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Notations

Traditional name

Jacobi polynomial

Traditional notation

Pi @)

Mathematica StandardForm notation

Jacobi P[n, a, b, z]

Primary definition

05.06.02.0001.01
10 (-ng@+b+n+ D) @+k+D)y (1-2\
e
!

P%a’b) (Z) ==

!
Nt

Specific values

Specialized values

For fixed n, a, b

05.06.03.0001.01
p@) Q) 2"T@a+n+1) ' .
w(0) == —— HFi(-b-n,-n;a+1;-1)
F'@a+1n!
05.06.03.0002.01
'a+n+1)

PO (1) ==
n'r@+1)

05.06.03.0003.01

ey e D
I'(-b-n)n!

05.06.03.0025.01

oy "V O+ Dn
n!

For fixed n, a, z
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05.06.03.0005.01
(a+1) L
PE@) = ——Cy (@
(2a+1),

05.06.03.0006.01
I@a+n+1) (1+2%¥?

PE(2) = Pr3(2
F(n+1) (1-2%2

05.06.03.0007.01
I@a+n+1) (z+1)¥?
P22 = P2
rn+1) (z-1)3?

05.06.03.0008.01
2"T(@a+n+1)
P&z = ———— (z+1)"
F@a+1)rn+1l)
05.06.03.0009.01
1 1
(a-3) Mfa+3)r(n+3) arl(Vz+1
Pn (Z) == 1 CZn
vr F(a+ n+ 5) V2
05.06.03.0010.01
(a) 2 F(a+ %)F(Ng) arl (Vz+1
Py (@)=, - C,.:

’ T \/HF(a+n+g)

For fixed n, b, z

05.06.03.0011.01
(n-b+1) (1-22

PP () == Ph@
F(n+1) (1+2"2

05.06.03.0012.01
I(h-b+1) (z- 1)°?
PPP(2) = P’
Fh+1) (z+1)0?

05.06.03.0013.01
PLMMD(2) == & /; me N

For fixed a, b, z

05.06.03.0014.01
PP =1

05.06.03.0015.01

P<a’b) — 1
1 (z)__E((a+b+2)z+a—b)

05.06.03.0016.01

1
PP (2) = g((3+a+b)(4+a+b)22+2(3a+¢512—b(3+b))z—4+a2—b+b2—a(1+2b))
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05.06.03.0017.01

1
48((a+b+4)(a+b+5)(a+b+6)z3+3(a—b)(a+b+4)(a+b+5)22+
3@+b+4(a®-2b+a+b?-b-6)z+(@-b)(-16+a’+(-3+b)b—a(3+2b)))

PE ) = —

05.06.03.0018.01
ab;
P( )(Z) —

1
ﬁ((ewb+5)(a+b+6)(a+b+7)(a+b+8)z4+4(a—b)(a+b+5)(a+b+6)(a+b+7)z3+6(a+b+5)(a+b+6)

(a>-@2b+1a+b?-b-8)Z+(4@+b+5)(a®-3(b+1)a”+(3b? - 22)a+b(-b*+3b+22))) z+
144+ 42b-6b>-37b* +a' - 2(2b+3)a’ + (6b* + 6b— 37)a® + 2(-2b* + 3b* + 43b + 21) a + b*)

P(axb) 7
5 ( ) -

1
%((a+b+6)(a+b+7)(a+b+8)(a+b+9)(a+b+ 1002+5@-b)(a+b+6)(a+b+7)(@a+b+8(@a+b+9 7+

10(@a+b+6)(@a+b+7)(a+b+8) (- (2b+1a+b’-b-10)2 +
10@@a+b+6)(@a+b+7)(a®>-3(b+1)a?+(3b*-28)a+b(-b?+3b+28))Z +
5(@+b+6)(a*-2(2b+3)a’+(6b°+ 6b—49)a® + (-4b> + 6b” + 110b + 54) a+ b* - 6b> — 49b* + 54 b + 240) z +
a®-5(b+2a*+5(2b* +4b-13)a’ - 5(2b® - 51b-50) a” +

(5b* - 20b® - 255 b7 + 1024) a— b (b* — 10b% — 65b? + 250 b + 1024))

(a,b)
P (Z) _

26080 (@+b+7(@+b+8(@a+b+9@+b+10)(a+b+1l)(a+b+12)L+6(a-b)(a+b+7)(a+b+8)(@a+b+9)

(@a+b+10)(@a+b+11)Z +15(@+b+7) (a+b+8) (a+b+9) (a+b+10)(a® - (2b+a+b’-b-12)Z +
20(@+b+7)(a+b+8)(a+b+9) (a®-3(b+1)a’+(3b°-34)a+b(-b*+3b+34)) 2 +15(@+b+7)(a+b+8)

(a*-2(2b+3)a’+(6b?+6b—61)a” + (-4b%+ 6b” + 134b + 66) a+ b* - 6b° — 61b” + 66 b + 360) Z +
6(@+b+7)(a®-5(b+2a'+5(2b°+4b-17)a’>-5(2b> - 63b-62)a® +

(5b* - 20b% - 315b% + 1584) a— b (b* - 10b* - 85b” + 310b + 1584)) z+

6d(a+D(@+2)@+J(a+d(@a+5@+6)-192@+2)@+3)(a+d@+5@+6)(@a+b+7)+
20(@+3)(@+dH@+5@+6)(a+b+7(@a+b+8-160(@a+dH@+5@+6)(@a+b+7)(@a+b+8(@+b+9) +
60(@+5(@+6)(@a+b+7@+b+8)(@+b+9(a+b+10) -

12@+6)(a+b+7)(@a+b+8(@+b+9@+b+10)(a+b+11) +
@@+b+7)(a+b+8(@a+b+9) (a+b+10)(a+b+1l)(a+b+12)

05.06.03.0021.01

1 &ra+ny(b+n
(@,0) 5 - k5 _ 1\n-k
PP (2) == - éo( K )(n_k)(z+1) (z-21
For fixed n, z

05.06.03.0022.01

1 3
(—) Un(2
n+1)1 2/,

11

Az =
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05.06.03.0023.01

(-2-3 11
Pn? #(2= —[—) Ta(2)
n! \2/n

05.06.03.0024.01
PRO@ = Pu(

Values at infinities

05.06.03.0026.01
P@Y (o) =(@+b+n+1),c0/;n>0Aa+b+2ne¢Z

05.06.03.0027.01
P@D (o) = (-1)"(@+b+n+1),c0/;n>0Aa+b+2n¢ Z

General characteristics

Domain and analyticity

The function P&? (2)is defined over N® C ® C ® C. For fixed n, a, b, the function P&(2) is a polynomial in z of
degree n. For fixed n, a, z, the function PEP(2) isa polynomial in b of degree n. For fixed n, b, z, the function

PaD(2) isa polynomial in a of degreen.
05.06.04.0001.01
(hxaxbx2— P& (2 : N®C®CRC)—C
Symmetries and periodicities

Parity

05.06.04.0002.01
PEP(-2) = (-1)" PP (2)

Mirror symmetry

05.06.04.0003.01
A = PPy
Periodicity
No periodicity
Poles and essential singularities
With respect to z

For fixed a, b the function P& (2) is polynomial and has pole of order nat z = &.

05.06.04.0004.01
Sing (PP (2)) = {{s0, n}}

With respect tob
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For fixed n, a, z, the function Pﬁf‘t”(z) has only one singular point at b = co. Itisan essentia singular point.

05.06.04.0005.01
Sing, (PP (2)) = {0, col}

With respect to a

For fixed n, b, z, the function P& (2) has an infinite set of singular points:

D1 r(k- —k—
(- *T'(k-b) P( k n’b)(Z);

_— N — . + q 1 q = A
a) a==-n- k/; ke N*, are the smple poles with residues DI oD P-brk-1

b) a == co isthe point of convergence of poles, which is an essential singular point.

05.06.04.0006.01
Sing (PEP(2) = {{{-n-k 1} /; ke N*}, {&, oo}}

05.06.04.0007.01
(-D)* I (k-b)
r P(avb) ) (=n=K) == P(—k—n,b) 2 /; keN*
e(Pr@)( ) (k—=1)!T(-b—n)T(n+1) 1A/ ke

Branch points
With respect to z

For fixed n, a, b, the function P (2) does not have branch points.

05.06.04.0008.01
BP(P @) =)

With respect tob

For fixed n, a, z, the function P (2) does not have branch points.

05.06.04.0009.01
BPy(PFY(2) = {}

With respect toa

For fixed n, b, z, the function P**(2) does not have branch points.

05.06.04.0010.01
BPA(PFP(2) = {}

Branch cuts
With respect to z

For fixed n, a, b the function P (2) does not have branch cuts.

05.06.04.0011.01
BCP (@) =1}

With respect to b
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For fixed n, a, z, the function P**(2) does not have branch cuts.

05.06.04.0012.01
BCH(PRY (@) = ()

With respect toa

For fixed n, b, z, the function P& (2) does not have branch cuts.

05.06.04.0013.01
BCa(PRY@) =1}

Series representations

Generalized power series

Expansionsat generic point a == ag

For the function itself

05.06.06.0021.01

n-1 1 (b+2k+ag+ 1) (b+k+1),_

PRV o P2 et P + " pfeat)
db+k+n+ag+1 n-Kb+k+ay+1) ,

(@[(@-ag)+... /; (@a—ap)

05.06.06.0022.01
(b+2k+ayg+ 1) (b+k+1)_,

PEDQ) o P (2 + Z P + P |@-a0) + Of(a-ap))

Jb+k+n+ag+1 n-Kb+k+ap+1)

05.06.06.0023.01
h

(=Mp,
oSS
" §§kvhv 2
h n-h o ) o h+ag+1
DI+ ag+ K b+ ag+ 1) ) S oF [, -k - k+ 1 ](a—ao)k
b+n+ay+1

i=0 j=0

05.06.06.0024.01
(=n

=53 S

kOhO

1-
Z( DM (i -5+ Dsb+n+ag+ D) SZ( gl (—k+s+ Dy gh+ag+) k*s( > )(a 20"

i=0 j=0

05.06.06.0025.01

P@b(z) o P(nao'b)(z) (1+O(a-ay))

Expansionsat generic point b == by

For the function itself
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05.06.06.0026.01
n-1 1
b

Padg) o« PR+ S
oat+tk+n+by+1

(b 4 bo)

05.06.06.0027.01

n-1

(@)

P@Y(2) o Py (2) +

oat+tk+n+by+1

05.06.06.0028.01

()" (@+2k+bg+1) @+ k+ 1),

[P(na'b")(z) +

(n-K@+k+by+1)

(D" (@+2k+bg+1) @+ k+ 1),

[P(na'b")(z) +

(n-K@+k+by+1)

P(ka'b")(z)J (b—bo) + ... /:

P(ka‘%)(z)J (b—bp) + O((b— bp)?)

h

1210 (=nyd o ) -z
o=~ g(‘;k! % - Z( ™ ) (j—k+ D @+n+by+ 1) @+h+1), ) 0=t
= = J—O
05.06.06.0029.01
PED (2) o« PEY)(2) (1 + O(b  by))
n n 0
Expansionsat generic point z == z,
For the function itself
05.06.06.0030.01
a+b+n+1 @a+b+n+@+b+n+2)
P (2) o PEP(z0) + PE D (z) (2- 79) + o PEZ*(2) (2-20)* + ... [; (2 20)
05.06.06.0031.01
a+b+n+1 (@a+b+n+1l)@+b+n+2)
PED(2) o« PEO(z9) + —————— P D(z) (- 29) + - P2 (20) (z- 20)? + O((2- 20)°)
05.06.06.0032.01
© 2K@+b+n+1),
PRO@ =), ———— Pi @) -2
k=0 N

05.06.06.0033.01

r(a+n+1)i(zo—l)‘k 3 (

Pab(z) = F
n (2 o e

!
n: k=0

05.06.06.0034.01
PEP(2) o PP (z0) (1 + Oz~ 7))

Expansionsat z==0

For the function itself
05.06.06.0001.01
PED(2) o« 27| JFy(—n, —b—n;a+ 1, -1) +

n-DHn@+b+n+1l)@+b+n+2)

2@+ @+2

n@+b+n+1

%
1,-na+b+n+La+11-k — (z-279)*

oFi(l-n,-b-na+2,-1)z+

JF12-n,-b-na+3 -1)Z2+...|/;(z>0)
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05.06.06.0002.01

@+Dn _2.0x0( —n,a+b+n+1; Z 1
PP (2) = ( - )

1x0x0l A A

l

a+1;; 2’ 2

05.06.06.0003.01

2"@+1, &, =nj@+b+n+l);

PR (2 == oFi(=b-n, j-nma+j+1-1)(-2)

n
n! i (a+1;j!

05.06.06.0004.01

1 &ra+ny(b+n
(a,b) __ K (5 _ 1\n-k
PP (2) == _2n EO( K )( N_K ) Zz+D*(z-21

05.06.06.0005.01

b 2"T@a+n+1)
P@D(z2) c —————— ,Fi(—n, —b—n;a+1; -1) (1 + O(2)
ra+1ln!

Expansionsat z==

For the function itself

05.06.06.0006.02
(a+1), n@+b+n+1) AI-nn@+b+n+1)@+b+n+2)
P () o 1+ (z-1- @Z-D*+...|/;(z> 1)
n! 2@+l 8(a+1(a+2

05.06.06.0007.01

F@+n+1) O (- (@+b+n+1), (1—2)"

P(a’b)(z) ==
" n! ; T@+k+ k!

2

05.06.06.0008.01

'a+n+1) _ 1-z

P@ED(2) == — 1(—n, a+rb+n+la+1; T)
n!

05.06.06.0009.01

1 0 (-ng@+b+n+ D @+k+D) (1-2\¢
PR =0 k! ( )

!
N ko

2

05.06.06.0010.02
+1),

(a
PEb)(2) o (1+0z-1)/;z>DHNagN*

n!

Expansionsat z==-1

For the function itself

05.06.06.0011.02

(-D"(b+1), n@+b+n+1) I-mn@+b+n+@+b+n+2)
1- (z+1) - z+1%- ... |/
n! 2(b+1) 8(b+1)(b+2)

z--DAbe¢Zz

Plg,a’b) (2) «
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05.06.06.0012.02

D"(b+1), N (-n@+b+n+1) (z+1\¢
PP = " () ez
nt & (brk! 2
05.06.06.0013.02
D" (b+1), z+1
PED(2) = — 2F1(—n, a+b+n+1;b+1; — )/; be¢z
n!

05.06.06.0014.02

. =D (b+ 1),
P@ab(z) o — (1+0(z+1)/;(z->-DAbegzZ

Expansionsat z== oo

For the function itself

Expansionsinl/z

05.06.06.0035.01
2"@+b+n+1), nb-a) nin-1)(a?-(2b+a+(b-1)b-2n)
PED(2) o 2|1~ +
n! (@a+b+2n)z 2@+b+2n-1)(@a+b+2n) 7

+ ] /; (12 = o0)

05.06.06.0036.01

2"@+b+n+1), n(b-a) nn-1)(a®-(2b+1a+(b-1b-2n) 1
P@D(7) o 2|1 +o[ )

Pl

- +
n! (@+b+2nz 2(@a+b+2n-1(@+b+2n)7

05.06.06.0037.01

Ia+n+1(@+b+n+1) n (=1 . .

pab)(z) = 553 Fi(-j,-b-ma-j+n+1 -1z
2" o (=)ljl(-a-b-2n);

05.06.06.0038.01

2"@+b+n+1),

1
P@ab(z) o — z (1 + O(—)] 1;(12 = o)
n! z

Expansionsin1/(1- 2

05.06.06.0015.01
2”(a+b+n+1)n(z—1)”[ 2(-a-n)n 21-n(-a-n(-a-n+1)n
1

P(na’b) (2 <

n! (-a-b-2m(@-2 (ca-b-2m(-a-b-2n+H(1-22

(21 > o) A= (@+b+2neZAa+b+2n=<0)

05.06.06.0016.01
2"@+b+n+1),@z-1)"

N (-n)(—a—n) 2
P@b(z) == Z i u (—) i~(@+b+2neZNa+b+2n=<0)
n! o (Fa-b-2ny k! \1-2
05.06.06.0017.01
2"@+b+n+1), 2
P@b(z) == — (z- 1)“2Fl(—n, —a-n,—a-b-2n; 1—) i~@+b+2neZNa+b+2n<0)
n! -z
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05.06.06.0018.01

2"@+b+n+1),2 1
PEb)(2) o ' (1 + o(—))
n! z

Expansionsat a==0

05.06.06.0039.01

PaP @) o« POP(2) + y ——————
kzt;b+k+n+1

(b+2k+1)(b+k+ 1)y

[Pgo'b)(z) + Pﬁo'b)(z)] a+

(n=k (b+k+ 1),

k+2

1 55N, z+1
o2 Z( DN+ (+2b+n+ D)) (b+k+3), kzsﬂ*”[T) +.. /@0

20 & k2! &

05.06.06.0040.01
(a,b)
GNP

05.06.06.0041.01
PP (2) o PO (2) (1+ O(a))

(_ )m

+ m
Z( DI (b4 n+ 1)) k( . ) (j—k+ Dy (b+m+ 1), S a
j=0

Expansionsat a ==

05.06.06.0019.01
z+1 n2b(z-1)+z+nBz-1)+1 n!
PED(2) o (—] 1+ +
n

2(z+1)a 48(z+1)°(n—-2)!a?

(24b% (z-1)*+24b(z+n(Bz-1)+3) (- D) +4(z+1)?+6(N-3Nn2?+n(342(z+2) - 62)) +...|/; (|8l > =)

05.06.06.0042.01
UGN RGO

P = Z (n-k! Z

n'io m=0

z+1\" -
Z( 1)1+m+n(b+n+1)“k”( 5 ) (j+k—n+1)n_k(b+m+1)n,m$f%)a‘k

!
m! i—0

05.06.06.0043.01

) a (z+1y" 1
P@D(2) o« — (T) (1+0(;)) /i (|8l = o)

n!

Expansionsat b==0

05.06.06.0044.01

n-1 D"k @+ 2k+ 1) (@+k+ 1),
PEP(2) o PEOR) + P@O(z) + " PO b+
oat+tk+n+1 (n=K @+k+1),

k+2

1 02 (=, . . 1-7
© Z( 1)l+k§;+22>(1+1)(j+2)(a+b+n+1)'(a+k+3)n_k_2(7) B2+... /(b 0)

2n & k21 &

05.06.06.0045.01
- 2SS
k!

05.06.06.0046.01
P o PF(2) (1+0(b))

(_ )m

—1ym _
Z( Di@+n+1)- k( . ) (j =K+ Dy @+ m+ 1) SH b



http: //functions.wolfram.com

11

Expansionsat b == co

05.06.06.0020.01
b" (z-1\" nBzn+n+z+2a(z+1)-1) (n-1)n
PED(2) o —'( ) 1+ +
n!

2b(z-1) 2402 (z- 1)?

(2@z-1D?+12a% (z+ 1*+3@Bzn+n?+12a(z+ 1) (Bzn+n+2-3)+n(17(z-2)z—-31)) +... | /; (bl > )

05.06.06.0047.01
p" n 1 n o (=n), M ) ) z—1\M )

Padg = — 3 =3 =Dl @+ n+ piten (—) (j+k-n+1), @+ m+ 1), ,SHb*
N M- m 5 2

05.06.06.0048.01
k s 2°mS@+n+ 1) z- DB Y (n+s-k

(@,0) () — n _k
PRI@=@rInt" ), 0,0, 1= DM =K (k=9 @+ Dygss °

k=0 s=0 j=0

05.06.06.0049.01

b" rz—1\" 1
P o (2] (10 )bt o0
nt\ 2 b

Expansionsat n == co
05.06.06.0050.01
P(na'b)(z) o
1 1 . - R —b—1 A —a—1 . _ L —a—l L —b—1
s [(_) 2a+b) gincos 1z (1 4 pmicos 1(z)) 2 (1_ omicos 1(z)) 2 | pincos 12 (1_ o108 1(z)) 2 (l+ o008 1(z)) 2
n! 2/n
A+..)/;(n> )

05.06.06.0051.01

_p-1 1

2a+b 1 —a-- ) B
PEP(2) o —'(5] [(1+z—i\j 1—22) 2(1—z+z’\j 1—22) F ginoos@
n! n

-a
(l+z+i\/l—22) Z(l—z—i 1—22) Zeincosl(z)](l+...)/;(n—>oo)

Integral representations

On the real axis

Of thedirect function

05.06.07.0001.01

'a+n+1) 1
P (z) = f (L — 0zt - t+ 2" dt /;
2T(n+HT@+b+n+1HI'(-b-n) Jo

Reb+n) <0ARe@+b+n+1)>0Aargiz+ 1| <n

Integral representations of negative integer order

Rodrigues-type formula.
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05.06.07.0002.01

n n _ »a+n b+n
P@b(z) = b I(A-2*"z+ ™)

nt2"(1-22z+1)P Vi

Generating functions
05.06.11.0001.01
-a -b
(\/t2—2tz+1 +1—t) (\/t2—2tz+1 +1+t)

P@b(z) == | [t"] fi-l1<z<1
27312 2tz+1

05.06.11.0002.01

(@+1),(B+1), 1 /
Pf’]a'ﬁ)(z) == [tn][ ZFl(ai _a+a+ﬂ+1;a+1; E(_t_ t2_22t+1 +1))

@p(-a+a+p+1),

1
zFl(a, —a+a+B8+18+1; E(t—Vt2—22t+l +1))]/;—1<z<1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

05.06.13.0003.01
-Z

1 _a_b—
(1—22)V\/’(z)+(b—a—(a+b+2)z)v\/(z)+n(n+2)t)w(z)==O/;w(z)==clP§?'b>(z)+ chgg(T n+1-a-b n)

0, —a

05.06.13.0004.01

-Z

o 2o 1 ()"t 220+ resc(ra) T(b+n+ 1)
WZ(Pgav )(2), GZ;Z(—Z =

= 1-2% @+t
n!

n+1, —a—b—n))
0, —a

05.06.13.0001.01
(1-2)W'@+(b-a-@+b+22W@+n(n+20)W2) =0/, WD = ¢, PPY@ + (1~ 2 PP N\ ae z

05.06.13.0002.02
2>1sin(an)
W(PEP @, 1-272PLEP(2) = ——— (1-2 2t 2+ )
T

05.06.13.0005.01

a-b+@+b+2g2)g@ g’z n@+b+n+1)g@?
V\/’(Z)+(( +(@+b+2)g( ))g()_g ()]V\/(z)— (@+b+n+1)g(2 WD) = 0J;
g92°-1 g@ g2°-1
1-9(z _a-b-
W = o, PDg@) + ¢, 63— | b ma-b)

05.06.13.0006.01

1-9@ 22+0+1 pese(r (a+n) T(b+ N+ 1) . -
=- 1-92)* @2+ gd®
I'n+1)

n+1, —a—b—n])

w{ P, 634 .
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05.06.13.0007.01 2 7
a— b a+ b + 2 Z 2 h/ 7

W’ h@? +|h@ [
g

92%-1
h(2g9" (2N (2

[—2 h’(z)2 - h@d@mh@+b+n+1h@g@+@-b+@+b+2)g@) N (@) +h2h"(2

+
g@ 92°-1

1-92

W) = 0/; W) = ¢; h(2) PE(g(2) + ¢, h@) GSZ%(—Z ntL-asb- “)

0, -a

05.06.13.0008.01
1-9@

n+1, —a—b—n))

w{ o P @2, hia G2 0,-a

22+b+l reso(r(a+ n) T(b+n+ 1) L b1v 2
- Q-9 *@2+H)™ " h@°g®
[(n+1)

05.06.13.0009.01
dr((@a+b+2)dZ +a-h)7

2" -1

—(@a-bydrszZ —-d?(s+rn)r@+b+n+1) -9 2" —s(r+9)
22" -1

[1—dzr

zzw”(z)+[ —r—25+l)zvx/(z)+

W@ =0/

WD) = ¢, ZPEP(d7) +¢, 2 G55

n+1, -a-b-n
0, -a

05.06.13.0010.01

) ,o(1-dZ
W, ZPEP(dZ), 22 G55 —

n+1 -a-b-n
0, —a
2a+b+1 drr zr+25—l
A-dA)FrdZ + )" eser @+ n) Tb+n+ 1)
I'(n+1)
05.06.13.0011.01
d((@+b+Ddrt+a-hrz+1
w’(2) +(

log(r) — 2Iog(s))V\/(z) +
d2 r22 —-1

dr?log(r)
d2 r22 -1

. 5o 1—dr?
W(2) = ¢; PP r?) + ¢, 8 Gyl ———

[Iogz(s) +log(r) log(s) — (dn@+b+n+1)logr)r*+(a+b+2)dr*+a-bylog(s) (w2 =0/

0, -a

n+1, —a—b—n]

05.06.13.0012.01

1-dr?
Wz[sZ P@b(dr?), & eg;g(—

0, -a

n+1, —a—b—n))

- ablgarz - dry) Tt drr+ D 2Zese(r (a+ ) T(b+ n+ 1) log(r)
f(n+1)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
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05.06.16.0001.01
PI(-2) = (-1)" PP

Identities

Recurrence identities

Consecutive neighbors

With respect to n

05.06.17.0001.01
P%a’b)(z) =

@@+b+2n+3)(2-b?+z@+b+2n+2)(a+b+2n+4) ab)
m:l

2@+n+DHb+n+DH@+b+2n+4)

05.06.17.0002.01

(@a+b+2n-1)(a?-b*+z(a+b+2n-2)(a+b+2n)
Pl(qa’b)(Z)ZZ

2n(@+b+n@+b+2n-2)

With respect to a

05.06.17.0016.01

—(z-1)b+aB-2-2(z+(z-1)n-2)

PR (@) = PE (2 +

nN+2)(@+b+n+2)(a+b+2n+2)

@
@+n+1)(b+n+@+b+2n+4 ™2
@+n-1)b+n-D@+b+2n)
Prl@ - 2@

n@a+b+n@+b+2n-2)

@+b+n+2)(z-1)

P%a+2,b) ( Z)

2(@+n+1
05.06.17.0017.01
a(z-3)+b(z-1)+2zn-2n+2

P(2) =
(@+b+n(z-1

PE-10(z) +

With respectto b

05.06.17.0018.01

2@+n+1)

2(@+n-1)
@a+b+n)(z-21

PP @)

PEP(2) == ((@(z+ 1) +b(z+3)+2(Nz+ 2+ n+2) PE** V() — (z+ 1) (a+ b+ n+ 2 P22 (7)) /(2(b + n+ 1))

05.06.17.0019.01

P@D(2) = (@@z+ D +b@z+3)+2zn+n-1) P2 V(2 - 2(b+n-1)PE*2 () /(z+ 1) (@+b+n)

Distant neighbors

With respect to n
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05.06.17.0020.01

b @b Mm+n+D@+b+m+n+@+b+2m+2n) ab)
P@P(2) == Cn(n, &, b, 2 PEi(2) - Cma(n, a, b, 2P 2/
@+m+nb+m+n@+b+2m+2n+2)

A

(@+b+2n+3)(a?-b*+z@+b+2n+2)(a+b+2n+4)

Co(n,a, b, 2 == 1/\Cl(n, a, b, 2=
2@+n+Db+n+DH@+b+2n+4)

(@a+b+2m+2n+1)(a2-b*+(@a+b+2m+2n+2)z(@+b+2m+2n)
Cm(n, @, b, 2) = Cmn1(n, a, b, 2~
2@+m+n(b+m+n@+b+2m+2n+2)

(m+n@+b+m+n@+b+2m+2n-2)

Cmo(n, a, b, 2 /\ meN*

@+m+n-1)b+m+n-1L)(@+b+2m+2n) m2 /\

05.06.17.0021.01
@-m+nb-m+n@+b-2m+2n+2)

PEP(2) = Crma(n @, b, 2PEY (2 + C(n, a, b, 2 PERD) /;
" (M-n-1)@@+b-m+n+1)@+b—2m+2n nem-L " e
(@a+b-2m+2n+1)(a2-b*+z(@+b-2m+2n) (@+b-2m+2n+2)
Cm(n,a, b, 2= Cm1(n, @, b, 2 +
2-m+n+D@+b-m+n+)@+b-2m+2n)

(@a+b+2n-1)(a2-b?+z(@+b+2n-2)(a+b+2n)

Co(n,a, b, 2==1/\Cy(n, ab, 2=
0 /\ ! 2n(@+b+n@+b+2n-2)

@-m+n+l)b-m+n+@+b-2m+2n+4)

Cm-2(n, &, b, 2)/\meN+
(Mm-n-2)(@a+b-m+n+2)(@a+b-2m+2n+2)

Functional identities

Relations between contiguous functions

Recurrence relations

05.06.17.0003.01
2(@+b+2n+2)@+n(b+nNP*?@+2@+b+n+1)(n+1)@+b+2n P =
(@+b+2n+1)(a? - b%) +z(a+b+2n);) PP (2)

05.06.17.0004.01
PEY(2) = (2(@+n (b+n@+b+2n+2 P2 @+ (n+ 1 @+b+n+1)@+b+2m P2 2))/
(@+b+2n+1)(a®-b?+z(@+b+2n)(@+b+2n+2))

05.06.17.0005.01
b-1 -1,b) -\ __ p@b
Pab-1(z) — pa-1b(z) = P (z)

05.06.17.0006.01

2@+n)(b+n)
ZP@b)(z) == P@D(2) +
@+b+2n@+b+2n+1)
2 _ .2
2N+ (@+b+n+1) P(a'b)(z)+ b° - a pab ()
@+b+2n+@+b+2n+2) ml (@+b+2n@+b+2n+2) "

Normalized recurrence relation
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05.06.17.0007.01

(b? - a?) p(n, 2) 4n@+n)(b+n)@+b+n)
zp(n, 2 =pn+1,2)+ + pin-1,2/,
(@+b+2m@+b+2n+2) (@+b+2n-1)@a+b+2n?@+b+2n+1)
2"T(n+1)
p(n, 2= —— P@D(z)

@+b+n+1),

Additional relations between contiguous functions

05.06.17.0008.01

z+1
PRV - PR = —— P™@

05.06.17.0022.01
(@a+b+@-b+2) 2PNz + (z- 1) (b+n- 1) PE2b-2(z)

P(@) =
(z+D(@+n+1
05.06.17.0023.01

pab (z+ 1) (a+n—1)PE20d(z _(za+a+b-bz-22 Pa1bl(z
n Z) ==

Z-1Db+n+1)

05.06.17.0024.01
a+b+n+1 a+b+2n+2
PP@=——— P @- ————— P10

n+1 n+1
b+n+1 b+n+1 "

05.06.17.0025.01

z+1 z-1
Pr@) = — P*0@ - — P00

05.06.17.0026.01

a+b+n+1 b+n
P|(qa’b)(z) — P|(,1a+l'b)(z) _ Pg]a+l,b—l) (Z)
a+n+1 a+n+1

Expansion with respect to parameters
05.06.17.0013.01
P%a’b)(z) ==

n(@+b+n+l)@+k+1), Tk+a+p+1) @)
sFok—=n,a+b+k+n+1, k+a+1,a+k+1 2k+a+5+2, )P, " (2

o r'n-k+1)TR2k+a+B+1)

05.06.17.0014.01

N (b+2k+a+DIb+n+DIT@+b+k+n+)TbO+k+a+1)(@-a) i b
PP @)=y PP@/inen
‘<o I'b+k+D)Tl'@+b+n+DHITb+k+n+a+2)(n-Kk)!

05.06.17.0015.01

n
PED(2) ::Z(—l)“‘k(a+2k+6+ Dr@+n+T@+b+k+n+ HT@+k+d+1)
k=0

(b6 /C@+k+DI@+b+n+HT@+k+n+5+2)(n-kHPE (@ /ineN

Relations of special kind
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05.06.17.0009.01
Pab g = I'(-a-b-mI@+n+1) P(,aﬁb,n,l(z)
[(-b-nT(n+1)

05.06.17.0010.01

'a+n+DHI'(b+n+1) (z+1
(5 e
I'n+DHT'(@+b+n+1)

b+n

P =

2

05.06.17.0011.01
Fa+n+1LI'(b+n+1) (z— 1)“i

I'm+)TI'@+b+n+1)\ 2

P@b(z) = PLaY) acz

05.06.17.0012.01
-b

(@.0) z-1 +1 p-a-b
Pn’ (Z)::(T) (T) a+b+n (Z)/ ae”Z

Complex characteristics

Real part
05.06.19.0001.01

B (DI @+b+n+1),;y?

P(a+21 b+2 )

RePRY(x +iy)) = iy X /;xeRAyeRAacRAbeR

i< 221 2!
Imaginary part

05.06.19.0002.01

n-1 . .
1] Dl @+b+n+1),,, Y2+ , .

IM(PEP(x +iy)) = Z ——— " P(_a;jzjr:'_libﬁj”)(x) ixeRAyeRAaeRAbeR
j=0 2¢1+ (2] +1)!

Argument
05.06.19.0003.01

3] (-l @+b+n+1),;

. _ b2
arg(P2P(x+iy)) = tan”! :’"*2211 eyl

i=0 221 2!

n-1 .
L 2 J =Dl @+b+n+1),,, (@2 j+1bs2]+1)
-2 j+n-1

XY i xeRAyeRAacRAbeR

i 2212 + 1!

Conjugate value
05.06.19.0004.01

15 (- @+b+n+1),, LMJ (-l @+b+n+1),j,,

b i V) —
P@P(x +iy) = P2

S 2iej) S @iy

xeRAyeRAaeRAbeR

(a+2]b+2])( )sz (a+2 j+1,b+2 j+1) X
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Differentiation

Low-order differentiation

With respect toa

05.06.20.0001.01

IPEP(2)  T@+n+)W@+n+1l)-y@+1) _ 1-z
== ZFl[—n,a+b+n+1;a+1; —)—
oa I'mh+1) 2

(1-zT@+n+1) ((a+l)F2X1X2(l—n,a+b+n+2;l; lL,a+b+n+1; 1-2 1-2)
2@+ )T @+2) 2101 2,a+2;a+b+n+2 T2

1-na+b+n+21;1,a+1, 1-2 1-2
2x1x2 ' o ' —
(a+b+n+1)F2XoX1[ 2, a+2;a+2 22 )J

05.06.20.0010.01

oP@EP(z) 0l 1 . @+b+2k+1) (b+k+ Doy
== [F)l(,]aY )(Z) + Pk ' (Z))
da oat+tb+k+n+1 n-kK@+b+k+1),
05.06.20.0013.01
P PEb(z) 1 -2 (—n) K ) ) ) z+ 1\k+2
g ez N DN+ D (42 @+ bn+ D) (b+k+ D4 S (—)
9a2 n! & (k+2)! 2

j=0

With respect tob

05.06.20.0002.01

IPED(2) ra+n+1)(1-2 2X1X2[a+b+n+2,1—n; 1L,1L,a+b+n+1; 1-2 1—2)
2

ob  2fmr@+2 °2o* 2,a+2;a+b+n+2

)

05.06.20.0011.01

(a,0) n-1
PR 1 A
db oat+tb+k+n+1

(D" @+b+2k+1)(@+k+1), )

P(ka‘”(z)]
n-K@+b+k+ 1,

05.06.20.0014.01
PPED(Z) 1 122(-n),, K

) . ) 1-z
DS (4D (+2 @+ b+n+ D) @+ k+ Iy (T)
j=0

k+2

o2 & (k+2)!

With respect to z

Forward shift operator:

05.06.20.0003.01
(a,b)
PP (2) _a+ b+n+1 2 LbrD)
= P @
0z 2

05.06.20.0004.01

52 p(ab)(z) 1
T T @+b+n+l(@+b+n+2) pa2b2) z)
ik 4

Backward shift operator:
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05.06.20.0005.01
IPEP(2)

+(b-a-(@+b2PEP @) =-2n+1) P& ">

n+1

(1-2)

05.06.20.0006.01
d((1-2?2(z+ P P@D (2
( n ) = _2Mn+1)(1- Z)a—l (z+ 1)b—1 P(a—l,b—l)(z)

n+l

0z

Symbolic differentiation

With respect toa

05.06.20.0015.01
ampwb)(z) 1 (=n)

Z

With respect tob

D m z+1
Z( pirengl (j—m+ 1), @+rb+n+ D (b+k+1)nk( > ) J;meN
j=0

05.06.20.0016.01
a"‘P‘“”(z) 18 (-

Z

With respect to z

N
> J/;meN

Z( DI (j-m+ Dy @+b+n+ DM@+ k+ 1), k(
j=0

05.06.20.0007.01
P

P "M@+ b+ n+ 1), PEMM(Z) /me N

05.06.20.0008.01
IMPEP () r@+n+1)z-1™

-z
3F2(1, -n,a+b+n+la+1,1-m; T)/; me N*

o r(n+1)
05.06.20.0012.01
AMP@D(z) nn+m+a+b+ D (kK+m+a+ D, _mik+a+b+1)
———=2"n+a+b+ 1)mZ
oz" e I'n-k-m+D1HTI2k+a+b+1)

sFo(k—=n+mk+n+m+a+b+1, k+a+1 k+m+a+l, 2k+a+b+2; 1)P(ka’b)(z)/; meN

Fractional integro-differentiation

With respect to a

05.06.20.0017.01
PP 1 (=M

>

ga*  nlSiTk-a+1) S

l m
Z( DI (b4 n+ 1) "(%) (j—k+ Dy (b+m+ 1), S¥ &
j=

With respect to b

05.06.20.0018.01
9 p%a,b)(z) 1.0 N (=) O —1\M )
— - Z Z( 1)l(a+n+1)1k( ) (j — K+ Dy @+ M+ 1) SH B
ob & Tk-a+l) 5 2
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With respect to z
05.06.20.0009.01
PP r@+n+1) L, e2x1x0( —n,a+b+n+11; Z 1
o7  T(+1 ““0( 2 _)

a+1l1-a;; 2' 2

Integration

Indefinite integration

Involving only one direct function

05.06.21.0001.01

2
f P@b(z) dz== m pgi—ll,bfl) @

Involving one direct function and elementary functions

Involving power function

05.06.21.0002.01

(a+1)n2"~2x1xo(—n,a+b+n+l;a/;; z 1)

-1 p(ab) —
fzd Pr(2dz e+ D Fic1x0 a+la+l: > 2

Involving algebraic functions

05.06.21.0003.01

z-D%1Tc+DHTl@+n+1) ( 1—2)
32

(z- 1)°P@D(7) gz == -n,a+b+n+1,c+la+l,c+2, —
n
r'n+1) 2

05.06.21.0004.01
1-2* 2+ )P PE (g

f 1-22@Z+1)°PED ) dz== -
2n

Definite integration
Involving the direct function
Orthogonality:

05.06.21.0005.01
220+l M@+ n+ ) T(b+n+1)

1
f (1 -2 (t+ 1)° PO (1) PED(t) gt == Smn /; Re(@ > -1 A Re(b) > -1
-1 nN@+b+2n+HT@+b+n+1)

05.06.21.0006.01

1 ) 26l c+ )Ir@+n+1)I(-b+c+1)
f (1-12(t+ 1) P@P(t) dt == /;Re(@) > —1 ARe(b) > ~-1 A Re(0) > -1
-1 nNr'(-b+c-n+Hlr@+c+n+2)
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05.06.21.0007.01

1 F@Q+D)I'(b+m+1)
f (1—1)2 (t+1)P P ED ng,b)(t) dt=pg" Qarb+ml Carbromi2) Pﬁﬁvb)(l) {Filb+m+1,a+b+2m+2;,2p8)/;
-1 +b+ +

Re(@) > -1 A Reb) > -1

Summation

Infinite summation
05.06.23.0001.01

o (M+l—w)_a(\/m+l+w)_b

Zp%am(z)v\p: [i-l<z<1lAw <1

n=0 278D\ w - 2zw+1

05.06.23.0003.01
@y (—a+a+p+1),

(@+ Dy (B+ 1)

1 1
2F1(a, —at+a+B+La+l; 5(—t—\/tz—zzwl +1))2F1(a, —at+a+B+1 B+1; E(t—\/tz—zzt+1 +1))

05.06.23.0002.01
n@+b+2n+HIr@+b+n+1)

F@+n+1)T'(b+n+1)

(@.,3)
PP th =

e

k

11
o

PaD)(x) PED () == 2201 (1 _ )73 (x+ 1)—2 Loy z(y+ 1)-2 sx-y) /;

e

7
o

-l<x<1A-1<y<1ARega>-1AReb)>-1

Operations

Limit operation

05.06.25.0001.01

1 2\® z
lim — (—) Pﬁ"'b)(cos(—)) =%

05.06.25.0002.01

n z Hn(2
limazP@¥ —|= ———
a-co Va) 2'T+1

05.06.25.0003.01

2z
lim Pg?vb{l - F) =Ln(2

—00
05.06.25.0004.01
b-co

lim P(a'b)(l - E) =L@
n b = =n

Orthogonality, completeness, and Fourier expansions
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The set of functions Pﬁa'b)(x), n=0,1,..., fooms a complete, orthogonal (with weight
n! (a+b+2n+1) I'(a+b+n+1)
22+0+1 M (@4n+1) [(b+n+1)

(1- %2 (1 +xP) system on theinterval (-1, 1).

05.06.25.0005.01

e

nN'@+b+2n+HT'@+b+n+1)
\/ (1 - %2 (L+x)"2 PaP(x)

22 M@+ n+ HI(b+n+1)

T
o

L-y¥ @+ 2 PROY) =

n'@+b+2n+HT@+b+n+1)
2204 M@+ n+ 1)T(b+n+1)

S(x-y)/; ~1<x<1A-1<y<1lARe@>-1AReb)>-1

05.06.25.0006.01

1 m'@+b+2m+1I'@+b+m+1)
f \/ 1-** L+ 12 PEP )

1 220+l M@+ m+ ) T(b+ m+ 1)

n'@+b+2n+HT'@+b+n+1)
A-1¥2 1+ "2 P@Ot) [dt == 6, /; Re(@) > -1 A Re(b) > -1

220+l @+n+ HT(b+n+1)

Any sufficiently smooth function f(x) can be expanded in the system {Pﬁf“b)(x)}n:0 , asa generalized Fourier series, with

its sum converging to f(x) amost everywhere.
05.06.25.0007.01

f00 =) cathn(® /

n=0

1 n'@+b+2n+HI'@+b+n+1)
Gy = f Yn(®) F() dt /\(//n(x) = ( ( (1 - x¥ 1+ x)¥2 P () /\—1<x<1
-1 220 M@+ n+ )b+ n+1)

Representations through more general functions

Through hypergeometric functions

Involving »F1

05.06.26.0001.01

I'a+n+1) _ 1-2z
PEP(Z) = ———— 1(—n, a+b+n+la+1; —)
r(n+1) 2
Involving »,F;

05.06.26.0002.01
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Through hypergeometric functions of two variables
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Through Meijer G

Classical casesfor thedirect function itself
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Classical casesinvolving algebraic functions
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Theorems

Expansions in generalized Fourier series
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The quantum mechanical representation matrices of angular momentum

The quantum mechanical representation matrices D, . (e, 3, ¥) of angular momentum L are given by
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where a, 8, v arethe Euler anglesandL, m;m’ e N, —-L<m,nY < L.

The expected value of the number of real eigenvalues of a one matrix

The expected value r,, of the number of real eigenvalues of a nx n matrix whose matrix elements are random
variables with Gaussian distribution (mean = O, variance=1) is

= (1= 1)/24 VZ B0,

The equilibrium positions of n unit charges

The equilibrium positions of n unit charges, a charge g at —1, and a charge p at +1 interacting with potential
(2p-1,29-1)

—log(x) are the zeros of Py, (X).
History

—C. J. Jacobi (1859)
—P. L. Chebyshev (1870).
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