ ‘ ) (dn(z+ _ ‘ m)+dn[z+ _ ‘ m)) =

p p p

[ 2rKmy | )2 21 K(m) 21 K(m) Pl 2k K(m)
oo [ e o ) vt S o)
p p p

geN”/\reW/\gcd(p, =1

Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0109.01

Pt 2kK(m)
Z (-D)K cn(z + ‘ m]
— p

2(k-r)K(m 2(k-r)K(m) 2(k+r)K(m 2(k+r)Km
&%h___ﬂﬁﬂh____%%%H____%%ﬁh___ﬁﬂF
p p p p

2 (2rK@m 2r K(m) 2r K(m) 1 2k K(m)
T T o ) S = o)
m p P p
g eN*/\r eN*/\gcd(p, r) ==

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0110.01

Pl 2k K(m)
Z(— 1)K sn[z+ ‘ m]
k=0

2(k-r)K(m 2(k-r)K(m) 2(k+r)Km 2(k+r)K(m
@+%___+ﬂﬁﬁ____%}ﬁu____%%ﬁh___ﬁﬂ%
p p p p

2 (2rK@m 21 K(m) 2r K(m) Pt 2kK(m)

e [ e R el L Y Cer e B

m P p p
geN*/\reN*/\gcd(p, r) ==

Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

Sums over products of four Jacobi functions

09.29.16.0066.01
dn(z| m)® dnz+ K(m) | m) + dn(z| m) dnz+ Km) | m® = V1-m (dnz| m?*+ dn(z+ K(m) | m)?)

Khare/Sukhatme 2002
Khare/Sukhatme_JMP_2002
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09.29.16.0067.01
dn(z| m?® dn(z+ K(m) | m) - dn(z| m) dn(z+ K(m) | m® == V1-m (dn(z| m* - dn(z+ K(m) | m)?)

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0068.01
dn(z| m?dnz+ K@m) | m)?==1-m

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0069.01
3 2K(m) 4K(m)
dn(z| m) (dn(z + 3 ‘ m) + dn[z+ 3 ‘ m]) +

dn Z+

2K(m)’ AKMmM) | )2 2K(m)‘ ))
m

(m ‘ )+ dn(z| m)) + dn[z+ ‘ m) (dn(z| m) + dn(z+

2mdn(2K(m) ) 4K(m) 2
dn(z+ 3 ‘m) -2(1-m)

1- dn(@ ‘ m)2
Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

09.29.16.0111.01

-l 2Kmk
dn(z + m)

p
(( 2KmM)(k-r) ][ 2KmM) (k=r) ) [ 2Km) (k+r)
cnfz+ ———— |m|snfz+ — [m|+enfz+ —— [m
p p

p p -

2rkKm | \? 2r K(m) 2rK(m) P- 2K(mk 2K(mk
oo o P o S 2 e 2 o
p p p
reN*Ar<p

Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0112.01

Pl 2K(m) k 2K(m)k
(z+ m] dn[z+ ‘ m]

2. p p

k=0
2K(m)(k—r) 2K(m)(k—r)
(cn(z+ e — m] dn[z+ _—

2

2K(m) ‘ )
m| +

[dn(z| m) + dn(

2

k=0

) ( 2KM) (k+r)
snfz+ ——

2K(m)(k+r) 2K(m) (k+r)
m] + cn[z+ _ m] dn[z+ _

p p p p
21 K(m) 21 K(m) 21 K(m) 1 2K(mk 2K(m) k
—2cs{ ‘m][ds[ ‘m)+ns[ ‘m)] cn[z+ ‘m]sn(z+ ’m]/; peNtA
p p p k=0 p p
reN"Ar<p

K hare/L akshminarayan/Sukhatme 2002
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Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0113.01

Pt [ 2K(mk ] ( 2K(m)k’ ]
Z+ mijcn| z+ m
P

s

k=0 p
2K(m)(k-r) 2K(m) (k-9 2K(m)(k+r) 2K(m)(k+9)
(dn[z+ — m) dn(z+ B — m] + dn(z+ B — m] dn(z+ B — m]) ==
p p p p
2r K(m) 2sK(m) Pl 2K(mk 2K(mk
—2cs{ ‘ m]cs{ ‘ m] cn[z+ ‘ m) sn(z+ ‘ m] /i
p p pars p p

peN"AreNt*Ar<pAseNt As<r
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0114.01
-1

p [ 2K(m) k ] ( 2K(m)k’ ]
sn|z+ m|cn[z+ m
k=0 p p
[ [ 2Km) (k=1 ) ( 2K(m) (k—9) ) ( 2Km) (k+1) ] [ 2K(m) (k+9) ))
cnfz+ ——— ~|mlenfz+ ——— | m|+cnlz+ ———— [ m|enjlz+ —— | m|| =
p p p p
2 (2rK(m 2sK(m Pl 2K(mk 2K(mk
——ds{ ( )‘m)ds( ( )’m]ch[u (m ‘m]sn[u (m ‘m)/;
m p p k=0 p P

peN*AreN Ar<pAseNt As<r
Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0115.01
p‘l[ 2K(m)k ] ( 2K(m)k‘]
Z+ mjcn| z+ m
p

an

k=0 p
(( 2K(m) (k=T ]( 2K(m) (k=)
sfz+ ————  |m|sn|z4 ——

) [ 2Km) (K+1) ]( 2K(m) (k+9)
m|+shfjz+ — m|snz+ ——————

p p p p
2 (2rK(m) 2sK(@m) Pt 2K(m)k 2K(mk
—ns( ‘m)ns{ ‘m]ch[z+ ‘m)sn(z+ ‘m]/;
m p p p p P

peN"AreN*Ar<pAseNt As<r
K hare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002
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09.29.16.0116.01

Pl 2K(m) k 2K(m) k
Z dn(z + m] cn[z + ‘ m]
k=0 p p

2K(m) (k—19) 2KmM) (k-r) 2KmM) (k+9)
(dn[z+7 m)sn(z+7 m]+dn(z+7 m|sn[z+
p p p p

2r K(@m) 2sK(@m) p- 2K@m k 2K(mk
ond e ) Sl P e )
p e p

peNfAreN Ar<pAseNf As<r
Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0117.01

1 2k K(m)
Zdn(z+

k=0 p

p [ 2K(m s 2rK(m) | \? 2rKm | 2
_f dn(t | m) dn[t+ ‘m) azt+4E(m)m[ ‘m) -
2K(@m) (Jo P p

2

2r K(m 2pt 2kK(m
2@{ ()‘ ]Z [ ()‘ )/;peN*/\reN*/\r<p—1

k=0

] [ 2Km) (K+1)

2 2

2(k+r)K(m)
m] dn(z+ _ ‘ m] =
p

Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0118.01

s [ 2k K(m) ) ( 2kK(m)‘ ]
cn| misn|z+ m
p

( ( 2(k—r)K(m)‘ ] [ 2(k—r)K(m)‘ ) [ 2(k+r)K(m)‘ ) ( 2(k+r)K(m)’ ]]
cnfz+ ————| mjsnz+ —— | M|+enNjz+ —— M|Nfz+ ————  M|| =

k=0

p p p p
4 (2rK(m 2rkm | >t 2kKm | V¥ p
—n ‘m]ds{ ‘m)Zdn(z+ ‘m] +
P p p = p 2K(m)

2K (m) 2r K(m) 2r K(m) 2r K(my 2r K(m
( f en(t | m)sn(t | m [cn[t + ‘ m] sn[t + ‘ m] + cn[t - ’ m] sn[t - ‘ m]] dt -
0

p p p

8 2r K(m) 2r K(m)
LG

e p
K hare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

p

]E(m)]/;peN*/\reN*/\r<p—l
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09.29.16.0119.01

Pl 2k K(m) 2k K(m)
[z+ m) dn[z+ ‘ m]
p

ZCI’] 0

k=
2k-r)K@m) 2(k-r)K(m) 2(k+r)K@m) 2(kk+r)Km
p p p p
2

4  (2rK@m) 2rK(m -l 2kK(m) p
S S e = )
m p p par p 2K(m)

2K(m) 2r K(m) 2r K(m) 2r K(m) 2r K(m)
( f cn(t | m)dn(t | m) [cn[t + ’ m] dn[t + ’ m] + cn(t - ‘ m] dn(t - ‘ m)] dt+
0 p p p p

8 2r K(m) 2r K(m)
—E(m)d{ ‘m]d&{ ‘m)]/;peN+/\reN+/\r<p—l
p

m p
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0120.01

2kK(m) 2kK(m)
m] dn{z+ ‘m]
p p

2(k-=r)K(@m) 2(kk-r)K(m) 2(kk+r)Km 2(k+r)K@m)
(dn[z+ _ ‘ m)sn(z+ _— ’ m]+dn(z+ _ ‘ m] sn[z+ _— ‘ m)) =
p p p p

4 (2rK(m) 21 K(m) Pl 2kKmM) |\ p
A S e = )
m\ p p o p 2K(m)

2K(m) 2r K(m) 2r K(m) 2r K(m) 2r K(m)
( f sn(t | m)dn(t | m) [dn(t + ‘ m) sn(t + ‘ m) + dn[t - ‘ m] sn[t - ‘ m)) dt-
0 p p p p

8 (2rK@m 2rK@m)
—cs{ ‘m]ns{ ‘m)E(m)]/;peN*/\reN*/\r<p—1
m p p

Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0121.01

Pt 2kK(m)
Zdn(z+

-1

kel

afzn

=
[l

0

3

2(k=r)K(m) 2(k+r)K(m)
m] [dn[z+ _ ‘ m] + dn(z+ _ ‘ m}] ==
p p

k=0 p
2r K(m) 2rKm | Pt 2kKmM) | \?
2ds{ ‘m]ns{ ‘m]Zdn[z+ ‘m) +
p p par p

p 2K(m) 3 2r K(m) 2r K(m) 2r K(m) 2r K(m)
_— [f dn(t | m) (dn[t + ‘ m] + dn(t - ‘ m)] dt- 4ns( ‘ m] ds{ ‘ m) E(m)] /i
2K(m) Jo p p p p

peN"AreNtAr<p-1
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002
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09.29.16.0122.01

p-t 2kK(m) ]3[ [ 2(k—r)K(m)‘ ) [ 2(k+r)K(m)‘ ))
m NzZ+ —— M|+sNz2+ ———— | M|| =

an(z+
p p
2rK 2rK p-t 2kK 2
e | e =
p

p k=0

2K(m) 2r K(m) 2r K(my
—[f sn(t|m)3( (t+ ‘m)+sn[t— ‘m])d’t—
2K(m) P p
4 2r K(@m) 2r K(m)
—u[ ‘m)ds( ‘m]E(m)]/;peN+/\reN+/\r<p—l
me p p
K hare/L akshminarayan/Sukhatme_2002

Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0123.01

Pl [ 2kK(m) )3( ( 2(kk-r)Km) ‘ ] ( 2(k+r)Km) ‘ ]J
cnlz+ m| [enz+ ——— | m|+cenz+ ——— | mf| =
k=0 p p p
p 2K(m) 2r K(m) 2r K(m) 4 2r K(m) 2r K(m)
_— [f en(t | m? [cn[t + ‘ m] + cn(t - ‘ m]] dt—- —n ‘ m]cs{ ‘ m] E(m)] +
2K(m) \Jo p p e p p

2

2 2rK 2rK Pl 2kK
A A e 2 o
p

k=0

K hare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0124.01
p-t 4kK(m) 4KK(m) Ak-nKm) | \? Ak+n)Km | 2
[Z+ m) dn(z+ ‘ m] sn[z+ _ ‘ m) +sn[z+ _— ‘ m] ==

ch p p p p

k=0
2 [ ArKm) | \? 4r K(m) 41 K(m)
A b R el el
m p p p

-1 4KkK(m) 4kK(m)
cn(z+ ‘m]dn[z+ ‘m)/;peN*/\reN*/\r<p—l
p p

kel

i)
o

k:
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002
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09.29.16.0125.01

Pl 4KK(m) 4KK(m)
(z+ m] dn[z+ ‘ m]

s

k=0 p p
( ( 4(k—r)K(m) ‘ ] [ 4(k—r)K(m) ‘ ) [ 4(k+1)K(m) ‘ ) ( 4(k+r)K(m) ‘ ])
cnfz+—————— M2+ — M|+eNjz+ ——  MN| 2+ —— | M| | =
p p p p
2 (4rK(m) 4r K(m) 41 K(m) Pt 4KK(m) 4KK(m)
A A e A (o) el = el = )
m p p p k=0 p P
peNfAreN Ar<p-1
Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002
09.29.16.0126.01
Pt 4KK(m) 4KK(m)
ch[z+ m] dn(z+ ‘ m]
P p p
( [ 4(k—-r)K(m) ‘ ] [ 4(k—9) K(m) ‘ ] [ 4(k+r)K(m) ‘ ] [ 4(k+ ) K(m) ‘ ]]
nz+ ——| mjnjz+ ———— M|+9Nz2+ — MmN 2+ —— [ M|| =
P p p p
2 (4rK(m) 4sK(m) 1 4KkK(m) 4kK(m)
— ns( ‘ m) ns{ ‘ m]ch[z+ ‘ m) dn[z+ ‘ m] /i
m p p pr p P
peN"AreN*Ar<pAseNt As<r
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002
09.29.16.0127.01
1 4KK(m) 4KK(m)
cn[z+ m) dn[z+ ‘ m]
pr p p
( ( 4(k=r)K(m) ‘ ] [ 4(k—9)K(m) ‘ ) ( 4(k+r)K(m) ‘ ] [ 4(k+9) K(m) ‘ ))
cnzy ——— m|enj 2+ — | mj+cnNjz2+ ——— m|cnNf 2+ — | M| | =
p p p p
2 (4rK(@m) 4sK(m) Pt 4kK(m) 4KK(m)
-— ds{ ‘ m) ds( ’ m]ch[z+ ‘ m] dn(z+ ‘ m] /i
m p p k=0 p P

peN*AreN " Ar<pAseNt As<r
Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002
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09.29.16.0128.01

Pl 4KK(m) 4KK(m)

Z cn[z + m) dn[z + ‘ m]

k=0 p p

4k-r)K(m 4(k-9s) K(m) 4(k+r)K(m) 4k +9s)K(m)
(dn[z+ _ ‘ m) dn(z+ _ ‘ m] +dn(z+ R ‘ m] dn(z+ _ ‘ m}] ==
p p p p
41 K(m) 4sK(m) 1 4KK(m) 4KkK(m)
—2&{ ‘ m]a{ ‘ m] cn[z+ ‘ m] dn[z+ ‘ m] /i
p p =0 p p

peNfAreN Ar<pAseNf As<r
Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0129.01

Pt [ 4KK(m) ) ( 4kK(m)’]
Z+ mjsn|z+ m

ZCI’] o 0

k=0
4(k-r)K(m) 4(k—-s)K(m) 4(k+r)K(m) 4(k+s)K(m)
(d[ e nrm ‘ m)sn(u 7’m]d( lernrm ‘ m]m[H i 9rm ‘ m))

p p p p

2 (4rK@m) 4sK(m) P 4KK(m) 4KkK(m)
R e X B e L
m p p

peN"AreN*Ar<pAseNt As<r
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002
09.29.16.0130.01
4kK(m) ]
m
p

4(k-r)K(m) 4(kk-r)K(m) 4(k+r)K(m) 4(kk+r)Km
[d[ adnim ‘ m)sn(u 7’m]d[ e Rm ‘ m]sn[z+ alernim ‘ m))
p p p p

—1 2

kel

cn[z +

k:

[l
o

2 [ ArKm | \? 4r K(m) 41 K(m) P 4kK(m) 4kK(m)
2 ) o e ) S S e EE [ pen
m p p k=0 p

reN*Ar<p
Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002
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09.29.16.0131.01

-1 [ 4KK(m) ) ( 4kK(m)’ ]
cn| misn|z+ m
p

4(k-r)K(m) 4(kk-r)K(m) 4(k+r)Km 4(k+r)K(m)
p p p p

2 (4rK(m) 4r K(m) 4r K(m) P 4kK(m) 4kK(m)
T e o ) e S e S )
m p p k=0 P
reN"Ar<p
Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0132.01
4kK(m)

p

k=0

2

4kK(m) 4(k-r)K(m) 4(k+r)K(m)
m] d[ ‘m)[m(i‘m]m[i‘m])
p p p

2 (4rK@m) 41 K(m) Pl 4KK(m) 4KkK(m)
—&[ ‘m)ds( ‘m]Zdn[z+ ‘m)sn(z+ ‘m]/;peN+/\reN+/\r<p
p p

m p k=0 p

Khare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0133.01

1 4KK(m) 4KkK(m)
[z + m] dn[z+ ‘ m]

2 p p

k=0

( ( 4(k-r)K(m) ‘ ] { 4(k+ ) K(m) ‘ ) ( 4(k+r)K(m) ‘ ] [ 4(k+s) K(m) ‘ ))
cnz+ ———  [m|enj z+ ——— | m|+cnfz+ ———— | mfenfz+ ——— |m
p p p p

2 (4rK(m) 4sK(m) P 4kK(m) 4KK(m)
oo e e T el S )
m p

k=0 p

peN"AreNt*Ar<pAseNt As<r
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0134.01

-1 4kK(m) 4KkK(m)
sn[z + m] dn{z+ ‘ m]
p

p
4k-r)Km 4(k-9) K(m 4(k+r)K(m) 4k +9s)K(m)
(dn[z+ R ‘ m) dn(z+ _ ‘ m] + dn(z+ ]dn[z+ ‘ m]) =
p p p p

41 K(m) 4sK(m) Pl 4KK(m) 4KK(m)
—2cs{ ‘m]&{ ‘m]Zdn(u ’m]sn[z+ ‘m)/;
p p o p p
peN*AreN " Ar<pAseNt As<r
Khare/Lakshminarayan/Sukhatme 2002

kel

k

[l
o
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Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0135.01

ey 4KK(m) 4KK(m)
[z m] dn[z+ ‘ m]

sl z+

k=0 p p
( { 4(k—r)K(m)‘ ] [ 4(k—s)K(m)‘ ] [ 4(k+r)K(m)‘ ] ( 4(k+s)K(m)‘ ]]
snfz+ —— |m|sn|z+ — |m|+sn|z+ ——— |m|sn|z+ ——— [m]]|=
p p p p
2 (2rK(m 2sK(m) - 4KkK(m) 4KK(m)
e A L e B L
m p =0 p

peN"AreNt*Ar<pAseNt As<r
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0136.01
4kK(m) 4kK(m)
m)dn(z+ ‘m]
p p
( ( 4(k—s)K(m)‘ ] [ 4(k—r)K(m)‘ ) [ 4(k+s)K(m)‘ ) ( 4(k+r)K(m)‘ ]]
cnz+ ———— |m|snfz+ — |m|+enfz+ —— (m|snfz+ ————|m

-1

kel

cn[z +

k

[l
o

p p p p
2 (4rK@m 4sK(m -1 4kK(m 4KK(m
——ns{ ( )‘m)ds( ( )’m]Zdn[u ( )‘m)sn(u ( )’m]/;
m p p k=0 p P

peN*AreN Ar<pAseNt As<r
Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002

09.29.16.0137.01

2kK(m
Z( 1)kdn[z+ ( )‘m)
p

( ( 2(k—r)K(m)‘ ] [ 2(k—r)K(m)‘ ) [ 2(k+r)K(m)‘ ) [ 2(k+r)K(m)‘ ])
chflz+ ——— MmN z+ ———— M|+ 2+ ———  MN| 2+ —— | M| | =
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3
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k=0 p p p
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Sums over products of five Jacobi functions
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p
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2Kmk | \? 2Km k=1 | \? 2KMK+1) |\
Zdn(z+ ) dn[z+ _ m] + dn[z+ _— m] =
p P
2rKmy | 20t 2Kmk |
2cs{ ‘ ) dn[z+ ‘m) +
p
[ 2r K(m) 2r Km) | )2 2rkKm | V2 (2rkm | \? 2rkKm | V2 (2rkm | \
45 o e = o) o | oo = ) [ ) -
p p p P p
2r K(m) 21 K(m) 2rkm | 22 2K(mk
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p p p k=0
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o
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p p

3

2 (4rK@m | \2P?

e DY

m k=0
2
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- p

p
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Sums over products of six Jacobi functions
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2K(@m) (Jo

p p
24 2rK(m) 2r K(m) 2rKm | \?
—E(m)cs{ ‘m]ns( ‘m)ds{ ‘m] LiPpeN AreN*Ar<p-1
me p p p

Khare/Lakshminarayan/Sukhatme 2002
Khare/L akshminarayan/Sukhatme JMP_2002



http: //functions.wolfram.com 46

09.29.16.0157.01

p-t AKK(m) 4KK(m) AKK(m) Ak-nKm | \® Ak+nKm |\
ZCH[Z+ m) dI’{Z+ ‘ m] sn[z+ ‘ m] sn(z+ _— ‘ m] + SI‘{Z+ _— ‘ m) ==
pard p p p p p

2 [ ArKm | V¥ (4rKm | 2 ArKm | V¥ (4rkKm | \?
A A ) oA ] oS )
m p p p p
ArKm) | V¥ (4rKm) | \? 4r K(m) ArKm) | ¥ (4rKm
A= | o= | e a e T P o)
p p p p p

4k K(m) 4kK(m)
‘ m] dn[z +
p

-1

kel

cn(z+ ‘m)/;peN*/\reN*/\r<p

k:
K hare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0158.01

Pl[ 4KK(m) )
S p4 m

i)
o

4

k=0
4(k-r)K(m) 4(k-r)K(m) 4(k+r)K(m) 4(k+r)K(m)
cn(z+ _ ‘ m]dn[z+ _ ‘ m]+ cn[z+ _ ‘ m]dn[z+ _— ‘ J] =
p p p p
2 (4rK(m) ArKmy | P2 4KK(m) AKK(m) AKK(m) | \?
—t% ‘ m) ds( ‘ m] cn[z+ ‘ m] dn[z+ ‘ m] sn(z+ ‘ m] +
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Sums over products of seven Jacobi functions
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p p p p

-1 2kK(m) 2kK(m) 2kK(m)
cn(z+ ‘m]sn[z+ ‘m)dn(z+ ‘m]/;peN+/\reN+/\r<p—l
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Sums over products of arbitrarily many Jacobi functions
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Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0167.01

il 2KmM) (j + k) 2K(mI-1 2kK(m) r
sn( 7‘m)==i sn(t+ ’m]dt/;p—SeN/\—eN+/\r<p—l
120 k=0 2K(m) Jo k<0 p 2

K hare/L akshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0168.01

[ 2K(m) (j + k) ‘ ] p 2K(m = [
cnfz+ ———— |m|=—— cnft+
p

k=0

p-1r-

H

2kK(m)

j=0k
Khare/Lakshminarayan/Sukhatme 2002
Khare/Lakshminarayan/Sukhatme JMP_2002

09.29.16.0070.01
pir-1 2(k+n) K(m -1 2 (k+n) K(m)
[z+ ’m] dn(i‘m)/;

2| Jan ; ;

k=0 1=0

p—ZEN/\éeN"/\nO:O/\meN/\lsn|<p/\n|<n|+l

K hare/Sukhatme 2002
K hare/Sukhatme JMP_2002

09.29.16.0071.01
(k+ny) K(m)

Zk OHI (:)Ld ( (k+nl)K(m) ‘m) Zk OHI (%d ( p
e 28 In) ey
p—ZEN/\%eN+/\nO==O/\n|eN/\lsm<p/\n|<n|+l

Khare/Sukhatme 2002
Khare/Sukhatme JMP_2002

)
o

k=0 1=0

"

/i

Identities involving the group of functions

Cyclic Identities of rank 2

p=3
09.29.18.0001.01
4K(m) 8K(m)
cn(z| m) [dn(z+ 3 ‘ m) + dn(z+ 3 ‘ m)) +

4K(m) 8K(m) 8K(m) 4K(m)
cn(z+ 3 ‘m)(dn(u 3 ‘m)+dn(z|m))+cn[z+ 3 ‘m)(dn(z|m)+dn(z+ 3 ‘m))::O

‘m)alt/;p—SeN/\%eN+/\r<p—l



Cyclic Identities of rank 3

p=2
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09.29.18.0002.01
4K(m) 8K(m)
sn(z| m) (dn(z+ 3 ‘ m) + dn(z+ ‘ m)) +
4K(m) 8K(m) 8K(m) 4K(m)
sn(z+ ‘ m) (dn(z+ ‘ m) +dn(z| m)) + sn(z + ‘ m) (dn(z | m)+ dn(z+ ‘ m)) ==
09.29.18.0003.01
4K(m) 8K(m)
cn(z| m) (sn(z+ ‘ m) + sn[z+ _ m)) +
4K(m) 8K(m) 8K(m) 4K(m)
cn(z+ ‘m) (sn(z+ _ ‘ m)+sn(z| m))+cn(z+ ‘m] (sn(z| m)+sn(z+ 3 ‘m)) ==
Generalcase: (p—-1)/2e€ Z
09.29.18.0004.01
Pl 4KK(m) 4(k-1)K(m) 4(k+ 1) K@m) p-
ch[z+ m)[dn(z+7‘m]+dn[z+7‘m)):: /i —— eN*
k=0 p p p 2
09.29.18.0005.01
-1 4KkK(m) 4k-1K@m) 4k+1)K(m) p—
an[z+ m)(dn(z+7 m)+dn[z+7‘m))=z /, —— eN*
k=0 p P p 2
09.29.18.0006.01
-l 4kK(m) 4k-1)Km 4(k+1)Km) -
chz+ m)[snz+7 m|+snfz+ —— m]]::O/ — eN*
k=0 p p p
09.29.18.0007.01
-l 4KkK(m) 4k-1Km 4k+1)Km -
snfz+ m)(cnz+— m|l+cnfz+ ——— m]]::O/,—eN*
k=0 p p p
09.29.18.0008.01
p-l 4kK(m) 4(k-n)Km) 4(k+n)K@m) p-1 +1
chz+ m] dn(z+— m]+dn{z+7 m])::O/—eN*/\neZ/\l<n<
k=0 p p p 2 2
09.29.18.0009.01
-t 4KK(m 4(k—n)K@m 4(k+n)K(m -1 +1
anz+ m m] dn(z+¥ m)+dn[z+$ m])::O/—eN*/\neZ/\lsnsp
Py p p p 2 2
09.29.18.0010.01
-l 4kK(m 4k-nmKm 4k+n)Km -1 +1
ch[z+ (m m)[sn(z+$ m]+sn(z+$‘m]]=o/;p_€N+/\nEZ/\1§n5p
k=0 p p p 2 2
09.29.18.0011.01
-l 4kK(m 4(k-nmK@m 4k+nmKm -1 1
sn[z+ (m m](cn(z+$‘m]+cn[z+w‘m])::O/;p—eN*/\neZ/\lsnsp+
k=0 p p p 2 2
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09.29.18.0012.01
cn(z| mysn(z| mydn(z+ K(m) | m) +cn(z+ K(m) | m)ysn(z+ K(m) | mydn(z| m)==0

p=3
09.29.18.0013.01

4K(m) 8K(m) 8K(m) 4K(m)
cn(z|m)[sn(z+ 3 ‘m)dn(u 3 ‘m)+sn(z+ 3 ‘m)dn(u 3 ‘m))+

4K(m) 8K(m) 8K(m)
cn(z+ 3 ‘m)(sn(z+ 3 ‘m)dn(z|m)+sn(z|m)dn(z+ 3 ‘m))+

8K(m) 4K(m) 4K(m)
cn(z+ 3 ‘ m) (sn(z| m) dn[z+ 3 ‘ m) +sn(z+ 3 ‘ m) dn(z| m)) =0

09.29.18.0014.01
4K(m) 8K(m) 4K(m) 8K(m)
cn(z| m) dn(z+ 3 ‘ m) dn[z+ 3 ‘ m] + cn(z+ 3 ‘ m) dn(z+ 3 ‘ m) dn(z| m) +

8K(m

cn(z +

09.29.18.0015.01

4K(m) 8K(m)
Cn(ZIm)Sn(z+ 3 ‘m)sn(z+T‘m)+

8K(m)

4K (m) 8K(m) 4K(m)
) [

cn(z+ ‘ m) sn(z| m + CI’I(Z+ ‘ m) sn(z| m) sn[z+

—(1+dn(@ ‘ m) ?

m

4K(m) 8K(m)
(cn(zl m) + cn[z+ 3 ‘ m] + cn(z+ 3 ‘ m))

09.29.18.0016.01

4K(m) 8K(m)
sn(z| m) dn(z+ ’ m) dn(z + ‘ m) +
3 3

4K(m) 8K(m) 8K(m) 4K(m)

sn(z+ ‘ m) dn[z+ ‘ m) dn(z| m) + sn(z+ ‘ m) dn(z| m) dn(z+ ‘ m) =
3 3 3 3
2Km) | 2KmM) | )2 2K(m) 2KmM) | )2

2dn( ‘m) +3dn(— m) —2dn(— m)+3m—3 / 1—dn(— m)

3 3 3 3

4K(m) 8K(m)

(sn(z| m) + sn(z+ 3 ‘ m) + sn[z+ 3 ‘ m)]

09.29.18.0017.01

4K(m) 8K(m)
sn(z| m) cn(z+ ‘ m) cn(z+ ‘ m) +
3 3
4K(m) 8K(m) 8K(m) 4K(m)
sn(z+ 3 ‘m)cn(z+ 3 ‘m)cn(zlm)+sn(z+ 3 ‘m)cn(zlm)cn(z+ 3 ‘m)::

2K(m) 2K(m) 2Km) | \? 4K(m)
dn( ‘ m) [dn( ‘ m) + 2)/ 1- dn( ‘ m) [sn(z | m) + sn(z+ ‘ m) + sn(z+
3 3 3 3

) 4K(m) 2K(mM | \? 4K(m)
‘ m) dn(z| m) dn(z+ 3 ‘ m) == —dn(T m) (cn(z| m) + cn(z+ 3 ’ m] + cn(z+

8K(m)

)

)
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09.29.18.0018.01

4K(m) 8K(m)

-

dn(z| m) cn(z+ ‘ m) cn(z+

4K(m) 8K(m) 8K(m)
’ m) cn(z+ 3 ’ m) cn(z| m) + dn(z+

4 K(m) ‘ ]
m

m) cn(z| m) cn[z+

dn(z +

4K(m)

o242 o
(1 + dn(@ ‘ m))2

09.29.18.0019.01
4K(m)

8K(m) ))
m
- |

(dn(z | m) + dn(z+ ‘ m) + dn(z+

8K(m)

dn(z| m) sn(z+ ‘m) sn[z+ ‘ m) +

8K(m)

4K(m) ‘ )
m

4K(m)
‘ m|sn(z| m)sn Z+

’m)sn[z+ ‘ )sn(z|m)+dn

2K(m) 8 2K(m) 2 2K(m) 2K(m)
—d( m] —dn(T m] +dn( +1 2m / 1+dn ‘m)))

dn(z +

09.29.18.0020.01
4K(m) 4K(m)
’ m] cn[z+ 3 ’ m] + dn(z+

8K(m)

8K(m) 8K(m)
dn(z| m) (dn[z+ ‘ m) cn(z+ 3 ‘ m)) +

4K(m) ‘ 8 K(m) m) cn[z+

‘ m) +dn(z| mycn(z| m)] +

4K(m)‘ ))
ml| =

dn z+
4 K(m)

o

2K(m) 2K(m) 4K(m) 8K(m)
2dn( ‘ m) (dn( m) + 1) (cn(z| m) + cn(z+ 3 ‘ m) + cn[z+ 3 ‘ m)]

dn z+ ’ dn(z| myen(z| m) + dn(z+

09.29.18.0021.01
4K(m) 4K(m)
‘ m) cn(z+ T ‘ m) + sn(z+

8K(m) 8K(m)
sn(z| m) (sn(z+ ‘ m) cn(z+ 3 ‘ m)) +
4K(m) 8K(m) 8K(m)
‘ m) (sn(z _— ‘ m) cn(z+ 3 ‘ m)+sn(z| m) cn(z | m))+
4K(m) ) ( 4K(m) ))
mfcnfz+ mf|==
7 |l =

aK(m) 8K(m) ))
2"

sn(z +

8K(m)
sn(z+ ‘ m) (sn(zl m)cn(z| m) + sn(z+
2 2K(m) 2K(m)
— dn( m] (d (— ) + 1) (cn(z| m) + cn(z+
m 3 3

09.29.18.0022.01
4K(m)

‘ m) + CH(Z+

4 K(m) 8K(m)

3

8K(m)
’m)sn(ﬁ . ‘m))

dn(z| m) (dn(z+ ’ m) sn(z+ ‘ m) + dn(z+
4K(m) 8K(m) 8K(m)

‘ m)+dn(z| m) sn(z | m))+

m] sn(z+
4K (m) 4K(m)
s 257 |-

dn z+ ’m

8Km

dn z+

2K(m) | )2 2K(m)
2 dn(T m) +2dn( ‘m)—m+1 /(1+dn(

‘ m{|dn(z| m)sn(z| m)+ dn(z+

2K(m)

)fime

3

4K(m)

e

8K(m)
3

")
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09.29.18.0023.01
4K(m) 4K(m) 8K(m) 8K(m)
cn(z| m) [cn[z + 3 ‘ m) sn(z + ‘ m) + cn(z+ 3 ‘ m) sn[z+ 3 ‘ m)) +

3

4K(m) 8K(m) 8K(m)
cn(z+ 3 ‘m)(cn(z+ 3 ‘m)sn(z+ 3 ‘m)+cn(z|m)sn(z|m))+

8K(m) 4K(m) 4K(m) 2 K(m)
cn(z+ 3 ‘m)(cn(z|m)sn(z|m)+cn(z+ 3 ‘m)sn(z+ 3 ‘m)):: —2dn( 3 ‘m)

o5 2 (5 -5 et e 25 e 5 )

09.29.18.0024.01
4K(m) 4K(m) 8K(m) 8K(m)
cn(z| m) [cn(z + 3 ‘ m) dn(z+ 3 ‘ m) + cn[z+ 3 ‘ m) dn(z + ‘ m)) +

4K(m) 8K(m) 8K(m)
cn(z+ ‘ m)( ( ‘ )dn(z+ 3 ‘ m) +cn(z| m)dn(z| m))
8K(m) 4K(m) 4K(m)
cn(z+ ‘ )(cn(z| m)dn(z| m) + cn(z+ 3 ‘ m) dn[z+ 3 ’ m]] =

2K(m) 2 4K(m) 8K(m)
[ )) (dn(z | m) + dn[z+ 3 ‘ m) + dn(z+ ‘ m))

2K(m)
2an( = m)[2
3

09.29.18.0025.01
4K(m) 4K(m) 8K(m) 8K(m)
sn(z| m) (sn(z+ 3 ‘ m) dn(z+ 3 ‘ m] + sn(z+ 3 ‘ m) dn(z+ 3 ‘ m]) +

4K(m) 8K(m) 8K(m)
sn(z+ ‘ m) (sn(z+ ‘ m) dn[z+ ‘ m) +sn(z| m)ydn(z| m)) +
3 3 3
8K(m) 4K(m) 4K(m)
(z+ ‘ m) (sn(z| m)dn(z| m) + sn[z+ ‘ m] dn(z+ ‘ m)) ==
3 3 3
[ 2K(m) 3 2K(M) | \? 2K(@m) 2K(m)
2 dn(— m) —dn[— m)—1+m /(n‘(1+dn[ ‘m)))
3 3 3
4K(m) 8K(m)
(dn(z| m) + dn(z+ 3 ‘ m) + dn(z+ 3 ‘ m))

09.29.18.0026.01

2K(m) 4K(m)
cn(z| mysn(z| m) (dn(z+ 3 ’ m) + dn(z+ 3 ‘ m)) +

2K(m) 2K(m) 4K(m)
cn(z+ 3 ‘m)sn(z+T m)(dn[z+ 3 ’m]+dn(z|m))+

4K(m)‘ ) ( 4K(m) 2K(m) ))
m|sn|z+ m

cn(z + ‘ m) (dn(z | m) + dn(z +

09.29.18.0027.01
4K(m) 8K(m)
cn(z| mydn(z| m) (sn(z+ 3 ‘ m] + sn(z+ 3 ‘ m)) +

4K(m) ‘ 4K(m) 8K(m)

m

cn(z+ m) +sn(z| m)) +

8K(m) 8K(m) 4K(m)
cn(z+ 3 ‘ m sn(z|m)+sn( 3 ‘m])::O
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09.29.18.0028.01

4K(m) 8K(m)
dn(z|m)sn(z|m)(cn(z+ 3 ‘m)+cn(z+ 3 ‘m))+

4K(m) 4K(m) 8K(m)
dn(z+ 3 ’ m] sn[z+ 3 ‘ m] (cn(z+ 3 ‘ m)+cn(z| m))+

8K(m) 8K(m) 4K(m)
dn(z+ 3 ‘m)sn[z+ 3 ‘m)(cn(z|m)+cn(z+ 3 ‘m))::o

p=4

09.29.18.0029.01

K(m) 3K(m
cn(z| mysn(z| m) (dn(z+ T ‘ m) + dn(z+ > ’ m)) +

K(m)

K(m)
cn(z+ ‘ m) sn(z+ T m) (dn(z+ K(m) | m) +dn(z| m)) +

3K(@m) K(m)
cn(z+ K(m) | m) sn(z+ K(m) | m) (dn(z+ > ’ m) + dn[z+ T m)) +

( 3K(m)‘ ) ( 3K(m)
cnfz+ m|sn[z+

‘ m) (dn(z| m) +dn(z+ K(m) | m)) ==0

09.29.18.0030.01
cn(z| mysn(z| mydn(z+ K(m) | m) +cn(z+ K(m) | m)sn(z+ K(m) | mydn(z| m)==0

General case: pe Z

09.29.18.0031.01

p p p p

09.29.18.0032.01

Pt 2kK(m) 2kK(m) 2(k-nKm 2k+nKm
ch Z+ m)sn(z+ m (dn Z+ —— m)+dn Z+ — m]::O/;
k=0 p p p p

+ pmod 2
p—ZeN/\neZ/\lsns%

General case: (p—1)/2eZ

09.29.18.0033.01
-1

P 4KK(m) 4(k+1)K(m) 4(k-1)K(m)
cn[z+ m) [dn(z+ _ ‘ m] sn[z+ _ ‘ m] +
k=0 p p p
4(k-1)K(m) 4(k+1)K(m) p-1
P L I
p p

09.29.18.0034.01

Pt 4KK(m) 4(k+ n) K(m) 4(k—n)K(m)
[z+ m)[d( Al mirm ‘ m]sn[H fk-miEm ‘ m]+

2. p p p

k=0
4 (k- n)K(m) 4(k+n)K(m)
dn(z+ _ ‘ m] sn[z+ _
p p

‘m])::O/;p%leN"/\neZ/\lsn<p

Pl 2k K(m) 2k K(m) 2 (k- 1) K(m) 2 (K + 1) K(m)
chz+ m)sn(z+ m(dnz+7 m)+dnz+7 m]::O/;p—ZeN
k=0
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09.29.18.0035.01

—1 —
pIS cn(z+ 4—“;("” ‘ m) dn(z+ L*D Km ‘ m) dn(z+ Ak Km 1; Km ‘ m)

pIS cn(z+ AkK(m) ‘ )

—1 —
ZI,(J:O Cn(4kr;(m> ‘ m) dn(4(k+1)K(m) | m) dn(4(k 1;K(m) ‘ m) -1
/.

Zk Ocn(4kK(m) |m) )

eN*

09.29.18.0036.01

—1 —
ho cn(z+ M% ‘ m) dn(z+ M ‘ m) dn(z+ W ‘ m)
-1
ko cn(z+ W% ‘ m)

—1 —
ZE:() Cn(4k};(m) ‘ m) dn(4(k+n;K(m) | m) dn(4(k n; K(m) ‘ m)

p-1
k=0 cn(

4kK(m) m)

09.29.18.0037.01

Pl 4KK(m) 4k -1)K(m)
Zdn[z + ‘ m] (cn(z+ _ ’ m] dn[z +

k=0 p p

p

4(k+1)K(m)
cn(z+ _ ’ m] dn(z

p

k=0 p
L AKK(@m)
CI’{ ‘m) /
p

[k
09.29.18.0038.01

4kK(m) 4(k—n)K(m
n[z+ ‘ m] [cn[z+ B — ’ m] dn[z+
p p

p p

e}

p-1
; —— eN*t
2

i)
o

p

;-

k=0

4(k—1)K(m)‘ ]
— m|+

4(k—n)K(m)‘ ]
— [m|+

_1EN+/\HEZ/\15H<D

) )

Pl AKK(mM) 4(k - 1)K(m) 4(k-1)K(m) 4K+ 1) K(m) 4+ 1) K(m)
Y R A e L e
p p

4(k+ n) K(m) 4(k+ n) K(m) Pt 4KK(m)

p p

p p p

k=0

[pz_:cn[4kK(m)‘ )]/; p%leN+/\neZ/\1$n<p

Cyclic Identities of rank 4 and above

r=4,p=2
09.29.18.0039.01
mcen(z| m) cn(z+ K(m) | m) sn(z| m) sn(z+ K(m) | m) ==

[P‘l AKK(m) 4(k-n)K(m) 4(k-n)K(m)
Z dn( ‘ m] [cn[ ‘ m) dn[ ’ m] + cn(

Vi1-m (1-snz| m?

4(k+n)K(m 4(k+n)K(m)
f\m)dn[f\m]]/
p p

- sn(z+ K(m) | m?)
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09.29.18.0040.01
cn(z| myen(z+ Km) | mydn(z| mydn(z+ K@m) | m) = —(1-m)sn(z| m) sn(z+ K(m) | m)

09.29.18.0041.01
sn(z| m)sn(z+ K(m) | m)dn(z| m)dn(z+ K(m) | m) == —cn(z| m) cn(z+ K(m) | m)
r=4,p=3

09.29.18.0042.01
2K(m) 4K(m)
sn(z| mycn(z| m) dn(z+ 3 ‘ m) dn(z+ . ‘ m) "

2K(m) 2K(m) 4K(m)
sn(z+ 3 ‘m)cn(z+ 3 ‘m)dn[z+ 3 ‘m]dn(zlm)+

4K(m)‘ ) ( 4K(m)
mjcnlz+

2K(m)
sn(z+ ‘ m) dn(z| m) dn(z+ ‘ m)

2
d“(@ | m) +m-1 2K(m) 2K(m) 4K (m) 4K (m)
” (cn(z| m) sn(z| m) + cn(z+ ‘ m] sn(z+ ‘ m) + cn(z+ ‘ m) sn[z+ ’ m))
1-dn( 5™ | m) 3 3 3 3

09.29.18.0043.01
4K(m) 8K(m) 4K(m) 4 K(m) 8K(m)
sn(z| m)dn(z| m) cn[z+ 3 ‘ m] cn[z+ 3 ‘ m] + sn(z+ 3 ‘ m) dn[z+ 3 ‘ m) cn[z+ 3 ‘ m) cn(z| m) +

8K(m) 8K(m) 4K(m)
‘ m) dn[z+ ‘ m)

sn(z+ ‘ m) cn(z| m) cn(z +
{25 of

1- dn(@ ‘ m)2

4 K(m) 4K(m) 8K(m) 8K(m)
(sn(z|m)dn(z|m)+sn(z+ 3 ‘m)dn(z+ 3 ‘m)+sn(z+ 3 ‘m]dn(z+ 3 ‘m))

09.29.18.0044.01

4K(m) 8K(m) 4K(m) 4K(m) 8K(m)
cn(z|m)dn(z|m)sn[z+ 3 ‘m)sn(z+ 3 ‘m)+cn(z+ 3 ‘m)dn(z+ 3 ‘m)sn(z+ 3 ‘m)sn(zlm)+

8K(m) 8K(m) 4K (m)
‘ m) dn(z+ ‘ m)

Cﬂ(Z +

1 4K(m) 4K(m) 8K(m) 8K(m)
- (cn(z | mydn(z| m) + cn(z+ ‘ m) dn(z+ ‘ m) + cn(z + ‘ m) dn(z+ ‘ m))
2K(m) 2 3 3 3 3

L-cn(25% |m

’ m] sn(z| m) sn(z+

09.29.18.0045.01
2K(m) 2K(m) 2K(m) 4K(m)
rnz(cn(z | m) cn(z + ‘ m) sn(z| m) sn(z+ ‘ m) + cn(z + ‘ m) cn(z + ‘ m)
3 3 3 3
2K(m) 4K(m) 4K(m) 4K (m)
SI"I(Z+ 3 ‘ m) sn(z+ 3 ‘ m) + cn(z+ 3 ‘ m) cn(z| m) sn[z+ 3 ‘ m) sn(z| m)) =

2 mdn(ZK(m) m

5 2Km) |\ 4K(m) | \? 2K(m)
dn(z|m)+dn(z+ 3 ‘m) +dn(z+ 3 ‘m) +m—(2—m)(1+dn( 3 ‘m))

1- dn( 2 Ks(m) ‘ m)2

r=5p=3
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09.29.18.0046.01

3 2K(m) 2K(m) 4K(m) 4K(m)
dn(z| m) (sn[z+ ‘ m) cn[z+ ‘ m) + sn(z+ ‘ m) cn(z+ ‘ m)) +
3 3 3 3
2K(m) 3 4K(m) 4K(m)
dn(z+ 3 ’ m) [sn(z+ 3 ‘ m) cn(z+ 3 ‘ m) +3sn(z| mycn(z| m)) +

4K@m) | 2K(m) 2K(m)
dn(z+ 3 ‘m) [sn(z|m)cn(z|m)+sn(z+ 3 ‘m)cn(u 3 ‘m)]::

2K(m)
= |m

-2 mdn(

2K(m) 2K(m) 2K(m)
(sn(zl m) cn(z| m) dn(z | m) +SFI[Z+ 3 ‘ m) cn(z+ 3 ‘ m) dn(z+ 3 ‘ m)+

NV

4K (m) 4K(m) 4K(m)
sn(z+ 3 ‘ m) cn[z+ 3 ‘ m) dn(z+ 3 ‘ m))

Local identities of rank 2

09.29.18.0047.01
dn(z] mysn(a+z| m) ==ns(a| m) cn(z| m — cs(a| mycn@@a+z| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0048.01
dnz|mcn(@a+z|my=cs@lmysna+z| m —ds@al mysn(z| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0049.01
msn(z| mycn(a+z| m) ==dsa| mydn(z| m)—ns(a| mydna+z| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0050.01
dnzlmydn@+z|m)==dn@|m+csal m(-Z@m@| m | m +Z@m@+z|m | m —Z@mz| m) | m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0051.01
msn(z| msn@+z|m =-ns@a|m(-Z@m@| m | m+Z@m@+z|m| m—2Z@m(z| m | m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0052.01
menzl men@+z|m =mcn@@a|m+ds@|m (-Z@m@| m)| m +Z@m@+z| m) | m) — Z@m(z| m) | m))

Khare/Lakshminarayan/Sukhatme 2003

Local identities of rank 3

Rank 3identitieswith 3 distinct arguments

09.29.18.0053.01
dn(zlmydn@a+z|mdnb+z|m)=
—csalmcsa-b|mdn@a+z|my+csa-b|mycsb| mdnb+z|m) —csal mcsb|mdnz| m

Khare/Lakshminarayan/Sukhatme 2003
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09.29.18.0054.01
msn(z|msn@+z|msnb+z|m=
nsalmns@-b|msn@+z|m-ns@a-b|mnsb|msnb+z|m+ns@l mnsb|m)sn(z| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0055.01
men(z| mcn@a+z|myenb +z| m) ==
—cn(a+z|mds@almds@a-b|m +cnb+z|mdsb|mdsa-b|m —cn(z| mds@a| mdsb|m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0056.01
dn(zl mydn@@a+z|mysnib+z|m)=
—csgalmns@a-b|msn@+z|m+csa-b|mecsb|mysnb+z|m)—cs@lmnsb|msnz| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0057.01
dnzlmydn@@a+z|mececnb+z|m)=
cnb+z|mycsa-b|mcecsb|m —cn(@a+z|mcsalmds@a-b|m —cn(z| mcsal mydsb|m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0058.01
msn(z| msn(@a+z| mdnb+z|m)=
cs@a-b|mdn@+z|mns@alm+csb|mydnz|mns@alm —dnb+z|mns@a-b|mnsb]|m)

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0059.01
msn(zlmsn(@a+z|menb+z|m) =
cn(@a+z|mydsa—b|mynsalmy+cnz| mdsb|myns@alm -cnb+z|mnsa-b|mnsb|m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0060.01
men(zl mcen@a+z|mdnb+z|m) =
—csa-b|mdn@+z|mds@alm -csb|mydnz| mdsalm +dnb+z|m)ds@a-b|m)dsb]|m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0061.01
men(zl men@+z|msnb+z| m) =
—dsialmynsa-b|mysn(a+z|m +ds@a-b|mydsb|m)sn(b+z|m) —ds@a| mnsb]|msnz| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0062.01
mdn(z| msn(a+z|mycn(b+z| m) =
ns@a-b|m (dn(b | m)+csb|m (-Z@m | m) | m)+Z@mbo +z| m) | m) - Z@m(z| m) | m)) -
ds(a-b|m)(dn@| m+cs@al m (-Z@m@|m | m+Z@m@+z|m | m - Z@mz| m) | m))

Khare/Lakshminarayan/Sukhatme 2003

Rank 3identitieswith 2 distinct arguments

09.29.18.0063.01

dn(z| m)2 dn(a+z| m)==—mcn(z| msn(z| mcs@a| m —cs@l m?dn@+z| m +dn(z| mdsa| mns@a|m

K hare/L akshminarayan/Sukhatme 2003
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09.29.18.0064.01
msn(z| msn@+ z| m) == sn@+z| myns@a| m?-cn(z| m dn(z| mns@| m —cs@a| mds@a| mysnz| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0065.01

men(z| m?cn(@+z| m) == —sn(z| m)dn(z| m)dsa| my +cn(@+z| m) (—ds(a| m)z) +cn(z| mycs(al mnsal m

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0066.01
dnz|mysnz| mydn(a+z| m)==cn(z| mcs(a| mdn(z|m —cs(al mnsal msn(a+z| m)+dsa| mns@l msniz| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0067.01
dn(zlmycn(zl mdn@+z|m)=-cn@+z|mcs@lmyds@alm+cnz| mns@| mds@alm-csal mdnz| m)snz| m)

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0068.01
mdn(z| m)sn(z| mysn(a+z| m) ==
—cga|mdnz| mds@alm +csalmdn@+z| mns@al m +men(z| mns@a| msnz| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0069.01
msn(z|menz|mysn@@a+z|m=-cnz|mcsalmyds@a|m+cn@+z|mns@al mdsalm +dnz| m)ns@| msnz| m)

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0070.01
mdn(z| m)cn(z| mycn(@a+z| m) =
—cga|mydn(@a+z| mydsa| m —mecen(z| msn(z| mydsa| m +cs(a| mydn(z| m)ns(a| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0071.01
msn(z| mycn(zl mycn@a+z|my==cnz| mdn(z|mds@a| m —ns@|mysn@a+z| mdsalm +cs(al mns@al msnz| m

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0072.01
mdn(z| m)sn(z| mycn@a+z| m) ==
ds(a| m) dn(z| m* — ds(a | m) — cs(@ | m) ns(@a | m) (-Z(@m(@ | m) | m) + Z(@am(@+ z | m) | m) — Z(am(z | m) | m))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0073.01
men(z| mydn(z| mysn(a+z| m) ==
nsa | m) dn(z| m)® + dn(a | m) (~ds(a| m) - cs(@| m ds(a | m) (~Z(@m(a | m) | m) + Z@m(@+ z| m | m) — Z@m(z| m) | m))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0074.01
msn(z| mycn(z| mydn@+z| m) =
cs(a| mdn(z| m’ - cs(@| m - dsa| mnsa| m (~Z@me@ | m | m + Z@m@+z| m | m - Z@m(z| m) | m)

K hare/L akshminarayan/Sukhatme 2003
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Local identities of rank 4

Rank 4 identitieswith 4 distinct arguments

09.29.18.0075.01
dnzlmydn@@a+z|mydnb+z|mydnic+z| m) =
—cgalmcecsa-b|m@dnic—-alm+csc—a|m(-Z@mc—-alm)|m—-Z@nm@+z|m)|m+Z@mc+z|m)|m)) -
csa—-b|jmycsgb|m@dnic-b|m+csic-b|m)(-Z@mc-b|m) | m)—Z@mb+z|m)|m)+Z@m(c+z|m|m)) -
cs@| mycsb | m) (dn(c | m) +cs(c| m) (=Z@m(c | m) | m) + Z@m(c + z| m) | m) — Z@m(z | m) | m)))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0076.01
P sn(z| m)ysn(a+z| mysn(b+ z| mysn(c+z| m) ==
—nsa|mns@a-blmnsc—alm(-Z@mc—-alm | m-Z@m@+z|m|m+Z@mc+z|m|m)+
ns@a-b|mnsc—b|mnsb|m(-Z@mic-b|m|m-Z@mb+z|m)|m+Z@mnic+z|m|m)-—
ns@a| mynsb | mns(c| m) (-Z@m(c|m) | m) +Z@n(c+z| m) | m) - Z@n(z| m) | m))

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0077.01
mP cn(z| myen@+ z| mycn(b+ z| m)cnc+z | m) =
—ds@a|mydsia-b|m(mecnic—a|my+dsic—a|m)(-Z@mc—a|m | m —Z@m@+z|m | m +Z@m(c+z|m)|m) +
dsia-b|mydstb|m) (menic—b|m)+dsc-b|m)(=Z@mc-b|m)| m)—Z@nmb+z|m)|m+Z@m(c+z|m)|m)) -
ds(a| m)dstb | m) (men(c| m) +ds(c | m) (=Z(@m(c | m) | m) +Z@m(c+z| m) | m) - Z@m(z| m) | m)))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0078.01
dn(zlmydn(a+z|mdnb+z|msnc+z|m) =
—(ns(c—a|myecn(@a+z|m—-csc—almenc+z|m)csalmes@a-b|m +
(nsic-b|mecnb+z|m —csc—b|mecnc+z|m)csb|mca-b|m -
(ns(c| myen(z| m) —cs(c| m)yen(c+z| my)csal mycsb | m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0079.01
dn(z| mydn(@a+z|mdnb+z|mycn(c+z| m) =
csalmesa-b|my@dsc—almysna+z|m—-csc—almsnic+z|m)-csa-b|mcsb]|m)
(dsic—=b|msnb+z|m) —cs(c—b|m)sn(c+z|m)+csal mcs(b|m)dsic|msn(z| m) —csc|msn(c+z|m))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0080.01
msnizlmsna+z|mysnb+z|mdnc+z|m =
(csc—almecen(@@a+z|m-nsc—almenc+z|myns@lmns@a-b|m -
(cscc—blmececnb+z|m-nsc—b|mecnc+z|m)nsb|mnsa-b|m+
(cs(c] myen(z| m) —ns(c| m)yen(c+ z| m)) ns(a| m) ns(b | m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0081.01
e sn(z| m)sn(a+z| mysnb+z| menc+z| m ==
—ns(b|m)(dsic-b|m)ydnb+z|m) —nsc-b|mydn(c+z|m)nsa-b|m+
(dsic—a|mydn(a+z|my —nsc—almdnc+z|m)ns@lmns@a-b|m+
(ds(c| m)dn(z| m)—ns(c| m)dn(c+ z| m)) ns(a| m) ns(b | m)

60
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Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0082.01
mcen(zl mycen(a+z|menb+z| mydn(c+z| m) =
dsalmydsa-b|m)(csic—almysn(a+z|m —dsc—a|mysnc+z|m))—
dsta—b|m)dsb|m)(csic—b|msnb+z|m) —dsc-b|mysnic+z|m)+
ds(a| myds(b | m) (cs(c| m)sn(z| m) —ds(c| m)sn(c+z| m))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0083.01
mPcn(z| myen@+z| menb+z| mysnc+z| m ==
—dsia|my(nsic—a|mydn@@a+z|m) —dsc-a|mydn(c+z|m)dsa—b|m)+
(nsic-b|mdnb+z|m-dsic—b|mydn(c+z| m)dsb|mydsa-b|m)+
(ns(c| mydn(z| m) —ds(c| m)dn(c+z| m) (-ds(a| m) ds(b | m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0084.01
msn(z| mdn@+z|msnb+z|mdnc+z|m) ==
ns@almns@a-b|my(dnic—alm+csic—alm)(-Z@mc—alm|m)—Z@m@+z|m|m+Z@mc+z|m|m) —
csa-bimnsb|m)dnic-b|m+csc—b|m(-Z@mc-b|m)|m)—Z@nb+z|m)| m)+Z@nc+z|m|m) +
cs@| mns(b | m) (dn(c | m) + cs(c| m) (=Z(@m(c| m) | m) + Z@m(c + z| m) | m) - Z(@am(z| m) | m)))

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0085.01
mecnz|mdn@+z|menb+z|mydn(c+z| m) =
—ds(a|mydsa—b|m)(dnic—alm)y+csc—a|m) (-Z@mc—a|m)|m —-Z@m@+z|m) | m)+Z@m(c+z| m)|m)) +
cs@a-b|mydsb|m)dnc-b|m+csc-b|m)(-Z@m(c-b|m)| m)—Z@mb+z|m)| m)+Z@nc+z|m)|m)) -
cs(@al myds(b | m (dn(c| m) + cs(c | m) (=Z(@am(c | m) | m) + Z@m(c +z| m | m) - Z@m(z | m | m))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0086.01
m sn(z| m)cn@+z| mycn(b+z| mysn(c+z| m) =
dsa-b|mynsc—almns@|m)(—Z@mc—alm | m)—Z@m@+z|m) | m) +Z@m(c+z| m | m) -
nsb|mydsa-b|mnsc—b|m (-Z@mc—-b|m |m -Z@mb+z|m)| m+Z@mnc+z|m|m)+
ds(@a| mydstb | m)ns(c| m) (-Z@m(c| m) | m) + Z@m(c+ z| m) | m) — Z@mn(z | m | m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0087.01

mcen(z| mdn@+z|mydnb+z|m)ysn(c+z| m)==—csal mycs(b | m (ns(c| mdn(z| m) —dsc| mydn(c+z|m)) -
csa—b|m)(nsic—a|mdn@+z|m -dsic—a|mydn(c+z| m))ds@al m)+
csa—-b|m)y(nsic-b|mdnb+z|m) —dsic—b|m)dn(c+z| m))dsb]|m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0088.01
msn(z|mdn@+z|msnb+z|menc+z|m)=
-ns@almns@a-b|mdsc-almysn@+z|m-csc—almsnc+z|m)+
csa—-b|mynsb|m)y@dsc—b|mysnb+z|m —-csc-b|mysn(c+z|m))-
cs(@l myns(b | m (ds(c| m)sn(z| m) —cs(c| msn(c+z| m)

Khare/Lakshminarayan/Sukhatme 2003
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09.29.18.0089.01
men(z| mydn(@a+z|myenb+z|mysn(c+z| m) =
—(nsc—almecn(a+z|my—csc—almenc+z|m)dsal mdsa-b|m) -
(ns(clmyen(z| m)—cs(c|myen(c+z| m))c(al mydsb | m)+
(nsc-b|mecnb+z|m —-csc—b|mycnc+z| m)csa—b|m)dsb|m)

Khare/Lakshminarayan/Sukhatme 2003

Rank 4 identitieswith 3 distinct arguments

09.29.18.0090.01
dn(z| m)2 dn@+z|mdnb+z|m)=-ca|m)cs(b| mdn(z| m)2 -
cs@almesa-b|mdnalm +cs@l m (-Z@me@| m| m+Z@n@+z| m | m -Z@mz| m | m)) +
cs@a-blmcsb|mdnb|m +csb|m (-Z@nb | m)|m)+Z@mnb+z|m)|m-Z@mz| m | m))

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0091.01
M sn(z| m?sn(@+z| mysnb+z| m) =
mns(b | m)sn(z| m? ns(a| m) — ns(a| m?nsa—b | m) (-Z@m(a | my | m) + Z@m@-+ z| m) | m) — Z@m(z| m) | m) +
nsa—b | mns(b | m? (-Z(@m(b | m) | m) + Z(@am(b+z| m) | m) - Z(am(z| m) | m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0092.01
m? en(z| m?en(@+z| myen(b+ z| m) == —mds(a | m) ds(b | m) cn(z| m® -
ds(a|mydsa—b|m)(mecn@| m)+dsal m(-Z@m@| m) | m)+ Z@am@+z| m) | m) — Z@m(z| m) | m)) +
dsa—b|m)dsb|m (menb | m) +dsb|m) (—Z@mb | m) | m)+Z@mb+z| m) | m) —Z@m(z| m) | m)))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0093.01

mdn(z| m) sn(z| m)dn(a+z| mysn(b+ z| m) = —mes@| m)ns(b | m) sn(z| my? +
cs@almns@lmns@-b|m(-Z@m@|m|m+Z@m@+z|m | m -Z@mz| m | m)-
csb|mnsb | myecsta—b|m (-Z@m(b | m) | m) + Zam(b+ z| m) | m) — Z(am(z | m) | m))

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0094.01
mdn(z| m)cn(z| m)dn@+z| mycnb + z| m) == —mes(a | m) dsb | m) en(z | my? —
cs@almds@a-b|m (men@| m +ds@| m(-Z@m@| m | m+Z@m@+z| m | m—Z@mz| m | m)) +
csa—bmcsb|m menb|m +dsb|m (-Z@mb | m) | m) +Z@m(b+z| m) | m) - Z@am(z | m) | m)))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0095.01
mP sn(z| m)cn(z| m)sn@+z| mycnb + z| m) == —mns(@a | my ds(b | m) sn(z| m)? +
ds(a|mydsia-b|mns@a|m (-Z@m@| m | m+Z@n@+z| m | m -2Z@mnz| m) | m) -
dsb|m)ns(b | mns(a—b|m) (=Z@m(o | m) | m) + Z@mb +z| m) | m) - Z@m(z | m) | m))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0096.01
dn(z| m)zdn(a+z| mysnb+z|m)=(sb|mcnz|lm -csb|myenb+z|m)csa—b|m)csb|m) —
cs(almnsb| mysn(zlmdnz| m + (ns(a| mcen(z| m—cs(@al mcen@a+z| m)(—cs(al myns@a-b|m

Khare/Lakshminarayan/Sukhatme 2003
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09.29.18.0097.01
dn(z| m)2 dn@a+z|menb+z|m) =
—cs@almenz| mydn(z| mydsb|m) +csal mdsia-b|m)(ds@lmsnz|m-csal mysn@+z| m)-—
cs(b|mycs(a—b|m)(dsb | msn(z| m)—csb | m)sn(b+z| m)

K hare/Lakshminarayan/Sukhatme 2003

09.29.18.0098.01
mP cn(z| m?sn(@a+z| myenb+z| m) = (nsa| m) dn(z| m) - dsta| mydn(a+z| m)) (-ds(a| m)) dsta—b | m) +
(nstb| mydnz| m) —dsb| mydn(b+z| m))dstb| mns(a-b|m —mns@al mydsb| m)cnz| m sniz| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0099.01
mdn(zlmysn(zimsn@@a+z|mycn(b+z|m)=
cn(z| mydn(zl mydsb | mynsa| my—ds@a-b|m(ds@al msnz| m-cs@almysn@+z| m)ns@al m+
ns@a—b | myns(b| m) (dsb | m)sn(z| m) —csb | m)sn(b +z| m)

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0100.01
mdn(z|msn(zlmdn@+z|mecnb+z|my=cga-b|mycs(b| m)dsb|mdnz| m)—nsb|mydnb+z|m) -
cs(a| my(dsalmydn(z| my—ns(a| mdn@+z| my)dsa—b|m)—men(z| m)csal mydsb| m)sn(z| m)

Khare/Lakshminarayan/Sukhatme 2003
09.29.18.0101.01

dnzlmysnzlmdn@a+z|mdnb+z|m)=—(cgalmecniz|m-ns@@almcn@+z|m)csalmca-b|m+
(cs(b| myen(z| m) —ns(b | m)en(b +z| m)) csb | m) es(a - b | m) — cs(@| m) es(b | m) dn(z | m) sn(z | m)

K hare/L akshminarayan/Sukhatme 2003
09.29.18.0102.01

mdnz|msnzlmsn@+z|msnb+z|m=(ms@almenz|m -csalmen@+z|m)nsalmnsa-b|m -
(nsb|menzlmy—csb|menb+z|m)nsb|mns@a-b|m +dnz| mnsa| mnsb|m)snz| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0103.01
mdn(z| m)sn(z|mcn(a+z|mycnb+z| m)=—-(s@almecn(z| m-cs@almen@a+z|m)dsa-b|mns@alm +
(nstbmyenz| m)y—cstb | menb+z| m))dsia—b | mnstb| m)—dn(z| m)ds(a| m)dsb| m)snz| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0104.01
mdn(zlmcnz|msn@a+z|menb+z|m =-nsalmeniz|m-csalmycna+z| m)ds@almdsa-b|m)+
(nsb|myen(zl my—csb|mcenb+z| m)dsb|mns@-b|m —dn(z| mdsb]|m)ns@a| m snz| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0105.01
mdn(zi|mcn(z| mydn(@a+z|mysnb+z|my=cga-b|mycs(b| m)(ns(b| mdn(z| m)—dsb|m)ydnb+z| m)) -
cs(a|m)y(nsalmydn(z| my—dsa| mdn@+z| m)nsia—b|m)—men(z| mcsal myns(b| m)sn(z| m)

Khare/Lakshminarayan/Sukhatme 2003
09.29.18.0106.01
dnzlmycn(zl mdn@+z|mydnb+z| m)==

—cn(z| mycsa| mycsb | mydn(z| m)+csa| mycsa—b | m(cs@al msn(z| m —ds@al msn@a+z| m)-
cs@a-b|mcsb|m(csb|msn(z| m)—dsb|msnb+z|m)
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Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0107.01
mdn(z| mycnz| mysn@@a+z|msnib+z|m)=
cn(z mydnzlmns@al myns(b| m)—ds@l mns@a-b|m)(ds@al msnizlm-cs@almsn@+z|m)+
ds(b | myns(a—b | m)(dsb| m)sn(z| m) —cs(b| msn(b+z| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0108.01
mdn(z|mycn(z| mcn(@a+z|menb+z|m) =
—cn(zlmdn(zl mds@l mydstb| m)y—dsa—b| m)dstb|m)snz| m)—csb|msnb+z|m))dsb|m)+
ds@a|myds@a-b|m(ds@al msnz| m -cs@| msn@+z|m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0109.01
mé sn(z| m) cn(z| mysn(@+z| mysn(b+z| m) == —ds(b | m) (ds(b | m)dn(z| m) — nstb | m)dn(b + z| m) ns(a—b | m) +
(ds(a|mydn(z|m —ns@almydn(a+z| my)ds@al mns@-b|m +men(z| mnsa| mnsb|msniz| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0110.01
msnizlmenz|mdn@+z|mdnb+z|m =-ca-b|m)(ns@l mdnz| m -dsal mdn@+z| m)nsa| m+
cs(a-b|m (nstb| m)ydn(z| m) —dsb| m)dnb+z| m)nsb|m)—men(z| mcsal m)csb| m)sn(z| m

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0111.01
mP sn(z| m)cn(z| m)cn@+z| mycn(b+z| m) = (nsa| m) dn(z| m) — dsta | mydn(a+z| m)) dsta— b | m) (-nsa | m)) +
(nstb| mydn(z| m) —dsb| mydn(b+z| m))dsta—b | m)ns(b| m —mds(a| m)dsb| m)cn(z| m) snz| m
Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0112.01
msn(z| mecnz| mydn@+z|msnb+z|m)=
cnzlmcesalmydnz|mnsb|m +csa—b|m)(cstb|m)ysnz| m —dsb|msnb+z|m)nsb|m—
ns@a| mns@a-b|m(csal msnz| m-ds@|msn@+z|m)

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0113.01
msn(z|mcenz|mdn@a+z|mycecnb+z|m)=—(cs@almyen(z|m -ns@@al mena+z|m)ds@almyds@a-b|m +
(csb|men(zlm —nsb|mecnb+z|m)csa-b|mydstb|m)—csalmdnz| m)dsb| m)sn(z| m)

Khare/Lakshminarayan/Sukhatme 2003

Rank 4 identitieswith 2 distinct arguments
09.29.18.0114.01
mdn(z| m) sn(z| m)cn(z| m) dn@+ z| m) = csa | m) dn(z| m° + (ds@a| m)? + 1) (-cs(al m)dn(z| m +
cs@almydn(a+z| myds(al mynsal my+men(z| mydsa| m)ns@| mysnz| m

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0115.01
madn(z| m) sn(z| m)cn(z| msn@+z| m) = -mns(a| msnz| m? + (dsa| m)? — 1) (—nsa| m) sn(z| m -
cs(a|myds(al myen(z| mydn(z| m)+cs(@al myds(a| myns(a| mysn(a+z| m)
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Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0116.01
mdn(z | m) sn(z| m)cn(z| m)cn(@a+z| m) = mdsa | mycn(z| m)® + (cs(a| m)? + m) (—=ds(a| m)) cn(z| m) +
cn(@a+z|mycsal mds@al mns@al m+csal mdn(z| mns@al mysn(z| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0117.01
dn(z| mdn(a+z| m) = —(=Z@m(@| m) | m) + Z@m@+z| my | m) — Z@am(z| m) | m)) cs(a | m> -
dn(a| m) csta| m? - men(z| mydn(z| m) sn(z| m)csa| m + dn(z| m)2 ds(a| m)ns(a| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0118.01
dn(z| m sn@@+z| m) = mns@a | m) cn(z| m3 -
ns(a| m (2 csa| m? - ds@a | m)z) cn(z| m) +cn(@a+z| mycsal m?® + cs@a| mdn(z| my dsa| mysniz| my

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0119.01
dn(z| m®cn@+z| m =
cn(z| m)dn(z| m)ns(a| m) cs(a | m) +mds(a | msn(z| m?* - csa| m®sn@+z| m - dsa| m (2 - nsta| m?) sniz| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0120.01
msn(z| m)® dn@+ z| m) =
—mes(@| men(z| m? + cs(@| m(ns(a| m? + mjcn(z| m — ds(a| mynsa | msn(z| mydn(z| m+cn(@+z| m(-ns@a| m?)

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0121.01
mPsn(z| msn@+z| m == —(-Z@m@| m) | m) + Z@m@+z | my | m) — Z@am(z | m) | my) nsa | my® —
mcen(z| m)dn(z| m)sn(z| myns(a| m) +csa| m)dn(z| m)2 ds(a| m)—cs(a| myds(a| m)

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0122.01
mPsn(z| m?cn@a+ z| m) =
—ds(a| mydn(z| m)3 +ds(al m (ns(a| m)? + l) dn(z| m) — mes(a| m)ns(a | m)sn(z| mycn(z| my - ns@a| m?dna+ z| m

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0123.01
men(z| m? dn@+ z| m) == cn(z| m) dn(z| m) ns(a | m) ds(a | m) +
mes(a| m)sn(z| m? —dsa| m®sn@+z| m) +cs@l m (2ds(al m)? - ng(a| m?) sn(z| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0124.01
m? en(z| m3 sn(@+z| m) = nsa| m) dn(z| m° —
(2dsal m? - csa| m?)ns@| mdn(z| m +dn(@+z| mdsa| m)® +men(z| m) cs(a| m) dsa| m)sn(z| my

Khare/Lakshminarayan/Sukhatme 2003
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09.29.18.0125.01
m?en(z| m3en@+ z| m) = —(=Z@m(@ | m) | m) + Z@n@+z| m) | m) — Z@m(z | m) | my) dsa | my*> -
mcn(z| m)dn(z| m)sn(z| myds(a| m) —cs(a| m)ns(a| m) (mdn(a| m)2 -m+ 1) +cs(al mydn(z| m)2 ns(a| m

Khare/Lakshminarayan/Sukhatme 2003
09.29.18.0126.01
dn(z| m)2 dn(a+z| m)2 =2ds@almyns@al my(-Z@m@|m) | m) +Z@m@+z|m)| m -Z@mz|m | m)csalm +
(csta| m? +ds(a| m)z) - csal m?(dn(@+z| m)? +dn(z| m)z)

Khare/Lakshminarayan/Sukhatme 2003
09.29.18.0127.01
mdn(z | m)2 sn(a+z|men@a+z|my=-msn@+z|mcn@a+z| mcsa| m)? — 2dsa|mnsalmdn@+z|mycsal m +
dn(z| m (ds(a | m)? + nsa| m)?) cs(@| m) — mds(a | m ns(a| m) cn(z| m sn(z| m

Khare/Lakshminarayan/Sukhatme 2003
09.29.18.0128.01
msn(z| m?dn@+z| mycn@+z| m == cn(a+z| mdn@+ z| mns@| my? -
2cy@almds@al mysn(a+z| mns@| m +(cs(a| m)? + ds(a | m)z)sn(z| m)ns(a| m) +cn(z| m)cs(a| mdn(z| m) ds(a| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0129.01
men(z| m?dn@+ z| mysn@@+ z| m) == —sn(a+z| mdn@+ z| m) ds@a| m)2 -
2calmns@@al myen(@a+z| myds@a| m +cn(z| m)(cs(a| m)? + ns(a | m)z)ds(al m)—c@a|mns@| mysn(z| mydn(z| m

K hare/L akshminarayan/Sukhatme 2003
09.29.18.0130.01
NP sn(z| men(z| mysn(a+z| men@+z| m == ds@| mns@| m(dn@+z| m)? + dn(z| m)2) -

(dsa| m?* + ns(@ | m?) (dn(a | m) + cs(a | m) (~Z(@m(@ | m) | m) + Z@m(@+ z| m) | m) - Z@m(z| m) | m)))

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0131.01
mdn(z] mysn(zlmdn@a+z|msn@a+z| m)==
—cs(a| m)(dn(a| m? + 1)nsa| m +cs@al m (dn(@+ z| m? +dn(z| m)z) ns(a| m —
ds(a| m (cs(a| m? + ns(a| m?) (~Z@m@ | m) | m + Z@m@+ z| m | m — Z@m(z| m | m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0132.01
mdn(z| mycn(z| mydn(a+z| mycn(a+z| m)=2csa| mds@a| m —csa| m (dn(a+z| m)2 +dn(z| m)z) ds(a| m) +

(cstal m)? + dsia| m?) nsta | m) (~Z(am(@ | m) | m) + Z(@m@+ z| m) | m - Z(@mz| m | m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0133.01
mdn(z| mycn(z| mydn(a+z| mysn(a+z| m) ==
—(cstal m? +dsa| m)2) dn(@a+z| mynsa| my—mecs@| mycn(z| mysn(z| mns@| m—

mes(a| m)dsa| mysn(@a+z| myen(@+z| m+dn(z| mds@a| m(csa| m? + ns(a| m?)

Khare/Lakshminarayan/Sukhatme 2003

66
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09.29.18.0134.01
mdn(z| mcn(z| msn(a+z| myen@+z| m) =
—(cs(a] m? + ds(a| m)2) cn(@+z| mns@| m —dsa| msnz| mdnz| mns@|m -

cs(a| myds(a] mysn(@+z| mydn(@a+z| m+cn(z| mcsial m(dsa| m)? +ng@| m?)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0135.01
msn(z| mcn(z| mydn@@+z| msn@@a+z|m)==
cnizlmces@almdnzlmns@lm+cn@a+z|mdn@+z|mds@al mns@alm -
cs(a| m(ds(a| m? +nsa| m)®)sn(a+z| m) +ds(a| m(cs@a| m?+ ns(@| m3?) sn(z| m

Khare/Lakshminarayan/Sukhatme 2003

Higher order local identities

Examples of local identities of rank 5

09.29.18.0136.01
mdn(z| m)snz| mecn(zlmdn@+z| msn@+z| m =
mcs(a| m)ns(a| men(z| m?* - cs(a| mynsa | m (cs(a| m? + ds(@ | m? +ns@| m?) en(z| m) +
cn(@+z| m(csal m?ds@a| m? + (cstal m?+ds(al m)z) ns@| m?) +

cs(@a| mydn(a+z| myds(al mnsa| msn@+z| m+dn(z| mds@a|m(cs@| m?+nsial m?snz| m

K hare/Lakshminarayan/Sukhatme 2003

09.29.18.0137.01
mdn(z| mysn(z| mycnz| mdn@a+z|myen@+z| m =
mes(a| mds(a| msn(z| m?+cs(al mydsal m)(csal m?+dsa| m? +nsa| m?)sn(z| m +
cn(@+z|mes@l mdna+z| mds@| mns@|m+cnz| mdnz| m(cs@al m?+ds@a| m)z) nsa| m) —
(cstal m?ds@a| m? + (cs(@ | m? + dsta| m°) ns(@ | m?) sn(@+z| m

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0138.01
m? dn(z| m)sn(z| m)cn(z| mysn@a+z| mycn@+z| m =
dsa| mnsia| m)dn(z| m? - dsa| mnsa| m (csta| m? + ds(a| m? +ns@| m?) dn(z| m) +
dn(a+z| m(csa] m?dsa| my? + (cstal m? +ds(a| m)2) ns(@| my3?) +

mcen(a+z| m)csa| myds@a| mnsa| mysn@@+z| my+men(z| mycs@| m (ds(a| m)% + ns(a | m)z) sn(z| m)

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0139.01
mdn(z| m) sn(z| m) en(z| m) dn(a+z| m)”* ==
—mdn(z| m)sn(z| m) cn(z| m) cs(a | my? + (—dn(a | m)2 +dn(a+z| m)2 +2dn(z| m)2 - 2) dsa| myns(a| mycs(a| m) +

(cstal m? dsta| m)* + (cs@ | m? + ds(a | m?) ns(a| m?) (-Z@mea| m | m + Z@m@-+z| m | m — Z@am(z| m) | m)
Khare/Lakshminarayan/Sukhatme 2003

L ocal identities of arbitrary rank
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09.29.18.0140.01
dn(z| m?"dn@+z| m) == (-1)"dn(@a+z| mc(a m>?" +
n-1
(dsta| m)ns(@ | mdn(z| m) - mestal my en(z| mysnz| m) " (- esa | m* dn(z| m> Y/ ne Nt
k=0

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0141.01
dnz| m?™dn@+z| m) =
(=D"(dn(@| m) +cs(a | m) (-Z@n(@ | m | m + Z(am@+ z| my | m) - Z@m(z| my | my)) csa| m?>" +
n-1
(dsta| m)ns(a | m) dn(z| m) — mes(@a| my cn(z| m sn(z| my) Z:(—l)k csa| m>2kdn(z| m)
k=0

2(n-k)-1 / ne N+

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0142.01
m'sn(z| m2"sn(a+z| m) == ns(a| m?"sn@@+z| m) -

n-1
(en(z| mydn(z| mynsa| m) + cs@ | m ds(a | my sn(z| m))Z:m‘k*“‘1 nsa| m2sn(z| m2<*Y /i ne Nt
k=0

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0143.01

2n+1

m™Lsniz| m>?™tsn@@a+z| m) = —ns@a| m>?"™* (=Z@m@| m) | m) + Z@m@+z| m) | m) — Z@m(z| m) | m)) -

n-1
(en(z| mydn(z| mynsa| m) + csa | m ds(a | my sn(z| m))Z:m‘k*“‘1 ns@a| m?Xsn(z| m?™ -1/ nent
k=0

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0144.01
m'en(z| m?"ena+z|m) == (-1)"cn(a+ z| myds(a | m)2n +
n-1
(cs(a| mynsa| mycn(z| my—dsa| msn(z| m dnz| m))Z:(—l)k m 1 ds@ | m>?* en(z | m2 D /e N
k=0

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0145.01
m*Lenz| m2™ten@+ z| m) =
(-D)" (men@@| m) +ds@ | m) (-Z@m(@ | m) | m) + Z@m@+z| m) | m) - Z@m(z| m) | my)) ds@| m>" +
n-1
(cs(a| myns(a| m)cn(z| m) — ds(a | m) sn(z| m) dn(z| my) Z(—l)k m*-Ldga| m?Kenz| m>2-1 :ne Nt
k=0

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0146.01
m en(z| m2" sn(z| mydn(@+z| m) = m" cs(a | m) en(z | m>2™* + (=)™ en(a+ z| mydsia| m>>" nsa| m -
n-1

ns(a| my (cs(a| myns@| mcn(z| m — ds(@| msn(z| m) dn(z| m))Z:(—l)I< m -1 dg@ | m?* en(z | m2 D e N

k=0

Khare/Lakshminarayan/Sukhatme 2003
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09.29.18.0147.01
m'sn(z| m2"cn(z| mydn@+z| m) = —n" cs(@a | m) sn(z| m>™* + dsta | myns(a| m>?" sn@a+ z| m —
n-1
ds(a| m) (en(z| mydn(z| m)nsa| m) + cs(a | my dsa | m) sn(z| m))ZZm‘k”“1 nsa| m?2*sn(z| m>2<*nb /:n e N
k=0

K hare/L akshminarayan/Sukhatme 2003

09.29.18.0148.01

mdn(z| m>"enz| m) sn@@+ z| m) == ns@ | mydnz| m?>"* + (=)™ cga| m2" dna+z| m)dsa| m -
n-1
ds(a| m) (dsa | m) ns(a| m) dn(z| m) ~ mes(al men(z| m szl m) ) (-*es@| m>** dn(z| m* Y in e vt
k=0

K hare/L akshminarayan/Sukhatme 2003
09.29.18.0149.01
mdn(z| m?"sn@a+z| mycn@+z| m =
2(=D)"ndn@+z|myds@a| mns@a| mecs@l m2" !+ (=L)"men@+z| mysn@+ z| m csal m>?" +

n-1
Z (-D*csta| m?* (2knca | m)ns@@ | m) ds@ | m? + cs@a | m) (2dsta | my” + m)) dn(z| m)2(-1
k=0
n-1
mds@| mns@|m > (-1* 2k+ 1) es@l menz| mysnz| mydnz| m? Y ne Nt
k=0

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0150.01

2n+l

mdn(z| m) sn(@a+z| men@+z|m==(-1)"1

(-m-2n+1)ds@lmns@almdn@|m+cs@l m(-zZ@m@|m|m+Z@m@+z|m|m-Z@mz|m | m))+

es@al m2™t + (=™ tdn@a+z| m?cxal m>2™t -
n-1
mds(a| m) ns(a | m Z (-D¥ 2k + 1) csa| m>2X en(z | mysn(z| m) dn(z| m>> 1 4
k=0
n-1

Z(— DX esta| m?* (2knc(@a | myns@@a | m) ds(@a | m?* + cs@ | m) (2dsta| my” + m)) dn(z | m?2™ 0 nenNt
ko0

Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0151.01
dn(z| m?"sn(a+z| mydn@+z| m) ==
2(-1)"nen@a+z| myds@| mns@al mes@al m>™t+ (=1 "dn@+z| msn@+z| mesal m>" -
n-1
Z (-D*cstal m? (2knea| m)ds@a | m? + cs(@al mns@ | m) snz| m dn(z| m>?>" 9" +
k=0
n-1

ds@alm > (-1 cstal m?* (csial m? + 2k + 1 ns@| m?) enz| mydnz| m? T ne N
k=0

Khare/Lakshminarayan/Sukhatme 2003
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09.29.18.0152.01
2l gna+z| mydn@+z| m) == (1™ (csal m?+2nds@a| m)2) ns(a| mysn(z| m csta| m>"t +

-D)™ren@+zlmdn@+zl mes@l m>2™ + (-H)"2n+ 1) ds(a| myns@| msn@+z| mycs@| m?2" +
n-1

dsa| my Z(—l)k csa| m?* (csa| m? + (2k + 1) ns(a | m?) en(z| m) dn(z| m)2 -1 _
k=0

dn(z| m)

n-1

Z:(—l)k cstal m?* (2knca | m) dsta | m? + cs@ | mns@ | m) sniz| mydn(z| m?> ™" /; ne Nt

k=0
Khare/Lakshminarayan/Sukhatme 2003

09.29.18.0153.01
dn(z| m?"cn(@+z| mdn@+z| m =

2(-)™Indsal mns@al msn@+z| mes@al m2" ! +(-1)"cen@@+z| mydn@+ z| m)csa| m>3" -
n-1

Z:(—l)k csa| m)2k (cs(a | m) dsta| m) + 2knc(a | m) ns(a | my ds(a | my) en(z | m) dn(z | m?™ -1 —
P

n-1
nqa|nDEE(—nkcqa|mfk@Qa|nn2+2kdsa|nﬁ)sﬁz|nndmz|mf“*”‘”/n1eN+
k=0

K hare/L akshminarayan/Sukhatme 2003
09.29.18.0154.01

20l @+ z mydn@@a+z| m = (=)™ en(z| mydsia| m) (cstal m? +2nns(al m?) cs(a| m>"* +
(-1 "dn@+z| msn@+z|mes@l m™ + (-1H)"2n+ 1)cn@a+z| myds@a| m nsa | mcsa| m>?" -

dn(z| m)

n-1
ns@a| m)Z:(—l)k csta| m>2 (cst@| m? + 2kds@ | m?) sn(z| m) dn(z| m> " -
k=0
n-1
Z(—l)k cs(a| m?2* (csa| myds(a | m) + 2knc(a | myns(a | mydsa | m) en(z | my dnz| m>™™ /; ne N*
k=0

Khare/Lakshminarayan/Sukhatme 2003

Identities

Functional identities

09.29.17.0001.01
W(2)* +2(M-1) W22 - m+ (W2)* - 2W2)° - m+ 1)w(22) + 1= 0/, W(2) == dn(z| m)

Complex characteristics

Real part

09.29.19.0001.01
cn(y | 1—mydn(x| mydn(y|1—m)
Re(dn(x+iy| m)) = L%y, meR
en(y | 1—my? + msn(x | m?sn(y | 1 —m)?
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Imaginary part

09.29.19.0002.01
msn(x | m)cn(x | mysn(y | 1—m)
Imdn(x+iy| m)=— /i Xy, meR
en(y | 1—m)? + msn(x | m?sn(y | 1 —m)?

Absolute value

09.29.19.0003.01

\/ en(y | 1 - my2 dn(x | m? dn(y | 1 — m)? + m2 en(x | m? sn(x | m?2 sn(y | 1 — m)?
ldn(x+ iy | m)| == L%y, meR
en(y | 1—m)? + msn(x | m?Zsn(y | 1 —m)?

Argument

09.29.19.0004.01
arg(dn(x+ iy | m) == tan"*(cn(y | 1 — m) dn(x | mydn(y | 1 —m), —msn(x | m)cn(x | m)sn(y | L—m)) /; {X, y, m} € R

Conjugate value

09.29.19.0005.01

_enyll-mydnx|mydn(y|1-m)+imen(x| m)ysnx| msnly|1-m)

dn(x+iy|m)== /i %y, meR
en(y | 1—m)? + msn(x | mZsn(y | 1—m)?

Differentiation

Low-order differentiation

With respect to z

09.29.20.0001.01

adn(z| m)
— = —msn(z| men(z| m)
0z
09.29.20.0002.01
8%dn(z| m)
———— =mdn(z| m) (sn(z| m? - cn(z| m?)
97
09.29.20.0003.01
82dn(z| m) s
722 =-2dn(z| M +(2-m)dn(z| m)
d

With respect tom

09.29.20.0004.01
adn(z| m)

= (sn(z| men(z| my (M- 1) z+ E(@m(z | m) | m) —dn(z | m) sc(z| m)))
om 2(1-m)
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09.29.20.0005.01
%dn(z| m)

= (2 (m=21)z+ E(@am(z| m) | m) —dn(z| m) sc(z| m)) sn(z| m)cn(z| m) +
an? 4(m-1)°

E@an(z| m) | m) - Fam(z| m) | m)

(1-m)ysn(z| m) (22+
m

(en(z| m)sc(z| m) (M- 1) z+ E(@am(z| m) | m) — dn(z| m) sc(z| m) sn(z| m)) -

(de(z| m)dn(z| m)ync(z| m) ((m-1) z+ E(am(z| m) | m) — mced(z | m) sn(z| m))) +
(m=1)m

( D ((((m— 1) z+ E(am(z| m) | m)) dn(z| m) — mcn(z| m)sn(z| m) V 1 — msn(z| m)? )) cn(z| m) +
m-1m
1
— (cn(z| m)2 dn(z| m) (—mz+z— E(@am(z| m) | m) + dn(z | m) sc(z| m))
m
1
(m-1)z+E@m(z| m) | m) — med(z| m) snz| m))) + — (dn(z| m)
m

((m—-1)z+ E(@m(z| m) | m) — dn(z | m) sc(z| m) sn(z| m)? ((m- 1) z+ E@m(z| m) | m) — mcd(z| m) sn(z| m))))

Symbolic differentiation

With respect to z
09.29.20.0008.01
adn(z| m) n—1\disnz|m 8" Leniz| m)
———— =dnz| My - mZ( ) . ineN
] S\ 02 ozt

09.29.20.0006.01
andn(z| m) 27l & q(m)k an  knz
—+
0z K(m ML qme + 1 2 K(m

]/;neN*

Fractional integro-differentiation

With respect to z

09.29.20.0007.01
8%dn(z| m) nz? 2083z @ gm)k : (l 1-a o KntZ
== + —_— - _, -
9z 2KMTA-a) KM  S1rqmek | 2 2" akmp
Integration

Indefinite integration

Involving only one direct function

09.29.21.0001.01

fdn(z| m)ydz==am(z| m)

Involving functions of the direct function
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Involving elementary functions of the direct function

Involving powers of the direct function

09.29.21.0002.01
) E(@am(z| m) | m)dn(z| m)
fdn(z| m°-dz==

V 1-msn(z| m?

09.29.21.0003.01

1
fdn(z| m)sdz: E(mcn(z| m) sn(z| m) — (m-2)am(z| m))

09.29.21.0004.01

f dz 1 I [cn(zlm)+ri\/1—m sn(z|m))
0g
m

dnzlm) ;1= dn(z| m)

09.29.21.0005.01
f dz Eam(z|m)|m)ydn(z|m)  m(cn(z| m)sn(z| m)

- (A-m)dn(z| m)

2
dnIm® (1 _myy 1-msn(z| m)?

2
(m-2) cos*l(Z:(z":q)) 1- 2@ dniz| m)
(@m dn(zm) mcn(z | m)sn(z| m)
+

09.29.21.0006.01

1 1
dz=-
f dn(z| m® 2(1-m) (dn(z| m)? — men(z| m)%) sn(z| m) dn(z| m)?

Involving direct function and elliptic functions

Involving Jacobi functions

Involving cn

09.29.21.0007.01

fcn(z| m)ydn(z| mydz==sn(z| m

09.29.21.0008.01

fdn(z|m)d (1+sn(z|m))

cn(z| m) cn(z| m)

09.29.21.0009.01

dn(z| m) sn(z| m)
f d

en(z| m)y? en(z| m)

09.29.21.0010.01

cn(z| m) 1 1-vVm snz| m
f dz=- log
dn(z| m) \/ﬁ dn(z| m)
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09.29.21.0011.01

cn(z| m) sn(z| m)
f d

dn(z | m)2 dn(z| m)

09.29.21.0012.01

dz 1 1+snzlmy vVm 1-vVm sniz| m
f Ig[ )+ log|

= (o]
cn(zlmdnizim 1-m cn(z| m) 1-m dn(z| m)

09.29.21.0013.01

dnz|m) men(z| m) sn(z|m)+1 1-vVm snz| m
f( )d’ =1 9(7)+\/ﬁlog—

cn(z| m) dn(z| m) cn(z| m) dn(z| m)

Definite integration

Involving functions of the direct function

Involving elementary functions of the direct function

Involving products of the direct function

09.29.21.0014.01

2 K(m)
f dn(t | m)3 dn(@a+t| m)dt==2ds@| mns@a| m Em) - 2K(m)cs@a| m?(dn@| m —csa| mz@md@]| m | m)
0

Khare/Lakshminarayan/Sukhatme 2003

09.29.21.0015.01
2 K(m)

f dnt| mydn@+t|mdnb+t|mdnic+t|mydt=
0

2K(m) dn@| mydnb| mdn(c|m+csgb-a|mycsic—almycsal mzZ@m@|m|m) -
csb|mcsb-almcsic—b|mZ@mb|m)|m +csc—almcsic-b|m)csc|m Z@mc|m | m)

K hare/L akshminarayan/Sukhatme 2003

Involving direct function and elliptic functions

Involving Jacobi functions

Involving cn

09.29.21.0016.01
1 2K(m)

_— men(t | mydn@+t|menb+timdnc+t|mydt=

2K(m) Jo

mecnb | mydn(@a| mydn(c| my+csc—almydsb-a|mds@al mZ@m@|m)|m -
dsb|mycsb—alm)csc—b|m Z@mb|m)| m) +cs(c—a|mydsic—b|m)dsic| m)Z@m(c|m) | m

Khare/L akshminarayan/Sukhatme 2003

Involving sn
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09.29.21.0017.01

2K(m)
f sn(t|mdn@+tmsnb+t|madnc+t|mdt=
0

1
- ((2K(m) (csic—a| myns(b—a| m)(—ns@| m) Z@m@@| m) | m +
csb-almycsic-b|mns(b|m Z@mb|m)|m) -ns(c|m)csc—a|mynsc—b|m) Z@m(c|m | m))
Khare/Lakshminarayan/Sukhatme 2003

Representations through equivalent functions

With inverse function

09.29.27.0001.01
dn(dn’l(z| m | m) =z

With related functions

Involving am
09.29.27.0033.01
dn(z| m)2 =1- msinz(am(zl m))

09.29.27.0002.01

dn(z| m) = \/1— msin’am(z| m)) /;m<1

Involving one other Jacobi elliptic function

Involving cd

09.29.27.0005.01

) m-1
dnz|m®= ———
mcd(z | m)2 -1

Involving cn
09.29.27.0007.01
dn(z| m? = 1 - m+ men(z| m)2
Involving cs
09.29.27.0008.01
cs(z|m?-m+1

dn(z| m)2 =
cs(z| mP+1

Involving dc

09.29.27.0010.01
dn(z|m)==dc(iz|1-m)
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09.29.27.0011.01

m- 1) de(z| m)?
dn(z| m)z = w
m—dc(z|m)2

Involving ds

09.29.27.0014.01

dsz| my?
dn(z| m)? = —————
ds(z| m)?+m
Involving nc
09.29.27.0015.01
2 m
dnz|m* = —-m+1
nc(z| m?
Involving nd

09.29.27.0016.01

dn(z| m) =
nd(z| m)

Involving ns

09.29.27.0018.01

dnz|m?=1- ——
ns(z | m?

Involving sc

09.29.27.0019.01
L-myscz| m?+1

dn(z| m)2 =
sc(z| m? +1
Involving sd
09.29.27.0021.01
5 1
dnz| M= —— ——
msd(z | m)2+1
Involving sn

09.29.27.0022.01
dnzlm=v1-msn-iz+KA-m-iKMm|1l-m
09.29.27.0023.01

dn(z| m)% = 1 - msn(z| m?2

Involving two other Jacobi eliptic functions
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Involving cd and ncnc

09.29.27.0003.01
cn(z| m)

cd(z| m)

Involving cd and nc

09.29.27.0004.01

1
dnz|m= —"-”——
cd(z| m)nc(z| m)

09.29.27.0034.01

(m-=1)cd(z| m)nc(z| m)
dn(z| m =

mcd(z| m)2 -1

09.29.27.0035.01

cdz| m) (mnc(z| m? - nez | m? - m)
dn(z| m) = -

nc(z| m)

Involving cs and nd

09.29.27.0036.01

(—csz| m? + m—1)nd(z| m)
dn(z| m) = -

cs(z|m?+1

Involving dc and cn

09.29.27.0006.01
dn(z| m) ==dc(z| m)cn(z| m)

Involving dc and nc

09.29.27.0009.01
de(z| m)

09.29.27.0037.01
(m-=1)dc(z| m)nc(z| m)

dn(z| m) =
m-dc(z| m)2

Involving dc and nd

09.29.27.0038.01
(m-1)de(z| m? ndz| m)

dn(z| m) =
m-dc(z| m)2

Involving ds and ns
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09.29.27.0013.01

ds(z| m)
dn(z| m) =

ns(z| m)

Involving ds and sn

09.29.27.0012.01
dn(z| m) == ds(z| m) sn(z| m)

Involving nc and nd

09.29.27.0039.01
(mncz| m? - ne(z| m? - m) nd(z| m)

dn(z|m = - Bo——

Involving nd and ns

09.29.27.0040.01

nd(z| m) (ns(z| my? — m)
dn(z| m) =

ns(z | m)?

Involving nd and sc

09.29.27.0041.01

nd(z| m) (msc(z| m)? - sc(z| my? - 1)
dn(z| m) = -

sc(z| m? +1

Involving ns and sd
09.29.27.0017.01
1
dnz|m= —"o————
sd(z| m)ns(z| m)

09.29.27.0042.01
(ns(z| m) — m) sdz | m)

dn(z| m) = m——-

Involving sd and sn

09.29.27.0020.01
sn(z| m)

Involving three other Jacobi elliptic functions

09.29.27.0043.01
cs(z| m)? de(z| m)

dn(z| m) =
cn(z| m) (cs(z| my? + 1)
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09.29.27.0044.01

cs(z| myds(z| m
cn(z| m (es(z| my? + 1)

dn(z| m) =

09.29.27.0045.01
cn(z| mds(z| m)2

dn(z| m) =
de(z| m) (ds(z] m? +m- 1)

09.29.27.0046.01
cd(z| m) (—cs(z| m? + m— 1) ne(z| m)

dn(z|m)=-
cs(z| m?+1
09.29.27.0047.01

cs(z| my? de(z| m) nc(z| m)
dn(z| m) =

cs(z| m?+1

09.29.27.0048.01
c(z| myds(z| m) nc(z| m)

cs(z| mP+1

dn(z| m) =

09.29.27.0049.01
de(z| m) (ds(z] m? +m- 1) nc(z| m)

dn(z| m) =
ds(z| m)2 +m
09.29.27.0050.01

cd(z| m) ds(z | m)2 nc(z| m)
dn(z| m) =

cd(z| mZds(z| m? + 1

09.29.27.0051.01
cs(z| m ds(z| m) (ne(z| m) - 1) (ne(z | m) + 1)

dn(z| m) = m——

09.29.27.0052.01

cd(z| m) ds(z] m? (ne(z| m) — 1) (ne(z | m) + 1)
dn(z| m) =

nc(z | m)

09.29.27.0053.01

mcen(z| m) —mnc(z| m) + nc(z| m)
dn(z| m) =

dc(z| m)

09.29.27.0054.01

cs(z| m?2 de(z | m)? nd(z | m)
dn(z| m) =

cs(z| m? +1
09.29.27.0055.01

ds(z| m)2 nd(z | m)
dnz|lm= ——
csz| m?+1

09.29.27.0056.01

de(z | m)2 ds(z | m)2 nd(z | m)
dn(z| m) =

de(z| m)2 +ds(z| m)2
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09.29.27.0057.01

ds(z| m? (nc(z| m) — 1) (ne(z| m) + 1) nd(z| m)
dn(z| m) =

nc(z | my?

09.29.27.0058.01
—men(z | m) + mde(z| m)nd(z| m) — de(z| m)nd(z| m)

dn(z|m = - de(z| m)

09.29.27.0059.01
—mcd(z| m) + mnc(z| m)nd(z| m) — nc(z| m)nd(z| m)

dn(z|m) = - F——

09.29.27.0060.01
cd(z| m) (es(z| m? - m+ 1)

dn(z| m) =
Cs(z| m)ns(z| m)
09.29.27.0061.01
cs(z| m)ns(z | m)
dn(z| m) =

cd(z| m) (cs(z| m)? + 1)

09.29.27.0062.01
cd(z| m) (cs(z| m? - m+ 1) ns(z| m)

dn(z| m) =
cs(z| m) (es(z| m)? + 1)

09.29.27.0063.01

cs(z| myde(z| m) ns(z| m)
dn(z| m) =

cs(z| mP+1

09.29.27.0064.01
dn(z|m)=—(cn(z| m)—1) (cn(z| m) + 1) ds(z| m) ns(z| m)

09.29.27.0065.01

ds(z| m)ns(z| m)
dnzjm= ————
cs(z|m?+1

09.29.27.0066.01

de(z | m)2 ds(z| m) ns(z| m)
dn(z| m) =

dc(z| m)2 +dy(z| m)2

09.29.27.0067.01

ds(z| m) (nc(z| m)— 1) (nc(z| m) + 1) ns(z| m)
dn(z| m) =

nc(z | m?

09.29.27.0068.01
de(z| m) (ns(z| m) - 1) (ns(z| m) + 1)

dn(z| m) =
cn(z| m) ns(z | my?

09.29.27.0069.01
de(zl mync(z] m)y(ns(z| m) — 1) (ns(z| m) + 1)

dn(z| m) =
ns(z | m)?
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09.29.27.0070.01

dez| m? nd(z| m) (ns(z| m) = 1) (ns(z | m) + 1)
dn(z| m) =

ns(z | my?

09.29.27.0071.01

cd(z| m) ne(z| m) (ns(z| m? - m)
dn(z| m) =

ns(z | my?

09.29.27.0072.01

cn(z| m)yds(z| m)
dn(z| m) =

(ds(z| m)? +m— 1) sc(z| m)

09.29.27.0073.01

dsz| m) (ds(z| m® +m- 1) ne(z| m) so(z| m)
dn(z| m) =

ds(z| m)2+m

09.29.27.0074.01

de(z| m) (ns(z| m) — 1) (ns(z| m) + 1) se(z| m)
dn(z| m) =

ns(z| m

09.29.27.0075.01
cd(z| m) (ns(z] m)? — m) sc(z| m)

dn(z| m) = -

09.29.27.0076.01
nd(z | m) (cs(z| m) — msc(z| m) +sc(z | m))
cs(z| m) +sc(z| m)

09.29.27.0077.01
de(z| m)

dn(z| m) =

dn(z| m) =
cn(z| m) (se(z | m? + 1)

09.29.27.0078.01

de(z| m)ne(z| m)
dnizlm=—"——
sc(z| m? +1

09.29.27.0079.01

de(z| m)2 nd(z| m)
dnzlm=—"n———
sc(z| m? +1

09.29.27.0080.01
ds(z| m) sc(z| m)

dn(z| m) =
cn(z| m) (se(z| m? + 1)

09.29.27.0081.01

ds(z| m) nc(z| m)sc(z| m)

sc(z| m? +1

dn(z| m) =

09.29.27.0082.01

de(z| m)ns(z| m)sc(z| m)
dn(z| m) =

sc(z| m? +1
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09.29.27.0083.01

dsz| m? nd(z| m) sc(z | m)?
dn(z| m) =

sc(z| mP?+1

09.29.27.0084.01
ds(z| m) ns(z| m) sc(z| my?

dn(z| m) =
scz| m? +1
09.29.27.0085.01

cd(z| m) (msc(z| m? - sc(z| m? - 1)
dn(z| m) = -

nc(z | my

09.29.27.0086.01
cd(z| m) ne(z| m) (msc(z| m? - sc(z| m? - 1)

dn(z| m)= -
sc(z| m?+1
09.29.27.0087.01

cd(z| m) ns(z| m) sc(z| m) (msc(z | m? - sc(z| my? - 1)
dn(z|m) = -

sc(z| m? +1

09.29.27.0088.01

nc(z | m)sc(z| m)
dn(z| m) =

(sc(z] m)? + 1) sd(z | m)

09.29.27.0089.01

cs(z| m) (es(z| m? - m+ 1) ne(z| m) sd(z | m)
dn(z| m) =

cs(z| mP+1

09.29.27.0090.01

cs(z| m) (mnc(z| m)? - ne(z | m) — m) sd(z| m)
dn(z|m) = -

nc(z| m)

09.29.27.0091.01
(—cs(z| m? + m— 1) sd(z| m)

dn(z|m) = -
ns(z| m)
09.29.27.0092.01

(—csz| m? + m— 1) ns(z| m) sd(z | m)
dn(z| m)= -

cs(z| m?+1

09.29.27.0093.01
(mncz| m? - nez| m? - m) ns(z| m) sd(z| m)

dn(z|m) = -
nc(z| my?
09.29.27.0094.01

de(z| m)? (ns(z| m) — 1) (ns(z| m) + 1) sd(z| m)
dn(z| m) =

ns(z| m)

09.29.27.0095.01

(msc(z| m? - sc(z| m? - 1) sd(z | m)
dn(z|m) = -

nc(z | m) sc(z| m)
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09.29.27.0096.01

ns(z| m) (msc(z| m)? - sc(z| m)? - 1) sd(z| m)
dn(z|m) = -

ezl m?+1

09.29.27.0097.01

nc(z| m) (msc(z| m? - sc(z| m? - 1) sd(z | m)
dn(z| m)= -

sc(z| m) (sc(z | m? + 1)

09.29.27.0098.01

nd(z| m)ns(z| m)—msd(z| m)
dn(z| m) =

ns(z| m

09.29.27.0099.01

cd(z| m) nc(z| m)
dn(z| m) =

cd(z| m)2 +sd(z] m)2

09.29.27.0100.01
(m=1)nc(z| m)sc(z| m)ysd(z| m)

dn(z| m) =
msd(z| m)® - sc(z | m)?

09.29.27.0101.01

cn(z | m)
dn(z| m) =

doz| m) (msd(z| m? - sd(z| m” + 1)

09.29.27.0102.01

cn(z| m)sd(z| m)
dn(z| m) =

so(z| m) (msd(z| m)? - sd(z| m)? + 1)

09.29.27.0103.01

de(z| my? ns(z| m) sd(z| m)
dn(z| m) =

dez| m? sd(z| m)? + 1

09.29.27.0104.01
cs(z| m)de(z| m)

dn(z| m) =
(cs(z| m? + 1) sn(z| m)

09.29.27.0105.01

ds(z| m)
dn(z| m) =

(cs(z| m? + 1) sn(z| m)

09.29.27.0106.01

ds(z| m) (nc(z| m) — 1) (nc(z| m) + 1)
dn(z| m) =

nc(z| my sn(z| my

09.29.27.0107.01
dc(z| m) sc(z| m)

dn(z| m) =
(se(z| m)? + 1) sn(z| m)
09.29.27.0108.01

ds(z| m) sc(z | m)®
dn(z| m) =

(se(z| m)? + 1) sn(z| m)
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09.29.27.0109.01
(m-1) cd(z| m)ysn(z| m)

dn(z| m) =
(cd(z| m) - 1) (cd(z| m) + 1) cs(z | m)

09.29.27.0110.01

de(z| m) (sn(z| m) - 1) (sn(z| m) + 1)
dn(z| m) = -

cn(z| m)

09.29.27.0111.01
dn(z| m) = —de(z| m) nc(z | m) (sn(z| m) — 1) (sn(z| m) + 1)

09.29.27.0112.01
de(z] m)(sn(z| m)— 1) (sn(z| m) + 1)

d =-
el cs(z| m)sn(z| m)

Involving four other Jacobi elliptic functions
09.29.27.0113.01
ds(z| m? (en(z| m) — nc(z | m))

dn(z| m) = - dozm

09.29.27.0114.01

ds(z | m)2 nc(z| m
dn(z| m) =

cd(z| m) ds(z| m? + de(z | m)
09.29.27.0115.01
de(z| m)ds(z | m)2 nd(z | m)

dn(z| m) =
de(z| m) + ¢cs(z| m)ds(z| m)

09.29.27.0116.01
ds(z| m? (de(z | m) nd(z| m) — cn(z | m))

dn(z| m) = oz

09.29.27.0117.01
ds(z| m? (nc(z | m) nd(z| m) — cd(z | m))

dn(z| m) = S——

09.29.27.0118.01
ds(z| m) (ds(z| m)nc(z | m) nd(z| m) - cs(z | m)

nc(z| my

dn(z| m) =

09.29.27.0119.01
de(z| myds(z| m)ns(z| m)

de(z| m) + ¢cs(z| m)ds(z| m)

dn(z| m) =

09.29.27.0120.01
ds(z| m) (en(z| m) — nc(z | m)) ns(z| m)

dn(z|m) = - m——

09.29.27.0121.01
ds(z| m) (dc(z| m)ns(z | m) —cn(z| m) ds(z| m))

dc(z| m)

dn(z| m) =
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09.29.27.0122.01

ds(z| m) (cd(z| m)ds(z| m) - nc(z| m) ns(z| m))
dn(z|m) = -

nc(z| m)

09.29.27.0123.01

-mcd(z| m)cs(z| m) + mnd(z| m)ns(z| m) — nd(z| m) ns(z| m)
dn(z|m) = -

ns(z| m)

09.29.27.0124.01

de(z| m) (ne(z | m) ns(z| m) — sc(z | m))
dn(z| m) =

ns(z| m)

09.29.27.0125.01

ds(z| m) (en(z| m) — nc(z | m))
dn(z|m) = -

sc(z| m)

09.29.27.0126.01

mcen(z| m)—mnc(z| m) + nc(z| m)
dn(z| m) =

ds(z| m)sc(z| m)
09.29.27.0127.01
cs(z| myde(z| m)
dn(z| m) =
cn(z| m) (cs(z| m) + sc(z| my)

09.29.27.0128.01
ds(z| m)

cn(z| m) (cs(z| m) + sc(z | my)

09.29.27.0129.01
cs(z| m)yde(z| m) nc(z| m)

dn(z| m) =

dn(z| m) =

cs(z| m) +sc(z| m)
09.29.27.0130.01
ds(z| m) nc(z| m)
cs(z| m) + sc(z| m)
09.29.27.0131.01
cs(z| myde(z| m)2 nd(z| m)

dn(z| m) =

dn(z| m) =

cs(z| m) + sc(z| m)
09.29.27.0132.01
de(z| myns(z| m)
cs(z| m) +sc(z| m)
09.29.27.0133.01
ds(z| m? nd(z | m) sc(z | m)

dn(z| m) =

dn(z| m) =
cs(z| m) +sc(z| m)

09.29.27.0134.01
ds(z| m)ns(z| m)sc(z| m)
cs(z| m) +sc(z| m)

09.29.27.0135.01
ds(z| m)nc(z| m)

dn(z| m) =

dn(z| m) =
cd(z| mds(z| m) +sc(z| m)
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09.29.27.0136.01

cd(z| m) (nc(z| M) ns(z| M) — msc(z| m))
dn(z| m) =

ns(z| m

09.29.27.0137.01

cd(z| m) (cs(z| m) — msc(z| m) + sc(z | m))
dn(z| m) =

ns(z| m)

09.29.27.0138.01

cd(z| myns(z| m) (cs(z| m) — msc(z| m) + sc(z| m))
dn(z| m) =

cs(z|m?+1

09.29.27.0139.01

cd(z| mync(z | m) (cs(z| m) — msc(z | m) +sc(z| m)
dn(z| m) =

cs(z| m) +sc(z| m)

09.29.27.0140.01

nd(z| m)ns(z| m) — mced(z | m) sc(z| m)
dn(z| m) =

ns(z| m)

09.29.27.0141.01

nd(z| m) (ns(z| m) — mnc(z| m) sc(z| m) + nc(z| m) sc(z| m))
dn(z| m) =

Nns(z| m) + nc(z | m) sc(z| m)

09.29.27.0142.01
ds(z| m) (ds(z| m) nd(z| m) sc(z| m) —cn(z| m))

dn(z| m) = -

09.29.27.0143.01

ds(z| m) (ns(z| m) sc(z | m) —en(z | m)
dn(z| m) =

sc(z | m)

09.29.27.0144.01
cd(z| m) ns(z| m) (msc(z | m)? — so(z | m)? - 1)

dn(z|m) = -
cs(z| m) +sc(z| m)
09.29.27.0145.01

de(z| m? (nd(z | m) ns(z| m) — sd(z| m)
dn(z| m) =

ns(z| m)

09.29.27.0146.01

cn(z| m) — nc(z| m)
dnzlm=-—-"——
do(z| m) sd(z| m)®

09.29.27.0147.01

de(z| mynd(z| m) —cn(z| m)
dn(z| m) =

de(z| m)sd(z| m)2

09.29.27.0148.01
cn(z| m) — nc(z| m)

sc(z| m) sd(z| m)

dn(z|m) = -
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09.29.27.0149.01

ns(z| m)sc(z| m) — cn(z| m)
dn(z| m) =

sc(z| m)sd(z| m)

09.29.27.0150.01

(—csz| m? +m-1)nc(z| m) sd(z| m)
dn(z| m)= -

cS(z| m)+sc(z| m)

09.29.27.0151.01

(nc(z | myns(z| m) — mse(z| m)) sd(z| m
dn(z| m) =

nc(z| m)

09.29.27.0152.01

(cs(z| m) —msc(z| m) + sc(z| m)) sd(z | m)
dn(z| m) =

nc(z| m)

09.29.27.0153.01

ns(z| m) (cs(z| m) —msc(z| m) +sc(z | m)) sd(z| m)
dn(z| m) =

c(z| m) + sc(z | m)

09.29.27.0154.01

(ns(z| m) —mnc(z| m) sc(z| m) +nc(z | m) sc(z | my) sd(z | m)
dn(z| m) =

sc(z| m2+1

09.29.27.0155.01
cn(z| m)

sc(z | m) (ds(z| m) + msd(z| m) — sd(z| m))

dn(z| m) =

09.29.27.0156.01
nd(z| m) sc(z| m) —cn(z| m) sd(z| m)

dn(z| m) =
sc(z| m) sdz] m)?

09.29.27.0157.01
mnc(z| m)nd(z| m) —nc(z| m)nd(z| m)—mcs(z| m)sd(z| m)

dn(z| m)= - ——

09.29.27.0158.01

cs(z| m)yde(z| m)2 nd(z | m)
dn(z| m) =

cs(z| m) +dc(z| m) sd(z| m)

09.29.27.0159.01

dc(z| m)yns(z| m)
dn(z| m) =

cs(z| m) +dc(z| m)sd(z| m)

09.29.27.0160.01

dc(z| m) (de(z| m) sd(z| m) — ne(z| m) ns(z | m))
dn(z| m) = -

ns(z| m

09.29.27.0161.01

de(zl myns(z| m)sd(z| m) —cn(z| m)
dn(z| m) =

do(z| m) sdz| m?



http: //functions.wolfram.com

88

09.29.27.0162.01

—mcd(z| m) + mnc(z| mns(z| m)sd(z| m) —nc(z| myns(z| m)sd(z| m)
dn(z|m) = -

nc(z | m)

09.29.27.0163.01

nc(z| m)
dn(z| m) =

cd(z| m) +sc(z| m)sd(z| m)

09.29.27.0164.01

nc(z| mynd(z| m) — msc(z| m) sd(z| m)
dn(z| m) =

nc(z| m)

09.29.27.0165.01

cd(z| m)—msc(z| m)sd(z| m) + sc(z| m) sd(z| m)
dn(z| m) =

nc(z| m)

09.29.27.0166.01

nd(z| m) (cd(z| m) — msc(z| m) sd(z| m) + sc(z| m) sd(z| m))
dn(z| m) =

cd(z| m) +sc(z| m)sd(z| m)

09.29.27.0167.01

nc(z| m) (—cd(z| m) + msc(z| m)sd(z| m) — sc(z| m) sd(z| m))
dn(z|m) = -

ezl m?+1

09.29.27.0168.01

cn(z| m)
dn(z| m) =

de(z| m) + msc(z| m)sd(z| m) —sc(z| m) sd(z| m)
09.29.27.0169.01

dn(z| m) = - ——— (—cn(z| m) nd(z | m)? + msc(z| m) sdz] m) nd(z| m) — sc(z| m) sd(z| m) nd(z| m) + en(z| m)
sc(z| m) sd(z| m)

09.29.27.0170.01

nc(z | m)
dn(z| m) =

de(z| m) sdz| m)? + cd(z| m)

09.29.27.0171.01
cs(z| m)ync(z| m) —sn(z| m)

cd(z| m)cs(z| m)

dn(z| m) =

09.29.27.0172.01
de(z| m) (es(z| m) ne(z| m) — sn(z| m)

cs(z| m)

dn(z| m) =

09.29.27.0173.01

cd(z| m)ds(z| m)nc(z| m)—sn(z| m)
dn(z| m) =

cd(z| m)’ ds(z| m)

09.29.27.0174.01
de(z| m) (cs(z| m) de(z| my nd(z | m) - sn(z | m))

cs(z|m

dn(z| m) =

09.29.27.0175.01
ds(z| m)nd(z| m)—sn(z| m)

dn(z| m) =
cd(z| m? ds(z | m)
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09.29.27.0176.01
de(z| my? (ds(z| m) nd(z| m) — sn(z| m))

ds(z| m)

dn(z| m) =

09.29.27.0177.01
n(z| m —sn(z| m

cd(z| mycs(z| m)

dn(z| m) =

09.29.27.0178.01
de(z| m) (ns(z | m) —sn(z | m))

cs(z| m)

09.29.27.0179.01
ns(z| m —sn(z| m

dn(z| m) =

dn(z| m) =
cd(z| m? ds(z| m)
09.29.27.0180.01

de(z| m)? (ns(z| m) - sn(z| m))
dn(z| m) =

ds(z| m)

09.29.27.0181.01

de(z| mync(z | m) (ns(z| m) - sn(z| m)
dn(z| m) =

ns(z| m)

09.29.27.0182.01
dc(z| m)

(cs(z| m) + sc(z | m)) sn(z | m)

09.29.27.0183.01
ds(z| m) sc(z| m)

(c(z| m) + sc(z | m)) sn(z| m)

09.29.27.0184.01
mnc(z | m)sc(z| m) —nc(z| m)ysc(z| m —msn(z| m)

dn(z| m) =

dn(z| m) =

dn(z|m) = -
@lm dc(z| m) sc(z | m)

09.29.27.0185.01

1
dn(z| m = = (nc(z| m) sz | m) ds(z | m) + mnc(z| m) sc(z | m) — ne(z | m) sez| m) — msn(z | m))
z

09.29.27.0186.01
mdc(z| m)nd(z| m)sc(z| m) —dc(z| m)nd(z| m) sc(z| m) —msn(z| m)

de(z| m) sc(z | m)

dn(z|m) = -

09.29.27.0187.01
cd(z| m)ysn(z| m) —cs(z| m)nd(z| m)

dn(z|m) = -
cdz| m?cs(z| m)

09.29.27.0188.01
mdc(z| m)sn(z| m) — ds(z| m) nc(z | m)

de(z| m)yds(z| m)

dn(z|m) = -

09.29.27.0189.01

—cn(z| m)ds(z| m) + mde(z| m)sn(z| m) — dc(z| m)sn(z| m)
dn(z|m) = -

dc(z| m)yds(z| m)
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09.29.27.0190.01

cn(z| m)—msc(z| m)sn(z| m) +sc(z| m)sn(z| m)
dn(z| m) =

dez| m)

09.29.27.0191.01

nd(z| m) (cn(z| m) —msc(z| m)sn(z| m) +sc(z| m) sn(z| my)
dn(z| m) =

cn(z| m) + sc(z| mysn(z| m)

09.29.27.0192.01

—cn(z| m)+msc(z| m)sn(z| m) —sc(z| msn(z| m
dn(z|m) = -

ds(z| m)sc(z| m)

Involving five other Jacobi eliptic functions

09.29.27.0193.01

cn(z| m) —dc(z| m)nd(z| m)
dn(z| m)= -

sc(z| m)sd(z| m)

09.29.27.0194.01

ds(z] m)ynd(z| m)sc(z| m) —cn(z| m)
dn(z| m) =

sc(z| m)sd(z | m)
09.29.27.0195.01

1
dnzlm=-—————(cn(z| m) —cd(z| M nd(z| m) + mnd(z| m)sc(z| m)sd(z| m) —nd(z| m) sc(z| m) sd(z| m))
sc(z| m)sd(z| m)

09.29.27.0196.01
cs(z| m)de(z| m)nd(z| m) —sn(z| m)

cd(z| mcs(z| m)

dn(z| m) =

09.29.27.0197.01
ds(z| m)nd(z| m)—sn(z| m)

cd(z| m)cs(z| m)

dn(z| m) =

09.29.27.0198.01

de(z| m) (ds(z| m)nd(z | m) - sn(z | m))
dn(z| m) =

cs(z| m

09.29.27.0199.01
dn(z| m) =

—(cdz|m)cs(z| mynd(z| m) —mcd(z| m)sc(z| m)nd(z| m) + cd(z| m)sc(z| m) nd(z| m) —sn(z| m)
cd(z| m)es(z| m)

Involving Weier strass functions

09.29.27.0024.01

z .
U—Z(\/ﬁ‘ 92, 93] /
4

Ve &

dn(z| m) ==

a3

; G2, 93]

w3

{w1, wp, w3} == {w1(F2, Ga), ~w1(T2, G3) — W3(G2, T3)r W3(Tr Ga)} /\ m= A(—] /\ €n == 9(wn; G2, 93) /\ nei{l 23}
w1
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09.29.27.0025.01

z . _
@[@192193) € |

z . _
@[\/ﬁv 02, gS] €3

dn(z| m)? =

w3

(w1, Wp, W3} = (W1(G2, Gp), ~W1(Gz, Go) — W( Gz, o), ws(Gp, Ba)) [\ M= A(—) /\ &= 9(wn &2 g \neiL 23
wy

09.29.27.0026.01

w( 2 ;gz,gs]—ez

[ ez—es] ve-e

dn|z =

B @( g g]—es
\ore 207

{w1, Wy, W3} == {W1(Q, U3), —w1(Q2, U3) — W3(Q2, Ua), W3(Go, U3)} A\ € == p(wn; U2, G3) AN (L, 2, 3}

Involving theta functions
09.29.27.0027.01

0 ey A

nzZ

0u 3, )|

dn(z|m)::\/4 1-m

09.29.27.0028.01

z
34(0, q(m) &3(&3<0,q<m>>2' Q(m))

(93(0, Q(m)) (9 (&3(0;(m))2' q(m))

dn(z| m) ==

09.29.27.0029.01
da(z| m)

09.29.27.0030.01
Z@mu | m) | m)+Z@mv|m) | m)—Z@nmu+Vv|m | m =msn(v|msnu|msnu+v|m

09.29.27.0031.01
(msn(v| m)) (cn(v | m)—cn(u | m)cn(u+v| m))

Z@amu|m) | m)+Z@amv|m | m —Z@nu+v|m|m ==
dn(v| m)

09.29.27.0032.01
sn(v| m) (dn(v | m) —dn(u | mydn(u+v| m))

Z@amu|m) | m)+Z@amv|m) | m —Z@nu+v|m|m ==
cn(v| m)

Zeros

09.29.30.0001.01
dn(Rr+ DKM +i2s+HK@A-m)|m=0/;{r,s}eZ

Theorems
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The zero modes of the periodic supersymmetric partner potentials

The wave functions wgi)(z) = dn(z| m)™* are the zero modes of the periodic supersymmetric partner potentials
V(2 =2-m+2(m-1)/dn(z| m)? and V_(2) = 2 - m— 2 dn(z| m>.

A periodic solution of the nonlinear Schrdodinger equation

The function y(x, t) =r exp(i (px— (p? — (2— k%) r?)t)) dn(r x— 2 pr t | k?) is a periodic solution of the non-linear

AW (x.t) Py(xb)
ot + X2

Schradinger equation i +20(x, 2 Y(x, t) = 0.

The time dependence of the x- and y-coordinates of a mathematical pendulum in a
gravitational field

The time dependence of the x - and y-coordinates of a mathematical pendulum of length | in a gravitationa field
with acceleration g and maximal elongation angle @ is given by

X(t) ::2Isin(%)sn[\/l?t sinz(%)] dn[\/?t sinz(%)], Yt ==|[2dn2[\/|§t

History

ot}

—C. G. J. Jacobi (1827)
—N. H. Abel (1827)
—C. Gudermann (1838) introduced the notations dn
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