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Notations

Traditional name

Laguerre function

Traditional notation

L.(2

Mathematica StandardForm notation

LaguerrelL[v, z]

Primary definition

07.02.02.0001.01
L,(2=1Fi(-v; ;2

Specific values

Specialized values

For fixed v

07.02.03.0001.01
L(O)=1

For fixed z

07.02.03.0002.01
L@ =1

07.02.03.0003.01
Li(9=1-2

07.02.03.0004.01

1
Ly(2) == 5(2—4z+ ?)

07.02.03.0005.01

1
L3(2) = 6(6_182+922_23)
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07.02.03.0006.01

1
La(2) = z(24—962+ 727 -167 +7)

07.02.03.0007.01

1
Ls(2) = 0 (120-600z+ 6007 — 2002 + 257 - 2°)

07.02.03.0008.01

1
Le(2) = — (720- 43202+ 54007 — 24007 + 4507 - 36 2 + 2°)

07.02.03.0009.01

1
L7(2) = 10 (5040 - 352802+ 529207 - 29400 7 + 73507 - 8822 + 497° - 7')

07.02.03.0010.01

1
L@ = — (40320 - 3225602+ 564480 7 — 376320 2 + 117600 Z* - 18816 2 + 1568 2% — 64 7' + 2%)

07.02.03.0011.01

Lo(2) ==
362650 (362880 - 32659202+ 65318407 - 5080320 2% + 1905120 7 — 381024 2° + 42336 2° — 25927 + 817 - 2°)
07.02.03.0012.01
1
L1o(2) = ———— (3628800 — 36288000z + 81648000 Z —

3628800
72576000 Z° + 317520007' — 7620480 2° + 1058400 2° — 864002’ + 4050 2% - 1002’ + Z'°)

07.02.03.0013.01

no(—n) 2

Ln(2) == Z

o k2

/ineN

07.02.03.0014.01

-1 (~1)K (1 - ) &
L n(2) = ezz ST K newt

2
k=0 k!

General characteristics

Domain and analyticity

L,(2) isan analytical function of v, zm which is defined in C2. For fixed v, it is an entire function of z. For positive
integer v, L, (2) degeneratesto a polynomial in z

07.02.04.0001.01
vx2—L,(2:: (CRC)—C

Symmetries and periodicities

Mirror symmetry
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07.02.04.0002.01
L2 =L,

Periodicity
No periodicity
Poles and essential singularities

With respect to z

For fixed v /; v ¢ N, the function L, (2) has only one singular point at z = co. It isan essential singular point.

07.02.04.0003.01
Sing (L,(2) == {{&, co}} /;v &N

For positive integer v, the function L, (2) is polynomial and has pole of order v at z = co.

07.02.04.0004.01
Sing (Ly(2) == {{0, v}} /; v e NT

With respect to v
For fixed z, the function L, (2) has only one singular point at v = co. Itisan essential singular point. .
07.02.04.0005.01
Sing (L,(2)) = {{co, co}}
Branch points
With respect to z
For fixed v, the function L, (2) does not have branch points.

07.02.04.0006.01
BPALy(2) ={}

With respect tov
For fixed z, the function L, (2) does not have branch points.

07.02.04.0007.01
BP,(L,(2) == {}

Branch cuts

With respect to z

For fixed integer v, the function L, (2) does not have branch cuts.

07.02.04.0008.01
BC(Ly(2) = {}

With respect tov

For fixed z, the function L, (2) does not have branch cuts.
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07.02.04.0009.01
BCy(Ly(2) = {}

Series representations

Generalized power series

Expansions at generic point z== 7,

For the function itself
07.02.06.0009.01
Lu(2) o Ly(2o) — L}4(20) (- 20) + % L2 2(20) (2 20)* + ... [; (2> 20)
07.02.06.0010.01
Ly(@) o< Ly(20) ~ Ly_1(20) (2~ 20) + % L2 5(20) 2— 20 + O((2 - 2)°)

07.02.06.0011.01

A )
L@ =) —— LY (20) 2- %)
= Kk

07.02.06.0012.01

o0 —1 k _
L(@=T(+1 # 1Fik—v; k+1; 20) (z— )"
ST -k + 1)

07.02.06.0013.01

o 7K

%
L@ =) T iFiri -k ) - 2"
k=0 ™°

07.02.06.0014.01
~1x0x0f =V,
LV(Z) == leOxO 1 2, 2- 7

07.02.06.0015.01
Ly(2) o Ly(20) (1 + Oz - 7))

Expansionsat z==0

For the function itself

General case
07.02.06.0001.02
L(@xl-vz- -y Z- -y Z2-.../(z>0
36
07.02.06.0016.01
L@ «lvz- 2 p GTVEZYY 7-02)

36
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07.02.06.0002.01

© (=y), &
L@=) —
o k!?

07.02.06.0003.01
L/(2 == 1F1(-v; 1, 2)

07.02.06.0004.02
L,(2) <1+ 0O(2

07.02.06.0017.01
L(@=Fu(z v/

M (—y)y 2 rm-v+1)T(+1sn

[[Fm(z, v)::Z X =L,(2+ ( v DI+ Dsnery) z"‘*lez(l,m—v+1;m+2,m+2; z)]/\meN)
—~ 2 12
k=0 ! a(m+1)!

Summed form of the truncated series expansion.

Special cases

07.02.06.0005.01
n(-D% n

Ln(2) = —( )Zk/;neN

k n-k

k=
07.02.06.0006.01
10 () (k+ D)y

Lh(2) == —Z—n/; neN
n'i k!

07.02.06.0018.01
L@ x1+0®@/;neN

Asymptotic series expansions

07.02.06.0019.01

etz @A+v)2  L+v?Q2+v)? (-2 o (1-v?y?
1+ + +.o ]+ 1-—+———

I(-v) z 27

07.02.06.0020.01

7LD (v+ D)2z 2" (& DR (w2 *

+O(z™ )|+
T(-v) k! k!

L, (2) «
v!

—--.]/: (12 - o0)
z 27

L,(2) o

|
k=0 Vi k=0

+ O(z‘”‘l)] /; (12 =» o)

07.02.06.0007.01
(-2 1
L (2 zFo(—Vy -v;; ——) +
v! z

1
71 eZZFO[V +1,v+1;; —) /(|12 > o)
I'(-v) 74

07.02.06.0008.01
1

1 1 1
L(2) « —(-2)" (1 + o(—]) + 77t e? (1 + o(—)) /; (14 = o)
y! z I'(-v) z

Integral representations

On the real axis
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Of thedirect function

07.02.07.0001.01

sin(vm) 1
Ly(2) = - f N (1-1)dt/;-1<Re(») <0
e 0
07.02.07.0002.01
1 2n it ; n
Ln(2) = —f e (e"'+1) dt/;neN
2n Jo

07.02.07.0003.01

l 00
L(2) = — &? f et Jp2Viz )d"t /i Re(v) > -1

v! 0

Integral representations of negative integer order

Rodrigues-type formula.

07.02.07.0004.01

. e? (e
@=—

T e

/ineN

Limit representations

07.02.09.0001.01

) ob) 2z
L,(2) == tI)l_)rg P, (1— F)

Generating functions

07.02.11.0001.01
tz
Ln(2 == ([tn la-p+ exp(ﬁ)) fineN

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
07.02.13.0003.01

20 v+ 1
W2+ 1-29W @ +vwW@2=0/;Ww(2 =¢,L,(2 + cz(ez Gljz(z 0.0 ))

-V 20
0, O) + Glyz(—z
07.02.13.0004.01
v+1
WZ(LV(Z), Gig(—z 0 0) + e Gig(z

07.02.13.0005.01

v4 z

v e e
0, 0)) T M(—y) 2T+ 1)

20 v+1
W@+ 1-29W@+vw@2=0/;Ww2=¢c L,(2 + C, Gljz(—z 0 0] /\ -y ¢Nt
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07.02.13.0006.01

20 v+1 e
WZ(LV(Z)w Gl,Z(_Z 0,0 )) =T zI'(v+1)

07.02.13.0001.01
W@+ 1-29W@+vwW@2=0/;w2=cL,(@d + c,U(-v,1,2/;veZ

07.02.13.0002.02
P

WZ(LV(Z)q U(_V, l, Z)) == —

ZT(-v)

07.02.13.0007.01

g 9”2
V\/’(Z)+( -g@-
(804] g

v (2)?

20 v+1 .
]w’(z)+ W@ =0/,w@ =c1 L,(9@) +¢ Gljz(—g(z) 0 O) /\—”EN

07.02.13.0008.01

1 g’(z) 9@
Wz(Lv(g<z», Gi;g(—g(a vE )) L

0,0 g2 v!
07.02.13.0009.01
4 2 hl 24
h@P W'D + h(Z)Z(g 2 o 2 9 (Z)]v\/(z) .
gz hz dJ@
2 g’ @@ h@ g (@ (-vh2 9@ +h(2)
2@ +h@|gd@h @+ —— -h'@|- 2 w2 =0/
/ g Z

W2 = ¢, h(? L, +c,h2) Gi;g(—g(z)

v+ 1
0 0)/\—V6€N+

07.02.13.0010.01
v+ 1)) h2° g'(2) €9?

2,0
Wz(h(z) L,(9(2), h2) Gl,z(—g(Z) 0.0 o

07.02.13.0011.01

v+1
0 o)/\"vGEN+

ZW' (2 +z(1-2s-arZ)wW@+(ar(s+rvZ +)wz =0/;w2 = ¢, ZL,(a?) +szsGig(—aZr

07.02.13.0012.01

vl r«,3az'225—l
0ol

wz(zs L(aZ), 2 Gf;g(—az*

v!

07.02.13.0013.01
w’(2) — (ar?log(r) + 2log(s) W (2) + (av Iogz(r) re+ Iogz(s) +ar?log(r) Iog(s)) w2 =0/

VOT(;]-)/\_V$N+

W2 =c SL@r) +cs Gig(—arz

07.02.13.0014.01

vl " £Z|og(r)
ool =

Wz(sZ L,(ar?, & Gig(—a r?

v!

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations
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07.02.16.0001.01
L(-2=e?L, 12

07.02.16.0002.01
L,(2 = e’L,.1(-2)

Addition formulas

07.02.16.0003.01

n
Loz +2) =y Li@) L @) ineN
k=0

07.02.16.0004.01
[ _l k

Lo(zy +2) = €% )|

k=0

LKz /;neN

Multiple arguments

07.02.16.0005.01
n

n
Ln(z1 22) == Z( . k) Z(1-2)" L(z) /;neN

k=0

Identities

Recurrence identities

Consecutive neighbors

07.02.17.0001.01

2v+3-2 v+2
L@=———L.1@- Ly+2(2
v+1 v+1
07.02.17.0002.01
2y-1-z2 v-1
L(@=———VL_12d-—VL,22
4 4

Distant neighbors

07.02.17.0007.01

n+v+1
Ly(2 = Cn(v; 2 Ly4n(D - Cn1(v, D Lyini1(2 /;
n+v
-z+2v+3 2n-z+2v+1 n+v
Cov,2=1/\Ci(v,)== ———— \Ch(v,;) == ———— C_1(v, 2) — Cno(v, 2 /\ neN*
0 /\ ! v+1 /\ " n+v -t n+v-1 2 /\

07.02.17.0008.01

L,(2 =Cn(v, D L,-n(2 - Cnav, DL 12 /5

v—-n+1

-2n-z+2v+1 -n+v+1

Cr1, - —

-z+2v-1
Con2=1/\C1tv. 9= ———— [\, 2= ———— G2 [\nen

-n+v+1

Functional identities
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Relations between contiguous functions

Recurrence relations

07.02.17.0003.01
VL@ + v+ D) Lu@=2v-z+H L3

07.02.17.0004.01
vLa@+ v+ D L@

L(Z)::
Y 2v-z+1

Normalized recurrence relation

07.02.17.0005.01
zp(n, 2 =pn+1,2+ n? pin-1,2+@2n+1) pn, 2 /; pin, 2==D"n'Ly,(2

Relations of special kind

07.02.17.0009.01
L@ =L@+

07.02.17.0006.01
v -+ HLL©

v+1

LV(Z) ==

z

Complex characteristics

Real part
07.02.19.0001.01
EJ —_1)iy2i )
Re(Ln(X+iY)) ::Z( (Z)j)y'z Lol 0 i xeRAYERANEN
j=0 :

Imaginary part

07.02.19.0002.01

ln%lj (~1)i-ty2i+t 2je1
IM(Lp(X+ 3 y)) == - = 17 0 /ixeR RAneN
(La(X + i) JZ(; G e fxe AyeRAne

Differentiation

Low-order differentiation

With respect to v

07.02.20.0001.01
L@ 112 1-v;1 1, -v;
P =-=Z 2><O><1( 2, 2;; 1-v; Z, Z)
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07.02.20.0002.01
L2 o (—v) (k- v) &
=(@mcotvm)+yY(v+1)L,(2 - _—
dv k=0 k1?

07.02.20.0003.01

8L, (2
— = L@ (y(v+ D? + 2mcotvm) y(v + 1) - n? + Dy + 1)) +
oV
1 & ) 3
~ ” (F(v + DY K- +1) +v! (w(k - - (27r cot(v ) + 3Y(v) + —) Yk=v) + Dk - v)))
Vik=o k! v

With respect to z
Forward shift operator:

07.02.20.0004.01

Backward shift operator:

07.02.20.0006.01

L2
V4

-zL@ =0+ LY

07.02.20.0007.01
d(e™*Ln(2)

PR n+Ve?zt Y2

Symbolic differentiation

With respect to v

07.02.20.0008.02

IML@  HEVEE ) .
= Z Zsﬁ (G-m+D v/ meN
v kt?

k=0 j=1

With respect to z

07.02.20.0009.02

oMLA(2) -
=-D"LIn@/imeN
82‘“ v—m
07.02.20.0010.02
"L, (2 .
=7z"Fi(-v;1-m 2/, meN
oz"

Fractional integro-differentiation
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With respect to z

07.02.20.0011.01

L2 _
=Z%Fi(-v;1-a;2
0"
Integration

Indefinite integration

Involving only one direct function

07.02.21.0001.01

leDdZ:LAD—LHﬂD

Involving onedirect function and elementary functions

Involving power function

07.02.21.0002.01

fz”’l L,(c2dz==2T(a),F(-v, @;1, @+ 1;c2)

07.02.21.0003.01

pad
fz‘"l L,(@dz=— sF(-v,@; 1, a+12)
a

07.02.21.0004.01

sz‘Z L(2dz=2"T(v=1) ,F(-v,v-11,v; 2)

Involving exponential function

07.02.21.0005.01

fe’CZLV(cz)dz: z,F1(v+1;2,—c2)

Involving exponential function and a power function

07.02.21.0006.01
7 & (-viIk+a,p2

2

(P2 i k1% pk

fz“*l e P Ldz=-

07.02.21.0007.01

fz“‘l e C?L(cDdz=2T(),F,(v+1, ;1 a+1;—c2)

07.02.21.0008.01
Vid

fzv‘l e L, @dz=—1F1(v;1; -2
v

Definite integration
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Involving the direct function
Orthogonality:
07.02.21.0009.01

f e L) Loty dt== 6pm/;neNAMEN
0

Summation

Finite summation

07.02.23.0001.01
Dnk Le(2)

=L'2/;neN
(n-k)!

M=

ki

I
o

07.02.23.0002.01
n

(T e@=tainen

=0

F3

07.02.23.0003.01
n

(nﬂk) Li@W 1L -w)"K=Ly(zw)/;neN

=~

=0

07.02.23.0004.01
n

D L@ Lo(z) = Li@ +2) ineN
k=0
Infinite summation

07.02.23.0005.01

i Lu@ W' ==

n=0

wz

ewt [i|w <1

1-w
07.02.23.0006.01
- xty
D LoLay) =€z 5x=y)/;x>0Ay>0

n=0

Operations

Limit operation

07.02.25.0001.01
. 7?
limL,|—]=J(
V00 4V

07.02.25.0002.01

lim L|—— =102
4

V=00 v
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Orthogonality, completeness, and Fourier expansions
The set of functions Ln(x), n=0, 1, ..., forms a complete, orthogonal (with weight ¢™*) system on the interval
(0, ).
07.02.25.0003.01

i(@_g '—n(X)) (e_g Ln(y)) =0dx-Yy)/; x>0Ay>0

n=0

07.02.25.0004.01
_LLmt - Ln(t)|dt=06nm
fo(ez (7 Laco) |
Any sufficiently smooth function f(x) can be expanded in the system {Ln(¥},01.. 8S ageneralized Fourier series, with its
sum converging to f(x) almost everywhere.

07.02.25.0005.01

f00 =) Cathn(X) /; o ==f0 Yn(®) f(t)dt/\wn(X) ¢ L) /i %> 0
n=0

Representations through more general functions

Through hypergeometric functions

Involving 1F,

07.02.26.0001.01
Ly(2 =1F1(-v; 1,2
Through Meijer G

Classical casesfor thedirect function itself
07.02.26.0002.01

v+1 ] 7

0, 0) Lvé

L, @=T(+1) G;g(z

07.02.26.0006.01

L@+L(-2=-2"Vr Tv+Dsnan Gy -, —| > 2 7
“l12 2|00 2 L1
12722
07.02.26.0007.01

v+l v+2
: 12| 2 2201

L@ -L(-2=-2"Vr T+ Dsinv)Ggal =, = | , .
2 50031

Classical casesinvolving exp

07.02.26.0003.01

1 -v
L@ — Gl’l(z‘ )
@=5 v+1 U100



http: //functions.wolfram.com

14

Classical casesfor productsof Laguerre L

07.02.26.0008.01

sn@y) L, 2| v+L-y
L@ L/(-2 =~ N= Sal= 7 oo, 0,1

Classical casesinvolving exp and products of Laguerre L

07.02.26.0009.01

1 2| v+l -y, %
e L, 12 L,(@=-2"Vr sinxv) Gy —
“l4]0003%3

Classical casesinvolving 1F1

07.02.26.0010.01

tFi-v L -2L,(2=- Gy 2

T

sin(zv) 1'2[ 2

v+1, —v)
1
0,0,0, 5
07.02.26.0011.01

v+1, —v,

’5’2]

zZ
Fi(=v; 1, -2 L@ = -Vr sin(v) Géé ;

IR NP

0,0,0, %

Classical casesinvolving exp and F;
07.02.26.0012.01

1
v+1, —v,

v

e’ 1F1(V + l, 1, Z) LV(Z) = —\/; S'n(ﬂ- V) Géig[z .

:Ea

NI~ NI
N ——

0,0,0

Classical casesinvolving 1F1

07.02.26.0013.01

_ sn(zv) ., z
1P L -2L,(2=- G 7

v+1, —v)
b

1
0,0,0 3

07.02.26.0014.01

Z

~ 12 v+1, —-v,
1Fi(-v 1, -2 L@ = -V sin(v) Gys 2

1

00,0, 2,

Nl NI
A —

Classical casesinvolving exp and 1F;

07.02.26.0015.01

. 1 2| v+1, —v, %
e Fiv+1 L 2L, =-Vr sin@xv) Gyg| —
“l4]0001 3
2° 2
Classical casesinvolving hypergeometric U
07.02.26.0016.01
y L . vI(v) sin(zv) 3 2| v+l —v R 0 n
(-v,1,-2 V(Z)__zﬂi?ﬂ 24 _Z 0,0, %,O /i R&(2) < \/arg(z)——z

Classical casesinvolving exp and hypergeometric U
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07.02.26.0017.01

1 31[22
e?Uv+11L9L@=—"H4G;

-V, V+ 1] T
24 —
2Vr T+ 1)

1
0,030

4

Generalized casesfor productsof LaguerreL

07.02.26.0018.01
sin@y) iz 1
Lv(z) I—v(_z) = G2:4 E, E

v+1, —v]
s

1
0,0,0, >

Generalized casesinvolving exp and products of Laguerre L

07.02.26.0019.01

N ) Lz 1 v+1,—v,%
e?L' L@ L@ =~V snv)GyE| =, -
122|000 %12
2’ 2
Generalized casesinvolving 1F1
07.02.26.0020.01
1L sin(r v) izt v+l -y
e e CaEI
07.02.26.0021.01
] oz 1 v+1,—v,%
1Fi(=v; L, -2 L@ = -V sin(xv)Ggal -, =
“\2 200033

Generalized casesinvolving exp and F1

07.02.26.0022.01

. oz 1 v+l,—v,%
e 2R+ 1L L2, = -V sny) Gyl =, -
|2 2]0003 3
2" 2
Generalized casesinvolving 1 F4
07.02.26.0023.01
E 1 L sin(zrv) ol iz 1| v+l —v
v L-2L@=- |
11(V )v() 2,42 2 O,O,O,E
V4 2
07.02.26.0024.01
1
B z 1| v+l -v, =
Fi-v 1 -2 L@ =-Vr sin(rv) Gy =, — 2
"2 200033

Generalized casesinvolving exp and 1F1

07.02.26.0025.01

z 1| v+1 —v,
2’2 1
' 30

e ? 1lfl(y +1,1,2L,(29 = —\/; sin(mrv) Géjé[ 0.0.0

NI~ NIR
| ——

Generalized casesinvolving hypergeometric U
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07.02.26.0026.01

yI'(v)sin(rv) af 21
U-v»1-9L,@=-——""0G;, >3

v+1, -v
2732 J

1
0, 0, 5’0

Generalized casesinvolving exp and hypergeometric U

07.02.26.0027.01

1 31 z 1
efe?Ur+1,1,29L,@=——Gy| = -

1
2V7 T+ 1) 22

:Ex

0,0

Through other functions

I nvolving some hyper geometric-type functions

07.02.26.0004.01
L,(2 = L2

07.02.26.0005.01

] 2z
L,(2) == lim P(yovb)(l— —)
b b

— 00

Theorems

Expansions in generalized Fourier series

-v,v+1

0

|

f(x) ==ZCk'#k(X) /i Gk ::fo f (1) Yt dt, Yi(x) = e X2 (), ke N.
k=0

Excited coherent state

()"l

The (normalized) excited coherent state | @, m) ==

) e—l(xlz/Z g™ m A/ n!
|, m) == . |n)
rom L (= 1 2 m!) (n—m)!

History

—J-L. Lagrange
—R. Murphy (1833)
—E. N. Laguerre (1879)

(elam@") ey

can be expressed through the number states | n) as
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