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Notations

Traditional name

Klein invariant modular function

Traditional notation

J(2

Mathematica StandardForm notation

Kl ei nl nvari ant J[z]

Primary definition
09.50.02.0001.01
. \8 . A8 . \8\3
(9200, &%) + 05(0, &#72)" + 840, €7*9)

J(2 = . /i Im(2 >0
54 (95(0, €"%) 95(0, &%) 34(0, €77))

This definition can be continued to selected points on the real axis.

Specific values

Specialized values

09.50.03.0001.01
Ji+my=1/me”Z

Values at fixed points

Values at complex z
09.50.03.0002.01
Ji@) =1

Values at quadraticirrationalities (Heegner Numbers)
09.50.03.0013.01
—1+iV3
1= 7
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09.50.03.0004.01

1+ \/?

J—
2

09.50.03.0005.01
; 1+iV7 125

2 64

09.50.03.0006.01

; 1+iv1l 512
2 27

09.50.03.0007.01
3 1+iv19
2

==-512

09.50.03.0008.01
| 1+i3V3 ] 64000

2 9

09.50.03.0009.01
3 1+iv43
2

== -512000

09.50.03.0010.01
; 1+ive7
2

== -85184000

09.50.03.0011.01

1+iV163
J — == —151931373056 000

Values at infinities

09.50.03.0012.01
J(i 00) == o0

General characteristics

Domain and analyticity

J(2) isan anaytical function of zwhich is defined over the upper half of the complex z-plane.

09.50.04.0001.01
z—J@2::C—C

Symmetries and periodicities

Periodicity
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09.50.04.0002.01
Jm+2=J2/,me”Z

Poles and essential singularities

On the boundary of analyticity the function J(2) has a dense set of poles.
09.50.04.0003.01
Sing (J2) =={} /;Im(2) > 0
Branch points

The function J(2) does not have branch points.

09.50.04.0004.01
BPAI2) ={}

Branch cuts

The function J(z) does not have branch cuts.

09.50.04.0005.01
BC((2) = {}

Natural boundary of analyticity

Therea axisIm(z) == 0 isthe natural boundary of the region of analyticity.

09.50.04.0006.01
ABI(2) == {(—o0, )}

Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself

09.50.06.0003.01

. 2 2 2 3 2
8i KwW)? W=D W(AZ)" - AZ) +1) (2A(20)” = 3A(2)" - 3A(Z) +2)
J(2) oc I(Zg) + S - (z-129) -
27 (K(1—w) (K(w) ~ EW)) — E(L - w) KW)) (A(Z) — 1) A(Z)

8(1-w)w(Az)* - M2o) + 1)

27 (K(1 - w) (EW) - Kw) + E(L - w) KW))? A(20) - D* AZ)"
(Ew) A@o) (~20(20)° + 7 M2)° = 7A(2)* + 7 A(20)” = T A(20) + 2) +
WKW) (2M2)" = 9120)° + 13M(2)° — 44(20)" - 9N@)” — 11A(20)" + 18A(20) + 2w (A(2)° — 3A(20)° +
202" + M(20)° + 9A(z)° — 10A(Z9) + 3) - 6)) KW)* (2= 2 + ... /; (2> ) Aw = g (%)
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09.50.06.0004.01

J@) o« J(2) (1+O(z-20))

Exponential Fourier series

J(Z

09.50.06.0001.01

1 ) > )
—— [€2£7rz+744+zak€2kwrz] /’

1728 &

h=0

27 &1 @mVk s @mi) (hk+H(j, hy) _ .
ak::—ZJfAj(k)ll[ J_ ]/\(Aj<k>::26l,gcdm“exp[— j ]/;(hH(J.h))mOdJ:—l

J(2) =

[a

=1

09.50.06.0002.01

k=1

1 00
—2inz 2kinz| 4.
= e + 744 + E e /i
1728[ % ]

== 196884 A a, == 21493760 A az = 864299970 A a, == 20245856 256, a5 == 333202640 600 /\

1 n-l v
[av =ant E(aﬁ_an)"'zakaZn—k/; n= Z/\Vm0d4:= 0]/\
k=1

1 1 2n-1 n-1

2

[av =3~ Rt
k=1 k=1 k=1

y-1

/\vmod4:: ]/\
n y-2
[av =a2n+2+zaka2n—k+1 /in= 4 /\VI’T]Od4== 2]/\

k=1

1 n+l 2n n
2 k-1 )
&y =&ng— R An1— > (8801 — @2ne1) + Zak qon ki3~ Z(—l) A Aynki2 + Zak Qun-aki2 1N =
k=1 k=1 k=1

v—3

/\ vmod4 = 3]]

Differential equations

Ordinary nonlinear differential equations

(-36W(2)? +41W(2) - 32) W (2" - 72(W(2) - 1> W2? W (2 W (2) + 108 W(2) — 12 W22 W' (2)* = 0 /; W(2) == J(2)

09.50.13.0001.01

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

n
(a2, - an.1) + > (a3, + an) +Zak Qn_ke2 — Z D acayn« +Zak Qn_ak /s N=
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09.50.16.0001.01
Jz+1) =32

09.50.16.0002.01

Identities

Functional identities

09.50.17.0001.01
J2=Jz+1

09.50.17.0002.01

1
J(2) == J(— —)

z

09.50.17.0003.01
64 J(2)° — 110592 J(2 22 J(2)% + 95232 J(2 2) J(2)? — 6000 J(2)* + 95232 J(22)* I(2) +
1510125 J(22) J(2) + 187500 J(2) + 64 J(2 2)° — 6000 J(2 2)? + 187500 J(22) — 1953125 == 0

Differentiation

Low-order differentiation

09.50.20.0005.01
J@) =0

09.50.20.0001.02

0d»  16iKA@Y W@-2A@+1D)2AD -1 (A@° -2 + 1)2

9z 277 A2 - 1 A(2°?
09.50.20.0002.01

0J(2) ni . had )
[_e—ZtﬂZ+Zkak€2krﬂZ] /i

k=1

0z @

27 =1 “mVk i @ni) (hk+H(j, h) _ .
d=— A Il[ j ]/\ [Aj(k) = > O1gecn exp[— ,- ) /; (hH(j, hyymod j = -1
vk j=1

h=0

09.50.20.0003.01

0J(2 ni . > ,
_ [—B_ZI”Z+Zkak€2k”rZ] /’

k=1

0z _@

-1

27 &1 @mVk 2mi) (hk+H(j, h) _ .
a = F Z 7 A;(k) |1[ j ]/\[A,—(k) Zal,god[h,j] exp[— j ]/; (hH(j, )y mod j == —1]
kK j=1

h=0
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09.50.20.0004.02
P2 64K(A(2)°

= T (E(l(Z)) MA@ -2 +1) (A2 -1 (A@ - A + 1) -
07 271722 -1’2

KA@) (A@° - 1@ +1) (412° - 112@° + 612" + 4A@)° + 131" - 18A(2) + 6))

09.50.20.0006.01
32 128i K(A(2)*

07 215 0@ - 1P A2
((A(z) ~2)(162 2% -281(2" + 250(2° + 8A(2° - 32A(2* + 98A(2)° - 140A(2° + 92 A(2) — 23) KQ(@)* -
6EN@) (M@° - 1@ + 1) (412° - 1112° + 612" + 412’ + 1312)° - 1812 + 6) KA(@) +
3EA@)’ M@ -2 M@ +D) (212 - DM@’ - A1) + 1)2)

09.50.20.0007.01
(2 512K(A(2))°

= (‘6 (@ -2 4@ +1) 2AD - D(1@* - 1@ + 1) EA@) +
07 277 O@ - D2 A2P

18KA@) (M@ - 1@ +1) (422° - 111@2)° + 612" + 412° + 131(2)* - 181(2) + 6) EA(2)) —
6K(L(2)° (A2 - 2) (16 12° - 2812 + 2502° + 8A(2)° - 3212 + 98A(2)° — 140A(2)° + 92A(2) - 23) EQ(2) +
KA(@)* (3202 - 11212° + 1231(2° - 1212 +36A2° -

4021(2)° + 1380 A(2)* - 2340A(2)° + 2175A(2)° — 1060 A(2) + 212))

09.50.20.0008.01
#®I(2) 2048 K(A(2)®

_ (_ 1502 -2 A@ +1) 212 - 1) (M2* - 2@ + l)2 EQ@)" +
7 250@ -1’2’

60K(A(2) (A@° - 1@ +1) (422° - 111@)° + 612" + 412° + 131(2)* - 181(2) + 6) EA(2))° —
30K(\(2)° (A2 - 2) (16 12° - 2812" + 2542)° + 8A(2° - 321(2)* + 98A(2)° - 140A(2)° + 92 A(2) - 23) EQ(2)* +
10K(2)° (322" - 11222° + 12312)° - 121(2)" + 36 1(2° - 402A(2° + 1380A(2)* - 2340A(2)° +

2175A(2)° - 1060A(2) + 212) EA(2) - KA@)" (A(2) - 2) (644" - 644(2)° - 201(2° +

1491(2)" - 131A(2)° + 926 A(2)° — 3440 A(2)* + 6086 A(2)° — 5774 A(2)° + 2835 A(2) — 567))

Operations

Limit operation

09.50.25.0001.01

lim Ji€) = oo
e—>+0

Representations through equivalent functions

With inverse function
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09.50.27.0001.01
i(r—9 2
Z==

r+s

|z|zl/\—% <Re2<0/\1=3®

With related functions

Involving Weier strass functions

09.50.27.0002.01

w3 gﬁ w3
J(—) = — /i {02, G} = {Q2(w1, w3), G3(w1, w3)} /\ Im(—) >0
w1 gg - 27 g% w1
09.50.27.0003.01
&
>
I2) = ———— /; {02, 03} = {02(1, 2), g3(L, )} A Im(2) > O
9 -2763

Involving theta functions
09.50.27.0004.01
(92(0, €#i2)° + 95(0, €%i2)° + 84(0, e%i2)")
J(2) = /iIm(2) >0
54(9,(0, €77) 95(0, 7#2) 34(0, &72))°

Involving other related functions
09.50.27.0005.01

(n@* + 256 7(22%%)°
J(2) ==

1728 n(20*® (2 2%
09.50.27.0006.01
1 (256322 n2®
[ n@"*° i n22°
09.50.27.0008.01
n@®  16722°Y)
ﬂ%h@#ﬁ'mﬁ ]

09.50.27.0007.01

3
) /;1m(2) >0

40D -2 +1)°
J(Z) ==
2702% (1 - A(2))?

09.50.27.0009.01
(n@™ +277(322) (122 + 24373 2)2)°

J(Z) ==
1728 1(2)% n(32)*

2

idr, s = {r(i] zFl(i, i; E; 1—/1), 2(x/§—2)r(%) szl(%, %; g; 1—/1)}/\
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09.50.27.0010.01

»on (1@ +3n322)° (n(2 + 277(327)
Z) =

1728 (2% n(32)%*
09.50.27.0011.01

(@2 + 250 (52° n(2)° + 3125 7(5 2)12)3

J(2) =
1728 7(2% n(52)°
09.50.27.0012.01
. (122 + 107(52° n(2° + 57522
1728 7(2° n(5 2>
Zeros

09.50.30.0001.01
i 27i

ID=0/z=e5 \/2=c 3

Theorems

Property of modular functions

Every modular function m(r) (meaning a function that is invarant under all argument substitutions of the form
Z- (az + b)/(cz + d)wherea, b, ¢, and d areintegersand ad — bc == 1) isarational function of J(2) .

Transcendentality of Klein invariant J for algebraic argument

The value J(@) istranscendental for any algebraic « where Im(a) > 0 and @ not being a quadratic irrational.

Moonshine conjecture

The dimensions of the representations of the monster group (the largest ssimple sporadic group) of order

2% % 320 % 59% 11°x 13° x 17 x 19x 23x29x 31 x 41 x 47 x 59x 71 are simple combinations the Fourier coeffi-
cientsof 1728 J(2).

Solution of Chazy equation

(4-73(1) I (@) +6 (I(1)-1) I(1) ' (1)

The function w(2) == 200-DI0Tm

isasolution of Chazy equation W’ (2) == 2W’(2) W(2) — 3W(2)°.

Replicability of 1728 J (1) — 744

The function 1728 J(1) — 744 is completely replicable:

-2nioc o @ © o0
e

l_[ 1_[(1_ eZﬂLf(mo'+n-r))C(nm) /17283 (1) — 744 = o(n) €277,

n=-1m=1 n=-1

J(o)-J() =

1728
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History

—R. Dedekind (1877)
—F. Klein (1878)
—R. Fricke (1890-1892)
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