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Notations

Traditional name

Jacobi function

Traditional notation

P ()

Mathematica StandardForm notation

Jacobi P[v, a, b, z]

Primary definition

07.15.02.0001.01
Na+v+1 _ 1-7
EE—— 1( )

pP@b(z) == Fof-v,a+b+v+1,a+1;, —
Tv+1) 2

Specific values

Specialized values

For fixed v, a, b

07.15.03.0001.01
277T(@a+v+1)

PO = ——————
r@a+1)Irv+1)

Fi(-b-v,-v;a+1;-1)

07.15.03.0002.01
ra+v+1

P<a’b)(1) == —-—
Y rv+1)T@+1)

07.15.03.0003.01

I'(=b)
P(ya,b)(_l) =—— /:Reb)<O0
[(~b—v)T(v+1)

07.15.03.0004.01
P@P(~1) == & /; Re(b) > 0

For fixed v, a, z
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07.15.03.0005.01
(a+1) L
PR = ——_C )
2a+1),

07.15.03.0006.01
Ta+v+1 1+2¥

PE-3(z) = P22
Fv+1) (1-22

07.15.03.0007.01
Ta+v+1 (z+1¥?
PR (2 = ?,%2
rv+1) (z-13?

07.15.03.0008.01
277T(@a+v+1)
P = ——— (z+1)
Ia+1)T(+1)
07.15.03.0009.01
1 1
p(a%)(z) F(a+ 5) F(v+ 5) Ca+;[\/ z+1 ]
v == 2
v F(a+ v+ %) | vz
07.15.03.0010.01
1 3
: 2 Tla+3)tv+3) ai(vzetl
P(aZ)(Z) - < ( 2) ( 2) Ca+2 [

v 2v+1]
T \z+1 F(a+v+g) V2

For fixed v, b, z

07.15.03.0011.01
Iv-b+1) (1-2"2
PyOP () == P
Fv+1) (1+222

07.15.03.0012.01
I(v—b+1) (z— 10?2
PIPP(2) = P’
Fv+1  (z+1)°?

07.15.03.0013.01
PUmMD(2) == & /; me N*

For fixed a, b, z

07.15.03.0014.01
PEP( =1

07.15.03.0015.01

P(a’b) . 1
1 (z)__E((a+b+2)z+a—b)

07.15.03.0016.01

1
PP (2) == g((3+a+b)(4+a+b)22+2(3a+a2—b(3+b))z—4+a2—b+b2—a(1+2b))
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07.15.03.0017.01

PP == —(@@+b+4@+b+5@+b+6)Z+3@-b)(a+rb+dH@+b+57+

=

48
3@+b+4(a®-2b+a+b?-b-6)z+(@-b)(-16+a’+(-3+b)b—a(3+2b)))
07.15.03.0018.01

Pila’b)(z) ==

1
ﬁ((ewb+5)(a+b+6)(a+b+7)(a+b+8)z4+4(a—b)(a+b+5)(a+b+6)(a+b+7)z3+6(a+b+5)(a+b+6)

(a>-@2b+1a+b?-b-8)Z+(4@+b+5)(a®-3(b+1)a”+(3b? - 22)a+b(-b*+3b+22))) z+
144+ 42b-6b>-37b* +a' - 2(2b+3)a’ + (6b* + 6b— 37)a® + 2(-2b* + 3b* + 43b + 21) a + b*)

P(axb) 7
5 ( ) -

1
%((a+b+6)(a+b+7)(a+b+8)(a+b+9)(a+b+ 1002+5@-b)(a+b+6)(a+b+7)(@a+b+8(@a+b+9 7+

10(@a+b+6)(@a+b+7)(a+b+8) (- (2b+1a+b’-b-10)2 +
10@@a+b+6)(@a+b+7)(a®>-3(b+1)a?+(3b*-28)a+b(-b?+3b+28))Z +
5(@+b+6)(a*-2(2b+3)a’+(6b°+ 6b—49)a® + (-4b> + 6b” + 110b + 54) a+ b* - 6b> — 49b* + 54 b + 240) z +
a®-5(b+2a*+5(2b* +4b-13)a’ - 5(2b® - 51b-50) a” +

(5b* - 20b® - 255 b7 + 1024) a— b (b* — 10b% — 65b? + 250 b + 1024))

07.15.03.0020.01
PP (g =
ﬁ((ew b+7)(@a+b+8(a+b+9(@+b+10)(a+b+1l)(@a+b+12)f+6(a-b)(a+b+7)(@a+b+8(@a+b+9)
(@a+b+10)(@a+b+11)Z +15(@+b+7) (a+b+8) (a+b+9) (a+b+10)(a® - (2b+a+b’-b-12)Z +
20(@+b+7)(a+b+8)(a+b+9) (a®-3(b+1)a’+(3b°-34)a+b(-b*+3b+34)) 2 +15(@+b+7)(a+b+8)
(a*-2(2b+3)a’+(6b?+6b—61)a” + (-4b%+ 6b” + 134b + 66) a+ b* - 6b° — 61b” + 66 b + 360) Z +
6(@+b+7)(a®-5(b+2a'+5(2b°+4b-17)a’>-5(2b> - 63b-62)a® +
(5b* - 20b% - 315b% + 1584) a— b (b* - 10b* - 85b” + 310b + 1584)) z+
6d(a+D(@+2)@+J(a+d(@a+5@+6)-192@+2)@+3)(a+d@+5@+6)(@a+b+7)+
240(a+3)(@a+4(@a+5@+6)(a+b+7(@+b+8) -160(a+4) (a+5 @+6)(a+b+7)(a+b+8(@+b+9 +
60(@+5(@+6)(@a+b+7@+b+8)(@+b+9(a+b+10) -

12@+6)(a+b+7)(@a+b+8(@+b+9@+b+10)(a+b+11) +
@@+b+7)(a+b+8(@a+b+9) (a+b+10)(a+b+1l)(a+b+12)

07.15.03.0021.01

1 &qa+ny(b+n
P@ED(z) == — ( )( )z+1kz—1”’k;n N
@ 2”20 T @ ve- v sine

07.15.03.0022.01
1 N (=n@+b+n+1) (@a+k+ Dy [1—2

k
PEP(z) = — —] /ineN
" n! Z; k! 2

07.15.03.0023.01
PaP(z)=0/neN*
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07.15.03.0024.01

[(-b-n) @+b+n+ 1 (—n@+k+ 1, (1-2\
[ ] /ineN

n
P(a'b) (Z) ==
mabon-l I(—a—b-mT@+n+1) k; k!

07.15.03.0025.01
PaP (2 =& /;neN*
For fixed v, z

07.15.03.0026.01

(23 1 3
P ?(2) = (—] U,
rov+2)\2/),

07.15.03.0027.01

(-1-3 1 1
P2 2= [—) T.(2
rov+1\2),

07.15.03.0028.01
PP9(2) = P,(2)

General characteristics

Some abbreviations

07.15.04.0001.01
NT ({ag, @) ==~ (-3 eNV —-a, eN)

Domain and analyticity
Pﬁa'b)(z) isan analytical function of v, a, b, zwhich is defined in C*. For fixed v, a, z, it is an entire function of b.
For positive integer v, the function PED(z) degenerates to a polynomial in z of order v.
07.15.04.0002.01
(vraxbx2—P@P(z):: C*—C
Symmetries and periodicities

Parity

07.15.04.0003.01
PiP(-2) = (-1"PPY@ ineN

Mirror symmetry

07.15.04.0004.02

Pl — P f: 2 (o0, -1
Periodicity

No periodicity

Poles and essential singularities
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With respect to z
For fixed v, a, b in nonpolynomial cases (when = (v e N/ —a—b—v — 1 e N)), the function P**(2) does not have poles
and essential singularities.
07.15.04.0005.01
Sing (P2 (2) = {} /; NT({-v, a+b+v+1))
For positive integer v or negative integer a+ b + v + 1and fixed a, the function PP (2) isa polynomial and has pole of
order vor —-a—b-v-1latz = .

07.15.04.0006.01
Sing (PRP(2)) = {{&, —al} /; (v eN* N =-v)V
(ra-b-v-1leN"Ae=a+b+v+1)V(veN" A-a-b-v-1eN*Aa=min(v, —a-b-v-1))

With respect tob

For fixed v, a, z, the function P*(2) has only one singular point at b = &. Itisan essential singular point.

07.15.04.0007.01
Sing, (PEP(2)) = {{, co}}

With respect toa

For fixed v, b, z, the function P (2) has an infinite set of singular points;

(-1)* 1 I'(k-b) (—k—v,b) /.
(k=1)! T(=b—v) T(v+1) Pt (2

b) a == & isthe point of convergence of poles, which is an essential singular point.

a) a==—v - k/; ke N*, are the simple poles with residues

07.15.04.0008.01
Sing, (P (2) = {{{-v -k 1} /; ke N*}, (&, o}

07.15.04.0009.01
SN V()]

r&sa(Pga,w(Z)) (=v—=-K) = P&—blir—lgx;kf @/ keN*
Kk-D'T(-b-»Tr+1)

With respect to v

For fixed a, b, z, the function P**(2) has an infinite set of singular points:

(-1*1r(k-b) (—k=v,b) /..
(k=1)! T(=b—v) T(v+1) Pt (2

b) v == s isthe point of convergence of poles, which isan essential singular point.

a) v == —a— k/; ke N*, arethe simple poles with residues

07.15.04.0010.01
Sing (PEP(2)) = {{{-a-k, 1} /; ke N*}, {&, oo}}

07.15.04.0011.01
(-1 rk-b)

res, (PP (2) (-a- k) = Pa @/ ke N
k-D!'Tl-a-kKT'(@-b+k)

Branch points

With respect to z
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For fixed v, a, b in nonpolynomia cases (when = (v e N\ —a—b-v—-1eN)), the function P(Va’b)(z) has two branch
points; z== -1, z== .
For fixed a, b and integer v, the function P (2) does not have branch points.

07.15.04.0012.01
BPPPP (@) = (-1, &} s NT({-v, a+b+v+1))

07.15.04.0013.01
BPAPPP@) =11 iveZ

07.15.04.0014.01
RAPEP(2), ~1) == log /;be Z\/ b ¢ Q ANT ({-v, a+b+v+1)

07.15.04.0015.01

r
'Rz(Pg,a'b)(Z)u _1) =5/, b=- /\r S Z/\S— 1leN* /\ng(r, S) = l/\N‘]'({—y‘ a+b+v+ 1)
S

07.15.04.0016.01
R(PEP(2), &) =log/;a+b+2veZV~(veQAa+b+veQ)

07.15.04.0017.01
RZ(P(be)(Z), &,) ==lcm(s, u) /;

y = g/\a+b+v:z 5/\{r, S, t, u}eZ/\s> l/\u>1/\gcd(r, s)::l/\gcd(t, u)::l/\N’T({—v,a+b+v+1})

With respect tob

For fixed v, a, z, the function P*(2) does not have branch points.

07.15.04.0018.01
BPu(PP(2) = {}

With respect to a

For fixed v, b, z, the function P*(2) does not have branch points.

07.15.04.0019.01
BPo(PPY @) = ()

With respect to v

For fixed a, b, z, the function P*?(2) does not have branch points.

07.15.04.0020.01
BP,(PEP(2)) = {}

Branch cuts

With respect to z

For fixed v, a, b in nonpolynomial cases (when —= (v e N\ —a—b-v—1eN)), the function P(f"b)(z) is asingle-valued
function on the z-plane cut along the interval (—co, —1), whereit is continuous from above.
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For fixed a, b and integer v, the function P (2) does not have branch cuts.

07.15.04.0021.01
BCAPP?(2)) = {{(—c0, -1), —i}} /; NT ({-v, a+b+v+1))

07.15.04.0022.01
BC(PPP2)=1{}/iveZz
07.15.04.0023.01

lim P@P(x+ie) = PEP(x) /; x < -1
e->+0

07.15.04.0024.01
lim PP (x—ie) = ¢ (e'°™ PP (x) — 2 sin((b +v) 1) PPA(-X)) /; x < -1
e->+0

With respect tob

For fixed v, a, z, the function P (2) does not have branch cuts.

07.15.04.0025.01
BCy(PPP(2) = {}

With respect to a

For fixed v, b, z, the function P2 (2) does not have branch cuts.

07.15.04.0026.01
BCo(PPP(@) = ()

With respect tov

For fixed a, b, z, the function P#?(2) does not have branch cuts.

07.15.04.0027.01
BC,(PEP(2)) = {}

Series representations

Generalized power series

Expansionsat z==0

07.15.06.0001.01

v@a+b+v+1)
P@P(2) = 27| ,Fy(~v, ~b-v;a+ 1 1)+ — JFil-v,-b-v;a+2 -1)z+
a+

v=-1Dv@+b+v+D)@+b+v+2)

2(@+1)(a+2

JFi2-v, -b-via+3 -1)Z+...|/1d<1

07.15.06.0002.01

pg[a’b)(z) _ (a+ l)v Z ( V)J+k (a+ b+v+ 1)J+k (-2 /; |Z| -1
rv+1 j=0 k=0 (a+ 1)]+kj'k'2]+k
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07.15.06.0003.01
@a+d, ~2><0><O(—V,a+b+V+1;;; z 1)

P(a,b)(z) — —
v F(V-‘rl) 1x0x0

a+1;:; 2' 2
07.15.06.0004.01

p@b(z) Fa+v+1) &K (v@+b+v+1y (-2 e
VY Z) == ’ -
Fv+1) 30 T@+k+1)jlk- 12«

07.15.06.0005.01

(a+1), © (-v);(@+b+v+1) )
P@D(z) = 2y Fi-b-v, j-via+j+1 -1 (-2)
I'(v+1) (@a+1;j!

j=0
07.15.06.0006.01

1 n
P@b(z) = EZ(aE n)( 2i:)(z+ D @z-1"*/;ineN
k=0

07.15.06.0007.01
27T'(@a+v+1)
PP () o ——— SFi(-v, -b—v;a+ 1, -1)(1+O©2) /; (z- 0)
Fa+1)T(r+1)

Expansionsat z==

07.15.06.0008.01

Fa+v+1) 1 v@+b+v+1)(z-1) @A-vv@+b+v+l)@+b+v+2)(z-1)7? 1-z
psa,b)(z) —— — +...0/

<1

o+ |rasy 2T(@+2) 8T(a+23) 2

07.15.06.0009.01

F@+v+1) & (-v@+b+v+1), (1-zyk |1-2
P@b)(z) == Z i K (—) l—]<1
rv+1) iz T@+k+1)k! 2
07.15.06.0010.01
ra+v+1 _ 1-2z
PEP(Z) = — 2Fl(—v, a+b+v+1la+l; —)
C(v+1) 2
07.15.06.0011.01
1 0 (-ng@+b+n+ D @+k+D)y (1-2\
p@ab(z = _ Z k k n-k (_) Snen
n
n'i3 k! 2
07.15.06.0012.01
b ra+v+1
PP o ——————— (1+0@zZ-1)/;z-> D ANagN"
Fa+1)T(v+1)
Expansionsat z== -1
07.15.06.0013.01
I'(-b) v@a+b+v+1 A-viva+b+v+D@+b+v+2)
Pg/a,b)(z) — [1 - (z+1) - (z+ 1)2 - ) -
rv+1)I(-b-v) 2(b+1) 8b+1)(b+2

sinvm) (b)) T@+v+1) (z+ 1)-b
2

(=b-v)(@+v+1) (=b-v)(-b-v+D@+v+D(@+v+2)
+ — (z+

z+1
1)+ (z+l)2+...]/;‘—‘/\bezz
2(1-b) 8(1-b)(2-h) 2

al(@+b+v+1)
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07.15.06.0014.01
[(-b) © (V) @+b+v+1), [z+ 1)k

PS/a’b) Z) == Z
T+ DT(-b-v) & (b+1)yk! 2

snvm) T T@+v+1) (z+ 1)‘b ® (@+v+ 1y (-b-v) (z+ 1)“/.
2 2 )"

z+1
Py 1-by k! 2

/\ba;Z

al@+b+v+1)

07.15.06.0015.01

I'(-b) 7+1
PeP(Z) = — 2F1(—v, a+b+v+1b+1; —) -
T(v+1)(=b—v) 2

snvm T T@+v+1) (z+ 1

b z+1
5 ) 2F1(a+V+1,—b—V;1—b; T)/,beEZ

al@+b+v+1)

07.15.06.0016.01

I'(-b) 2P sinv ) T(b)T(@a+ v+ 1)
PeD () o — 1+ 0(z+1)) - Z+DPA+0z+1)/;(z» -DAbeZ
IT'v+1D)I'(-b-v) al@+b+v+1)

07.15.06.0017.01

(b=D!sinavT@+v+1) (z+1\ Pl (=b-v) @+Vv+1)y (z+1\¢
5] 2 ()
al@+b+v+1) 2 o k! (1-b)y 2
(-1t z+1 z+1
|Og(—)2F1(—v, a+b+v+1,b+1; —) +
b!IT(v+1)T(-b-v) 2 2
(-1)P © (V) @+b+v+1), 17K

z+
Wk+1)+yb+k+ 1)—w(a+b+k+v+1)—w(k—v))(—) /ibeN*t
T(v+1I(-b-v) & k!'(b+K)! 2

07.15.06.0018.01

(-1t z+1
P@D)(2) oc (Iog( ]—¢z(b+ D+y(-v)+y@+b+v+ 1)+)/J (1+0(z+1) -
b!T(v+1)T(~b—-v) 2

b-D!'snxv)T@+v+1) (z+1\™P
(—) 1+0@z+1)/;(z-»-DAbeN*
al@+b+v+1) 2

07.15.06.0019.01

sin(v ) z+1 z+1
P@O(2) == Iog(—2 )ZFl(—v, a+v+1 1 — )—

T
sn(vm) & (v @+v+ 1) z+1\¢
> (2¢(k+1)—¢(a+k+v+1)—¢(k—v))(—)
T ko k! 2

07.15.06.0020.01

sin(v ) z+1
PEO(z) o0 ——— [log [T) +Y(=V) +@+v+1)+ 2'y) 1+0@zZ+1)/; z- -1
w
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07.15.06.0021.01
snzv)I'@+v+1

z+1\(z+1\® z+1\ sin@vT@+v+1)
P@b)(z) == og(—)(—) 2F1(a+v+ 1, -b-v;1-b; ) -
(=b)!'zT@+b+v+1) 2 2 2 al(@+b+v+1)
z+ 1\ P & (b-v) @+v+1)y Z+1\¢
(—) (¢(1—b+k)+¢(k+1)—¢(a+k+v+1)—¢(k—v—b))(—) +
2 pay k! (k-b)! 2
(~b—-1)! bl vy @+b+v+1)y (z+1\¢
Y i ben
Iv+1)T(-b-v) & k! (b+ 1), 2

07.15.06.0022.01

snxv)T@+v+1) (z+1\?P z+1
P@b(2) o ( ) (Iog(

(=)' T@+b+v+1\ 2 2
(—-b—1)!
T(v+1)T(-b-v)

)—w(l—b)+tp(—b—v)+w(a+v+1)+)y)(1+0(z+ 1) +
1+0zZ+1) /;(z--DA-beN*

Expansionsat z == oo
07.15.06.0023.01
27V@+b+v+1),(z-1yY 1 2(-a-v)v 21-v)(—a-v)(-a-v+1v
r+1

PS/a’b) (Z) ==

C(ca-b-2V(1-2 (-a-b-2v(-a-b-2v+1)(1-27
2200ildn(vmN(-a-b-2v-1I@+v+1)

2b+v+@+b+v+1)
+
al(-b—v)

(z- 120t [1 +
@+b+2v+2)(1-2

2b+v+)(b+v+2)(@+b+v+2)(@+b+v+1) )/ 1-z
+.. /i |—
2

>1/\a+b+2ve§Z

@+b+2v+2)(a+b+2v+3)(1-272

07.15.06.0024.01

27(@+b+v+1),(z-1)
P(Va’b)(z) ==

i (=) (—a—v) ( 2 )k 22l gny ) T(-a-b-2v-1@+v+1)
o (Fa—-b-2v)k! al(=b-v)

(v +1) 1-z

1-z

(z- 1)—a—b—v—l Z

‘o @+b+2v+2),k!

>1/\a+b+2v$Z

o (a+b+v+1)k(b+v+1)k( 2 )k 1-z

07.15.06.0025.01
27(@+b+v+1),

rv+1)

Pg/a’b) (Z) =

(z-1yY zFl(—v, —-a-v,—-a—-b-2v;

2 ) 2atbvil giny M T(—a—-b-2v-DT(@+v+1)
1-z nl(-b-v)

2
(z—l)‘a‘b‘v‘lel(a+b+v+ Lb+v+la+b+2v+2; 1—)/;2@2(—1, DAa+b+2vez

07.15.06.0026.01

27 (@+b+v+1),7 1)) 2&b*lenvmI(-a-b-2v-1DI(@+v+1)zab-1 1
PED(2) o (1 + O( )) - (1 4 O(—]) /:
['(v+1) al(-b-v)
(2l > o) ANa+b+2ve¢Z

z
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07.15.06.0027.01

2200+ 1@y + DT (b + v + 1) sin(v ) sin(@+ v) ) z-1
Pg/a,b)(z) — |Og( ) (Z— l)—a—b—v—l
mT@a+b+2v+2)
2 220+l gy ) T(b+ v + 1)
2F1(a+b+v+1,b+v+1;a+b+2v+2; )— (z— 1)@ b-1
1-7 al(-a-v)

k

2
(;{/(k+l)—:,{/(a+b+k+v+1)—1#(—b—k—v)+z//(a+b+k+2v+2))(l—) +
-z

(b+v+1)(@+b+v+1),

g k!@+b+k+2v+1)!

27 (@+b+v+1),(z-1) a2V (ca—v) (V) [ 2 \
(—) /ia+b+2v+leNAa+veZA\|l-2>2

rv+1) o Kl(-a-b-2v) \1-z

07.15.06.0028.01

27(@+b+v+1),2 1
P@D(2) o [1 + o(—)) -
rv+1 z

22+l Giny M T(b+ v + 1)

z-1 1
zabr-1 (Iog(—) —y(-b-v)-y@+b+v+)+yY(@a+b+2v+2) —)y) (1+0(—]) /i
r@+b+2v+ D! I'(-a-v) 2 z

(lZ > 0)ANa+b+2veNAa+veZ

07.15.06.0029.01
27snvmTb+v+1) 2 z-1 1
PP @) o - [Iog[ )—w<—b— V) = Y(=v) - 2y) (1+ O(—)) /i
nl'(-a-v) 2 z
(2 > o) ANa+b+2v=—1Aa+veZ

07.15.06.0030.01

a (=12 220+l ginry) (b + v)! (@ + v)! I 2

P&Y(2) = (z-1 VioFlatb+v+ 1L b+v+1la+b+2v+2, — | +
r@+b+2v+1)! 1-z

27 (@+b+2v! (z-1) & ((—a- v (-v)
Frv+HI@+b+v+1) (Fk!(-a-b-2v)

2 k
[l_) /ia+b+2v+leNAa+veNAb+v=0Aze¢{-1,1}
A
07.15.06.0031.01
(=12 220+l ginry) (b +v)! (a+v)! z@ -1 1 27 @+b+v+1),2 1
[+of3) [+of3)
T(v+1)

PS,a’b) (2)

r@+b+2v+1)! z z

(lZ > 0)Aa+b+2v+1eNAa+veNAb+v=0

07.15.06.0032.01

(=1)20+2v 2+l gn(ry) T(@a+ 1) 2
P@D(2) == (z-12t 3F2(1, l,a+1,-b-v+Lla+v+2 —] +

n(-b-'@+v+Hl@a+b+v+1) 1-z
(_1)a+b+2v Datbiv+l snrv)T@+v+1) ( 1)—a—b—v—l —'321’—1 (b+v+1(@+b+v+1),
Z_
n(=b-v-1)! w0 kl@+b+k+2v+1)!

k

-1 2
(Iog(zT)+¢(k+l)—w(—b—k—v)—w(a+b+k+v+ 1)+¢(a+b+k+2v+2))(—) +

1-z
27'T(@a+b+2v+1) abi2y (—a—v) (—v) 2\
-1 ) [ ) ;
Tv+DIl(@+b+v+1) o K!(-a-b-2v) \1-z

a+b+2v+l1eNAa+v+1eNAb+v=0Aze¢{-1,1}
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07.15.06.0033.01
(=1)@+b+2v g+l g y) M@+ 1) 721 1y) (=1)ab+2v pasbovil gy M@+ v + 1) 1
(1 + O( )) + z’a’b’v’l(l + O[—))

PEb () o -
r(=b-'@+v+DHI@+b+v+1)

z a(=b—-v-D!@+b+2v+1)! z

z-1 27VT'a+b+2v+1) 2 1
(Iog(—)—l/r(—b—v)—w(a+ b+v+D+y@+b+ 2v+2)—'y)+ (1+O(—]) /i
2 Tv+DIr(@a+b+v+1) z

(2 > o) ANa+b+2veNAa+v+1eNAb+v<O0Az¢ (-1, 1}
07.15.06.0034.01
22*lgn(ryv) T+ 1)z 1! 1 27Vsin(rv)Z’ z-1 1
P@b () o — (1+o(—])— _ [Iog(—)—w(—b—v)—w(—v) —2)»’) [1+o(—)) /;
r(=b-'@+v+1)TI(-v) z T 2 z
(lZz> o) Aa+b+2v=-1Aa+v+1eNAb+v<0Aze¢({-1 1}

07.15.06.0035.01

277sn(r (b+v) (z— 1) z-1 2
P@b(z) == Iog(—)zFl(—v, —-a-v;—a-b-2yv; —) -
(—a-b-2y-1lsnr@+)WIv+DT@+b+v+1) 1-z
220+ lgnry) M@+ v + 1) —a-b-2v-2 @+ b+v+ 1) [(—a—b-2v-k-1); 2 \
(z_l)—a—b—v—l ( ) +
b o KIT(-b-v-Kk) 1-z
277 sin(x (b +v))
(z-1"

snr(@+v)f@a+b+v+ )T (v+1)
K

00 (—a=v) (=v) Wk+1) (a-k 1) — y(k—v) +w(k b-2 ))[ 2 ] /
+D-y@a-k+v+D-vk-v)+yk-a-b-2v)[ —] /;
ikl k-a-b-2v-1)! ' e

—a-b-2v-1eN*Ab+veZA|1-2>2

07.15.06.0036.01

27Vsn(r(b+v)z
Pg,a’b)(Z) o«

(—a-b-2v-1!sn(x@+v)T@+b+v+1)+1)

z-1 1
(Iog(—2 )—w(—v) —-y@+v+1) +y(-a- b—2V)—)Y) (1+0(—]]‘
z
2200 lgn(ry)M@+v+ 1) (-a-b-2v-1)

al'(=b-v)

1
Z"a_b_"_l(1+0[—))/; (I 5 0)A-a-b-2v-1eN"Ab+veZ
z

07.15.06.0037.01

b (=1)20+2v 2+l gnryy M(a+ 1)
Py (2) =

2
(z- 1)‘3‘13F2(1, 1,a+1l -b-v+1l a+v+2 —) -
r@+v+1)Tl-b-v)T(@+b+v+1) 1-z
el gnry) T(—a-b-2v-1)T@+v+1)

(z- 1)—a—b—v—1
7T(=b—v)

—a-b-2v-2 (4 y + De@+b+v+1) ( 2 )k (_1)a+b+2v—1 27 (z- 1Y
+

2,

P k! (@a+b+2v+2), 1-z rv+DHI(a+b+v+1)

k

S ATk (I (Z_l) K+ 1) - u(k k+v+D+uk-a—b-2 ]( 2) -
ék!(_a_b+k_2V_l)! ol —— | +¥k+ D -dk=v -y@-k+v+Druk-a-b-2v || —| /

—a-b-2v-1eN"A-b-veNt Aa+v=-1Az¢{-1,1)
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07.15.06.0038.01
(=122 atl gnryy Ma+ 1) za 1 1
+of3)-

PEb () o
r@+v+1DIAl-b-vT@+b+v+1)

z

22+l gy T(—a—b-2v -1 T(@+v+1)zabr-1 1
[+of3))

nl(-b-v)
(_1)a+b+2v—1 2-v

z

-1 1
ZV(Iog(Z—)—lp(—v) —y@+v+1)+y(-a-— b—2v)—y) (1+O(—)) /i
(—a-b-2v-D!'Tv+DHTI@+b+v+1) 2 z

(2 5 00) A—a-b-2v-1eN* A-b-veN" ' ANa+v=0Aze¢ (-1, 1}

Integral representations

On the real axis

Of thedirect function

07.15.07.0001.01

a+v+1) 1
PO (z) = f (L zt -t + 2 dt
2Tv+DTl(@+b+v+HI'(-b-v) Jo

Reb+v)<O0ARe@+b+v+1)>0Alargiz+1)| <

Integral representations of negative integer order

Rodrigues-type formula.

07.15.07.0002.01
(_1)n o (1 _ Z)a+n (Z+ l)b+n
PP (2) = ( ) /ineN
nt2"(1-22@z+1P byl

Generating functions
07.15.11.0001.01

_a b
(\/ t2-2tz+1 +1- ) (\/ t2-2tz+1 +1+t)

P,(,,a’b)(Z): [t"] /ineNA-1<z<1
27402 -2tz+1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
07.15.13.0003.01
(1-2)W'@+(b-a-(@+b+2) W@ +v(v+2) W2 =0/;

v+1, —a—b—v)
0, —-a

) ) ,o(1-2
W2 = ¢, PP (2 +w(@ =P @0 + ¢ Gziz(_
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07.15.13.0004.01

-Z

1
WZ(P(Va'b)(z), eg;g( — 1-27 @+ ™t

v+1 -a-b- V)) 22041 peso(r(a+v) (b + v + 1)
0,-a B T(v+1)

07.15.13.0001.01
1-Z)W@+(b-a-(@+b+22W@+v(y+20)W2 =0/, W@ = c(1-22 P53 @ + ¢, PR (9) /\ a¢Zz

07.15.13.0002.01

2*lsin(a
WPED@), (127 P?(0) = o (1 gyt g 1y
T

07.15.13.0005.01

a-b+@+b+2g2)g@ g’z a+hb 1) g (2>
V\/’(Z)+(( +(@+b+2)g( ))9()_9 ()]\I\/Z—V( +b+v+1)d'(2 W@ =0/
9@2%-1 9@ 9@° -1
1-9(z —a—-b-
W = o, PEg) + ¢, 63~ | Vb b

07.15.13.0006.01

(1—9(2)

- 22+0+1 peso(r (a+v) T(b+ v + 1)
WZ(P(Va'b’(g(Z)). G| —— -

v+ 1, —a—b—v])
0, -a

rov+1
07.15.13.0007.01
a-b+@+b+2)g2)h(29(z h2%g’(z
( +(@+b+2)92) ()g()—Zh’(z)]— (2°9"(2 W@ -
g2%-1 g
h2g”"(@h (2 1
+

W’ (2 h2)? + [h(z) [

[—2 h(2)?* -
g g2%-1

1-9@

W@ = 0/; W) = ¢1 h2) PE(g2) + ¢, h@) eg;g( v+l -a-b- V)

0, -a

07.15.13.0008.01

1-9@

Wz(h(z) Pab (g(2), h(2) Gﬁiﬁ(— R V)]

0, -a

Datb+l o csc(r(@+v)T(b+v+1) 1 b-1 2
_ (1-92)™* @@+ 1™ h@’ g
rv+1)

07.15.13.0009.01
dr((@a+b+2dZ +a-h)7

A -1

—(@a-bydrsZ —-d2(s+rv)(r@+b+v+1) -9 2" —s(r+9
A -1

1-d7

ZZV\/'(Z)+{ —I’—ZS+1)ZV\/(Z)+

w2 =0/

W@ =c, ZPEPdZ) + ¢, 7 ngg[

v+1 -a-b-v
0, -a

07.15.13.0010.01
1-d7

W, P& (dZ), G§;§[

v+1, -a-b-v
0, -a

2a+b+1dﬂ.rzr+2$1 N b1
—W(l—dz’)_a" dZ +1) " escr(@+v) Cb+v+1)
v+

= A-9g2)* 9@+ g ®

h@d@v@+b+v+1h@d@+@-b+@+b+2)g@)h'(2)+h2h”(2
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07.15.13.0011.01

d((@+b+Ddr*+a-br?+1
w’(2) +( log(r) - 2Iog(s))V\/(z) +
d?r2z-1
2 dr?log(r)
log“(s) + log(r) log(s) —
d2 rZZ_
1-dr? Ca_b_
W(2) = ¢, S PEP(dr?) + ¢, sZGgﬁ[ v 1'0 ia b V)
07.15.13.0012.01
1-dr? Ca_b_
Wz(sz P, §G§;§(— v+l 0 iab V)] -

————dv@+b+v+lognr*+((@a+b+2)dr*+a-h)log(s) |wz) =0/;
1

——— 222 (1-drd) * drr+ 1) P2 eso(n (@+v) [b+ v + 1) log(r)

Tw+1)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

07.15.16.0001.01

P @ = febomre b p@b(z)

[(-a-b-vT@+v+1)

07.15.16.0002.01
PAD(_2) = (-1)"PP¥(2) ;neN

Identities

Recurrence identities

Consecutive neighbors

With respect to v

I)a,b 7) ==

(@+b+2v+3)(a®-b*+z(@+b+2v+2)(@a+b+2v+4)

v+l

2@+v+)(b+v+1)(@+b+2v+4)

07.15.17.0002.01

(a+b+2v-1)(a®-b*+z(@a+b+2v-2)(a+b+2v))
Pg/a’b)(z)::

2v(@+b+v)(@a+b+2v-2)

With respect to a

p@b

P

v+2)(a+b+v+2)(a+b+2v+2)

@+v+)b+v+D@+b+2v+4)

@+v-1)b+v-D@+b+2v) o

va+b+v)(a+b+2v-2)

P(a' b)

v+2

@
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07.15.17.0014.01
Pab(z) = -(z-)b+aB-2-2(z+(@z-Dv-2) Pin(y) 4 (@a+b+v+2)(z-1 P20 )
2@+v+1) 2@+v+1)

07.15.17.0015.01

a(z-3)+b(z-1)+2zv-2v+2 2(@+v-1)
P(Va’b)(z) — Pg/a—l,b)(z) + Pg/a—z,b)(z)

a+b+v)(z-1) a+b+v)(z-1)

With respectto b

07.15.17.0016.01
@EZ+D+bEz+3+2(wz+2z+v+2)PA* V(2 - (z+1) (@+b+v+2) PEr2(z

2(b+v+1)

P(Va’b) (Z) =

07.15.17.0017.01
@@Z+1)+bz+3)+2zv+v-1)PED2 -2 +v-1)PaP2(z

Pgla’b)(z ==
) Zz+D@+b+v)

Distant neighbors

07.15.17.0018.01

b @b n+v+D@+b+n+v+1)(@+b+2n+2v) @b
ngay )(Z) =Cn(v, 3, b, 2) Pv+yn (2 - Cn,l(V, a, b, 2) Pvi:n+1(z) /i
@+n+v)(b+n+v)(@+b+2n+2v+2)

(@+b+2n+2v+1(a®-b*+(@+b+2n+2v+2)z(@+b+2n+2v))
Cn(v,a, b, 2) == Cha(v,a,b,2)—
2@+n+v)(b+n+v)(@+b+2n+2v+2)

(a+b+2v+3)(a®-b*+z(@+b+2v+2) (@a+b+2v+4)

Co(v,a, b, 2= 1/\Cl(v, a b, 2=
2@+v+D (b+v+1(@+b+2v+4)

(n+v)@+b+n+v)(@+b+2n+2v-2)
Coava, b2 A\nen

@+n+v-b+n+v-1@+b+2n+2v)

07.15.17.0019.01

@-n+vb-n+v)(@+b-2n+2v+2)
P (z) == Cna(v,a b, 2P (2) + Co(v, & b, 2 PER(2) /;

(N—v-1ly@+b-n+v+1l)(@+b-2n+2v) ot
(@+b+2v-1)(a®-b*+z(@+b+2v-2) (a+b+2v)) /\
(@+b-2n+2v+1(a®-b*+z(@+b-2n+2v)@+b-2n+2v+2)
Cn(v,a, b, 2) == Cn1(v,a, b, 2 +

2(-n+v+1)@+b-n+v+1)(@+b-2n+2v)

Co(v,a,b,2=1/\Ci(v,a, b, 2=
0 /\ ! 2v(@+b+v)@+b+2v-2)

@-n+v+b-n+v+1)(@+b-2n+2v+4)

Cno(v, &, b, Z)/\neN’r
(n-v-2@+b-n+v+2)(@+b-2n+2v+2)

Functional identities

Relations between contiguous functions

Recurrence relations
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07.15.17.0003.01
2@+b+2v+2@+v) b+ PP +2@+b+v+ 1) (v+ 1)@+ b+2v) P (2 =
(@+b+2v+1) (a2 - b?) +z(@+b+2v);) PP(2)
07.15.17.0004.01

PP == (2(@+») (b+v) @+ b+2v+2) P(a_’?(z) +0v+D@+b+v+D(@+b+2v) P(a’b)(z)))/

% v+l

(@+b+2v+1)(a?-b*+z@+b+2v)(@+b+2v+2))

07.15.17.0005.01
—1 -1, ,b)
PR V(2 - P P2 = PRV (2

07.15.17.0006.01

zZP@D(z) =
> 2
2@+v)(b+v) b 2v+D@+b+v+1) . b*-a piab) ()
(@+b+2v)(@a+b+2v+1) (@+b+2v+l@+b+2v+2) @+b+2v)(@+b+2v+2)
07.15.17.0020.01
(@a+b+@-b+2 2PNz +(z- 1) (b+v- 1) PE2-2(z)
P@Eb(z) =
(z+D(@+v+1
07.15.17.0021.01
z+ 1) (a+v-1)PE2bd(z) - (za+a+b-bz-22 Pz
Psa’b)(z) ==
Z-Db+v+1)
07.15.17.0022.01
pab g = v+1 P(a?(z) . @+b+2v+2)(1-2 pa+Lb) g
a+v+1l 7" 2@+v+1)
07.15.17.0023.01
Pﬁ,a'b)(z) = M p(a:g)(z) _ M P(a—ll,b)(z)
b+v+1 " b+v+1 "
07.15.17.0024.01
1 1
PR () = 5@+ D PR () — ;@D PP
07.15.17.0025.01
P(a,b)(z) — at b +v+1 P(a+l,b)(z) _ b tv P(a+l,bfl)(z)
Y a+v+1l a+v+1 "
Normalized recurrence relation
07.15.17.0007.01
(b? - a?) p(v, 2) 4y (@+v)(b+v)(@+b+v)
Zp(v,2=pr+1,2+ + pv-1,2/
@+b+2v)@+b+2v+2) (ayb+2v-1@+b+2v)’(@+b+2v+1)
2T(v+1)
P, 9= ————— P

@+b+v+1),

Additional relations between contiguous functions
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07.15.17.0008.01

z+1
PS,a’b)(Z) _ P(Va—l,b)(z) —

P

Relations of special kind

07.15.17.0009.01

[(-a-b-v)T@+v+1)

PP (2) = s @
T(-b-»T(+1) bt
07.15.17.0010.01
-b
PEb g = F@+v+HIb+v+1) (z+ 1) F-D )
rv+Hr@a+b+v+1H\ 2

07.15.17.0011.01

pP@Eb(z) =

r(v+1) @

IFa+v+1D)ITb+v+1) (z—l)‘a

+b+v+1\ 2

07.15.17.0012.01

-b

z-1\?%z+1
Pab(z) :(T) (—) P Dy acz

a+b+v

2

07.15.17.0013.01
PP (~2) == csc(b ) sin((b + v) 1) PP (2) — 2° (1 - 27 ese(b ) esc((@+ v) m) sin(v ) sin((@+ b+ v) 1) P2, (@)

Complex characteristics

Real part

07.15.19.0001.01

5]
Re(PED(x+iy) =)
j=0

Imaginary part

(-l @+b+n+1),;y?

22 "2

07.15.19.0002.01

{ n-1
2

Im(PED(x+iy) =

i=0

Differentiation

lc1i@+ben+ 1pjiq Y2

221 (2 + 1)1

Low-order differentiation

With respect tov

P(a+2 j,b+2))

PLP@ faez

—a-v-1

X)/;xeRAyeRAaecRAbeRANeN

(a+2 j+1,b+2 j+1)

241 X ;i xeRAyeRAaeRAbeRANeN
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07.15.20.0001.01

PFP@  z-DT@+v+1) 22:1x2(1-v,a+b+v+2, 11, —v; 1-2 1-2
= @+b+v+1DFy.0.1 2 21—y — — |+
av 2T(@+2)Ir(v+1) yat+ 2 Vi 2 2
V|E2X1X2(1_V'a+b+y+2; 1,1, a+b+v+1; 1-2 1—2))+
2x0x1 2,a+2;a+b+v+2; 2 2

a+v+1

1-z
T W@a+v+1) -y + 1))2ﬁ1(—v, a+b+v+1la+1; T]

With respect toa

07.15.20.0002.01

IPEP(@)  T@+v+)W@+v+l)—-y@+1) _ 1-7
= 2 l(—v,a+b+v+1;a+1; —)—
da (v +1) 2

1-2T'@+v+1)
2@+ 1HI'vT'@+2

[EY

N

1-v,a+b+v+2, L1, a+b+v+1 1-2
2,a+2;a+b+v+2; 2

]_

(@rvrzey

N ‘

(@+b+v+1)F3 32

l1-v,a+b+v+211,a+1 1-z 1-z2
2,a+2;,a+2; 2 2

With respect tob
07.15.20.0003.01
oPFP@)  T@+v+1)(1-2) 2X1X2(a+b+v+2,1—v;1;1,a+b+v+l; 1-z
ob  2rmra+z 20° 2,a+2;a+b+v+2 2

[

=)

N ‘

With respect to z

Forward shift operator:

07.15.20.0004.01

P2  at+b+v+1
— Pff—l 1b+1) @

0z

07.15.20.0005.01

PPEP @) 1
— = T(a+b+v+1)@+b+v+2) P2z
o7 4

Backward shift operator:

07.15.20.0006.01

PP @ 1b-1
(1-2) —5 " (b-a-(@+b2P2P@)=-2(+1) PPz
z

07.15.20.0007.01
d((1- 2 (z+ 1P PEP(2))

0z

=-2(r+1)(1-2*1(z+ > PE D)

Symbolic differentiation

With respect to z
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07.15.20.0008.01
IMPE(2)
oz

=2""(@+b+v+ 1), P&MMz  me N

07.15.20.0009.01
IMPEP()  Tr@+v+1) (-1 _ 1-z
= 3F2(1, -v,a+b+v+La+1,1-m; —)/;meN*
oz rv+1 2

Fractional integro-differentiation

With respect to z

07.15.20.0010.01

P2 ra+v+l) 'E2><1><0[ —-v,a+b+v+11; Z 1)
_ S . Lz
02 rv+1) vl atll-ar; 2' 2

Integration

Indefinite integration

Involving only one direct function

07.15.21.0001.01

2
f PeDZ dz= —— P(Vi_ll’b_l)(z)
a+b+v

Involving onedirect function and elementary functions

Involving power function

07.15.21.0002.01
(@a+1),z ~2><1><0( -v,a+b+v+la; Z 1)

1P dz=—F :
f ar+D N arlae+l; 2' 2

Involving algebraic functions

07.15.21.0003.01

f (z-1)°PEP () dz==

Z-D*'Tc+Hl@+v+1) _ 1-z
3 2(—1/, atb+v+1l,c+l;a+1l,c+2 —]
rv+1) 2

07.15.21.0004.01
(1 _ Z)a+1 (Z+ 1)b+l

(a+1,b+1)
2y Pro1 @

f 1-2?@Z+1)°PED R dz== -

Definite integration

Involving the direct function

07.15.21.0005.01
1 220+l r@+n+ HI(b+n+1)
f (1 - 12 (t+ 1P PEO (1) PAD (1) gt == Smn/smeNANeNARe@a) >-1AReb) > -1
-1 n'@+b+2n+1)T(@+b+n+1)
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Summation

Infinite summation
07.15.23.0001.01

(\/WZ—ZZW+1 +1—w)_a(\/w2—22W+1 +1+w)

Zpgab)(z)wn: i-l<z<1Alw <1
n=0 2780\ w2 -2zw+1

07.15.23.0002.01
P@b(z) w"

Z @+, b+1,

n=0

b

1 1
__OFl( a+1, —(z 1)WJ0F1( b+1; 5(z+1)w)/;—1<z< 1AW <1

07.15.23.0003.01

© (a+b+ a+b+1 a+b 2(z-DHw
>— P(ab)(Z)vW--(l w2 bLF, , —+lLa+l, —|/-1<z<1AW<1
o (@+1), 2 2 (1-w)?

07.15.23.0004.01
x (@a+b+1), a+b+1 a+b 2(z+ Hw
Z PP W = (1+w) 2P ,F; , —+Lb+L, — | -1<z<lAW<1
o (O+1 2 2 (1+wy?

07.15.23.0005.01

® (O (@a+b-c+1), 1
Z PEb (2 W' = 2F1(c, at+b-c+La+1; 5(1—\/\/\/2—22w+1 —w))

o @+1),(b+1),

1
zFl(c,a+b—c+1;b+1; E(1—\/\/\/2—22W+1 +w))/;—1<z< 1AW <1

07.15.23.0006.01

e nl@+b+2n+HI@+b+n+1) _a b a b
>, PED (%) P@DI(y) == 220" (1 - %) 72 (x+ 1) 2 (1-y) 2 (y+ 1) 2 6(x-Y) /;
o Fra+n+HIb+n+1)

-1<x<1A-1<y<1ARe@a>-1AReb)>-1

Operations

Limit operation

07.15.25.0001.01
a

12\ z
lim — (—) P(Va'b)(cos(—)) =%
yooo A\ 7 v

07.15.25.0002.01

Y z v(z)
limaz PPY| — |= ————
asco Va) 2To+)

07.15.25.0003.01

2z
lim POb)(l ] =L,(2
b-co b
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07.15.25.0004.01

2z
lim P(Va'b)(l - F) =132

— 00

Orthogonality, completeness, and Fourier expansions

The set of functions P®”(x), n=0,1,..., forms a complete, orthogonal (with weight

n! (a+b+2n+1) I'(a+b+n+1) a b .
5 FarmiD) [BrmeD (1-x%(1+x)") system ontheinterval (-1, 1).

07.15.25.0005.01

(1 -2 (1+x)"2 P@D(x)

(s8]
n=0

n'@+b+2n+HI'@a+b+n+1)
220 M@+ n+ )b+ n+1)

n'@+b+2n+LHT'@+b+n+1)
\/ 1-y*2 A +y 2 PRO(Y) =

22041 M@+ n+ 1)IT(b+n+1)
dx-y)/;-1<x<1A-1<y<1ARe@ >-1AReb)>-1
07.15.25.0006.01

fl \/ m!'@+b+2m+2)I'(@a+b+m+1)

1-9¥ 1+ PEP )

1 22+l g+ m+ ) T(b+m+ 1)

n'@+b+2n+HT@+b+n+1)
20+l M@+ n+ HI(b+n+1)

Any sufficiently smooth function f(x) can be expanded in the system {Pﬁf"b)(x)}n=0 -

its sum converging to f(x) amost everywhere.

07.15.25.0007.01

f00 =D Catn(® /

n=0

22l @ n+ )T(b+n+1)

(1- 0¥ L+ )2 P (1) |dt == 6mp /; Re(@) > -1 A\ Re(b) > -1

as a generalized Fourier series, with

1 nN@+b+2n+HT@+b+n+1
cn=:f¢n(t)f(t)clt/\wn(x):\/ o D (R [\ -1 x <1
-1

Representations through more general functions

Through hypergeometric functions

Involving »F1

07.15.26.0001.01

ra+v+1 _ 1-z
72':1( )

P@D(2) == -v,a+b+v+1la+l —
Tv+1) 2

Involving »F;
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07.15.26.0002.01
'a+v+1 [ 1-z
1

PeDz = — F|-v,a+b+v+1a+1; —) /i —a¢Nt
rov+1)T@+1) 2

07.15.26.0003.01

r(_b) z+1
P(ya'b)(Z) e 2Fl(—v, a+b+v+1,b+1; —) -
v +1)T(-b—v) 2

snvm T T@+v+1) (z+1\® z+1
( 5 ) 2F1(a+V+1,—b—V;l—b; T)/,bs&l

al(@+b+v+1)

07.15.26.0004.01
27 @+b+v+1), 2 2atbtv+l gy T(—a—-b-2v-DT@+v+1)
PeDZ7 = — (z-1) 2F1(—v, —a-v;—-a-b-2v; —) -
rv+1) 1-z al(=b-v)

2
(z—l)‘a‘b‘v‘lel(a+b+v+ 1, b+v+la+b+2v+2 1—)/;25&(—1, HDAa+b+2ve”Z
-z

Through hypergeometric functions of two variables

07.15.26.0005.01
(@a+d, ~2xoxo(—v,a+b+v+l;;; 74 1)
F(V+1) 1x0x0

(@,0) () ——
PP () = as Lo > 3

Through Meijer G

Classical casesfor thedirect function itself

07.15.26.0006.01
sn(zv)ITF'(@+v+1) z-1
PEY () = - Gi’ﬁ(
al(@+b+v+1) '

v+1, -a-b-v
0, -a

2

)/;veEZ

07.15.26.0007.01
1 snxmT (@+m+1) zZ-1| m+1 -a-b-m
P@b (z) == —— lim Gég(— T )/; nez
am™n T@+b+m+1) “\ 2 0, -a

07.15.26.0008.01

sn(zv)F(@+v+1) _a—-b-
PaD 22+ 1) = - Gﬁ‘ﬁ(z v+l -a-b v) hyeZ
alC@+b+v+1) ’ 0, -a
07.15.26.0009.01
sin(rv) _a_-b-—
P@ED (27— 1) = - Ggé(z v+l -a-b v)
al(-b-v)T'(@+b+v+1 ~ 0, -b
Classical casesinvolving algebraic functions
07.15.26.0010.01
1 ~a- 1
(Z+1)bPE,ab)(22+1)==—vag(z‘ a-v,b+v+ )
Frv+1I(-b—v) ° 0,-a
07.15.26.0011.01
2 1 1 1
(z+ 1)b Pg,ab) (1+ —) = Ggé(z b+l a+b+ )/‘ z¢ (-1, 0)
z rv+Hr(=b-vy ~ a+b+v+1, -v
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07.15.26.0012.01

1-z 1 —a-b-v —a-—
(z+ 121 PS,a’b) (_) - G%S(Z’ a-b-v,-a V) /26 (—co, —1)
1+2) To+)T@+b+v+l) = 0.-a
07.15.26.0013.01
z-1 1 —a-b-v -b-
(z+ 12 b1 PS,a’b) (_) . Gg;(zl a-b-v,-b V) J2¢(-1,0)
z+1) Tw+LHr@+b+v+1d ~ 0,-b
Classical casesinvolving unit step 6
07.15.26.0014.01
ra+v+1 _b-—
61— 12)(1-2*PPY 22— 1= — Gig(z atvd b V) /e (-1,0
rv+1 ' 0,-b
07.15.26.0015.01
F'@+v+1 _b-—
002 - 1) (z- 12 PED 27— 1) = — vag(z‘ b-v.aty+ 1)
rv+1) ’ 0, -b
07.15.26.0016.01
2 Fa+v+1
0(1_ |Z|) (1 _ Z)a Pg/a,b) (_ _ 1) - vag(z a+ 1, a+b+1 )
z rov+1 ’ -v,a+b+v+1
07.15.26.0017.01
2 Frb+v+1
002 - 1) (z— 1P PO (— - 1) = G%%(Z‘ b+l 2b+l )/; 2¢ (=00, —1)
z rov+1 ’ -v,2b+v+1

07.15.26.0018.01

1+z -)"I'(-a-b-n) —a-n —a—b-
): 6512(2’ a-n,-a-b-n

_ _ 5 —a-b-n-1 p(ab)
01-1d)(1-2) P [1_2 0 —a

)/;neN

n!

07.15.26.0019.01

z+1 -)"I'(-a-b-n —b-n —a—-b-
+ ):( )T ( )Goyg(‘ b-n, -a-b n)/;neN

! -1 -1 -a-b-n-1 P(a,b) [
(12 -D(@z-1) [ 22| Z 0, b

n!

Theorems

Expansions in generalized Fourier series

© 1
f00 =) o) /; O = f RICITCED
k=0 -

nN'@+b+2n+Hr'@+b+n+1
YK(X) = ) L= 1+ "2 PP (%), keN.
22 lr@+n+ Hr(b+n+1)

The quantum mechanical representation matrices of angular momentum

The quantum mechanical representation matrices D, (e, 3, y) of angular momentum L are given by

L +n7)! (L —n)! v -
DL (@, B, y) == & M&+m (LrmC ) (cos[g]) (sm(g]) P™ ™M) (cos(B))

L+m!L-m!
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wherea, B, y arethe Euler anglesand L, mm e N, -L=m m =< L.

The expected value of the number of real eigenvalues of a one matrix

The expected value r, of the number of real eigenvalues of a nxn matrix whose matrix elements are random
variables with Gaussian distribution (mean = O, variance = 1) is

m=(1-(D")/2+V2 PL¥23).

The equilibrium positions of n unit charges

The equilibrium positions of n unit charges, a charge g at —1, and a charge p at +1 interacting with potential
(2p-129-1)

—log(x) are the zeros of Py, (X).
History

—C. J. Jacobi (1859)
—P. L. Chebyshev (1870).
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