
LaguerreL3

Notations

Traditional name

Generalized Laguerre polynomials

Traditional notation

Ln
ΛHzL

Mathematica StandardForm notation

LaguerreL@n, Λ, zD

Primary definition
05.08.02.0001.01

Ln
ΛHzL �

GHΛ + n + 1L
n!

â
k=0

n H-nLk zk

GHΛ + k + 1L k !
�; n Î N

Specific values

Specialized values

For fixed n, Λ

05.08.03.0001.01

Ln
ΛH0L �

n + Λ

Λ

For fixed n, z

05.08.03.0002.01

Ln
0HzL � LnHzL

05.08.03.0003.01

Ln
-

1

2 HzL �
H-1Ln

22 n n!
 H2 nI z N

05.08.03.0004.01

Ln

1

2 HzL �
H-1Ln

22 n+1 n! z
H2 n+1I z N



05.08.03.0005.01

Ln
1HzL �

n Ln-1HzL - Hn - zL LnHzL
z

05.08.03.0006.01

Ln
ΛHzL � 1 ´ .-

¶ .

¶z

Λ

 LnHzL �; Λ Î N+

05.08.03.0007.01

Ln
ΛHzL � -

¶ .

¶z

Λ

 Ln+ΛHzL �; Λ Î N+

05.08.03.0008.01

Ln
-n-mHzL � ¥� �; m Î N+

For fixed Λ, z

05.08.03.0009.01

L0
ΛHzL � 1

05.08.03.0010.01

L1
ΛHzL � -z + Λ + 1

05.08.03.0011.01

L2
ΛHzL �

1

2
Iz2 - 2 z H2 + ΛL + Λ2 + 3 Λ + 2M

05.08.03.0012.01

L3
ΛHzL �

1

6
I-z3 + 3 HΛ + 3L z2 - 3 IΛ2 + 5 Λ + 6M z + Λ3 + 6 Λ2 + 11 Λ + 6M

05.08.03.0013.01

L4
ΛHzL �

1

24
Iz4 - 4 HΛ + 4L z3 + 6 IΛ2 + 7 Λ + 12M z2 - 4 IΛ3 + 9 Λ2 + 26 Λ + 24M z + Λ4 + 10 Λ3 + 35 Λ2 + 50 Λ + 24M

05.08.03.0014.01

L5
ΛHzL �

1

120
I-z5 + 5 HΛ + 5L z4 - 10 IΛ2 + 9 Λ + 20M z3 + 10 IΛ3 + 12 Λ2 + 47 Λ + 60M z2 -

5 IΛ4 + 14 Λ3 + 71 Λ2 + 154 Λ + 120M z + Λ5 + 15 Λ4 + 85 Λ3 + 225 Λ2 + 274 Λ + 120M
05.08.03.0015.01

L6
ΛHzL �

1

720
Iz6 - 6 HΛ + 6L z5 + 15 IΛ2 + 11 Λ + 30M z4 - 20 IΛ3 + 15 Λ2 + 74 Λ + 120M z3 + 15 IΛ4 + 18 Λ3 + 119 Λ2 + 342 Λ + 360M z2 -

6 IΛ5 + 20 Λ4 + 155 Λ3 + 580 Λ2 + 1044 Λ + 720M z + Λ6 + 21 Λ5 + 175 Λ4 + 735 Λ3 + 1624 Λ2 + 1764 Λ + 720M
05.08.03.0016.01

L7
ΛHzL �

1

5040
 

I-z7 + 7 HΛ + 7L z6 - 21 IΛ2 + 13 Λ + 42M z5 + 35 IΛ3 + 18 Λ2 + 107 Λ + 210M z4 - 35 IΛ4 + 22 Λ3 + 179 Λ2 + 638 Λ + 840M z3 +

21 IΛ5 + 25 Λ4 + 245 Λ3 + 1175 Λ2 + 2754 Λ + 2520M z2 - 7 IΛ6 + 27 Λ5 + 295 Λ4 + 1665 Λ3 + 5104 Λ2 + 8028 Λ + 5040M z +

Λ7 + 28 Λ6 + 322 Λ5 + 1960 Λ4 + 6769 Λ3 + 13 132 Λ2 + 13 068 Λ + 5040M
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05.08.03.0017.01

L8
ΛHzL �

1

40 320
 Iz8 - 8 HΛ + 8L z7 + 28 IΛ2 + 15 Λ + 56M z6 - 56 IΛ3 + 21 Λ2 + 146 Λ + 336M z5 +

70 IΛ4 + 26 Λ3 + 251 Λ2 + 1066 Λ + 1680M z4 - 56 IΛ5 + 30 Λ4 + 355 Λ3 + 2070 Λ2 + 5944 Λ + 6720M z3 +

28 IΛ6 + 33 Λ5 + 445 Λ4 + 3135 Λ3 + 12 154 Λ2 + 24 552 Λ + 20 160M z2 -

8 IΛ7 + 35 Λ6 + 511 Λ5 + 4025 Λ4 + 18 424 Λ3 + 48 860 Λ2 + 69 264 Λ + 40 320M z + Λ8 +

36 Λ7 + 546 Λ6 + 4536 Λ5 + 22 449 Λ4 + 67 284 Λ3 + 118 124 Λ2 + 109 584 Λ + 40 320M
05.08.03.0018.01

L9
ΛHzL �

1

362 880
 I-z9 + 9 HΛ + 9L z8 - 36 IΛ2 + 17 Λ + 72M z7 + 84 IΛ3 + 24 Λ2 + 191 Λ + 504M z6 -

126 IΛ4 + 30 Λ3 + 335 Λ2 + 1650 Λ + 3024M z5 + 126 IΛ5 + 35 Λ4 + 485 Λ3 + 3325 Λ2 + 11 274 Λ + 15 120M z4 -

84 IΛ6 + 39 Λ5 + 625 Λ4 + 5265 Λ3 + 24 574 Λ2 + 60 216 Λ + 60 480M z3 +

36 IΛ7 + 42 Λ6 + 742 Λ5 + 7140 Λ4 + 40 369 Λ3 + 133 938 Λ2 + 241 128 Λ + 181 440M z2 -

9 IΛ8 + 44 Λ7 + 826 Λ6 + 8624 Λ5 + 54 649 Λ4 + 214 676 Λ3 + 509 004 Λ2 + 663 696 Λ + 362 880M z + Λ9 +

45 Λ8 + 870 Λ7 + 9450 Λ6 + 63 273 Λ5 + 269 325 Λ4 + 723 680 Λ3 + 1 172 700 Λ2 + 1 026 576 Λ + 362 880M
05.08.03.0019.01

L10
Λ HzL �

1

3 628 800
 Iz10 - 10 HΛ + 10L z9 + 45 IΛ2 + 19 Λ + 90M z8 - 120 IΛ3 + 27 Λ2 + 242 Λ + 720M z7 +

210 IΛ4 + 34 Λ3 + 431 Λ2 + 2414 Λ + 5040M z6 - 252 IΛ5 + 40 Λ4 + 635 Λ3 + 5000 Λ2 + 19 524 Λ + 30 240M z5 +

210 IΛ6 + 45 Λ5 + 835 Λ4 + 8175 Λ3 + 44 524 Λ2 + 127 860 Λ + 151 200M z4 -

120 IΛ7 + 49 Λ6 + 1015 Λ5 + 11 515 Λ4 + 77 224 Λ3 + 305 956 Λ2 + 662 640 Λ + 604 800M z3 +

45 IΛ8 + 52 Λ7 + 1162 Λ6 + 14 560 Λ5 + 111 769 Λ4 + 537 628 Λ3 + 1 580 508 Λ2 + 2 592 720 Λ + 1 814 400M z2 -

10 IΛ9 + 54 Λ8 + 1266 Λ7 + 16 884 Λ6 + 140 889 Λ5 + 761 166 Λ4 + 2 655 764 Λ3 + 5 753 736 Λ2 + 6 999 840 Λ + 3 628 800M
z + Λ10 + 55 Λ9 + 1320 Λ8 + 18 150 Λ7 + 157 773 Λ6 +

902 055 Λ5 + 3 416 930 Λ4 + 8 409 500 Λ3 + 12 753 576 Λ2 + 10 628 640 Λ + 3 628 800M
05.08.03.0020.01

Ln
ΛHzL �

GHn + Λ + 1L
n!

 â
k=0

n H-nLk zk

GHk + Λ + 1L k !

05.08.03.0021.01

Ln
ΛHzL � ¥� �; Λ Î Z ì Λ < -n

Values at infinities

05.08.03.0022.01

Ln
ΛH¥L � H-1Ln ¥ �; n > 0

05.08.03.0023.01

Ln
ΛH-¥L � ¥ �; n > 0

General characteristics

Domain and analyticity
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The function Ln
ΛHzLis defined over N Ä C Ä C. For fixed n, Λ, the function Ln

ΛHzL is a polynomial in z of degree n. For

fixed n, z, the function Ln
ΛHzL is a polynomial in Λ of degree n. 

05.08.04.0001.01Hn * Λ * zL �Ln
ΛHzL � HN Ä C Ä CL �C

Symmetries and periodicities

Mirror symmetry

05.08.04.0002.01

Ln
ΛHz�L � Ln

ΛHzL
Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed Λ the function Ln
ΛHzL is polynomial and has pole of order n at z = ¥� .

05.08.04.0003.01

SingzILn
ΛHzLM � 88¥� , n<<

With respect to Λ

For fixed n, z, the function Ln
ΛHzL has an infinite set of singular points:

a) Λ � -n - k �; k Î N+, are the simple poles with residues H-1Lk-1

GHn+1L Hk-1L!
 1F

�
1H-n; -k - n + 1; zL �; k Î N+;

b) Λ � ¥�  is an essential singular point.

05.08.04.0004.01

SingΛILn
ΛHzLM � 998-n - k, 1< �; k Î N+=, 8¥� , ¥<=
05.08.04.0005.01

resΛILn
ΛHzLM H-n - kL �

H-1Lk-1

GHn + 1L Hk - 1L !
 1F

�
1H-n; -k - n + 1; zL �; k Î N+

Branch points

With respect to z

For fixed n, Λ, the function Ln
ΛHzL does not have branch points.

05.08.04.0006.01

BPzILn
ΛHzLM � 8<

With respect to Λ

For fixed n, z, the function Ln
ΛHzL does not have branch points.

http://functions.wolfram.com 4



05.08.04.0007.01

BPΛILn
ΛHzLM � 8<

Branch cuts

With respect to z

For fixed  n, Λ, the function Ln
ΛHzL does not have branch cuts.

05.08.04.0008.01

BCzILn
ΛHzLM � 8<

With respect to Λ

For fixed  n, z, the function Ln
ΛHzL does not have branch cuts.

05.08.04.0009.01

BCΛILn
ΛHzLM � 8<

Series representations

Generalized power series

Expansions at generic point Λ � Λ0

For the function itself

05.08.06.0011.01

Ln
ΛHzL µ

H-1Ln zn

n!
+

1

n!
 â
s=0

n â
j=1

n-s H-1L j+n-s zs

s!
 H-nLs Sn-s

H jL Hs + Λ0 + 1L j 1 +
j

s + Λ0 + 1
 HΛ - Λ0L +

H j - 1L j

2 Hs + Λ0 + 1L2
 HΛ - Λ0L2 + ¼ �;

HΛ ® Λ0L
05.08.06.0012.01

Ln
ΛHzL µ

H-1Ln zn

n!
+

1

n!
 â
s=0

n â
j=1

n-s H-1L j+n-s zs

s!
 H-nLs Sn-s

H jL Hs + Λ0 + 1L j 1 +
j

s + Λ0 + 1
 HΛ - Λ0L +

H j - 1L j

2 Hs + Λ0 + 1L2
 HΛ - Λ0L2 + OIHΛ - Λ0L3M

05.08.06.0013.01

Ln
ΛHzL �

H-1Ln zn

n!
+ â

k=0

¥ 1

k ! n!
 â
s=0

n H-nLs zs

s!
â
j=1

n-s H-1L j+n-s Sn-s
H jL H j - k + 1Lk Hs + Λ0 + 1L j-k HΛ - Λ0Lk

05.08.06.0014.01

Ln
ΛHzL µ Ln

ΛHz0L H1 + OHΛ - Λ0LL
Expansions at generic point z � z0

For the function itself

http://functions.wolfram.com 5



05.08.06.0015.01

Ln
ΛHzL µ Ln

ΛHz0L - Ln-1
Λ+1Hz0L Hz - z0L +

1

2
Ln-2

Λ+2Hz0L Hz - z0L2 + ¼ �; Hz ® z0L
05.08.06.0016.01

Ln
ΛHzL µ Ln

ΛHz0L - Ln-1
Λ+1Hz0L Hz - z0L +

1

2
Ln-2

Λ+2Hz0L Hz - z0L2 + OIHz - z0L3M
05.08.06.0017.01

Ln
ΛHzL � â

k=0

¥ H-1Lk

k !
 Ln-k

k+ΛHz0L Hz - z0Lk

05.08.06.0018.01

Ln
ΛHzL � GHΛ + n + 1L â

k=0

¥ H-1Lk

k ! GHn - k + 1L 1F
�

1Hk - n; k + Λ + 1; z0L Hz - z0Lk

05.08.06.0019.01

Ln
ΛHzL �

GHΛ + n + 1L
n!

 F
�

1 ´ 0 ´ 0
1 ´ 0 ´ 0 -î;;;

Λ + 1;;;
 z0, z - z0

05.08.06.0020.01

Ln
ΛHzL µ Ln

ΛHz0L H1 + OHz - z0LL
Expansions at z � 0

For the function itself

05.08.06.0001.02

Ln
ΛHzL µ

GHn + Λ + 1L
n!

1

GHΛ + 1L -
n z

GHΛ + 2L -
H1 - nL n z2

2 GHΛ + 3L - ¼ �; Hz ® 0L
05.08.06.0021.01

Ln
ΛHzL µ

GHn + Λ + 1L
GHn + 1L

1

GHΛ + 1L -
n z

GHΛ + 2L -
H1 - nL n z2

2 GHΛ + 3L + OIz3M
05.08.06.0002.01

Ln
ΛHzL �

GHΛ + n + 1L
n!

â
k=0

n H-nLk zk

GHΛ + k + 1L k !

05.08.06.0005.01

Ln
ΛHzL � â

k=0

n H-1Lk

k !

n + Λ

n - k
 zk

05.08.06.0006.01

Ln
ΛHzL �

1

n!
 â
k=0

n H-nLk Hk + Λ + 1Ln-k zk

k !

05.08.06.0003.01

Ln
ΛHzL �

GHn + Λ + 1L
n!

 1F
�

1H-n; Λ + 1; zL

http://functions.wolfram.com 6



05.08.06.0004.02

Ln
ΛHzL µ

HΛ + 1Ln

n!
 H1 + OHzLL

Expansions at z � ¥

For the function itself

05.08.06.0007.02

Ln
ΛHzL µ

H-zLn

n!
 1 +

n H-n - ΛL
z

+
Hn - 1L n H-n - ΛL H1 - n - ΛL

2 z2
+ ¼ �; H z¤ ® ¥L

05.08.06.0022.01

Ln
ΛHzL µ

H-zLn

n!
 1 +

n H-n - ΛL
z

+
Hn - 1L n H-n - ΛL H1 - n - ΛL

2 z2
+ O

1

z3

05.08.06.0008.01

Ln
ΛHzL �

H-zLn

n!
 â
k=0

n H-1Lk H-nLk H-n - ΛLk z-k

k !

05.08.06.0009.01

Ln
ΛHzL �

H-zLn

n!
 2F0 -n, -n - Λ; ; -

1

z

05.08.06.0010.02

Ln
ΛHzL µ

1

n!
 H-zLn 1 + O

1

z

Expansions at Λ � 0

05.08.06.0023.01

Ln
ΛHzL µ LnHzL + â

k=0

n-1 LkHzL
n - k

 Λ + â
j=0

n-1 H- j+n-1 L jHzL
n - j

 Λ2 + ¼ �; HΛ ® 0L
05.08.06.0024.01

Ln
ΛHzL � â

k=0

n â
j=0

n-k H-1Ln+k zn- j-k H- j - kL j

j ! Hn - j - kL ! H j + kL !
 B j

H j+k+1LHn + 1L Λk

05.08.06.0025.01

Ln
ΛHzL µ LnHzL H1 + OHΛLL

Expansions at Λ � ¥

05.08.06.0026.01

Ln
ΛHzL µ

Λn

n!
1 +

n Hn - 2 z + 1L
2 Λ

+
Hn - 1L n I3 n2 + H5 - 12 zL n + 12 Hz - 2L z + 2M

24 Λ2
+ ¼ �; H Λ¤ ® ¥L

05.08.06.0027.01

Ln
ΛHzL � Λn â

k=0

n â
j=0

k H-1Lk zk- j Hk - j - nL j

j ! Hk - jL ! H j - k + nL !
 B j

H j-k+n+1LHn + 1L Λ-k
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05.08.06.0028.01

Ln
ΛHzL µ

Λn

n!
 1 + O

1

Λ

Expansions at n � ¥

05.08.06.0029.01

Ln
ΛHzL µ

ãz�2 z-
2 Λ+1

4 n
2 Λ-1

4

Π
cos 2 z

Λ + 1

2
+ n -

Π H2 Λ + 1L
4

+

1 - 4 Λ2

16 n z
 sin 2 z

Λ + 1

2
+ n -

Π H2 Λ + 1L
4

+
1

512 n z
 64 HΛ + 1L z2 cos 2 z

Λ + 1

2
+ n -

Π H2 Λ + 5L
4

+

H2 Λ - 1L I-8 Λ3 - 4 Λ2 + 18 Λ + 64 z HΛ + 1L + 9M cos 2 z
Λ + 1

2
+ n -

Π H2 Λ + 1L
4

-

1

24 576 n3�2 z3�2  3072 H2 n + Λ + 1L z3 cos 2 z
Λ + 1

2
+ n -

Π H2 Λ + 7L
4

+

192 I4 Λ3 + 20 Λ2 + 31 Λ + 15M z2 sin 2 z
Λ + 1

2
+ n -

Π H2 Λ + 5L
4

+ I8 Λ3 - 12 Λ2 - 2 Λ + 3M

I-8 Λ3 - 12 Λ2 + 50 Λ + 192 z HΛ + 1L + 75M sin 2 z
Λ + 1

2
+ n -

Π H2 Λ + 1L
4

+ ¼ �; Hn ® ¥L

http://functions.wolfram.com 8



05.08.06.0030.01

Ln
ΛHzL µ

ãz�2 z-
2 Λ+1

4 n
2 Λ-1

4

Π

cos 2 z
Λ + 1

2
+ n -

Π H2 Λ + 1L
4

+ â
k=1

¥ â
j=0

k â
r=0

k- j â
s=0

k- j-r H-1L j+r+s 22 j-2 k+s zk- j-2 r-s HΛ + 1Ls

j ! s! J 1

2
N
r

A2 Hk- j-r-sL cos

Π j - k + r + s -
Λ

2
-

1

4
+ 2 z n +

Λ + 1

2
B j

HΛ+1LHΛ + 1L j - k + r + s -
Λ

2
+

1

4 r

j - k + r + s -
Λ

2
+

3

4 r

k - j - s +
Λ

2
+

1

4 s

k - j - r - s +
Λ

2
+

1

4 r

k - j - r - s +
Λ

2
+

3

4 r

H-ΛL j -

2

z
 â
j=0

k-1 â
r=0

k- j-1 â
s=0

k- j-r-1 H-1L j+r+s 22 j-2 k+s zk- j-2 r-s HΛ + 1Ls

j ! s! J 3

2
N
r

 A2 Hk- j-r-sL-1 sin Π j - k + r + s -
Λ

2
+

1

4
+

2 z n +
Λ + 1

2
B j

HΛ+1LHΛ + 1L j - k + r + s -
Λ

2
+

1

4 r+1

j - k + r + s -
Λ

2
+

3

4 r+1

k - j - s +
Λ

2
+

1

4 s

k - j - r - s +
Λ

2
+

1

4 r

k - j - r - s +
Λ

2
+

3

4 r

H-ΛL j  n-k +

z

2 n
â
k=0

¥ â
j=0

k â
r=0

k- j â
s=0

k- j-r H-1L j+r+s 22 j-2 k+s zk- j-2 r-s HΛ + 1Ls n-k

j ! s! J 3

2
N
r

 B j
HΛ+1LHΛ + 1L j - k + r + s -

Λ

2
-

1

4 r

j - k + r + s -
Λ

2
+

1

4 r

k - j - s +
Λ

2
+

3

4 s

k - j - r - s +
Λ

2
+

3

4 r

k - j - r - s +
Λ

2
+

5

4 r

H-ΛL j H2 r + 1L A2 Hk- j-r-sL+1 cos Π j - k + r + s -
Λ

2
-

3

4
+ 2 z n +

Λ + 1

2
-

H4 j - 4 k + 8 r + 4 s - 2 Λ - 1L H4 j - 4 k + 8 r + 4 s - 2 Λ + 1L
8 z

A2 Hk- j-r-sL sin Π j - k + r + s -
Λ

2
-

1

4
+ 2 z n +

Λ + 1

2
�;

Hn ® ¥L í A0 � 1 í A1 � 0 í A2 �
Λ + 1

2
í Am �

m + Λ - 1

m
 Am-2 -

H2 n + Λ + 1L
Am-3 í m Î N+
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05.08.06.0031.01

Ln
ΛHzL µ

GHn + Λ + 1L
n!

 ãz�2 â
k=0

¥

Ak 2-k zk
0F

�
1 ; k + Λ + 1; -

z H2 n + Λ + 1L
2

�;
Hn ® ¥L í A0 � 1 í A1 � 0 í A2 �

Λ + 1

2
í Am �

m + Λ - 1

m
 Am-2 - H2 n + Λ + 1L Am-3 í m Î N+

05.08.06.0032.01

Ln
ΛHzL µ

GHn + Λ + 1L
n!

2 n + Λ + 1

2

-
Λ

2

z-
Λ

2 ãz�2 â
k=0

¥

Ak

z

2 H2 n + Λ + 1L
k�2

Jk+ΛK 2 H2 n + Λ + 1L z O �;
Hn ® ¥L í A0 � 1 í A1 � 0 í A2 �

Λ + 1

2
í Am �

m + Λ - 1

m
 Am-2 - H2 n + Λ + 1L Am-3 í m Î N+

05.08.06.0033.01

Ln
ΛHzL µ

1

Π
 ãz�2 z-

2 Λ+1

4 n
2 Λ-1

4 cos 2 n z -
Π H2 Λ + 1L

4
 H1 + ¼L �; Hn ® ¥L

Integral representations

On the real axis

Of the direct function

05.08.07.0001.01

Ln
ΛHzL �

1

GHn + 1L  z-
Λ

2 ãz à
0

¥

ã-t tn+
Λ

2 JΛI2 t z N â t �; ReHn + ΛL > -1

Integral representations of negative integer order

Rodrigues-type formula.

05.08.07.0002.01

Ln
ΛHzL �

ãz

zΛ n!
 
¶n Izn+Λ ã-zM

¶zn

Limit representations
05.08.09.0001.01

Ln
ΛHzL � lim

b®¥
Pn

HΛ,bL 1 -
2 z

b

Generating functions
05.08.11.0001.01

Ln
ΛHzL � @tn D H1 - tL-Λ-1 exp

t z

t - 1

Differential equations
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Ordinary linear differential equations and wronskians

For the direct function itself

05.08.13.0006.01

z w¢¢HzL + HΛ + 1 - zL w¢HzL + n wHzL � 0 �; wHzL � c1 Ln
ΛHzL + c2 G1,2

2,0 -z
n + 1

0, -Λ

05.08.13.0007.01

Wz Ln
ΛHzL, G1,2

2,0 -z
n + 1

0, -Λ
�

ãz H-zL-Λ-1

n!

05.08.13.0003.01

z w¢¢HzL + HΛ + 1 - zL w¢HzL + n wHzL � 0 �; wHzL � c1 Ln
ΛHzL + c2 z-Λ  1F

�
1H-n - Λ; 1 - Λ; zL �; Λ Ï Z

05.08.13.0008.01

WzILn
ΛHzL, z-Λ

1F
�

1H-Λ - n; 1 - Λ; zLM � -
GHΛ + n + 1L sinHΠ ΛL

Π n!
 ãz z-Λ-1

05.08.13.0009.01

z w¢¢HzL + HΛ + 1 - zL w¢HzL + n wHzL � 0 �; wHzL � c1 Ln
ΛHzL + c2 z-Λ

1F1H-Λ - n; 1 - Λ; zL í Λ Ï Z

05.08.13.0004.02

WzILn
ΛHzL, z-Λ

1F1H-n - Λ; 1 - Λ; zLM � -
ãz z-Λ-1 GHn + Λ + 1L

GHΛL n!

05.08.13.0010.01

w¢¢HzL +
HΛ + 1L g¢HzL

gHzL - g¢HzL -
g¢¢HzL
g¢HzL w¢HzL +

n g¢HzL2

gHzL  wHzL � 0 �; wHzL � c1 Ln
ΛHgHzLL + c2 G1,2

2,0 -gHzL n + 1

0, -Λ

05.08.13.0011.01

Wz Ln
ΛHgHzLL, G1,2

2,0 -gHzL n + 1

0, -Λ
�

g¢HzL ãgHzL H-gHzLL-Λ-1

n!

05.08.13.0012.01

h HzL2 w¢¢HzL + hHzL2 
HΛ + 1L g¢HzL

gHzL - g¢HzL -
2 h¢HzL
hHzL -

g¢¢HzL
g¢HzL w¢HzL +

2 h¢HzL2 + hHzL g¢HzL h¢HzL +
g¢¢HzL h¢HzL

g¢HzL - h¢¢HzL -
hHzL g¢HzL H-n hHzL g¢HzL + HΛ + 1L h¢HzLL

gHzL  wHzL � 0 �;
wHzL � c1 hHzL Ln

ΛHzL + c2 hHzL G1,2
2,0 -gHzL n + 1

0, -Λ

05.08.13.0013.01

Wz hHzL Ln
ΛHgHzLL, hHzL G1,2

2,0 -gHzL n + 1

0, -Λ
�

hHzL2 g¢HzL ãgHzL H-gHzLL-Λ-1

n!

05.08.13.0014.01

z2 w¢¢HzL + z H-2 s + r HΛ - a zrL + 1L w¢HzL + Ha r Hs + r nL zr + s Hs - Λ rLL wHzL � 0 �;
wHzL � c1 zs Ln

ΛHa zrL + c2 zs G1,2
2,0 -a zr n + 1

0, -Λ
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05.08.13.0015.01

Wz zs Ln
ΛHa zrL, zs G1,2

2,0 -a zr n + 1

0, -Λ
�

a r ãa zr
zr+2 s-1 H-a zrL-Λ-1

n!

05.08.13.0016.01

w¢¢HzL - HHa rz - ΛL logHrL + 2 logHsLL w¢HzL + Ia n log2HrL rz + log2HsL + Ha rz - ΛL logHrL logHsLM wHzL � 0 �;
wHzL � c1 sz Ln

ΛHa rzL + c2 sz G1,2
2,0 -a rz n + 1

0, -Λ

05.08.13.0017.01

Wz sz Ln
ΛHa rzL, sz G1,2

2,0 -a rz n + 1

0, -Λ
�

a ãa rz
rz H-a rzL-Λ-1 s2 z logHrL

n!

Integral equations whose solutions contain the direct function

05.08.13.0005.01

wHzL �
1

2
H-1Ln à

0

¥

JΛI t z N wHtL â t �; wHzL � ã-
z

2 zΛ�2 Ln
ΛHzL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.08.16.0001.01

Ln
ΛH-zL � ã-z H-1LΛ L-n-Λ-1

Λ HzL �; Λ Î Z

Addition formulas

05.08.16.0002.01

Ln
ΛHz1 + z2L � â

k=0

n

Lk
ΜHz1L Ln-k

Λ-Μ-1Hz2L
05.08.16.0003.01

Ln
ΛHz1 + z2L � ãz1 â

k=0

¥ H-1Lk z1
k

k !
 Ln

k+ΛHz2L

Multiple arguments

05.08.16.0004.01

Ln
ΛHz1 z2L � â

k=0

n
n + Λ

n - k
z1

k H1 - z1Ln-k Lk
ΛHz2L

Identities

Recurrence identities

Consecutive neighbors
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With respect to n

05.08.17.0001.01

Ln
ΛHzL �

Λ + 2 n + 3 - z

Λ + n + 1
Ln+1

Λ HzL -
n + 2

Λ + n + 1
 Ln+2

Λ HzL
05.08.17.0002.01

Ln
ΛHzL �

Λ + 2 n - 1 - z

n
 Ln-1

Λ HzL -
Λ + n - 1

n
Ln-2

Λ HzL
With respect to Λ

05.08.17.0010.01

Ln
ΛHzL �

z + Λ + 1

Λ + n + 1
 Ln

Λ+1HzL -
z

Λ + n + 1
 Ln

Λ+2HzL
05.08.17.0011.01

Ln
ΛHzL �

z + Λ - 1

z
 Ln

Λ-1HzL -
Λ + n - 1

z
 Ln

Λ-2HzL
Distant neighbors

With respect to n

05.08.17.0012.01

Ln
ΛHzL � CmHn, Λ, zL Ln+m

Λ HzL -
m + n + 1

m + Λ + n
 Cm-1Hn, Λ, zL Ln+m+1

Λ HzL �; C0Hn, Λ, zL � 1 í C1Hn, Λ, zL �
Λ + 2 n + 3 - z

Λ + n + 1
í

CmHn, Λ, zL �
2 m - z + Λ + 2 n + 1

m + Λ + n
 Cm-1Hn, Λ, zL -

m + n

m + Λ + n - 1
 Cm-2Hn, Λ, zL í m Î N+

05.08.17.0013.01

Ln
ΛHzL � CmHn, Λ, zL Ln-m

Λ HzL -
-m + Λ + n

-m + n + 1
Cm-1Hn, Λ, zL Ln-m-1

Λ HzL �; C0Hn, Λ, zL � 1 í C1Hn, Λ, zL �
Λ + 2 n - 1 - z

n
í

CmHn, Λ, zL �
Λ + 2 n - 2 m + 1 - z

n - m + 1
 Cm-1Hn, Λ, zL -

Λ + n - m + 1

n - m + 2
 Cm-2Hn, Λ, zL í m Î N+

With respect to Λ

05.08.17.0014.01

Ln
ΛHzL � CmHn, Λ, zL Ln

Λ+mHzL -
z

Λ + n + m
 Cm-1Hn, Λ, zL Ln

Λ+m+1HzL �;
C0Hn, Λ, zL � 1 í C1Hn, Λ, zL �

z + Λ + 1

Λ + n + 1
í CmHn, Λ, zL �

m + z + Λ

m + Λ + n
 Cm-1Hn, Λ, zL -

z

m + Λ + n - 1
 Cm-2Hn, Λ, zL í m Î N+

05.08.17.0015.01

Ln
ΛHzL � CmHn, Λ, zL Ln

Λ-mHzL -
Λ + n - m

z
 Cm-1Hn, Λ, zL Ln

Λ-m-1HzL �; C0Hn, Λ, zL � 1 í
C1Hn, Λ, zL �

z + Λ - 1

z
í CmHn, Λ, zL �

-m + z + Λ

z
 Cm-1Hn, Λ, zL -

-m + Λ + n + 1

z
 Cm-2Hn, Λ, zL í m Î N+
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Functional identities

Relations between contiguous functions

Recurrence relations

05.08.17.0003.01Hn + ΛL Ln-1
Λ HzL + Hn + 1L Ln+1

Λ HzL � H2 n - z + Λ + 1L Ln
ΛHzL

05.08.17.0004.01

Ln
ΛHzL �

Hn + ΛL Ln-1
Λ HzL + Hn + 1L Ln+1

Λ HzL
2 n - z + Λ + 1

05.08.17.0005.01

Ln
ΛHzL �

Hn + ΛL Ln-1
Λ HzL - z Ln

Λ+1HzL
n - z

05.08.17.0006.01

Ln
ΛHzL �

1

n
 IH-z + Λ + 1L Ln-1

Λ+1HzL - z Ln-2
Λ+2HzLM

Normalized recurrence relation

05.08.17.0007.01

z pHn, zL � pHn + 1, zL + n Hn + ΛL pHn - 1, zL + H2 n + Λ + 1L pHn, zL �; pHn, zL � H-1Ln n! Ln
ΛHzL

Additional relations between contiguous functions

05.08.17.0016.01

Ln
ΛHzL � Ln-1

Λ HzL + Ln
Λ-1HzL

05.08.17.0008.01

Ln
ΛHzL �

1

z
 IHn + ΛL Ln

Λ-1HzL - Hn + 1L Ln+1
Λ-1HzLM

Relations of special kind

05.08.17.0009.01

Ln
-mHzL �

zm

H-nLm

Ln-m
m HzL �; m Î N

Complex characteristics

Real part

05.08.19.0001.01

ReILn
ΛHx + ä yLM � â

j=0

f n

2
v H-1L j y2 j

H2 jL !
Ln-2 j

2 j+ΛHxL �; x Î R ì y Î R ì Λ Î R

Imaginary part
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05.08.19.0002.01

ImILn
ΛHx + ä yLM � â

j=0

f n-1

2
v H-1L j-1 y2 j+1

H2 j + 1L !
 L-2 j+n-1

2 j+Λ+1 HxL �; x Î R ì y Î R ì Λ Î R

Argument

05.08.19.0003.01

argILn
ΛHx + ä yLM � tan-1 â

j=0

f n

2
v H-1L j Ln-2 j

2 j+ΛHxL y2 j

H2 jL !
, â

j=0

f n-1

2
v H-1L j-1 Ln-2 j-1

2 j+Λ+1HxL y2 j+1

H2 j + 1L !
�; x Î R ì y Î R ì Λ Î R

Conjugate value

05.08.19.0004.01

Ln
ΛHx + ä yL � â

j=0

f n

2
v H-1L j Ln-2 j

2 j+ΛHxL y2 j

H2 jL !
- ä â

j=0

f n-1

2
v H-1L j-1 Ln-2 j-1

2 j+Λ+1HxL y2 j+1

H2 j + 1L !
�; x Î R ì y Î R ì Λ Î R

Differentiation

Low-order differentiation

With respect to Λ

05.08.20.0013.01

¶Ln
ΛHzL

¶Λ
� â

k=0

n-1 Lk
ΛHzL

n - k

05.08.20.0001.01

¶Ln
ΛHzL

¶Λ
� HΨHn + Λ + 1L - ΨHΛ + 1LL Ln

ΛHzL +
z GHn + Λ + 1L

HΛ + 1L GHΛ + 2L GHnL F2 ´ 0 ´ 1
1 ´ 1 ´ 2 1 - n; 1; 1, Λ + 1;

2, Λ + 2;; Λ + 2;
 z, z

05.08.20.0002.01

¶Ln
ΛHzL

¶Λ
� ΨHn + Λ + 1L Ln

ΛHzL -
GHn + Λ + 1L

GHn + 1L  â
k=0

n H-nLk ΨHk + Λ + 1L zk

k ! GHk + Λ + 1L
05.08.20.0014.01

¶2 Ln
ΛHzL

¶Λ2
� 2 â

j=0

n-1 Hn- j-1 L j
ΛHzL

n - j

05.08.20.0003.01

¶2 Ln
ΛHzL

¶Λ2
� IΨHn + Λ + 1L2 + ΨH1LHn + Λ + 1LM Ln

ΛHzL +

GHn + Λ + 1L
GHn + 1L  â

k=0

n H-nLk  zk

k ! GHk + Λ + 1L  IΨHk + Λ + 1L2 - 2 ΨHn + Λ + 1L ΨHk + Λ + 1L - ΨH1LHk + Λ + 1LM
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05.08.20.0004.01

¶2 Ln
ΛHzL

¶Λ2
�

1

n!
 â
k=0

n H-nLk zk

k !
 â
j=1

n-k H-1L j-k+n Sn-k
H jL H j - 1L j Hk + Λ + 1L j-2

With respect to z

Forward shift operator:

05.08.20.0005.01

¶Ln
ΛHzL

¶z
� -Ln-1

Λ+1HzL
05.08.20.0006.01

¶2 Ln
ΛHzL

¶z2
� Ln-2

Λ+2HzL
Backward shift operator:

05.08.20.0007.01

z
¶Ln

ΛHzL
¶z

+ HΛ - zL Ln
ΛHzL � Hn + 1L Ln+1

Λ-1HzL
05.08.20.0008.01

¶Iã-z zΛ Ln
ΛHzLM

¶z
� Hn + 1L ã-z zΛ-1 Ln+1

Λ-1HzL
Symbolic differentiation 

With respect to Λ

05.08.20.0009.02

¶m Ln
ΛHzL

¶Λm
�

H-1Ln zn ∆m

n!
+

1

n!
 â
k=0

n H-nLk zk

k !
 â
j=1

n-k H-1L j-k+n Sn-k
H jL H j - m + 1Lm Hk + Λ + 1L j-m �; m Î N

With respect to z

05.08.20.0010.02

¶m Ln
ΛHzL

¶zm
� H-1Lm Ln-m

m+ΛHzL �; m Î N

05.08.20.0011.02

¶m Ln
ΛHzL

¶zm
�

GHn + Λ + 1L z-m

GHn + 1L 2F
�

2H1, -n; 1 - m, Λ + 1; zL �; m Î N

Fractional integro-differentiation

With respect to Λ

05.08.20.0015.01

¶Α Ln
ΛHzL

¶ΛΑ
� â

k=0

n â
j=0

n-k H-1Lk+n k ! zn- j-k H- j - kL j B j
H j+k+1LHn + 1L

j ! Hn - j - kL ! H j + kL ! GHk - Α + 1L  Λk-Α
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With respect to z

05.08.20.0012.01

¶Α Ln
ΛHzL

¶zΑ
�

GHn + Λ + 1L z-Α

GHn + 1L 2F
�

2H1, -n; 1 - Α, Λ + 1; zL

Integration

Indefinite integration

Involving only one direct function

05.08.21.0001.01

à Ln
ΛHzL â z � -Ln+1

Λ-1HzL
Involving one direct function and elementary functions

Involving power function

05.08.21.0002.01

à zΑ-1 Ln
ΛHzL â z �

zΑ GHn + Λ + 1L
Α GHn + 1L GHΛ + 1L 2F2H-n, Α; Α + 1, Λ + 1; zL

Involving exponential function

05.08.21.0003.01

à ã-z Ln
ΛHzL â z � -

GHn + ΛL
GHn + 1L 1F

�
1Hn + Λ; Λ; -zL

Involving exponential function and a power function

05.08.21.0004.01

à zΑ-1 ã-c z Ln
ΛHc zL â z �

zΑ GHΑL GHn + Λ + 1L
GHn + 1L  2F

�
2Hn + Λ + 1, Α; Λ + 1, Α + 1; -c zL

05.08.21.0005.01

à zΑ-1 ã-p z Ln
ΛHzL â z � -

G HΛ + n + 1L zΑ

G Hn + 1L Hp zLΑ
 â
k=0

¥ H-nLk  G Hk + Α, p zL
G Hk + Λ + 1L k ! pk

05.08.21.0006.01

à zΛ  ã-z Ln
ΛHzL â z �

zΛ+1 GHΛ + n + 1L
GHn + 1L 1F

�
1HΛ + n + 1; Λ + 2; -zL

05.08.21.0007.01

à zΛ+n-1 ã-z Ln
ΛHzL â z �

zΛ+n GHΛ + nL
GHn + 1L 1F

�
1HΛ + n; Λ + 1; -zL

Definite integration

Involving the direct function 
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Orthogonality:

05.08.21.0008.01

à
0

¥

tΛ ã-t Lm
Λ HtL Ln

ΛHtL â t �
GHn + Λ + 1L ∆n,m

n!
�; ReHΛL > -1

05.08.21.0009.01

à
0

¥

tΑ-1 ã-p t Lm
Λ Ha tL Ln

ΒHb tL â t �
GHΑL HΛ + 1Lm H Β + 1Ln p-Α

m! n!
 â
j=0

m H-mL j HΑL j

HΛ + 1L j j !
 

a

p

j

 â
k=0

n H-nLk H j + ΑLk

H Β + 1Lk k !
 

b

p

k �;
ReHΑL > 0 ì ReHpL > 0 ì m Î N ì n Î N

05.08.21.0010.01

à
0

¥

tΑ-1 ã-p t Lm
Λ Hp tL Ln

ΒHp tL â t �
p-Α GHΑL GHn - Α + Β + 1L GHm + Λ + 1L

m! n! GH1 - Α + ΒL GHΛ + 1L 3F2H-m, Α, Α - Β; -n + Α - Β, Λ + 1; 1L �;
ReHΑL > 0 ì ReHpL > 0 ì m Î N ì n Î N

Summation

Finite summation

05.08.23.0001.01

â
k=0

n HΛ - ΒLn-k Lk
ΒHzL

Hn - kL !
� Ln

ΛHzL
05.08.23.0002.01

â
k=0

n
k - Β + Λ - 1

k
Ln-k

Β HzL � Ln
ΛHzL

05.08.23.0004.01

â
k=0

n
n + Λ

n - k
Lk

ΛHzL wk H1 - wLn-k � Ln
ΛHz wL

05.08.23.0005.01

â
k=0

n

Lk
ΜHz1L Ln-k

Λ Hz2L � Ln
Λ+Μ+1Hz1 + z2L

Infinite summation

05.08.23.0006.01

â
n=0

¥

Ln
ΛHzL wn � H1 - wL-Λ-1 ã

w z

w-1 �;  w¤ < 1

05.08.23.0007.01

â
n=0

¥ 1

HΛ + 1Ln

 Ln
ΛHzL wn � ãw

0F1H; Λ + 1; -z wL �;  w¤ < 1

05.08.23.0008.01

â
n=0

¥ HcLn

HΛ + 1Ln

 Ln
ΛHzL wn � H1 - wL-c

1F1 c; Λ + 1;
z w

w - 1
�;  w¤ < 1
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05.08.23.0009.01

â
n=0

¥ n! Ln
ΛHxL Ln

ΛHyL
GHn + Λ + 1L � Hx yL-

Λ

2 ã
x+y

2 ∆Hx - yL �; ReHΛL > -1 ì x > 0 ì y > 0

05.08.23.0003.01

â
k=0

¥ Ln
k+ΛHzL wk

k !
� ãw Ln

ΛHz - wL
05.08.23.0010.01

â
k=0

¥ t

Ht + 1LΜ+1

k

Lk
Λ+k ΜHzL �

Ht + 1LΛ+1 ã-z t

1 - Μ t

05.08.23.0011.01

â
k=0

¥

t H1 - tLΜ ã
Α z t

1-t

k

Lk
Λ+k ΜHz Hk Α + 1LL �

H1 - tL1-Λ ã
z t

t-1

HΜ + 1L t2 - H-z Α + Μ + 2L t + 1

05.08.23.0012.01

â
k=0

¥ t H1 - tLΜ ã
Α z t

1-t

k

Lk
Λ+k ΜHz Hk Α + 1LL

k Α + 1
� H1 - tL-Λ ã

z t

t-1
2F1

-Α Λ + Μ + 1

Α
, 1;

Α + 1

Α
; t

05.08.23.0013.01

â
k=0

¥ t H1 - tLΜ ã
a z t

1-t

k

k + 1
 Lk

Λ+k ΜHz Ha k + 1LL �
1

t HΛ - ΜL  

H1 - tL-Λ ã
-a z+z+t H-zL

1-t
1F1 Λ - Μ; Λ - Μ + 1;

z Ha - 1L
1 - t

- H1 - tLΛ-Μ
1F1HΛ - Μ; Λ - Μ + 1; z Ha - 1LL �; t H1 - tLΜ ã

a z t

1-t < 1

05.08.23.0014.01

â
k=0

¥ t H1 - tLb ã
a z t

1-t

k

Lk
c+b kHz Ha k + 1LL

H-c - b k - k + mL J -c-b k-k+m+q

q
N

p

�
H1 - tLm-c ã

z t

t-1

p!
 

â
j=0

p â
k=0

m+ j q H-tLk H1 - tL j q-k H- pL j H-m - j qLk

k ! j ! H-c - b k - k + m + j qL  1F1 1;
k b + b + c + k - m - j q + 1

b + 1
;

z t Hb - a c + a m + a j q + 1L
H1 - tL Hb + 1L �;

t H1 - tLb ã
a z t

1-t < 1 í m Î N í p Î N í q Î N

Operations

Limit operation

05.08.25.0001.01

lim
n®¥

1

nΛ
 Ln

Λ
z2

4 n
� 2Λ z-Λ JΛHzL
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05.08.25.0002.01

lim
n®¥

1

nΛ
 Ln

Λ -
z2

4 n
� 2Λ z-Λ IΛHzL

05.08.25.0003.01

lim
Λ®¥

2n�2 n! Λ-
n

2 Ln
ΛKΛ - 2 Λ zO � HnHzL

Orthogonality, completeness, and Fourier expansions

The set of functions Ln
ΛHxL, n = 0, 1, ¼, forms a complete, orthogonal (with weight n!

GHn+Λ+1L  xΛ ã-x) system on the

interval H0, ¥L. 
05.08.25.0004.01

â
n=0

¥ n!

GHn + Λ + 1L xΛ�2 ã-
x

2 Ln
ΛHxL n!

GHn + Λ + 1L yΛ�2 ã-
y

2 Ln
ΛHyL � ∆Hx - yL �; ReHΛL > -1 ì x > 0 ì y > 0
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à
0

¥ m!

GHm + Λ + 1L tΛ�2 ã-
t

2 Lm
Λ HtL n!

GHn + Λ + 1L tΛ�2 ã-
t

2 Ln
ΛHtL  â t � ∆n,m �; ReHΛL > -1

Any sufficiently smooth function f HxL can be expanded in the system 9Ln
ΛHxL=

n=0,1,¼
 as a generalized Fourier series, with its

sum converging to f HxL almost everywhere.
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f HxL � â
n=0

¥

cn ΨnHxL �; cn � à
0

¥

ΨnHtL f HtL â t í ΨnHxL �
n!

GHn + Λ + 1L xΛ�2 ã-
x

2 Ln
ΛHxL í ReHΛL > -1 í x > 0

Representations through more general functions

Through hypergeometric functions

Involving 1F
�

1

05.08.26.0001.01

Ln
ΛHzL �

GHn + Λ + 1L
GHn + 1L  1F

�
1H-n; Λ + 1; zL

Involving 1F1

05.08.26.0002.01

Ln
ΛHzL �

HΛ + 1Ln

GHn + 1L  1F1H-n; Λ + 1; zL �; -Λ Ï N+

Through Meijer G

Classical cases involving exp
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ã-z Ln
Λ  HzL �

1

GHn + 1L  G1,2
1,1 z

-n - Λ

0, -Λ

Through other functions

Involving some hypergeometric-type functions

05.08.26.0004.01

Ln
ΛHzL � lim

b®¥
Pn

HΛ,bL 1 -
2 z

b

Theorems

Expansions in generalized Fourier series

f HxL � â
k=0

¥

ck  ΨkHxL �; ck � à
0

¥

f HtL ΨkHtL â t, ΨkHxL �
k !

G HΛ + k + 1L  xΛ�2 ã-x�2 Lk
ΛHxL, k Î N.

Quantum mechanical eigenfunctions of the hydrogen atom 

 Quantum mechanical eigenfunctions Ψn l mHr, Θ, ΦL of the hydrogen atom are: 

Ψn l mHr, Θ, ΦL � H2 ΤL3 
Hn - l - 1L !

2 n Hn + lL !3
 ã-Τ r H2 Τ rLl Ln-l-1

2 l+1 H2 Τ rL Yl
mHΘ, ΦL �; Τ > 0,

n Î N+, l Î N, l £ n - 1, m Î Z,  m¤ £ l

The intensity of the Laguerre-Gauss modes

The intensity of the Laguerre-Gauss modes Ln
mHx, yL = ã-Ix2+y2MHx + ä yLm

 Ln
mI2 Ix2 + y2MM are shape invariant under a

Fresnel transformation:

k

2 Π ä
 à

-¥

¥à
-¥

¥

ãä k IHx-ΞL2+Hy-ΗL2M Ln
mHx, yL â x â y È2 �

1

È Α È2 Ln
m

Ξ

È Α È ,
Η

È Α È È2 �; Α � 1 +
2 ä

k

The eigenfunctions of the Schrödinger equation of the one-dimensional hydrogen atom

The eigenfunctions of the Schrödinger equation of the one-dimensional hydrogen atom (the simplest example for a

system with dynamical superselection rules) -Ψn
²HxL - 1

x
 Ψn

²HxL � - 1

2 n2
 ΨnHxL are given by

ΨnHxL � Α1 ΘHxL 
4

n5 n!2
 H-1Ln-1 x Ln-1

1
2 x

n
ã-

x

n + Α2 ΘH-xL 
4

n5 n!2
 H-1Ln-1 x Ln-1

1 -
2 x

n
ã

x

n .

History
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– E. N. Laguerre (1879)

– N. J. Sonin (1880)
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