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Notations

Traditional name
Generalized Laguerre polynomials
Traditional notation

La(2

Mathematica StandardForm notation

LaguerreL[n, A, z]

Primary definition

05.08.02.0001.01

FrA+n+1) QO (—n) &
LA2) = ( )Z X ineN
n! o TA+k+1)k!
Specific values
Specialized values
For fixed n, A
05.08.03.0001.01
Ly [N+A )
o=
For fixed n, z
05.08.03.0002.01
LY@ = Ln(2)
05.08.03.0003.01
1 (="
Ln 2(Z) = H2 n(\/;)
22"t
05.08.03.0004.01
1 (-p"
LA = H; n+1(\/?)

2+lnty/z
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05.08.03.0005.01
NLy1(2 - (-2 L2

z

05.08.03.0006.01
A

d.
LA2) = [1>< - 5] Ln(@/; A eN*

05.08.03.0007.01
A

a.
Ln(2) = [— a] L@/, A eN*

05.08.03.0008.01
L,"M(2) == /; meN*

For fixed A, z
05.08.03.0009.01
Ly(2) ==
05.08.03.0010.01
L)@ =-z+A1+1

05.08.03.0011.01

1
Ly(2) = E(zz-zz(zm) +A2+31+2)

05.08.03.0012.01

1
L3 = g(—23+3(7L+3)22—3()L2+5/1+6)z+/\3+6/\2+11)L+6)

05.08.03.0013.01
1
LY@ = 7 (Z-4QA+HZ+6(2+71+12) 2 - 423+ 922+ 261 +24) 2+ A* + 1023 + 3517 + 501 + 24)
05.08.03.0014.01
1
Li(@ = 0 (-2+50+57Z'-10(A+91+20) 2 + 10(A® + 12A% + 471 + 60) Z —
5(A%+ 1423+ 7122 + 1541 + 120) z+ A° + 151% + 8513 + 22512 + 274 1 + 120)
05.08.03.0015.01
Lé(z) ==
1
— (2-6(1+6)2+15(1% +111+30)Z' = 20(A% + 152% + 741 + 120) 2 + 15(1* + 1813 + 11917 + 3421 + 360) Z —
6(1°+201% + 15513 + 58012 + 1044 A + 720) -+ A° + 21 1% + 1751% + 73513 + 1624 1% + 17641 + 720)
05.08.03.0016.01
1
L@ = —
5040
(-7 +7A+7 2 -21(A% + 131+ 42) 2 + 35(23 + 1847 + 107 1 + 210) Z* — 35(1* + 223 + 17912 + 6381 + 840) 2 +

21(A°+251% + 24513 + 11751 + 27541 + 2520) 22 — 7 (A® + 27 2° + 2951* + 1665 1% + 5104 1% + 8028 A + 5040) z+
A7 +282°+3222° + 1960 1% + 67691% + 1313212 + 13068 A + 5040)



http: //functions.wolfram.com

05.08.03.0017.01

1
Ly(@ = M(ZB—S(/I+8) 7' +28(1%+ 151 +56) 22 — 56 (A% + 211% + 146 1 + 336) 2 +

70 (A% + 2613 + 25102 + 1066 A + 1680) Z* — 56 (1% + 301* + 35513 + 2070 A2 + 5944 A + 6720) 2 +
28(A°+331° + 4452 + 31351° + 12154 A% + 24552 1 + 20160) Z —

8(A7+351°+ 51125 + 40251* + 1842413 + 48860 1% + 69264 A + 40320) 2+ A% +

3617 +5461° + 4536 1° + 22449 1* + 67284 1% + 118124 1% + 109584 A + 40320)

05.08.03.0018.01

Ls(@ = (-2+9M+9Z2-36(1%+171+72)Z" +84(A°3 + 2417 + 1911 + 504) 2 —

362880
126(1* + 3043 + 33512 + 1650 A + 3024) 2 + 126 (1° + 351% + 48513 + 332512 + 112741 + 15120) 7' -

84(1°+392° + 6251% + 52651° + 24574 1% + 60216 A + 60480) Z° +

36(A7 +422° + 7422° + 7140 1% + 4036913 + 1339381° + 2411281 + 181440) 7 —

9(A® +4417 +8261° + 8624 1° + 546491 + 214676 1% + 509004 A% + 663696 A + 362880) z+ A° +
4518 + 87017 +94501° + 63273 1° + 269325 1" + 723680 1° + 1172700A% + 1026576 A + 362880)

05.08.03.0019.01

Lio@ = _ (Z°-10(0+10)2 +45(A% + 191 + 90) 22 — 120 (A% + 2727 + 2421 + 720) 2’ +

3628800

210 (A% + 3423 + 43122 + 2414 1 + 5040) 2° — 252 (A° + 40A* + 63513 + 5000 A% + 19524 A + 30240) Z° +

210(A° +451° + 8351% + 81751 + 44524 1% + 127860 A + 151200) Z* -

120 (A7 +492° + 10152° + 11515 1% + 7722413 + 305956 1% + 662640 A + 604800) 2 +

45(2% + 5217 + 11621° + 14560 1° + 111769 1* + 537628 1% + 1580508 A° + 2592720 A + 1814400) Z —

10(A°+5418 + 126617 + 16884 1° + 1408891° + 761166 1* + 2655764 A% + 5753736 1% + 6999840 A + 3628800)
z+ A0 +551% +13201% + 1815017 + 157 7732° +

9020551° + 3416930 1* + 8409500 A% + 12753576 A% + 10628640 A + 3628800)

05.08.03.0020.01
TN+A+1) N (=) &

L2 =
" nt Z;r(m“l)kz

05.08.03.0021.01
LA@=&%/;1eZAA<-n

Values at infinities

05.08.03.0022.01
La(0) = (=)0 /;n >0

05.08.03.0023.01
Lﬁ(—oo) =o00/;n>0

General characteristics

Domain and analyticity



http: //functions.wolfram.com

The function L}(2)is defined over N® C ® C. For fixed n, A, the function LA(2) isa polynomial in z of degree n. For
fixed n, z the function L}(2) isa polynomial in A of degree n.

05.08.04.0001.01
N+ — L2 :(N®C®C)—C
Symmetries and periodicities

Mirror symmetry
05.08.04.0002.01

L@ =L@

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed A the function Li(2) is polynomial and has pole of order nat z = .
05.08.04.0003.01
Sing,(Ly@) = {0, n}}

With respect to A

For fixed n, z, the function Ljy(2) has an infinite set of singular points:

a) A == —-n-k/; ke N*, are the smple poles with residues CH Y 1F1(=n; =k—n+1;2) /; ke N*:

r'(n+1) (k-1
b) A == & isan essential singular point.

05.08.04.0004.01
Sing, (Lh@) = {{{-n—k, 1} /; ke N*}, {0, oo}}
05.08.04.0005.01
-1t

res, (L) (-n—k) == ————— 1F1(-n; —k—n+1;2) /; ke N*
rn+1)(k—1)!

Branch points
With respect to z

For fixed n, A, the function L2(2) does not have branch points.

05.08.04.0006.01
BP,(Ly(2) = {}

With respect to A

For fixed n, z, the function L2(2) does not have branch points.
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05.08.04.0007.01
BP\(Lh(@) = {}
Branch cuts
With respect to z

For fixed n, A, the function L}(2) does not have branch cuts.

05.08.04.0008.01
BCALN@) = 1{}

With respect to A

For fixed n, z thefunction L}(2) does not have branch cuts.

05.08.04.0009.01
BC\(Lh@) = 1}

Series representations

Generalized power series

Expansionsat generic point A == Ag

For the function itself

05.08.06.0011.01

(_1)n il 1 n.n-s (_1)j+n—szs . ) ( _ 1) B
L) o F =YY s Slss+ A+ D 14 A-do+ —— 2w
n! ] Sy s! S+Ap+1 2(s+ A + 1)
(A = 29)
05.08.06.0012.01
Lﬁ(Z) [
(_1)n 2 1 n.ns (_1)j+n—szs ) ) ( -1 H
il o R R W 1] E -2+ —— L =2+ O - 20))
n! ' Sia s! S+2p+1 2(s+ 2o+ 1)°

05.08.06.0013.01

D" & 1 N (S . .
—)isGDs (= k+ D)y (S+ Ao+ DI A = 1)

— +k§=0k!m > (ISl (- k+ Dy (s+ A0+ D KA -2)

so S' 3
05.08.06.0014.01
Lh(@) o L(zo) (1 + O — Ao))

Lh@ =

Expansions at generic point z== z

For the function itself
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05.08.06.0015.01

LA@) o Li(Z0) - L1 (20) (2— 20) + % LN 2(20) (2= 202 + ... [; (2 Z)
05.08.06.0016.01

LA@) o La(Z0) - Ly 1(20) (2— 20) + % LA"2(20) (- 20 + O((z - 20)°)

05.08.06.0017.01
) (_ 1)k

L@ =) —— @) - )"
= k!

05.08.06.0018.01
A N (D" = k
Ln(Z) = F(A"' n+ 1)2 m 1F1(k— n; k+/1+ 1, Zo) (Z— Z())
k=0 ™ -
05.08.06.0019.01
FA+n+1) ~l><0><0( -V

L@ =————F1. 0.0 A+l

ZO! Z_ZO)
n!

05.08.06.0020.01
LA@) oc Li(zo) (1 + Oz~ 25))

Expansionsat z==0

For the function itself

05.08.06.0001.02

F(n+)t+1)( 1 nz (1-n)nZ ]
LA - - - |/@z-0
n! TA+1) TA+2 2TQA+3)
05.08.06.0021.01
rn+A+1 1 nz 1-nnZ
L@ )( _ il +o(23)]
r'n+1) (rA+1) TA+2 2TA+3)
05.08.06.0002.01
FrA+n+1 O (-n) &
Lz = A+n+ )Z k
n! oo TA+k+1)k!

05.08.06.0005.01

n=DK e
Aoy
L"(Z)"Z K (n—k)Zk

k=0

05.08.06.0006.01
10 (=N K+ A+ 1) &

L@==—> -

05.08.06.0003.01

'n+A1+1) _
Lﬁ(z) == T 1Fi(=n; A +1; 2)
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05.08.06.0004.02
+1)

L) o " 1+0)
Expansionsat z==

For the function itself

05.08.06.0007.02

-2" n=n-12) OM-L)n=n-2)A-n-2)
LA@) o« (1+ + + ) /(12 = o)
n! z 22
05.08.06.0022.01
-2" nn-12) OM-LHn=n-)A-n-2) 1
LA@) o« (l + + ¥ o(_])
n! z 27 z
05.08.06.0008.01
RN G CNCUEP o
Lh(2 =
n! 3 k!
05.08.06.0009.01
_Z\n 1
L@ = ZFO(—n, -n-X;; ——)
z

05.08.06.0010.02

1 1
L 2 « — (-2)" (1 + O(—))
n! z

Expansionsat A == 0

05.08.06.0023.01

1 1 L2 IH i L@ 2
L5(2 < Ln(2 + )L+ A+ ... ,A->0
k=o N j=0

05.08.06.0024.01
n_nok (=DM (- - k),

Lo=>>"

kojo 11 M=i=R!({+k! B

(]+k+1)

(n+1) Ak

05.08.06.0025.01
L@ o Ln(2) (1 + O))

Expansionsat A == oo

05.08.06.0026.01
AN nn-2z+1) OM-HnBn?+(5-122n+12(z-2)z+2)

LA@) oc — |1+ + +.. |/ A = )
n! 2A 2422

05.08.06.0027.01

n kD2 T k=-j-ny;
LA(Z) — An B(_J—k+n+1)
" ZZ]'(k—j)!(j—kH\)! :

k=0j=0 1*

N+
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05.08.06.0028.01
An 1

LA2) o« — (1 + o(—))
n! by

Expansionsat n == oo

05.08.06.0029.01

201 201

ez A+1 7r(2/1+1)
LA(Z) ————|coq2 |z T+n +
1-422 )L+1 n(2A+1) 1 /\+1 ﬂ(2/\+5)
—+n 64(L+1)Zcod2 |z —+n +
lGW\/_ 2 512nz 2
ﬂQA+D
(20-1)(-823-422+181+64z(A + 1) + 9) cog 2 z T+n
A+1 7r(2/\+7)
— |3072@n+A2+1)ZFcod2 |z +n +
24576 n?2 732

2
)(+1 ) m(2A+5)
+n

192(42%+202% + 311 + 15) Z sin| 2 +(82%-1222-21+3)

+1 1(21+1)
+Nn| - — ||+ ... |/, (N> o)

A
(-82%-1222+501 +192z(A + 1) + 75) sm[Z z[T
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05.08.06.0030.01
2041 22-1

€27 2 na

LA@) o«
T
A+1 71'(2A+ 1) oo k k=j k=j-r (_1)j+r+s 22]—2k+s Zk—j—Zr—s (A+ 1)5
cog 2 z[ > +n] - 2 +Z . ZZ : . A (k-j-r-s) CO
k=1{j=0r=0 s=0 j!s! (5)
;
) A1 A+1 - ) A1
rlj-k+r+s————|+2 [z|n+ — | |B"VQA+D[j—k+r+s-—+—
2 4 2 2 4)
) A3 ) A1 ) Al ) A3
j-—k+r+s——+ -] [K=j=s+ -+~ [K=j-r—=s+ —+—| [K=j-r—s+ —+—| (=)~
2 4) 2 4) 2 4) 2 4)
2 k-1 k—j—1k—j-r-1 (_1)j+r+s 22 j-2k+s k-j-2r-s A+ 1)5 A1
- A (kej-r—g-1 SN n[j—k+r+s——+—]+
270 = irst(3 2 4
j=0 r=0 s=0 j.S.(Z)r
A+1 el ] Al ) A 3
2 |zfn+ — | |B"PQ+D|j-k+r+s——+—| |j-k+r+s——+—
2 r+1 4 r+1
] Al ) A1l ) A3
K—j=s+—+—| [k=j-T=s+ -+ | [k=j-T=s+ -+ —| (-4) n*+
2 4) 2 4) 2 4)
\/? k—j k=j-r (_l)j+r+s 22]—2k+s Zk—j—Zr—s A+ 1)5 rrk

2vVn éjzzogg j!s!(;)r

A1 A3 A3 A5
(j—k+r+s——+—] [k—j—s+—+—) (k—j—r—s+—+—] [k—j—r—s+—+—)
2 4) 2 4) 2 4) 2 4)

Al
B Y+ 1) j—k+r+s————)
2 4),

] A3 A+1
(=0)j | @2r+1) Apk_j-r-g+1 COJ T J—k+r+s—£—é—1 +2 [z n+T -

4j-4k+8r+4s-21-1)(4j-4k+8r+4s-21+1)
8z

) ) A1 A+1
Ao (kej-r-g SIN| T j—k+r+s—5—z +2 |z n+7 /;

(neoo)/\Ao=1/\A1=0/\A2=%AAm:m—Hsz—

m
2n+A+1)

A,n_g/\meRF'
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05.08.06.0031.01

'n+A+1) & - z2n+A+1)
LA(2) o 7@ﬂ22Ak2-kzk0F1[; K+A+1; —7] ;
n! o 2
A+1 m+/\ 1

n-c) NAo=1/\ A= 0/\A2_—/\

05.08.06.0032.01

,\
FrM+A+1) (2n+A+1 A o ki2
)« ( )( ] Zze? Z (2(2n+A+l)) Jk+,\(\/2(2n+/\+1)z)/;

!
n! 2 o

Ans—(@2n+d+ DAy, \men

A+1 m+/\ 1

n-o) NAo=1/\A = 0/\A2_—/\

05.08.06.0033.01

Anz—@n+Aa+D Ay, \men

1 2l 211
L@« — e#?Z % n s cog2vVnz -

T

n(2A+1)
7]( +...)/; (N> )

Integral representations

On the real axis

Of thedirect function

05.08.07.0001.01

A 00 A
zZ:2 ezf etz J,l(zx/tz)d/t/; Ren+1)>-1
0

L2 =
I'n+1)

Integral representations of negative integer order

Rodrigues-type formula.

05.08.07.0002.01
P 6n (Zn+)L e—z)
Z'n! 7"

L';(Z) ==

Limit representations

05.08.09.0001.01

LA2) == lim P(“’)(l— g)
n n
b-oo b

Generating functions

05.08.11.0001.01

t
LA(2) == ([t” J1-p*? exp(—z))
t—1

Differential equations
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Ordinary linear differential equations and wronskians

For thedirect function itself
05.08.13.0006.01
n+ 1)

ZW @2+ A+1-22W@+nw2=0/,Ww2) =¢ Lﬁ(z) + C Gig(—z 0. -1

05.08.13.0007.01
n+ 1)) e* (-1

2,0,
Wz(Lﬁ(z), Gl,z(—z 0. -2

05.08.13.0003.01
W@ +A+1-DW@+nW2) =0/, W2 =, LA@D + ¢,z Fi(-n-1;1-1;2 /;1¢Z

05.08.13.0008.01

IF'A+n+1)sin(zA) g

W(L3@), Z1 1 Fi(-A=m 1-1; ) = -
n!

05.08.13.0009.01

IW@D+A+1-DW@+nW2) =0/, W2 =¢, LA + ¢, Z* 1F1(-1-n;1-1; 2 /\ N¢Z

05.08.13.0004.02
E7V"Irn+2+1)

Wo(Li(@), Z1 1Fa(-n—2; 1-1; 7)) = —

rn!
05.08.13.0010.01
A+DHg@ 9@ ng2?
w'(2) + (7 -g@-= )W(z) + W(2) =0/, W) = ¢; Li(g2) +C GiS(—g(z)
e 9@

05.08.13.0011.01

n+1y) 9@ (-g@)™
0, —/\))

wz(Lﬁ(ga)), Gi:?(—g(z)

n!

05.08.13.0012.01
A+1g@ 2@ 9@ )
—-d@- wW(2) +

g
a2 he dJd®@

h@?wW'(2 + h(z)z(

g'@h> ) h@g@ (-nh2g @ + @A+ 1N (2)
— -W'@]|- 2 w(2)
oz

/

(2 (2?2 + h(2) [g’(z) h(2) +

1
W) = ¢ h@) L@ +c; h(2) ijg(—g(Z) g i A)
05.08.13.0013.01
2y (2) -A-1
N 20( n+ 1)) @ g@ ¥ (-g2)
Wz(h(z) Ln(g2), h(2) Gl,z( 92 0\~ "

05.08.13.0014.01
Z2W(@2) +z(-2s+r(A—-aZ)+HW@ +@rs+rmz +s(s—=AnNwz =0/
n+1)

W(z)=clzsLﬁ(az’)+czzseig(—az' 0 1

n+1
0, -2

=0/

)
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05.08.13.0015.01

n+ 1)) ar@az‘ Z+2s-1 (_azr)—/\—l

wz(zs L\@z), zseig(-az' ‘ .

n!

05.08.13.0016.01
wW’(2) - ((ar*-2) log(r) + 2log(s) W (2 + (an Iogz(r) re+ Iogz(s) +(ar*-=2a)log(r) Iog(s)) w2 =0/
n+ 1)

w(z):clsZL?](arZ)+cgsZGig(—arZ 0 1

05.08.13.0017.01

n+1 ae?” rZ(—ar) "1 22 og(r)
0, —/\))

Wz(sZ Li@r?), & Gig(—arz

n!

Integral equations whose solutions contain the direct function

05.08.13.0005.01

1 o .
wR = - (—1)”f W(Viz )W(t)flt W@ =e22"L}2
0

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.08.16.0001.01
LA~ =e?(-D'L' @ /irez

Addition formulas

05.08.16.0002.01

n
A-p-1
L@+2) =) L@l @
k=0

05.08.16.0003.01

oo (—l)kii

LMz + 2) == €& —_—
nZ+2)=¢ Z K1

k=0

Lhﬂ(zz)

Multiple arguments

05.08.16.0004.01

- A
Ln(z1 2) = Z( :i K ) ii L-z)™* Lﬁ(Zz)
k=0

Identities

Recurrence identities

Consecutive neighbors
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With respect to n

05.08.17.0001.01
N A+2n+3-z | n+2
O e T e
05.08.17.0002.01

N A+2n-1-z N A+n-1 N
Lh(@ = — L2 - Y L.

With respect to A

05.08.17.0010.01

A z+A+1 A+1 z A+2
Li@=——L"@-——L7"“@
A+n+1 A+n+1

05.08.17.0011.01

A z+ A-1 +n A-2
Lh(@ = La (@~ — L (2@

Distant neighbors

With respect to n

05.08.17.0012.01

N N m+n+1 N A+2n+3-2
L3(@ = Gl & D L@ = ———— G114, D Ly a @ ol 4, 2 = 1 /\cn 2 2= — A
2m-z+A+2n+1 m+n
Cm(n, A, 2) = Crn1(N, A, 2)— ———— Co(n, 4, 2) /\ me N*
m+A+n m+A+n-1
05.08.17.0013.01
-m+A+n A+2n-1-2z
LA®D = Cin(N, 4, DL @~ ———— Cona(n, 4, D LA 1@ i Con A, D=1 /\ Cx(n, A, 9 = ————— A\
-m+n+1 n
A+2n-2m+1-z A+n-m+1
Cr(n, A, 2) = Crma(M A, 2) = —————— Crna(n, 4,2 A meN*
n-m+1 n-m+2

With respect to A

05.08.17.0014.01

Z
L@ = Cm(n, A, D LY@ - ———— Cpa(n, A, 2 L™ (D) /;
A+n+m
Z+A+1 m+z+2A
Com X, 2=1/\Can A, 2= ——— A\ Cnl(n 1, = ———— Cra(n, 1, 2) - Crman 1,2 [\ men*
A+n+1 m+A+n m+A+n-1
05.08.17.0015.01
A+n—-m .
LY@ =Cm(n, 4, 2Ly M@ - ——— Cnan, 4, 2Ly ™ (@) /; Co(n, A, 2 =1 /\
Z
z+A-1 -Mm+2zZ+2A -m+A+n+1
Ci(n, A, 2) = ACr(n 1, 9= ————Cran &, - —————Cra(n, 1,2 [\ meN*
zZ VA zZ
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14

Functional identities

Relations between contiguous functions

Recurrence relations

05.08.17.0003.01
M+, @+n+ DL, @=Cn-z+1+ DL}

n+1

05.08.17.0004.01
M+, @+n+HLL,@

L@ =
2n—-z+A+1
05.08.17.0005.01
N+l @ -z
Lh@ =

n-z
05.08.17.0006.01

1
LA(2) = - (~z+2+ D LY@ - zLy52)

Normalized recurrence relation

05.08.17.0007.01
zpin,2=pin+1,2+n(n+)pin-1,2+2n+A+1)p(n 2 /; p(n, 2= (-1)"n! Lﬁ(z)

Additional relations between contiguous functions

05.08.17.0016.01
L@ =L ,@+Li %@

05.08.17.0008.01

1
Li@ = = ((n+ )L '@ - (n+ D Ly 1(2)
VA

Relations of special kind

05.08.17.0009.01

La"(2 =

LM @ /;meN

m

Complex characteristics

Real part

05.08.19.0001.01

15l (1) y2i

2 (-1 yzl 2j+A
Re(LAX+iy)) == L
e( ) JZ;J (21)! 2j

X /;xeRAyeRAAeR

Imaginary part
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05.08.19.0002.01

n-1 . .
e (-Dity2iet 2j4a+1

Im(LA(X+iy)) = _ L fma® sxeRAYyeRALER
i 2j+1!

Argument
05.08.19.0003.01

By L“”‘(x)yzl Z) ot ey

arg(LAx+iy)) = tan™t - i xeRAyeRALeR
(tn ) ;‘ @j)! = @2j+1!

Conjugate value
05.08.19.0004.01

Gl oo 12 ot oo i
L’r‘](x+n?y)=Z— i ixeRAyeRALeR

i @p! =y 2j+1!

Differentiation

Low-order differentiation

With respect to A

05.08.20.0013.01
@ L@

A o -k
05.08.20.0001.01
LMD zI(n+A+1) -n 1 .
D WA+ D -+ D LD + F%iéi%( tenbLarh, )
oA A+DTQA+2T(n) 2,A+2;,A+2

05.08.20.0002.01

LN T(N+A+1) O (—n(k+A+1) &
=yn+1+1)LA2 - Z
A\ rn+1) & KIT(k+A+1)

05.08.20.0014.01
Pl mtH L@
2 -

9N o h-j

05.08.20.0003.01
PLy@ - .
= W+2+ D +yPn+1+ D) L@ +

922
I'h+A+1) (—n) 2

n
I'n+1) g(;k'l'(k+/\+l)

(Wk+ A+ 17 =20+ A+ Dk + A+ 1) — gDk + A+ 1))
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05.08.20.0004.01
PLD 1 () 2k

i i gD (=1 k+ A+ 1)
OA2 nlizg k! gl: K

With respect to z
Forward shift operator:

05.08.20.0005.01
ILx(2)

0z =L@

05.08.20.0006.01
PLN@
7

Backward shift operator:

05.08.20.0007.01

L@

2 +A-2l@ =0+ o

0z
05.08.20.0008.01
deZ' L)(2)

=mn+De?2 LN
0z

n

Symbolic differentiation

With respect to A

05.08.20.0009.02

D (D" 26 1 O (- ko . _
+— Di*ng? (G-m+1) k+A+D) ™/ menN
aAm n! n! k%; k! ;‘ % < "

With respect to z
05.08.20.0010.02
"Ly
az"

=(-D)"L"A@ /;meN

05.08.20.0011.02
MA@ T+A+Hz™ _

— Fo(1, -m;1-mA+1,2/,meN
az" r(n+1) e

Fractional integro-differentiation

With respect to A

05.08.20.0015.01
K —i—k . (j+k+1)
(=DF Mkt 217K (- — k), B

L o n+1)

n-k
A :k:oj-; iTn-ji-kKG+RITKk-a+1)

Ak—a
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With respect to z
05.08.20.0012.01
LN T(h+A+D)z®
92 T(n+1)

SFo(1, -nl—a,A+1;2)

Integration

Indefinite integration

Involving only one direct function

05.08.21.0001.01

f LA@dz=-L}1@2

Involving onedirect function and elementary functions

Involving power function

05.08.21.0002.01

ZT(n+A+1)
fz‘"l LA@dz= ———————— F(-n, a;a+ 1,1+ 1; 2
aT(N+HTA+1)

Involving exponential function

05.08.21.0003.01

N I'n+A)
f@ “Ly(@dz=-
I'n+1)

Fin+2;1; -2

Involving exponential function and a power function

05.08.21.0004.01

ZT(@Tn+A+1) _
SFon+A+1, a;A+1, a+1;,-Cc2

fz‘"l e ?LMcDdz=
r(n+1)

05.08.21.0005.01
FrA+n+1) 2 = (-nI'(k+a, p2

M+ ((P2* (3 T (k+A+1Dk! p*

fz”‘l e P LA Ddz=-

05.08.21.0006.01

21TA+n+1)
Ao LA e A - . .
e‘Ly@dz= — FiA+n+1;10+2;,-2)
n+
05.08.21.0007.01
2MTA+n)
fz“”‘l el dz== —— FiQ+m2A+1;,-2

I'(n+1)

Definite integration

Involving the direct function
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Orthogonality:

05.08.21.0008.01

® N I'n+2A+1)0nm
f te” Ly Lath d ::7'/; Re(d) > -1
0 n!

05.08.21.0009.01
k

f 1o Pt LA (at) Lh(bt) dt =
0 m!n! JO()L+1)]j'

F(Q)(A‘Fl)m(ﬁ*'l)n ¢ m (- m)J((y)J[ )li( n)k(]+a’)k( ]
o Bk (p
Re(a) >0ARep)>0AmeNAneN

05.08.21.0010.01

00 5 pel@In-a+B+HI(M+A+1)
f 11 PLLA(pt) Ln(pt) dt = sFo(-m @, 0= B; —n+a—-B,A+1;1)/;
0 mnTAd-a+BTA+1)

Re(a) >0ARep)>0AmeNAneN

Summation

Finite summation

05.08.23.0001.01

" A= By L@
= (n-k!

05.08.23.0002.01

(k-ﬁ:h-l

NgE

) @=L

kS
o

05.08.23.0004.01

n
Z( n A) L @WK (1 - w)"* = LAzw)

=0

K

05.08.23.0005.01
n

> L@ Ly (@) =L

k=0

+u+l
(z1+2)

Infinite summation

05.08.23.0006.01

D Lh@w = A-w et/ w <1

n=0
05.08.23.0007.01

LA@W =" oF1G A+ 1, —zw) /; W] < 1

;()\+

05.08.23.0008.01

> zZw
> L@w' =@1-w™ 1Fl(c; A+ 1 —) /i wl < 1
noo A+ w-1



http: //functions.wolfram.com

05.08.23.0009.01

© ! LAX) LA(Y)

(XY e 6x—y) /;ReD) > ~LAX>O0Ay >0
o T(n+A+1)

05.08.23.0003.01
o0 Lk+\(z) \Nk
Z =" LA(z-w)

k=0

05.08.23.0010.01

k A+l -zt
t+D)" e

L}H—ku(z -_ @@
1-ut

o

P ( (t+ 1m+t

05.08.23.0011.01

zt
> azt\k (1-t et
Z(t(l — ¥ e“) “k”(z(ka +1) =
-0 (u+1)t2—(—za+,u+2)t+l

K

05.08.23.0012.01
azt\K

(t (L-tH zH) L™z (ka + 1))

& ooa —aA+u+1 _a/+l_
Z =(1-0)" et 5k .1 it
o ka+1 o o
05.08.23.0013.01
azt\K
o (t(l—t)“ e ‘)
Z \+k”(z(ak+ 1) =
k=0 t(A- 19
—az+z+t (-2 z(a— 1) azt

((1—t)-’te 1t (1F1(7L—;1;/\—/.t+1; )—(1—t)WlF1(A wA-—pu+1;z@- l))))/‘t(l tHert| <1

05.08.23.0014.01
azt\K

(t @-tP eﬁ) L™ z(ak + 1) )wceftl

ko0 (—c— bk —k+m) p!

(S
Z ( —c-bk-k+m+q ) -
q

p

)

m+a (~t)F (1 -9 (= p); (-m— j o), [ kb+b+c+k-m-jg+1 zt(b—ac+am+ajqg+1)
1|4 )

j=0 k=0 Kljl(-c—bk-k+m+ja) b+1 ’ 1-t(bb+1
|t(1 pPert|<1/\meN /A peNAgen
Operations

Limit operation

05.08.25.0001.01

1 A 22 /\ A
lim — L, 4n =2'7"32

N—o0 n}L
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05.08.25.0002.01

1 2
lim —Lf-—[=2" 7" 1,(»
n-oo A 4n

05.08.25.0003.01

lim 2"2n1a"2 L';(A— V22 z) = Hn(2)

A-00

Orthogonality, completeness, and Fourier expansions

The set of functions Lj(x), n=0, 1, ..., forms a complete, orthogonal (with weight r(+'x+1) x' ¢7¥) system on the
interval (0, o).

05.08.25.0004.01

Z 2, zL‘(x) yV2 e~ zL*(y) =6(x-y)/;Re)>-1AX>0AYy>0
e F(n+7t+1) Tn+1+1)

05.08.25.0005.01

00 m‘
f tV2e2 LA A ) tV2e2 L*(t) dt==6nm/; Re) > -1
0 F(m+/1+1) F(n+/1+1)

Any sufficiently smooth function f(x) can be expanded in the system {Lﬁ(x)}n=01 _asageneralized Fourier series, with its
sum converging to f(x) almost everywhere.

05.08.25.0006.01

[ 00 n! X
f(X) = n(X ;cn::f n(®) f(t) dt )= | ————— x"2¢72 A0 /\ Re) > -1 /\ x>0
( gcnw()/ RZCAG ANZES /F(n+)t+1) ¢z L /\ Rey > -1 /\ x>

Representations through more general functions

Through hypergeometric functions

Involving 1F1

05.08.26.0001.01

N I'm+1+1) _
Ly(@ = —— 1Fi(-mA+1;2
T(n+1)

Involving 1F;

05.08.26.0002.01
A+1),

1Fi-ma+1,2/; -1 &N
I'(n+1)

L@ =

Through Meijer G

Classical casesinvolving exp



http: //functions.wolfram.com 21

05.08.26.0003.01

1 —n-
et (@ = —— Gﬂ(z‘ " /\)
rn+1 U710 -A

Through other functions

I nvolving some hyper geometric-type functions

05.08.26.0004.01

Lh(@ = lim P(M”[l_ _22)
n n
b-oo b

Theorems

Expansions in generalized Fourier series

0o o0 \/k_‘
F00 = D oK) /5 G = f FOUD AL, Y0 = —————xZe?Li, keN.
k=0 0 VI@QA+k+1

Quantum mechanical eigenfunctions of the hydrogen atom
Quantum mechanical eigenfunctionsy, m(r, 8, ¢) of the hydrogen atom are:

, (N—1-1)!

Unim(T, 6, ¢) = (27) e @) L2 21 Y0, ¢) /7> 0,

2n(n+ 13
neN*, leN,I=sn-1,meZ, |m=<|

The intensity of the Laguerre-Gauss modes

. . 2 m . .
The intensity of the Laguerre-Gauss modes £T(x, y) = e ¥ )(x + i y) Ln(2(x? + y?)) are shape invariant under a
Fresnel transformation:
k

2nmi

f * f * & KOO+ =17) piyy vy dxdy 2 ==

.
an(i L] 2/ a=1+ ?”

1
|a|? la| |al

The eigenfunctions of the Schrédinger equation of the one-dimensional hydrogen atom

The eigenfunctions of the Schrédinger equation of the one-dimensional hydrogen atom (the simplest example for a
system with dynamical superselection rules) —yi(x) — % Yn(x) == — # YUn(X) are given by

2 X
Yn(X) = a1 0(X) D" x L%_l(—x) e " +a6(=x)
n

ndn!?

History
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—E. N. Laguerre (1879)
—N. J. Sonin (1880)
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