
JacobiP

Notations

Traditional name

Jacobi polynomial

Traditional notation

Pn
Ha,bLHzL

Mathematica StandardForm notation

JacobiP@n, a, b, zD

Primary definition
05.06.02.0001.01

Pn
Ha,bLHzL �

1

n!
 â
k=0

n H-nLk Ha + b + n + 1Lk Ha + k + 1Ln-k

k !
 

1 - z

2

k �; n Î N

Specific values

Specialized values

For fixed n, a, b

05.06.03.0001.01

Pn
Ha,bLH0L �

2-n GHa + n + 1L
GHa + 1L n!

2F1H-b - n, -n; a + 1; -1L
05.06.03.0002.01

Pn
Ha,bLH1L �

GHa + n + 1L
n! GHa + 1L

05.06.03.0003.01

Pn
Ha,bLH-1L �

GH-bL
GH-b - nL n!

05.06.03.0025.01

Pn
Ha,bLH-1L �

H-1Ln Hb + 1Ln

n!

For fixed n, a, z



05.06.03.0005.01

Pn
Ha,aLHzL �

Ha + 1LnH2 a + 1Ln

 Cn
a+

1

2 HzL
05.06.03.0006.01

Pn
Ha,-aLHzL �

GHa + n + 1L
GHn + 1L

H1 + zLa�2
H1 - zLa�2 Pn

-aHzL
05.06.03.0007.01

Pn
Ha,-aLHzL �

GHa + n + 1L
GHn + 1L

Hz + 1La�2
Hz - 1La�2 Pn

-aHzL
05.06.03.0008.01

Pn
Ha,-nLHzL �

2-n GHa + n + 1L
GHa + 1L GHn + 1L  Hz + 1Ln

05.06.03.0009.01

Pn
Ja,-

1

2
NHzL �

GJa + 1

2
N GJn + 1

2
N

Π GJa + n + 1

2
N C2 n

a+
1

2
z + 1

2

05.06.03.0010.01

Pn
Ja,

1

2
NHzL �

2

Π
 

GJa + 1

2
N GJn + 3

2
N

z + 1 GJa + n + 3

2
N  C2 n+1

a+
1

2
z + 1

2

For fixed n, b, z

05.06.03.0011.01

Pn
H-b,bLHzL �

GHn - b + 1L
GHn + 1L

H1 - zLb�2
H1 + zLb�2 Pn

bHzL
05.06.03.0012.01

Pn
H-b,bLHzL �

GHn - b + 1L
GHn + 1L  

Hz - 1Lb�2
Hz + 1Lb�2 Pn

bHzL
05.06.03.0013.01

Pn
H-m-n,bLHzL � ¥� �; m Î N+

For fixed a, b, z

05.06.03.0014.01

P0
Ha,bLHzL � 1

05.06.03.0015.01

P1
Ha,bLHzL �

1

2
HHa + b + 2L z + a - bL

05.06.03.0016.01

P2
Ha,bLHzL �

1

8
IH3 + a + bL H4 + a + bL z2 + 2 I3 a + a2 - b H3 + bLM z - 4 + a2 - b + b2 - a H1 + 2 bLM
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05.06.03.0017.01

P3
Ha,bLHzL �

1

48
IHa + b + 4L Ha + b + 5L Ha + b + 6L z3 + 3 Ha - bL Ha + b + 4L Ha + b + 5L z2 +

3 Ha + b + 4L Ia2 - H2 b + 1L a + b2 - b - 6M z + Ha - bL I-16 + a2 + H-3 + bL b - a H3 + 2 bLMM
05.06.03.0018.01

P4
Ha,bLHzL �

1

384
IHa + b + 5L Ha + b + 6L Ha + b + 7L Ha + b + 8L z4 + 4 Ha - bL Ha + b + 5L Ha + b + 6L Ha + b + 7L z3 + 6 Ha + b + 5L Ha + b + 6L

Ia2 - H2 b + 1L a + b2 - b - 8M z2 + I4 Ha + b + 5L Ia3 - 3 Hb + 1L a2 + I3 b2 - 22M a + b I-b2 + 3 b + 22MMM z +

144 + 42 b - 6 b3 - 37 b2 + a4 - 2 H2 b + 3L a3 + I6 b2 + 6 b - 37M a2 + 2 I-2 b3 + 3 b2 + 43 b + 21M a + b4M
05.06.03.0019.01

P5
Ha,bLHzL �

1

3840
 IHa + b + 6L Ha + b + 7L Ha + b + 8L Ha + b + 9L Ha + b + 10L z5 + 5 Ha - bL Ha + b + 6L Ha + b + 7L Ha + b + 8L Ha + b + 9L z4 +

10 Ha + b + 6L Ha + b + 7L Ha + b + 8L Ia2 - H2 b + 1L a + b2 - b - 10M z3 +

10 Ha + b + 6L Ha + b + 7L Ia3 - 3 Hb + 1L a2 + I3 b2 - 28M a + b I-b2 + 3 b + 28MM z2 +

5 Ha + b + 6L Ia4 - 2 H2 b + 3L a3 + I6 b2 + 6 b - 49M a2 + I-4 b3 + 6 b2 + 110 b + 54M a + b4 - 6 b3 - 49 b2 + 54 b + 240M z +

a5 - 5 Hb + 2L a4 + 5 I2 b2 + 4 b - 13M a3 - 5 I2 b3 - 51 b - 50M a2 +

I5 b4 - 20 b3 - 255 b2 + 1024M a - b Ib4 - 10 b3 - 65 b2 + 250 b + 1024MM
05.06.03.0020.01

P6
Ha,bLHzL �

1

46 080
 IHa + b + 7L Ha + b + 8L Ha + b + 9L Ha + b + 10L Ha + b + 11L Ha + b + 12L z6 + 6 Ha - bL Ha + b + 7L Ha + b + 8L Ha + b + 9L
Ha + b + 10L Ha + b + 11L z5 + 15 Ha + b + 7L Ha + b + 8L Ha + b + 9L Ha + b + 10L Ia2 - H2 b + 1L a + b2 - b - 12M z4 +

20 Ha + b + 7L Ha + b + 8L Ha + b + 9L Ia3 - 3 Hb + 1L a2 + I3 b2 - 34M a + b I-b2 + 3 b + 34MM z3 + 15 Ha + b + 7L Ha + b + 8L
Ia4 - 2 H2 b + 3L a3 + I6 b2 + 6 b - 61M a2 + I-4 b3 + 6 b2 + 134 b + 66M a + b4 - 6 b3 - 61 b2 + 66 b + 360M z2 +

6 Ha + b + 7L Ia5 - 5 Hb + 2L a4 + 5 I2 b2 + 4 b - 17M a3 - 5 I2 b3 - 63 b - 62M a2 +

I5 b4 - 20 b3 - 315 b2 + 1584M a - b Ib4 - 10 b3 - 85 b2 + 310 b + 1584MM z +

64 Ha + 1L Ha + 2L Ha + 3L Ha + 4L Ha + 5L Ha + 6L - 192 Ha + 2L Ha + 3L Ha + 4L Ha + 5L Ha + 6L Ha + b + 7L +

240 Ha + 3L Ha + 4L Ha + 5L Ha + 6L Ha + b + 7L Ha + b + 8L - 160 Ha + 4L Ha + 5L Ha + 6L Ha + b + 7L Ha + b + 8L Ha + b + 9L +

60 Ha + 5L Ha + 6L Ha + b + 7L Ha + b + 8L Ha + b + 9L Ha + b + 10L -

12 Ha + 6L Ha + b + 7L Ha + b + 8L Ha + b + 9L Ha + b + 10L Ha + b + 11L +Ha + b + 7L Ha + b + 8L Ha + b + 9L Ha + b + 10L Ha + b + 11L Ha + b + 12LM
05.06.03.0021.01

Pn
Ha,bLHzL �

1

2n
 â
k=0

n a + n

k

b + n

n - k
Hz + 1Lk Hz - 1Ln-k

For fixed n, z

05.06.03.0022.01

Pn
J 1

2
,
1

2
NHzL �

1

Hn + 1L !
 

3

2 n
UnHzL
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05.06.03.0023.01

Pn
J-

1

2
,-

1

2
NHzL �

1

n!
 

1

2 n
TnHzL

05.06.03.0024.01

Pn
H0,0LHzL � PnHzL

Values at infinities

05.06.03.0026.01

Pn
Ha,bLH¥L � Ha + b + n + 1Ln ¥ �; n > 0 ì a + b + 2 n Ï Z

05.06.03.0027.01

Pn
Ha,bLH-¥L � H-1Ln Ha + b + n + 1Ln ¥ �; n > 0 ì a + b + 2 n Ï Z

General characteristics

Domain and analyticity

The function Pn
Ha,bLHzLis defined over N Ä C Ä C Ä C. For fixed n, a, b, the function Pn

Ha,bLHzL is a polynomial in z of

degree n. For fixed n, a, z, the function Pn
Ha,bLHzL is a polynomial in b of degree n. For fixed n, b, z, the function

Pn
Ha,bLHzL is a polynomial in a of degree n. 

05.06.04.0001.01Hn * a * b * zL �Pn
Ha,bLHzL � HN Ä C Ä C Ä CL �C

Symmetries and periodicities

Parity

05.06.04.0002.01

Pn
Ha,bLH-zL � H-1Ln Pn

Hb,aLHzL
Mirror symmetry

05.06.04.0003.01

Pn
Ja,bNHz�L � Pn

Ha,bLHzL
Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed a, b the function Pn
Ha,bLHzL is polynomial and has pole of order n at z = ¥� .

05.06.04.0004.01

SingzIPn
Ha,bLHzLM � 88¥� , n<<

With respect to b
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For fixed n, a, z, the function Pn
Ha,bLHzL has only one singular point at b = ¥� .  It is an essential singular point. 

05.06.04.0005.01

SingbIPn
Ha,bLHzLM � 88¥� , ¥<<

With respect to a

For fixed n, b, z, the function Pn
Ha,bLHzL has an infinite set of singular points:

a) a � -n - k �; k Î N+, are the simple poles with residues H-1Lk-1 GHk-bLHk-1L! GH-b-nL GHn+1L  P-b+k-1
H-k-n,bLHzL;

b) a � ¥�  is the point of convergence of poles, which is an essential singular point.

05.06.04.0006.01

SingaIPn
Ha,bLHzLM � 998-n - k, 1< �; k Î N+=, 8¥� , ¥<=
05.06.04.0007.01

resaIPn
Ha,bLHzLM H-n - kL �

H-1Lk-1 GHk - bL
Hk - 1L ! GH-b - nL GHn + 1L  P-b+k-1

H-k-n,bLHzL �; k Î N+

Branch points

With respect to z

For fixed n, a, b, the function Pn
Ha,bLHzL does not have branch points.

05.06.04.0008.01

BPzIPn
Ha,bLHzLM � 8<

With respect to b

For fixed n, a, z, the function Pn
Ha,bLHzL does not have branch points.

05.06.04.0009.01

BPbIPn
Ha,bLHzLM � 8<

With respect to a

For fixed n, b, z, the function Pn
Ha,bLHzL does not have branch points.

05.06.04.0010.01

BPaIPn
Ha,bLHzLM � 8<

Branch cuts

With respect to z

For fixed n, a, b the function Pn
Ha,bLHzL does not have branch cuts.

05.06.04.0011.01

BCzIPn
Ha,bLHzLM � 8<

With respect to b
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For fixed n, a, z, the function Pn
Ha,bLHzL does not have branch cuts.

05.06.04.0012.01

BCbIPn
Ha,bLHzLM � 8<

With respect to a

For fixed n, b, z, the function Pn
Ha,bLHzL does not have branch cuts.

05.06.04.0013.01

BCaIPn
Ha,bLHzLM � 8<

Series representations

Generalized power series

Expansions at generic point a � a0

For the function itself

05.06.06.0021.01

Pn
Ha,bLHzL µ Pn

Ia0 ,bMHzL + â
k=0

n-1 1

b + k + n + a0 + 1
 Pn

Ia0 ,bMHzL +
Hb + 2 k + a0 + 1L Hb + k + 1Ln-k

Hn - kL Hb + k + a0 + 1Ln-k

 Pk
Ia0 ,bMHzL Ha - a0L + ¼ �; Ha ® a0L

05.06.06.0022.01

Pn
Ha,bLHzL µ Pn

Ia0 ,bMHzL + â
k=0

n-1 1

b + k + n + a0 + 1
 Pn

Ia0 ,bMHzL +
Hb + 2 k + a0 + 1L Hb + k + 1Ln-k

Hn - kL Hb + k + a0 + 1Ln-k

 Pk
Ia0 ,bMHzL Ha - a0L + OIHa - a0L2M

05.06.06.0023.01

Pn
Ha,bLHzL �

1

n!
 â
k=0

¥ â
h=0

n H-nLh

k ! h!

1 - z

2

h

â
i=0

h â
j=0

n-h H-1Li+ j+n j ! Hh + a0 + 1L j-k Hb + n + a0 + 1Li Sh
HiL Sn-h

H jL
2F

�
1 -i, -k; j - k + 1;

h + a0 + 1

b + n + a0 + 1
Ha - a0Lk

05.06.06.0024.01

Pn
Ha,bLHzL �

1

n!
 â
k=0

¥ â
h=0

n H-nLh

k ! h!
 â
s=0

k
k
s

â
i=0

h H-1Lh+i Sh
HiL Hi - s + 1Ls Hb + n + a0 + 1Li-s â

j=0

n-h H-1L-h+ j+n Sn-h
H jL H j - k + s + 1Lk-s Hh + a0 + 1L j-k+s

1 - z

2

h Ha - a0Lk

05.06.06.0025.01

Pn
Ha,bLHzL µ Pn

Ia0 ,bMHzL H1 + OHa - a0LL
Expansions at generic point b � b0

For the function itself
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05.06.06.0026.01

Pn
Ha,bLHzL µ Pn

Ia,b0MHzL + â
k=0

n-1 1

a + k + n + b0 + 1
 Pn

Ia,b0MHzL +
H-1Ln-k Ha + 2 k + b0 + 1L Ha + k + 1Ln-k

Hn - kL Ha + k + b0 + 1Ln-k

 Pk
Ia,b0MHzL Hb - b0L + ¼ �;

Hb ® b0L
05.06.06.0027.01

Pn
Ha,bLHzL µ Pn

Ia,b0MHzL + â
k=0

n-1 1

a + k + n + b0 + 1
 Pn

Ia,b0MHzL +
H-1Ln-k Ha + 2 k + b0 + 1L Ha + k + 1Ln-k

Hn - kL Ha + k + b0 + 1Ln-k

 Pk
Ia,b0MHzL Hb - b0L + OIHb - b0L2M

05.06.06.0028.01

Pn
Ha,bLHzL �

1

n!
 â
k=0

¥ 1

k !
 â
h=0

n H-nLh

h!
â
j=0

h H-1Lh+ j Sh
H jL H j - k + 1Lk Ha + n + b0 + 1L j-k Ha + h + 1Ln-h

1 - z

2

h Hb - b0Lk

05.06.06.0029.01

Pn
Ha,bLHzL µ Pn

Ia,b0MHzL H1 + OHb - b0LL
Expansions at generic point z � z0

For the function itself

05.06.06.0030.01

Pn
Ha,bLHzL µ Pn

Ha,bLHz0L +
a + b + n + 1

2
 Pn-1

Ha+1,b+1LHz0L Hz - z0L +
Ha + b + n + 1L Ha + b + n + 2L

8
Pn-2

Ha+2,b+2LHz0L Hz - z0L2 + ¼ �; Hz ® z0L
05.06.06.0031.01

Pn
Ha,bLHzL µ Pn

Ha,bLHz0L +
a + b + n + 1

2
 Pn-1

Ha+1,b+1LHz0L Hz - z0L +
Ha + b + n + 1L Ha + b + n + 2L

8
Pn-2

Ha+2,b+2LHz0L Hz - z0L2 + OIHz - z0L3M
05.06.06.0032.01

Pn
Ha,bLHzL � â

k=0

¥ 2-k Ha + b + n + 1Lk

k !
Pn-k

Ha+k,b+kLHz0L Hz - z0Lk

05.06.06.0033.01

Pn
Ha,bLHzL �

GHa + n + 1L
n!

â
k=0

¥ Hz0 - 1L-k

k !
3F

�
2 1, -n, a + b + n + 1; a + 1, 1 - k;

1 - z0

2
Hz - z0Lk

05.06.06.0034.01

Pn
Ha,bLHzL µ Pn

Ha,bLHz0L H1 + OHz - z0LL
Expansions at z � 0

For the function itself

05.06.06.0001.01

Pn
Ha,bLHzL µ 2-n

2F1H-n, -b - n; a + 1; -1L +
n Ha + b + n + 1L

a + 1
 2F1H1 - n, -b - n; a + 2; -1L z +

Hn - 1L n Ha + b + n + 1L Ha + b + n + 2L
2 Ha + 1L Ha + 2L 2F1H2 - n, -b - n; a + 3; -1L z2 + ¼ �; Hz ® 0L
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05.06.06.0002.01

Pn
Ha,bLHzL �

Ha + 1Ln

n!
 F
�

1 ´ 0 ´ 0
2 ´ 0 ´ 0 -n, a + b + n + 1;;;

a + 1;;;
-

z

2
,

1

2

05.06.06.0003.01

Pn
Ha,bLHzL �

2-n Ha + 1Ln

n!
â
j=0

n H-nL j Ha + b + n + 1L j

Ha + 1L j j !
 2F1H-b - n, j - n; a + j + 1; -1L H-zL j

05.06.06.0004.01

Pn
Ha,bLHzL �

1

2n
 â
k=0

n a + n

k

b + n

n - k
Hz + 1Lk Hz - 1Ln-k

05.06.06.0005.01

Pn
Ha,bLHzL µ

2-n GHa + n + 1L
GHa + 1L n!

2F1H-n, -b - n; a + 1; -1L H1 + OHzLL
Expansions at z � 1

For the function itself

05.06.06.0006.02

Pn
Ha,bLHzL µ

Ha + 1Ln

n!
 1 +

n Ha + b + n + 1L
2 Ha + 1L  Hz - 1L -

H1 - nL n Ha + b + n + 1L Ha + b + n + 2L
8 Ha + 1L Ha + 2L  Hz - 1L2 + ¼ �; Hz ® 1L

05.06.06.0007.01

Pn
Ha,bLHzL �

GHa + n + 1L
n!

â
k=0

n H-nLk Ha + b + n + 1Lk

GHa + k + 1L k !
 

1 - z

2

k

05.06.06.0008.01

Pn
Ha,bLHzL �

GHa + n + 1L
n!

2F
�

1 -n, a + b + n + 1; a + 1;
1 - z

2

05.06.06.0009.01

Pn
Ha,bLHzL �

1

n!
 â
k=0

n H-nLk Ha + b + n + 1Lk Ha + k + 1Ln-k

k !
 

1 - z

2

k

05.06.06.0010.02

Pn
Ha,bLHzL µ

Ha + 1Ln

n!
H1 + OHz - 1LL �; Hz ® 1L ì a Ï N+

Expansions at z � -1

For the function itself

05.06.06.0011.02

Pn
Ha,bLHzL µ

H-1Ln Hb + 1Ln

n!
1 -

n Ha + b + n + 1L
2 Hb + 1L  Hz + 1L -

H1 - nL n Ha + b + n + 1L Ha + b + n + 2L
8 Hb + 1L Hb + 2L  Hz + 1L2 - ¼ �;

Hz ® -1L ì b Ï Z

http://functions.wolfram.com 8



05.06.06.0012.02

Pn
Ha,bLHzL �

H-1Ln Hb + 1Ln

n!
 â
k=0

n H-nLk Ha + b + n + 1Lk

Hb + 1Lk k !
 

z + 1

2

k �; b Ï Z

05.06.06.0013.02

Pn
Ha,bLHzL �

H-1Ln Hb + 1Ln

n!
 2F1 -n, a + b + n + 1; b + 1;

z + 1

2
�; b Ï Z

05.06.06.0014.02

Pn
Ha,bLHzL µ

H-1Ln Hb + 1Ln

n!
 H1 + OHz + 1LL �; Hz ® -1L ì b Ï Z

Expansions at z � ¥

For the function itself

Expansions in 1 � z

05.06.06.0035.01

Pn
Ha,bLHzL µ

2-n Ha + b + n + 1Ln

n!
zn 1 -

n Hb - aL
Ha + b + 2 nL z

+
n Hn - 1L Ia2 - H2 b + 1L a + Hb - 1L b - 2 nM

2 Ha + b + 2 n - 1L Ha + b + 2 nL z2
+ ¼ �; H z¤ ® ¥L

05.06.06.0036.01

Pn
Ha,bLHzL µ

2-n Ha + b + n + 1Ln

n!
zn 1 -

n Hb - aL
Ha + b + 2 nL z

+
n Hn - 1L Ia2 - H2 b + 1L a + Hb - 1L b - 2 nM

2 Ha + b + 2 n - 1L Ha + b + 2 nL z2
+ O

1

z3

05.06.06.0037.01

Pn
Ha,bLHzL �

GHa + n + 1L Ha + b + n + 1Ln

2n
 zn â

j=0

n H-1L j

Hn - jL ! j ! H-a - b - 2 nL j

 2F
�

1H- j, -b - n; a - j + n + 1; -1L z- j

05.06.06.0038.01

Pn
Ha,bLHzL µ

2-n Ha + b + n + 1Ln

n!
zn 1 + O

1

z
�; H z¤ ® ¥L

Expansions in 1 � H1 - zL
05.06.06.0015.01

Pn
Ha,bLHzL µ

2-n Ha + b + n + 1Ln Hz - 1Ln

n!
1 -

2 H-a - nL n

H-a - b - 2 nL H1 - zL -
2 H1 - nL H-a - nL H-a - n + 1L n

H-a - b - 2 nL H-a - b - 2 n + 1L H1 - zL2
- ¼ �;

H z¤ ® ¥L ì Ø Ha + b + 2 n Î Z ì a + b + 2 n £ 0L
05.06.06.0016.01

Pn
Ha,bLHzL �

2-n Ha + b + n + 1Ln Hz - 1Ln

n!
 â
k=0

n H-nLk H-a - nLk

H-a - b - 2 nLk k !
 

2

1 - z

k �; Ø Ha + b + 2 n Î Z ì a + b + 2 n £ 0L
05.06.06.0017.01

Pn
Ha,bLHzL �

2-n Ha + b + n + 1Ln

n!
Hz - 1Ln

2F1 -n, -a - n; -a - b - 2 n;
2

1 - z
�; Ø Ha + b + 2 n Î Z ì a + b + 2 n £ 0L

http://functions.wolfram.com 9



05.06.06.0018.01

Pn
Ha,bLHzL µ

2-n Ha + b + n + 1Ln zn

n!
 1 + O

1

z

Expansions at a � 0

05.06.06.0039.01

Pn
Ha,bLHzL µ Pn

H0,bLHzL + â
k=0

n-1 1

b + k + n + 1
 Pn

H0,bLHzL +
Hb + 2 k + 1L Hb + k + 1Ln-k

Hn - kL Hb + k + 1Ln-k

 Pk
H0,bLHzL a +

1

2 n!
 â
k=0

n-2 H-nLk+2

Hk + 2L !
 â
j=0

k H-1L j+k+n H j + 1L H j + 2L Hb + n + 1L j Hb + k + 3Ln-k-2 Sk+2
H j+2L z + 1

2

k+2

 a2 + ¼ �; Ha ® 0L
05.06.06.0040.01

Pn
Ha,bLHzL �

1

n!
 â
k=0

n 1

k !
 â
m=0

n H-nLm

m!
 â
j=0

m H-1L j+m+n Hb + n + 1L j-k
z + 1

2

m H j - k + 1Lk Hb + m + 1Ln-m Sm
H jL

ak

05.06.06.0041.01

Pn
Ha,bLHzL µ Pn

H0,bLHzL H1 + OHaLL
Expansions at a � ¥

05.06.06.0019.01

Pn
Ha,bLHzL µ

an

n!

z + 1

2

n

1 +
n H2 b Hz - 1L + z + n H3 z - 1L + 1L

2 Hz + 1L a
+

n!

48 Hz + 1L2 Hn - 2L ! a2

I24 b2 Hz - 1L2 + 24 b Hz + n H3 z - 1L + 3L Hz - 1L + 4 Hz + 1L2 + 6 Hn - 3 n zL2 + n H34 z Hz + 2L - 62LM + ¼ �; H a¤ ® ¥L
05.06.06.0042.01

Pn
Ha,bLHzL �

an

n!
 â
k=0

n 1

Hn - kL !
 â
m=0

n H-nLm

m!
 â
j=0

m H-1L j+m+n Hb + n + 1L j+k-n
z + 1

2

m H j + k - n + 1Ln-k Hb + m + 1Ln-m Sm
H jL

a-k

05.06.06.0043.01

Pn
Ha,bLHzL µ

an

n!
 

z + 1

2

n

1 + O
1

a
�; H a¤ ® ¥L

Expansions at b � 0

05.06.06.0044.01

Pn
Ha,bLHzL µ Pn

Ha,0LHzL + â
k=0

n-1 1

a + k + n + 1
 Pn

Ha,0LHzL +
H-1Ln-k Ha + 2 k + 1L Ha + k + 1Ln-k

Hn - kL Ha + k + 1Ln-k

 Pk
Ha,0LHzL b +

1

2 n!
 â
k=0

n-2 H-nLk+2

Hk + 2L !
 â
j=0

k H-1L j+k Sk+2
H j+2L H j + 1L H j + 2L Ha + b + n + 1L j Ha + k + 3Ln-k-2

1 - z

2

k+2

b2 + ¼ �; Hb ® 0L
05.06.06.0045.01

Pn
Ha,bLHzL �

1

n!
 â
k=0

n 1

k !
 â
m=0

n H-nLm

m!
 â
j=0

m H-1L j Ha + n + 1L j-k
z - 1

2

m H j - k + 1Lk Ha + m + 1Ln-m Sm
H jL

bk

05.06.06.0046.01

Pn
Ha,bLHzL µ Pn

Ha,0LHzL H1 + OHbLL

http://functions.wolfram.com 10



Expansions at b � ¥

05.06.06.0020.01

Pn
Ha,bLHzL µ

bn

n!

z - 1

2

n

1 +
n H3 z n + n + z + 2 a Hz + 1L - 1L

2 b Hz - 1L +
Hn - 1L n

24 b2 Hz - 1L2

I2 Hz - 1L2 + 12 a2 Hz + 1L2 + 3 H3 z n + nL2 + 12 a Hz + 1L H3 z n + n + z - 3L + n H17 Hz - 2L z - 31LM + ¼ �; H b¤ ® ¥L
05.06.06.0047.01

Pn
Ha,bLHzL �

bn

n!
 â
k=0

n 1

Hn - kL !
 â
m=0

n H-nLm

m!
 â
j=0

m H-1L j Ha + n + 1L j+k-n
z - 1

2

m H j + k - n + 1Ln-k Ha + m + 1Ln-m Sm
H jL

b-k

05.06.06.0048.01

Pn
Ha,bLHzL � Ha + 1Ln bn â

k=0

n â
s=0

k â
j=0

s 2k-n-s Ha + n + 1L j Hz - 1Ln+s-k Bs- j
Hn+s-k+1LHn + s - kL

j ! Hs - jL ! Hn - kL ! Hk - sL ! Ha + 1Ln-k+s

 b-k

05.06.06.0049.01

Pn
Ha,bLHzL µ

bn

n!

z - 1

2

n

1 + O
1

b
�; H b¤ ® ¥L

Expansions at n � ¥

05.06.06.0050.01

Pn
Ha,bLHzL µ

1

n!
 

1

2 n
2a+b ãä n cos-1HzL J1 + ã-ä cos-1HzLN-b-

1

2 J1 - ã-ä cos-1HzLN-a-
1

2 + ã-ä n cos-1HzL J1 - ãä cos-1HzLN-a-
1

2 J1 + ãä cos-1HzLN-b-
1

2  

H1 + ¼L �; Hn ® ¥L
05.06.06.0051.01

Pn
Ha,bLHzL µ

2a+b

n!
 

1

2 n
 1 + z - ä 1 - z2

-b-
1

2

1 - z + ä 1 - z2
-a-

1

2

 ãä n cos-1HzL +

1 + z + ä 1 - z2
-b-

1

2

1 - z - ä 1 - z2
-a-

1

2

 ã-ä n cos-1HzL  H1 + ¼L �; Hn ® ¥L

Integral representations

On the real axis

Of the direct function

05.06.07.0001.01

Pn
Ha,bLHzL �

GHa + n + 1L
2n GHn + 1L GHa + b + n + 1L GH-b - nL  à

0

1

ta+b+n H1 - tL-b-n-1 Hz t - t + 2Ln â t �;
ReHb + nL < 0 ì ReHa + b + n + 1L > 0 ì  argHz + 1L¤ < Π

Integral representations of negative integer order

Rodrigues-type formula.
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05.06.07.0002.01

Pn
Ha,bLHzL �

H-1Ln

n! 2n H1 - zLa Hz + 1Lb
 
¶n IH1 - zLa+n Hz + 1Lb+nM

¶zn

Generating functions
05.06.11.0001.01

Pn
Ha,bLHzL � @tn D 

t2 - 2 t z + 1 + 1 - t
-a

t2 - 2 t z + 1 + 1 + t
-b

2-a-b t2 - 2 t z + 1

�; -1 < z < 1

05.06.11.0002.01

Pn
HΑ,ΒLHzL � @tnD 

HΑ + 1Ln H Β + 1Ln

HaLn H-a + Α + Β + 1Ln

2F1 a, -a + Α + Β + 1; Α + 1;
1

2
-t - t2 - 2 z t + 1 + 1

2F1 a, -a + Α + Β + 1; Β + 1;
1

2
t - t2 - 2 z t + 1 + 1 �; -1 < z < 1

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

05.06.13.0003.01

I1 - z2M w¢¢HzL + Hb - a - Ha + b + 2L zL w¢HzL + n Hn + 2 ΛL wHzL � 0 �; wHzL � c1 Pn
Ha,bLHzL + c2 G2,2

2,2
1 - z

2

n + 1, -a - b - n
0, -a

05.06.13.0004.01

Wz Pn
Ha,bLHzL, G2,2

2,2
1 - z

2

n + 1, -a - b - n
0, -a

�
H-1Ln-1 2a+b+1 Π cscHΠ aL GHb + n + 1L

n!
 H1 - zL-a-1 Hz + 1L-b-1

05.06.13.0001.01

I1 - z2M w¢¢HzL + Hb - a - Ha + b + 2L zL w¢HzL + n Hn + 2 ΛL wHzL � 0 �; wHzL � c1 Pn
Ha,bLHzL + c2H1 - zL-a Pa+n

H-a,bLHzL í a Ï Z

05.06.13.0002.02

WzIPn
Ha,bLHzL, H1 - zL-a Pa+n

H-a,bLHzLM �
2b+1 sinHa ΠL

Π
 H1 - zL-a-1 Hz + 1L-b-1

05.06.13.0005.01

w¢¢HzL +
Ha - b + Ha + b + 2L gHzLL g¢HzL

gHzL2 - 1
-

g¢¢HzL
g¢HzL w¢HzL -

n Ha + b + n + 1L g¢HzL2

gHzL2 - 1
 wHzL � 0 �;

wHzL � c1 Pn
Ha,bLHgHzLL + c2 G2,2

2,2
1 - gHzL

2

n + 1, -a - b - n
0, -a

05.06.13.0006.01

Wz Pn
Ha,bLHgHzLL, G2,2

2,2
1 - gHzL

2

n + 1, -a - b - n
0, -a

� -
2a+b+1 Π cscHΠ Ha + nLL GHb + n + 1L

GHn + 1L  H1 - gHzLL-a-1 HgHzL + 1L-b-1 g¢HzL
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05.06.13.0007.01

w¢¢HzL hHzL2 + hHzL Ha - b + Ha + b + 2L gHzLL hHzL g¢HzL
gHzL2 - 1

- 2 h¢HzL -
hHzL2 g¢¢HzL

g¢HzL w¢HzL -

-2 h¢HzL2 -
hHzL g¢¢HzL h¢HzL

g¢HzL +
1

gHzL2 - 1
 hHzL g¢HzL Hn Ha + b + n + 1L hHzL g¢HzL + Ha - b + Ha + b + 2L gHzLL h¢HzLL + hHzL h¢¢HzL

wHzL � 0 �; wHzL � c1 hHzL Pn
Ha,bLHgHzLL + c2 hHzL G2,2

2,2
1 - gHzL

2

n + 1, -a - b - n
0, -a

05.06.13.0008.01

Wz hHzL Pn
Ha,bLHgHzLL, hHzL G2,2

2,2
1 - gHzL

2

n + 1, -a - b - n
0, -a

�

-
2a+b+1 Π cscHΠ Ha + nLL GHb + n + 1L

GHn + 1L  H1 - gHzLL-a-1 HgHzL + 1L-b-1 hHzL2 g¢HzL
05.06.13.0009.01

z2 w¢¢HzL +
d r HHa + b + 2L d zr + a - bL zr

d2 z2 r - 1
- r - 2 s + 1 z w¢HzL +

-Ha - bL d r s zr - d2 Hs + r nL Hr Ha + b + n + 1L - sL z2 r - s Hr + sL
d2 z2 r - 1

 wHzL � 0 �;
wHzL � c1 zs Pn

Ha,bLHd zrL + c2 zs G2,2
2,2

1 - d zr

2

n + 1, -a - b - n
0, -a

05.06.13.0010.01

Wz zs Pn
Ha,bLHd zrL, zs G2,2

2,2
1 - d zr

2

n + 1, -a - b - n
0, -a

�

-
2a+b+1 d Π r zr+2 s-1

GHn + 1L H1 - d zrL-a-1 Hd zr + 1L-b-1 cscHΠ Ha + nLL GHb + n + 1L
05.06.13.0011.01

w¢¢HzL +
d HHa + b + 1L d rz + a - bL rz + 1

d2 r2 z - 1
 logHrL - 2 logHsL w¢HzL +

log2HsL + logHrL logHsL -
d rz logHrL
d2 r2 z - 1

 Hd n Ha + b + n + 1L logHrL rz + HHa + b + 2L d rz + a - bL logHsLL wHzL � 0 �;
wHzL � c1 sz Pn

Ha,bLHd rzL + c2 sz G2,2
2,2

1 - d rz

2

n + 1, -a - b - n
0, -a

05.06.13.0012.01

Wz sz Pn
Ha,bLHd rzL, sz G2,2

2,2
1 - d rz

2

n + 1, -a - b - n
0, -a

�

-
1

GHn + 1L  2a+b+1 d Π rz H1 - d rzL-a-1 Hd rz + 1L-b-1 s2 z cscHΠ Ha + nLL GHb + n + 1L logHrL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
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05.06.16.0001.01

Pn
Ha,bLH-zL � H-1Ln Pn

Hb,aLHzL
Identities

Recurrence identities

Consecutive neighbors

With respect to n

05.06.17.0001.01

Pn
Ha,bLHzL �

Ha + b + 2 n + 3L Ia2 - b2 + z Ha + b + 2 n + 2L Ha + b + 2 n + 4LM
2 Ha + n + 1L Hb + n + 1L Ha + b + 2 n + 4L  Pn+1

Ha,bLHzL -
Hn + 2L Ha + b + n + 2L Ha + b + 2 n + 2L
Ha + n + 1L Hb + n + 1L Ha + b + 2 n + 4L  Pn+2

Ha,bLHzL
05.06.17.0002.01

Pn
Ha,bLHzL �

Ha + b + 2 n - 1L Ia2 - b2 + z Ha + b + 2 n - 2L Ha + b + 2 nLM
2 n Ha + b + nL Ha + b + 2 n - 2L  Pn-1

Ha,bLHzL -
Ha + n - 1L Hb + n - 1L Ha + b + 2 nL

n Ha + b + nL Ha + b + 2 n - 2L  Pn-2
Ha,bLHzL

With respect to a

05.06.17.0016.01

Pn
Ha,bLHzL �

-Hz - 1L b + a H3 - zL - 2 Hz + Hz - 1L n - 2L
2 Ha + n + 1L  Pn

Ha+1,bLHzL +
Ha + b + n + 2L Hz - 1L

2 Ha + n + 1L  Pn
Ha+2,bLHzL

05.06.17.0017.01

Pn
Ha,bLHzL �

a Hz - 3L + b Hz - 1L + 2 z n - 2 n + 2

Ha + b + nL Hz - 1L  Pn
Ha-1,bLHzL +

2 Ha + n - 1L
Ha + b + nL Hz - 1L  Pn

Ha-2,bLHzL
With respect to b

05.06.17.0018.01

Pn
Ha,bLHzL � IHa Hz + 1L + b Hz + 3L + 2 Hn z + z + n + 2LL Pn

Ha,b+1LHzL - Hz + 1L Ha + b + n + 2L Pn
Ha,b+2LHzLM � H2 Hb + n + 1LL

05.06.17.0019.01

Pn
Ha,bLHzL � IHa Hz + 1L + b Hz + 3L + 2 Hz n + n - 1LL Pn

Ha,b-1LHzL - 2 Hb + n - 1L Pn
Ha,b-2LHzLM � HHz + 1L Ha + b + nLL

Distant neighbors

With respect to n
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05.06.17.0020.01

Pn
Ha,bLHzL � CmHn, a, b, zL Pn+m

Ha,bLHzL -
Hm + n + 1L Ha + b + m + n + 1L Ha + b + 2 m + 2 nL

Ha + m + nL Hb + m + nL Ha + b + 2 m + 2 n + 2L  Cm-1Hn, a, b, zL Pn+m+1
Ha,bL HzL �;

C0Hn, a, b, zL � 1 í C1Hn, a, b, zL �
Ha + b + 2 n + 3L Ia2 - b2 + z Ha + b + 2 n + 2L Ha + b + 2 n + 4LM

2 Ha + n + 1L Hb + n + 1L Ha + b + 2 n + 4L í
CmHn, a, b, zL �

Ha + b + 2 m + 2 n + 1L Ia2 - b2 + Ha + b + 2 m + 2 n + 2L z Ha + b + 2 m + 2 nLM
2 Ha + m + nL Hb + m + nL Ha + b + 2 m + 2 n + 2L  Cm-1Hn, a, b, zL -

Hm + nL Ha + b + m + nL Ha + b + 2 m + 2 n - 2L
Ha + m + n - 1L Hb + m + n - 1L Ha + b + 2 m + 2 nL  Cm-2Hn, a, b, zL í m Î N+

05.06.17.0021.01

Pn
Ha,bLHzL �

Ha - m + nL Hb - m + nL Ha + b - 2 m + 2 n + 2L
Hm - n - 1L Ha + b - m + n + 1L Ha + b - 2 m + 2 nL Cm-1Hn, a, b, zL Pn-m-1

Ha,bL HzL + CmHn, a, b, zL Pn-m
Ha,bLHzL �;

C0Hn, a, b, zL � 1 í C1Hn, a, b, zL �
Ha + b + 2 n - 1L Ia2 - b2 + z Ha + b + 2 n - 2L Ha + b + 2 nLM

2 n Ha + b + nL Ha + b + 2 n - 2L í
CmHn, a, b, zL �

Ha + b - 2 m + 2 n + 1L Ia2 - b2 + z Ha + b - 2 m + 2 nL Ha + b - 2 m + 2 n + 2LM
2 H-m + n + 1L Ha + b - m + n + 1L Ha + b - 2 m + 2 nL Cm-1Hn, a, b, zL +

Ha - m + n + 1L Hb - m + n + 1L Ha + b - 2 m + 2 n + 4L
Hm - n - 2L Ha + b - m + n + 2L Ha + b - 2 m + 2 n + 2L Cm-2Hn, a, b, zL í m Î N+

Functional identities

Relations between contiguous functions

Recurrence relations

05.06.17.0003.01

2 Ha + b + 2 n + 2L Ha + nL Hb + nL Pn-1
Ha,bLHzL + 2 Ha + b + n + 1L Hn + 1L Ha + b + 2 nL Pn+1

Ha,bLHzL �

IHa + b + 2 n + 1L Ia2 - b2M + z Ha + b + 2 nL3M Pn
Ha,bLHzL

05.06.17.0004.01

Pn
Ha,bLHzL � I2 IHa + nL Hb + nL Ha + b + 2 n + 2L Pn-1

Ha,bLHzL + Hn + 1L Ha + b + n + 1L Ha + b + 2 nL Pn+1
Ha,bLHzLMM �

IHa + b + 2 n + 1L Ia2 - b2 + z Ha + b + 2 nL Ha + b + 2 n + 2LMM
05.06.17.0005.01

Pn
Ha,b-1LHzL - Pn

Ha-1,bLHzL � Pn-1
Ha,bLHzL

05.06.17.0006.01

z Pn
Ha,bLHzL �

2 Ha + nL Hb + nL
Ha + b + 2 nL Ha + b + 2 n + 1L Pn-1

Ha,bLHzL +

2 Hn + 1L Ha + b + n + 1L
Ha + b + 2 n + 1L Ha + b + 2 n + 2L Pn+1

Ha,bLHzL +
b2 - a2

Ha + b + 2 nL Ha + b + 2 n + 2L  Pn
Ha,bLHzL

Normalized recurrence relation

http://functions.wolfram.com 15



05.06.17.0007.01

z pHn, zL � pHn + 1, zL +
Ib2 - a2M pHn, zL

Ha + b + 2 nL Ha + b + 2 n + 2L +
4 n Ha + nL Hb + nL Ha + b + nL

Ha + b + 2 n - 1L Ha + b + 2 nL2 Ha + b + 2 n + 1L  pHn - 1, zL �;
pHn, zL �

2n GHn + 1L
Ha + b + n + 1Ln

 Pn
Ha,bLHzL

Additional relations between contiguous functions

05.06.17.0008.01

Pn
Ha,bLHzL - Pn

Ha-1,bLHzL �
z + 1

2
Pn-1

Ha,b+1LHzL
05.06.17.0022.01

Pn
Ha,bLHzL �

Ha + b + Ha - b + 2L zL Pn
Ha+1,b-1LHzL + Hz - 1L Hb + n - 1L Pn

Ha+2,b-2LHzL
Hz + 1L Ha + n + 1L

05.06.17.0023.01

Pn
Ha,bLHzL �

Hz + 1L Ha + n - 1L Pn
Ha-2,b+2LHzL - Hz a + a + b - b z - 2 zL Pn

Ha-1,b+1LHzL
Hz - 1L Hb + n + 1L

05.06.17.0024.01

Pn
Ha,bLHzL �

a + b + n + 1

b + n + 1
 Pn+1

Ha,bLHzL -
a + b + 2 n + 2

b + n + 1
 Pn+1

Ha-1,bLHzL
05.06.17.0025.01

Pn
Ha,bLHzL �

z + 1

2
Pn

Ha,b+1LHzL -
z - 1

2
Pn

Ha+1,bLHzL
05.06.17.0026.01

Pn
Ha,bLHzL �

a + b + n + 1

a + n + 1
 Pn

Ha+1,bLHzL -
b + n

a + n + 1
 Pn

Ha+1,b-1LHzL
Expansion with respect to parameters

05.06.17.0013.01

Pn
Ha,bLHzL �

â
k=0

n Ha + b + n + 1Lk Ha + k + 1Ln-k G Hk + Α + Β + 1L
GHn - k + 1L GH2 k + Α + Β + 1L  3F2Hk - n, a + b + k + n + 1, k + Α + 1; a + k + 1, 2 k + Α + Β + 2; 1L Pk

HΑ,ΒLHzL
05.06.17.0014.01

Pn
Ha,bLHzL � â

k=0

n Hb + 2 k + Α + 1L GHb + n + 1L GHa + b + k + n + 1L GHb + k + Α + 1L Ha - ΑLn-k

GHb + k + 1L GHa + b + n + 1L GHb + k + n + Α + 2L Hn - kL !
 Pk

HΑ,bLHzL �; n Î N

05.06.17.0015.01

Pn
Ha,bLHzL � â

k=0

n H-1Ln-k Ha + 2 k + ∆ + 1L GHa + n + 1L GHa + b + k + n + 1L GHa + k + ∆ + 1L
Hb - ∆Ln-k � HGHa + k + 1L GHa + b + n + 1L GHa + k + n + ∆ + 2L Hn - kL !L Pk

Ha,∆LHzL �; n Î N

Relations of special kind

http://functions.wolfram.com 16



05.06.17.0009.01

Pn
Ha,bLHzL �

GH-a - b - nL GHa + n + 1L
GH-b - nL GHn + 1L  P-a-b-n-1

Ha,bL HzL
05.06.17.0010.01

Pn
Ha,bLHzL �

GHa + n + 1L GHb + n + 1L
GHn + 1L GHa + b + n + 1L

z + 1

2

-b

Pb+n
Ha,-bLHzL

05.06.17.0011.01

Pn
Ha,bLHzL �

GHa + n + 1L GHb + n + 1L
GHn + 1L GHa + b + n + 1L

z - 1

2

-a

Pa+n
H-a,bLHzL �; a Î Z

05.06.17.0012.01

Pn
Ha,bLHzL �

z - 1

2

-a z + 1

2

-b

Pa+b+n
H-a,-bLHzL �; a Î Z

Complex characteristics

Real part

05.06.19.0001.01

ReIPn
Ha,bLHx + ä yLM � â

j=0

f n

2
v H-1L j Ha + b + n + 1L2 j  y

2 j

22 j H2 jL !
Pn-2 j

Ha+2 j,b+2 jLHxL �; x Î R ì y Î R ì a Î R ì b Î R

Imaginary part

05.06.19.0002.01

ImIPn
Ha,bLHx + ä yLM � â

j=0

f n-1

2
v H-1L j Ha + b + n + 1L2 j+1 y2 j+1

22 j+1 H2 j + 1L !
 P-2 j+n-1

Ha+2 j+1,b+2 j+1LHxL �; x Î R ì y Î R ì a Î R ì b Î R

Argument

05.06.19.0003.01

argIPn
Ha,bLHx + ä yLM � tan-1 â

j=0

f n

2
v H-1L j Ha + b + n + 1L2 j

22 j H2 jL !
 Pn-2 j

Ha+2 j,b+2 jLHxL y2 j,

â
j=0

f n-1

2
v H-1L j Ha + b + n + 1L2 j+1

22 j+1 H2 j + 1L !
 P-2 j+n-1

Ha+2 j+1,b+2 j+1LHxL y2 j+1 �; x Î R ì y Î R ì a Î R ì b Î R

Conjugate value

05.06.19.0004.01

Pn
Ha,bLHx + ä yL � â

j=0

f n

2
v H-1L j Ha + b + n + 1L2 j

22 j H2 jL !
 Pn-2 j

Ha+2 j,b+2 jLHxL y2 j - ä â
j=0

f n-1

2
v H-1L j Ha + b + n + 1L2 j+1

22 j+1 H2 j + 1L !
 P-2 j+n-1

Ha+2 j+1,b+2 j+1LHxL y2 j+1 �;
x Î R ì y Î R ì a Î R ì b Î R
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Differentiation

Low-order differentiation

With respect to a

05.06.20.0001.01

¶Pn
Ha,bLHzL
¶a

�
GHa + n + 1L HΨHa + n + 1L - ΨHa + 1LL

GHn + 1L 2F
�

1 -n, a + b + n + 1; a + 1;
1 - z

2
-

H1 - zL GHa + n + 1L
2 Ha + 1L GHnL GHa + 2L  Ha + 1L F2 ´ 0 ´ 1

2 ´ 1 ´ 2 1 - n, a + b + n + 2; 1; 1, a + b + n + 1;

2, a + 2;; a + b + n + 2;
 
1 - z

2
,

1 - z

2
-

Ha + b + n + 1L F2 ´ 0 ´ 1
2 ´ 1 ´ 2 1 - n, a + b + n + 2; 1; 1, a + 1;

2, a + 2;; a + 2;
 
1 - z

2
,

1 - z

2

05.06.20.0010.01

¶Pn
Ha,bLHzL
¶a

� â
k=0

n-1 1

a + b + k + n + 1
 Pn

Ha,bLHzL +
Ha + b + 2 k + 1L Hb + k + 1Ln-k

Hn - kL Ha + b + k + 1Ln-k

 Pk
Ha,bLHzL

05.06.20.0013.01

¶2 Pn
Ha,bLHzL

¶a2
�

1

n!
 â
k=0

n-2 H-nLk+2

Hk + 2L !
 â
j=0

k H-1L j+k+n H j + 1L H j + 2L Ha + b + n + 1L j Hb + k + 3Ln-k-2 Sk+2
H j+2L z + 1

2

k+2

With respect to b

05.06.20.0002.01

¶Pn
Ha,bLHzL
¶b

� -
GHa + n + 1L H1 - zL

2 GHnL GHa + 2L  F2 ´ 0 ´ 1
2 ´ 1 ´ 2 a + b + n + 2, 1 - n; 1; 1, a + b + n + 1;

2, a + 2;; a + b + n + 2;
 
1 - z

2
,

1 - z

2

05.06.20.0011.01

¶Pn
Ha,bLHzL
¶b

- â
k=0

n-1 1

a + b + k + n + 1
 Pn

Ha,bLHzL +
IH-1Ln-k Ha + b + 2 k + 1L Ha + k + 1Ln-kM

Hn - kL Ha + b + k + 1Ln-k

 Pk
Ha,bLHzL

05.06.20.0014.01

¶2 Pn
Ha,bLHzL

¶b2
�

1

n!
 â
k=0

n-2 H-nLk+2

Hk + 2L !
 â
j=0

k H-1L j+k Sk+2
H j+2L H j + 1L H j + 2L Ha + b + n + 1L j Ha + k + 3Ln-k-2

1 - z

2

k+2

With respect to z

Forward shift operator:

05.06.20.0003.01

¶Pn
Ha,bLHzL
¶z

�
a + b + n + 1

2
Pn-1

Ha+1,b+1LHzL
05.06.20.0004.01

¶2 Pn
Ha,bLHzL

¶z2
�

1

4
Ha + b + n + 1L Ha + b + n + 2L Pn-2

Ha+2,b+2LHzL
Backward shift operator:
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05.06.20.0005.01

I1 - z2M ¶Pn
Ha,bLHzL
¶z

+ Hb - a - Ha + bL zL Pn
Ha,bLHzL � -2 Hn + 1L Pn+1

Ha-1,b-1LHzL
05.06.20.0006.01

¶IH1 - zLa Hz + 1Lb Pn
Ha,bLHzLM

¶z
� -2 Hn + 1L H1 - zLa-1 Hz + 1Lb-1 Pn+1

Ha-1,b-1LHzL
Symbolic differentiation 

With respect to a

05.06.20.0015.01

¶m Pn
Ha,bLHzL

¶am
�

1

n!
 â
k=0

n H-nLk

k !
 â
j=0

k H-1L j+k+n Sk
H jL H j - m + 1Lm Ha + b + n + 1L j-m Hb + k + 1Ln-k

z + 1

2

k �; m Î N

With respect to b

05.06.20.0016.01

¶m Pn
Ha,bLHzL

¶bm
�

1

n!
 â
k=0

n H-nLk

k !
 â
j=0

k H-1L j+k Sk
H jL H j - m + 1Lm Ha + b + n + 1L j-m Ha + k + 1Ln-k

1 - z

2

k �; m Î N

With respect to z

05.06.20.0007.01

¶m Pn
Ha,bLHzL

¶zm
� 2-m Ha + b + n + 1Lm Pn-m

Ha+m,b+mLHzL �; m Î N+

05.06.20.0008.01

¶m Pn
Ha,bLHzL

¶zm
�

GHa + n + 1L Hz - 1L-m

GHn + 1L  3F
�

2 1, -n, a + b + n + 1; a + 1, 1 - m;
1 - z

2
�; m Î N+

05.06.20.0012.01

¶m Pn
Ha,bLHzL

¶zm
� 2-m Hn + a + b + 1Lm â

k=0

n-m Hn + m + a + b + 1Lk Hk + m + a + 1Ln-m-k GHk + a + b + 1L
GHn - k - m + 1L GH2 k + a + b + 1L  

3F2Hk - n + m, k + n + m + a + b + 1, k + a + 1; k + m + a + 1, 2 k + a + b + 2; 1L Pk
Ha,bLHzL �; m Î N

Fractional integro-differentiation

With respect to a

05.06.20.0017.01

¶Α Pn
Ha,bLHzL

¶aΑ
�

1

n!
 â
k=0

n 1

GHk - Α + 1L  â
m=0

n H-nLm

m!
 â
j=0

m H-1L j+m+n Hb + n + 1L j-k
z + 1

2

m H j - k + 1Lk Hb + m + 1Ln-m Sm
H jL

ak-Α

With respect to b

05.06.20.0018.01

¶Α Pn
Ha,bLHzL

¶bΑ
�

1

n!
 â
k=0

n 1

GHk - Α + 1L  â
m=0

n H-nLm

m!
â
j=0

m H-1L j Ha + n + 1L j-k
z - 1

2

m H j - k + 1Lk Ha + m + 1Ln-m Sm
H jL

bk-Α
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With respect to z

05.06.20.0009.01

¶Α Pn
Ha,bLHzL

¶zΑ
�

GHa + n + 1L
GHn + 1L  z-Α F

�
1 ´ 1 ´ 0
2 ´ 1 ´ 0 -n, a + b + n + 1; 1; ;

a + 1; 1 - Α; ;
-

z

2
,

1

2

Integration

Indefinite integration

Involving only one direct function

05.06.21.0001.01

à Pn
Ha,bLHzL â z �

2

a + b + n
 Pn+1

Ha-1,b-1LHzL
Involving one direct function and elementary functions

Involving power function

05.06.21.0002.01

à zΑ-1 Pn
Ha,bLHzL â z �

Ha + 1Ln zΑ

Α GHn + 1L  F
�

1 ´ 1 ´ 0
2 ´ 1 ´ 0 -n, a + b + n + 1; Α; ;

a + 1; Α + 1; ;
-

z

2
,

1

2

Involving algebraic functions

05.06.21.0003.01

à Hz - 1Lc Pn
Ha,bLHzL â z �

Hz - 1Lc+1 GHc + 1L GHa + n + 1L
GHn + 1L 3F

�
2 -n, a + b + n + 1, c + 1; a + 1, c + 2;

1 - z

2

05.06.21.0004.01

à H1 - zLa Hz + 1Lb Pn
Ha,bLHzL â z � -

H1 - zLa+1 Hz + 1Lb+1 Pn-1
Ha+1,b+1LHzL

2 n

Definite integration

Involving the direct function

Orthogonality:

05.06.21.0005.01

à
-1

1H1 - tLa Ht + 1Lb Pm
Ha,bLHtL Pn

Ha,bLHtL â t �
2a+b+1 GHa + n + 1L GHb + n + 1L

n! Ha + b + 2 n + 1L GHa + b + n + 1L ∆m,n �; ReHaL > -1 ì ReHbL > -1

05.06.21.0006.01

à
-1

1H1 - tLa Ht + 1Lc Pn
Ha,bLHtL â t �

2a+c+1 GHc + 1L GHa + n + 1L GH-b + c + 1L
n! GH-b + c - n + 1L GHa + c + n + 2L �; ReHaL > -1 ì ReHbL > -1 ì ReHcL > -1
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05.06.21.0007.01

à
-1

1H1 - tLa Ht + 1Lb ãΒ Ht+1L Pm
Ha,bLHtL â t � Βm 2a+b+m+1 

G Ha + 1L GHb + m + 1L
GHa + b + 2 m + 2L  Pm

Ha,bLH1L 1F1Hb + m + 1; a + b + 2 m + 2; 2 ΒL �;
ReHaL > -1 ì ReHbL > -1

Summation

Infinite summation

05.06.23.0001.01

â
n=0

¥

Pn
Ha,bLHzL wn �

w2 - 2 z w + 1 + 1 - w
-a

w2 - 2 z w + 1 + 1 + w
-b

2-a-b w2 - 2 z w + 1

�; -1 < z < 1 ß  w¤ < 1

05.06.23.0003.01

â
k=0

¥ HaLk H-a + Α + Β + 1Lk

HΑ + 1Lk H Β + 1Lk

 Pk
HΑ,ΒLHzL tk �

2F1 a, -a + Α + Β + 1; Α + 1;
1

2
-t - t2 - 2 z t + 1 + 1 2F1 a, -a + Α + Β + 1; Β + 1;

1

2
t - t2 - 2 z t + 1 + 1

05.06.23.0002.01

â
n=0

¥ n! Ha + b + 2 n + 1L GHa + b + n + 1L
GHa + n + 1L GHb + n + 1L  Pn

Ha,bLHxL Pn
Ha,bLHyL � 2a+b+1 H1 - xL-

a

2 Hx + 1L-
b

2 H1 - yL-
a

2 Hy + 1L-
b

2 ∆Hx - yL �;
-1 < x < 1 ì -1 < y < 1 ì ReHaL > -1 ì ReHbL > -1

Operations

Limit operation

05.06.25.0001.01

lim
n®¥

1

na
 

2

z

-a

Pn
Ha,bL cos

z

n
� JaHzL

05.06.25.0002.01

lim
a®¥

a-
n

2 Pn
Ha,aL z

a
�

HnHzL
2n GHn + 1L

05.06.25.0003.01

lim
b®¥

Pn
H0,bL 1 -

2 z

b
� LnHzL

05.06.25.0004.01

lim
b®¥

Pn
Ha,bL 1 -

2 z

b
� Ln

aHzL
Orthogonality, completeness, and Fourier expansions
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The  set  of  functions  Pn
Ha,bLHxL,  n = 0, 1, ¼,  forms  a  complete,  orthogonal  (with  weight

n! Ha+b+2 n+1L GHa+b+n+1L
2a+b+1 GHa+n+1L GHb+n+1L H1 - xLa H1 + xLb) system on the interval H-1, 1L. 

05.06.25.0005.01

â
n=0

¥ n! Ha + b + 2 n + 1L GHa + b + n + 1L
2a+b+1 GHa + n + 1L GHb + n + 1L H1 - xLa�2 H1 + xLb�2 Pn

Ha,bLHxL

n! Ha + b + 2 n + 1L GHa + b + n + 1L
2a+b+1 GHa + n + 1L GHb + n + 1L H1 - yLa�2 H1 + yLb�2 Pn

Ha,bLHyL �

∆Hx - yL �; -1 < x < 1 ì -1 < y < 1 ì ReHaL > -1 ì ReHbL > -1

05.06.25.0006.01

à
-1

1 m! Ha + b + 2 m + 1L GHa + b + m + 1L
2a+b+1 GHa + m + 1L GHb + m + 1L H1 - tLa�2 H1 + tLb�2 Pm

Ha,bLHtL

n! Ha + b + 2 n + 1L GHa + b + n + 1L
2a+b+1 GHa + n + 1L GHb + n + 1L H1 - tLa�2 H1 + tLb�2 Pn

Ha,bLHtL  â t � ∆m,n �; ReHaL > -1 ì ReHbL > -1

Any sufficiently smooth function f HxL can be expanded in the system 9Pn
Ha,bLHxL=

n=0,1,¼
 as a generalized Fourier series, with

its sum converging to f HxL almost everywhere.

05.06.25.0007.01

f HxL � â
n=0

¥

cn ΨnHxL �;

cn � à
-1

1

ΨnHtL f HtL â t í ΨnHxL �
n! Ha + b + 2 n + 1L GHa + b + n + 1L

2a+b+1 GHa + n + 1L GHb + n + 1L H1 - xLa�2 H1 + xLb�2 Pn
Ha,bLHxL í -1 < x < 1

Representations through more general functions

Through hypergeometric functions

Involving 2F
�

1

05.06.26.0001.01

Pn
Ha,bLHzL �

GHa + n + 1L
GHn + 1L 2F

�
1 -n, a + b + n + 1; a + 1;

1 - z

2

Involving 2F1

05.06.26.0002.01

Pn
Ha,bLHzL �

GHa + n + 1L
GHn + 1L GHa + 1L 2F1 -n, a + b + n + 1; a + 1;

1 - z

2
�; -a Ï N+
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05.06.26.0003.01

Pn
Ha,bLHzL �

GH-bL
GHn + 1L GH-b - nL  2F1 -n, a + b + n + 1; b + 1;

z + 1

2
�; b Ï Z

05.06.26.0004.01

Pn
Ha,bLHzL �

2-n Ha + b + n + 1Ln

GHn + 1L Hz - 1Ln
2F1 -n, -a - n; -a - b - 2 n;

2

1 - z
�; a + b + 2 n Ï Z

Through hypergeometric functions of two variables

05.06.26.0005.01

Pn
Ha,bLHzL �

Ha + 1Ln

GHn + 1L  F
�

1 ´ 0 ´ 0
2 ´ 0 ´ 0 -n, a + b + n + 1;;;

a + 1;;;
-

z

2
,

1

2

Through Meijer G

Classical cases for the direct function itself

05.06.26.0006.01

Pn
Ha,bL HzL � -

1

Π
 lim
m®n

sin HΠ mL G Ha + m + 1L
G Ha + b + m + 1L  G2,2

1,2
z - 1

2

m + 1, -a - b - m
0, -a

�; n Î Z

Classical cases involving algebraic functions

05.06.26.0007.01

Hz + 1Lb Pn
Ha,bL H2 z + 1L �

1

GHn + 1L GH-b - nL  G2,2
1,2 z

-a - n, b + n + 1
0, -a

05.06.26.0008.01

Hz + 1Lb Pn
Ha,bL 1 +

2

z
�

1

GHn + 1L GH-b - nL  G2,2
2,1 z

b + 1, a + b + 1

a + b + n + 1, -n
�; z Ï H-1, 0L

05.06.26.0009.01

Hz + 1L-a-b-n-1 Pn
Ha,bL 

1 - z

1 + z
�

1

GHn + 1L G Ha + b + n + 1L  G2,2
1,2 z

-a - b - n, -a - n
0, -a

�; z Ï H-¥, -1L
05.06.26.0010.01

Hz + 1L-a-b-n-1 Pn
Ha,bL 

z - 1

z + 1
�

1

GHn + 1L G Ha + b + n + 1L  G2,2
2,1 z

-a - b - n, -b - n

0, -b
�; z Ï H-1, 0L

Classical cases involving unit step Θ

05.06.26.0011.01

ΘH1 -  z¤L H1 - zLa Pn
Ha,bL H2 z - 1L �

GHa + n + 1L
GHn + 1L  G2,2

2,0 z
a + n + 1, -b - n

0, -b
�; z Ï H-1, 0L

05.06.26.0012.01

ΘH z¤ - 1L Hz - 1La Pn
Ha,bL H2 z - 1L �

GHa + n + 1L
GHn + 1L  G2,2

0,2 z
-b - n, a + n + 1

0, -b

05.06.26.0013.01

ΘH1 -  z¤L H1 - zLa Pn
Ha,bL 

2

z
- 1 �

GHa + n + 1L
GHn + 1L  G2,2

2,0 z
a + 1, a + b + 1

-n, a + b + n + 1
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05.06.26.0014.01

ΘH z¤ - 1L Hz - 1Lb Pn
Hb,bL 

2

z
- 1 �

GHb + n + 1L
GHn + 1L  G2,2

0,2 z
b + 1, 2 b + 1

-n, 2 b + n + 1
�; z Ï H-¥, -1L

05.06.26.0015.01

ΘH1 -  z¤L H1 - zL-a-b-n-1 Pn
Ha,bL 

1 + z

1 - z
�

H-1Ln G H-a - b - nL
n!

G2,2
2,0 z

-a - n, -a - b - n
0, -a

05.06.26.0016.01

ΘH z¤ - 1L Hz - 1L-a-b-n-1 Pn
Ha,bL 

z + 1

z - 1
�

H-1Ln G H-a - b - nL
n!

G2,2
0,2 z

-b - n, -a - b - n

0, -b

Theorems

Expansions in generalized Fourier series

f HxL � â
k=0

¥

ck  ΨkHxL �; ck � à
-1

1

f HtL ΨkHtL â t,

ΨkHxL �
n! Ha + b + 2 n + 1L G Ha + b + n + 1L

2a+b+1 G Ha + n + 1L G Hb + n + 1L  H1 - xLa�2 H1 + xLb�2 Pk
Ha,bLHxL, k Î N.

The quantum mechanical representation matrices of angular momentum

 The quantum mechanical representation matrices Dm m¢
L HΑ, Β, ΓL of angular momentum L are given by

Dm m¢
L HΑ, Β, ΓL � ãä Hm Α+m¢  ΓL 

HL + m¢L ! HL - m¢L !

HL + mL ! HL - mL !
 cos 

Β

2

m+m¢

 sin 
Β

2

m-m¢

 PL-m¢
Hm-m¢,m+m¢LHcosH ΒLL

where Α, Β, Γ are the Euler angles and L, m, m¢ Î N, -L £ m, m¢ £ L .

The expected value of the number of real eigenvalues of a one matrix

The expected value rn  of the number of real eigenvalues of a n ´ n  matrix whose matrix elements are random

variables with Gaussian distribution (mean = 0, variance = 1) is

rn � I1 - H-1LnM � 2 + 2  Pn-2
H1-n,3�2LH3L.

The equilibrium positions of n unit charges

The equilibrium positions of n  unit charges, a charge q  at -1, and a charge p  at +1 interacting with potential

-logHxL are the zeros of Pn
H2 p-1,2 q-1LHxL.

History

– C. J. Jacobi (1859)

– P.  L. Chebyshev (1870).
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