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Notations

Traditional name

Associated L egendre function of the first kind of type 2

Traditional notation

204

Mathematica StandardForm notation

LegendreP[v, u, 2, z]

Primary definition

07.08.02.0001.01

(1 + 24?2
Pl(2) = )

~( 1-2z
Fl-v, v+ 11—y, —]
(1-2)#/22 ' 2

The function LegendreP[v,u,2,Z] is the analytic continuation of the function LegendreP[v, u, z] from the unit disk
| z| <1 to the cut complex plane. Inside the unit disk they coincide by definition. Outside they also coincide
because LegendreP[v, u, z] isanalytically continued and cut in the same manner.

Specific values

Specialized values

For fixed v, u
07.08.03.0001.01
2\
P, (0) == -
—pu=v p=v
r( . )r(l— =)

07.08.03.0002.01
PY(1)=0/; Re(u) <0V p e N*

07.08.03.0003.01
Pr(l)=& /; Re(u) >0 A ¢ N

07.08.03.0004.01
Pi(1)=;/;Re(u)=0Apu#0
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07.08.03.0005.01
Pl-D)=&/iveZ

For fixed v, z

07.08.03.0006.01
P22 =P,(2)

07.08.03.0007.01

v+l v
P (2= (1-72) 2 Bi.(v+1,v+1)
rv+1 =z
07.08.03.0008.01
-V
P’@ = (1-2)"
Irv+1
07.08.03.0009.01
-V
P/ = (1-2)"Bis(=v, -v)
[(=v) B
07.08.03.0010.01
v+1 e
P2 = (1-2) -
I(-v)

07.08.03.0093.01

S \/? cod{(» + 3] cos™'(2)
Ve

V 1-2
For fixed u, z
07.08.03.0011.01
1 (1+2*?
Pg(z == _—
FA-w) @-24?
07.08.03.0012.01
z-pu (1+2H?
PI(2 = —
F@2-w @-2#2
07.08.03.0013.01
3Z-3uz+p2-1 1+2"?
Pg(z ==
rd-p (1-2?
07.08.03.0014.01
152 - 1542 +3(2p* -3)z— 3 +4p (1+2H?
PI;(Z) ==
NCE (1-22
07.08.03.0015.01
» 9+1057 - 1052 - 10 + p* + 4522 (4% - 2) + z(55 1 — 10 4®) (1+ 2#2
4(2) =

I'G-w

a- Z)#/Z
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07.08.03.0016.01

PL(2) =

(1+ 2)"?

(9452 + 64+ 9457 11 — 2043 + 11° + 1052 pu (u* - 7) - 21023 (2 4i* - 5) - 152(15— 13 * + p*))
Ir6é-uw (122

07.08.03.0017.01

Ps(@ =

o (103957° — 10395 41 2% + 4725 (u? - 3) 2 =630 (24> - 17) 2 +
—H

(1+2/2

105(2u* - 32 4% +45) 22 - 20 pu (u* - 251 + 99) 2+ (u-5) (u =) (- 1) (u+ 1) (u + 3) (u + 5)) P
1-2

07.08.03.0018.01

1
P# ==
e NG

(1351352" - 1351354 22 + 31185 (2 p? — 7) 22 — 17325 1 (u* — 10) 2 + 1575 (2 u* — 38 p® + 63) 2 —

1+ 242
189,u(2y4—60yz+283)22+7(4y6—170y4+1516;12—1575)Z—u(y6—56y4+784;12—2304))( )

(122

07.08.03.0019.01

Py(2) = " (20270257 — 2027025 p1 2" + 945945 (> — 4) 22 - 135135 44 (2 > - 23) 2 +
—H
51975 (u* — 22 4? + 42) ' — 3465 u (2 1 — 70 p® + 383) 2 + 315 (2 ® — 100 p* + 1043 1s* — 1260) 2 -
1+ 22
9 pu (48 — 266 p* + 4396 y* — 15159) 2+ pu® — 84 11® + 1974 ;1* — 12916 11 + 11025) >
(1-2*
07.08.03.0020.01
Po@ =
T (34459425 7° — 34459425 ;1 72 + 8108100 (2 pu? — 9) 2’ — 4729725 pu (u® — 13) 2% + 945945 (u* — 25 44> + 54) 2 —
—H
135135 1 (" — 40 ” + 249) 2 + 6930 (2 11® — 115 p* + 1373 pu? — 1890) 22 — 495 1 (2 1u® — 154 p* + 2933 14> — 11601)
8 6 4 2 8 6 4 2 (1 + Z)#/z
Z +45(u8 - 98 u® + 2674 1* — 20217 1i® + 19845) z— pu (B — 120 ® + 4368 * — 52480 i? + 147 456)) PR
—-Z
07.08.03.0021.01
1
Pio(2) == ——— (654729075 7'° - 654729075 11 27 + 310134825 (> - 5) 22 -

r(A1-p)
45945900 11 (2 p* — 29) 7' + 9459450 (2 y* — 56 1” + 135) 2° — 2837835 1 (u* — 4544 + 314) 2 +

315315 (u® — 65 u* + 874 y* — 1350) 2 — 12870 1 (2 u® — 175 pi* + 3773 4> — 16830) Z° +

1485 (18 — 112 4® + 3479 y* — 29828 ? + 33075) 2 — 55 1 (® — 138 pu® + 5754 pi* — 78877 p® + 251865) z+

(1+ 2"

' — 165 8 + 8778 u® — 172810 p* + 1057 221 11> — 893025) >
(1-2

07.08.03.0022.01
(L+2H2 0 (= (n+ 1) (1-2)\¢
( ) /ineN

Pﬁ(z) == 2

L-22 13 T(k—pu+1)k!
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07.08.03.0023.01

L+22 =t A-n) (), (1-2z\
Plin(Z) = ( ] /ine N*
1-2#2 i Tk—p+Dk! L 2
07.08.03.0024.01
T(-p) (z+ 1) ML (= (N+ Dy 2+ 1\
P = O D 22 e
In-wWlfh-pu+)A-2"? i @+Dk! 2
07.08.03.0025.01
(D2 @1+ N 2n-K)!(=n) 2 K
Fho = () inen
n! Q-2 K T(N-K-pu+1)\1-2

07.08.03.0026.01
Pl2=0/;neNAmeN"An<m

For fixed z
07.08.03.0027.01
P2 =1

07.08.03.0028.01

P(l)(z) =z
07.08.03.0029.01

Plgg=-y1-2
07.08.03.0030.01

1
P2 = 5 (32-1)

07.08.03.0031.01

Pl =-3zy1-7

07.08.03.0032.01
Pi2=3-327

07.08.03.0033.01

1
P2 = 5 z(52-3)

07.08.03.0034.01
3
P2 = -3 V1i-2 (52-1)

07.08.03.0035.01
Pi2=-15(@z-1)z(1+2)
07.08.03.0036.01
3 3/2
P29 =-15(1-27)
07.08.03.0037.01

1
PY2) = 5 (3-302+357)
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07.08.03.0038.01
5
P2 = -3 2\ 1-2 (12-3)

07.08.03.0039.01

15
Pi(2) = — @D+ (772 -1)

07.08.03.0040.01
Pi2) =-1052(1-2)°

07.08.03.0041.01
Pi2) = 105(2 - 1)°

07.08.03.0042.01

1
P2 = 5 z(15-707 +637')

07.08.03.0043.01

15
Pi(2) = 1-7 (12 -1472+1)

07.08.03.0044.01

105
P3(2) = - @-Dz@+D (372-1)

07.08.03.0045.01

105
Pl =-—(1- 2% (92-1)

07.08.03.0046.01
Pi2) = 452(2 - 1)°

07.08.03.0047.01
P2 = -945(1- )

07.08.03.0048.01

1
Pa(D) = P (238175 -3157' + 1057 - 5)

07.08.03.0049.01
21
P2 = 5 zy1-7 (3372 -302+5)

07.08.03.0050.01

105
P5(2) = —?(z—l) (z+1) (332 -187+1)

07.08.03.0051.01

315 ”

P2 = -72(1-22) 117 -3)

07.08.03.0052.01

945
PiD = —-(Z- 1)’ (112 -1)
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07.08.03.0053.01
P(2) = -103952(1- 2)”

07.08.03.0054.01
PS(2) = 10395(1- 2)°

07.08.03.0055.01

1
PY) = & (42972 - 6937 + 3157 - 35)

07.08.03.0056.01

7
Pi(2) = 5 1-7 (4292°-4957' + 1357 - 5)

07.08.03.0057.01

63
P3(2) = -5 @D+ 1)(1437 - 1107 + 15)

07.08.03.0058.01

315
Pl = -~ (1- 2)** (14372 - 662 + 3)

07.08.03.0059.01

3465
Pl = —~2(2 - 1)°(132-3)

07.08.03.0060.01

P2 =- mzﬁ (1-A)"* (132-1)
07.08.03.0061.01

PS(2) = 1351352(1- A)°
07.08.03.0062.01

PI(2 = -135135(1- 2)

07.08.03.0063.01
1
Pa(2) = o (64357 - 12012 2° + 6930 Z* — 1260 Z + 35)

07.08.03.0064.01

9
P§(2) = —EZ\/ 1-7 (7152 - 10017 + 3857 - 35)

07.08.03.0065.01

315
P3(2) = TS (7-1)(1432°- 1437 + 337 - 1)

07.08.03.0066.01

3465
Phe) =~~~ 2(1- 2)"* (397 - 267 +3)

07.08.03.0067.01

10395
P = —— (2~ 1)’ (657 - 262 + 1)
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07.08.03.0068.01

135135
P(2) = - 2(1-2)" (52-1)
07.08.03.0069.01
135135
P2 = - (Z-1)°(152-1)

07.08.03.0070.01

Pi(2) = -20270252(1- 2)"

07.08.03.0071.01
PE(2) = 2027025 (2 - 1)’

07.08.03.0072.01

1
P2 == = (121557 - 257407° + 18018 7 - 4620 7 + 315)

07.08.03.0073.01

45
P5(2) = “ 8 1-7 (24312 -40047° + 20027 - 3087 + 7)

07.08.03.0074.01

495
P32 = —E(z—l)z(z+ 1)(2212-27372+917-7)

07.08.03.0075.01
3465
P2 =-— (1-2)"(

" 22128 -1957' +397 - 1)

07.08.03.0076.01

135135
P = (Z-1°(172-102+7)
07.08.03.0077.01
135135
P(2) = - (1-2) (852 -302 + 1)
07.08.03.0078.01
675675
PS@ = - 2(Z-1)° (172 -3)
07.08.03.0079.01
2027025
Pl =-———(1- 2" (172 -1)

07.08.03.0080.01
P3(2) = 34459425 2(2 - 1)
07.08.03.0081.01

P(2) = —~34459425(1 - 2)*°

07.08.03.0082.01

1
PY (2) == — (46189 7% — 109395 & + 90090 & — 30030 Z* + 3465 Z — 63
10 256
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07.08.03.0083.01
55
Plo(2) = - 5 z\ 1-7 (41997 - 79562 + 49147 - 10922 + 63)
07.08.03.0084.01
495
P2y(2) = - 28 (Z-1)(41997 - 61882° + 27307 - 364 7 + 7)

07.08.03.0085.01

P = —Tz(l—zz) 3232 -3577' +1057 - 7)

07.08.03.0086.01

45045
P = —— (7~ 1)° (3237~ 2552 + 452 - 1)
07.08.03.0087.01
135135
3@ = - 2(1-2)* (3237 - 1702 + 15)
07.08.03.0088.01
675675
oy = - (Z-1) (3237 - 1022 +3)
07.08.03.0089.01
11486475
Pl@d=-—2(1-2)"* (192 -3)
07.08.03.0090.01
34459425
Pho@ = ——— (2~ 1) (192 - 1)

07.08.03.0091.01
PY,(2) = ~6547290752(1- 7)"°

07.08.03.0092.01
PY(2) == 654729075(1 - 2)°

General characteristics

Domain and analyticity

P)'(2) isan analytical function of v, u and z which is defined over C3. For integer v, P, (2) degenerates to a polyno-

(14242
-2

mial in zmultiplied on function

07.08.04.0001.01
(vaux2x2)—Py(2) 1 (CRCR{2}®C)—C

Symmetries and periodicities

Parity



http: //functions.wolfram.com

07.08.04.0002.01

PL@ =P,

Mirror symmetry

07.08.04.0003.01

Pi2) =Pl /;2¢& (—00, ~) Az (L, )
Periodicity
No periodicity
Poles and essential singularities
With respect to z
For fixed v, u /; %’ ¢ Z, the function P} (2) does not have poles and essential singularities.
07.08.04.0004.01
Sing (PY(2) =1{} /; % ¢z
u

5. thefunction PY(2) is polynomial and has pole of order v at z = & (for v € N*) or order
—v—1atz = & (for —v e N*).

For integer v and integer

07.08.04.0005.01

Sing (PL@) = (i) ;5 € Z [\ v N
07.08.04.0006.01

Sing (Py(2) = {{&, —v =1} / g ez \-ven

With respect to u

For fixed v, z, the function P} (2) has only one singular point at 4 = &. Itisan essential singular point. .

07.08.04.0007.01
Sing, (P(2) = {{&, eo}}

With respect to v

For fixed u, z, the function P} (2) has only one singular point at v = &. It isan essential singular point. .

07.08.04.0008.01
Sing,(PY (@) = ({0, oo})

Branch points

With respect to z
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10

For fixed generic v, u /; ;—‘ ¢ Z, the function P} (2) has three branch points: z== —1, z== 1and z== &. For fixed
noninteger v and integer g the function P (2) has two branch points; z== —1and z == &. For fixed integers v and
integers % the function P (z)does not have branch points.

07.08.04.0009.01
BPPLD) = -1, 1, &} /; g ¢z

07.08.04.0010.01
BPPI@) = -1 &) ivez |\ g ez

07.08.04.0011.01
BPAPI@) = ivez |\ % ez

07.08.04.0012.01
Ro(PY(2), 1) =log /;p € Z\ p1 ¢ Q

07.08.04.0013.01

.
RAPY (@), —1) =5/ = - /\ rez /\s— leN* /\ ged(r, s)==1
S
07.08.04.0014.01
u p
R{Ph(@, 1) =l0g/: ~ ¢ 7 A\ S0
07.08.04.0015.01
1
Ry(Pi(2), %) == log /; v + 5 cez\/veQ
07.08.04.0016.01
r
RAPl@, ) =s/;v=- \Ir.slez [\ s>2 /\ godtr, 9 = 1
S
With respect to u

For fixed v, z, the function P (2) does not have branch points.

07.08.04.0017.01
BP,(PV(2) = {}

With respect to v

For fixed p, z, the function P} (2) does not have branch points.

07.08.04.0018.01

BP,(Pr(2) = {}

Branch cuts

With respect to z
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For fixed generic v, u /; g ¢ Z, the function P}(2) is a single-valued function on the z-plane cut along the intervals

(=00, —1) and (1, co). The function P (2) is continuous from above on the interval (—co, —1] and from below on the
interval [1, o).

For fixed noninteger v and integer % the function P (2) is a single-valued function on the z-plane cut aong the
interval (-0, —1), whereit is continuous from above.
For fixed integers v and g the function P (2) is a polynomial and does not have branch cuts.
07.08.04.0019.01
BC{PL(D) = [{(—c0, ~1), ~il, (L, oo, il} /: % ¢z
07.08.04.0020.01
BCPY@) = l{(~o0, -1, ~i}} v Z /\ % ez
07.08.04.0021.01
BCPi@) = ivez )\ % ez

07.08.04.0022.01
lim Pi(x+ie) =Py(x) /: x< -1

e-+0
07.08.04.0023.01
) 2irm _
lim Py (x—ie) == *™ PY(x) + PA(=x) /; x< -1
€+0 FA-p+v)(=p=v)

07.08.04.0024.01
lim Ph(x+ie)== " Py(x) /; x> 1

e>+0

07.08.04.0025.01
lim Pi(x—i€)=Py(¥) /; x> 1
€+
With respect to u
For fixed v, z, the function P, (2) does not have branch cuts.

07.08.04.0026.01

BC,(Pr(2) = {}
With respect tov

For fixed p, z, the function P} (2) does not have branch cuts.

07.08.04.0027.01

BC,(PY(2) = {}

Series representations

Generalized power series
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Expansions at generic point z== 7

For the function itself

07.08.06.0043.01

SN S T

)

al(—u—-MTA-pu+v)\1- Zp+1
e )
i — ag(z—zy) ||ag(zp+1D) +n 5 Zp+1
2ine { H Ir-vrev+1 zFl(—v, v+1 u+1; )—
2n 2n
ar(zf ) arg(z— arg(z- a(P )
PR o 2
[%+J T+ D 225 %V 0. PR (%+J
arg(z- arg(z—zo) arg(z-
—u[ g(zf)J agz-2) ||agZ+D+x|( 1 ”lz—J ,,[ Q(ZKZ")J
(Z0+1) 2m{ H J[ ) (20+1) (r(l—v)r(v+1)(z§—1)
2n 2n Zp+1
i z+1 N B+l f”a%%w
2F1[1—v,v+2;u+2; ]—2/1F(—V)F(V+2)2F1[—v,v+1;y+l; 5 ]]+2@ "l
(%1 vl —v T ] VP R
szZ(T 0, - )+(2%—1)e GZ;Z(T 0, —u—l) (z-29)+...|/; (z- 29)

07.08.06.0044.01

1 ar[ ’Z) ag(zy-2 1 ar[z— ) ez
TR T CT R I Y
P = [ ) (1-2) [ ) %+ 1)
al(-p-TA-p+v)\1- o+1
i lk ]2I -k N . i arg{ ZO) arg(z )
ZZZ — (-ﬁ) (5) A-2)" 2+ 17 |271i (Dke ”l HgJ
koico 0 (= Dtk=DtL 2/12/i ox

rrg(zo+ D+n

N p+1
> Jl"(—i+k—v)l"(i+v+1)2F1(—i+k—v,—i+k+v+l;—i+k+;1+1; > ]—
Fis

gz 7))

[ PP J Z+1 ) i—k+v+1i-k-v "
(Zo+1) Gzz[ > ‘ 0,i—k—pu ](Z Zy)
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07.08.06.0045.01

1 arg(zofz] ag(zofz]
sin L DR e
Pi(2) = o [ ] 1-2) et
F(—p-WIA-pu+v)1-2
1 arg(z—zo] J arg(z—zo) . .
1 \z2#| =2 %#uz— +1) o ki (-1 Uy (M o )
(+1) " f(——) (—) 1-2)" %+’
(zo+1] é;;(l—])!]!(k—l)! 27\ 2)ij
afz- agz-7)
) . ) fkf#*#l 9{2”20)J 1 —,ul 27 J
2 K=+ k=) (Zo+ D |escr ) T(=i + k+ v+ 1) (g + 1) [ ) +
zp+1
agz-zy) ||agz+) +7 . p+1
i{ H JF(i+v+1) 2F1[—i+k—v,—i+k+v+1;—i+k+p+1; )—
2n 2n
(1 7“rg(zz:0)J —k—#—urg(HO)J
24 eso(m ) D(—p = T(—p+v+1) (20 + 1) (—] (2o+1) o
Zp+1
_ Zp+1
zFl(—p—v,—y+v+l;i—k—,u+l; ](z—zo)k/;yez
07.08.06.0046.01
1 arq 72) arg(zy-2 arg(z- 1 3(17 J
sin(rrv) 1 Y z2# zzj J —%u[[ g(zz?r )J+1] %uﬂ g(zﬂzo)Jﬂ] 1 )2+ gZWZOJ
Pl(2) = ( ] (1-2) (2+1) [ ]
al(—u—-MT(-p+v+H\1-7 p+1
agz7)
| —- ag(z—zy) ||agzp+ 1D +n N Zp+1
2nie { H r»ryv+ 1)2F1(—v, v+1 u+1, )—
2n 2n
arg(z—zo) arg(z—
1 —H 2r J( l)-ﬂ[@ G22 Zo+1 y+]_, -y O(Z )
+ o —— +0(z-
2+1 “ 2’2( 2 0, —u ) %

Expansions on branch cuts

For the function itself

Expansion at a point at the right half-plane branch cut
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07.08.06.0047.01
sin(mrv)

P{f(Z — e—s'rru
al(—u—-MT(p+v+1)

o

1-x" 2(x+ 12

Gzz(X+1 v+l,—v) 1 ((2 1)GZZ(X+1 v—v—l) 0, G2 [x+1 V+1,_V))( )
o — + X2 — ’ + Z-X)+
2,2 5 0, —u 2(1_)(2) 2,2 5 0,-pu-1 M52 0, -u
1 X+1|y-1-v-2 2
Z(Ggé[ 2 | 0-pu-2 )(X ~ 1)
8(x*-1)
5 22 X+1|y, —v-1 X+1|y+1, v 2 .
(¥ -1)G33 |0 —u-1 +(2x+,u)G22 0. 1 z=-X°+...|/; 2> AxeRAX>1
07.08.06.0048.01
sin(rv) o] T2
P2 =- o J(1 X7 (x+ 172
al(—u—T(p+v+1)
X+1|y+1, —v 1 X+1| vy, -v-1 X+1|y+1, —v
Gz,z(_ ' )+ (x2 Gzz( ’ )+2uG [ ’ )](z—x)+
[2'2 2 | 0-u 2(1—x2)( 25| 0,-u-1 22 0, —u
1 X+1l|y-1,-v-2 2
2,
2(622( 2 | 0 -p-2 )( Y
8(x*-1)
4 ( -1)G? (Hl V’_V_l) 2 G2 (X+1 V+l’_v))) 2,0 |/ixeRAX>1
1€ =2 G| —— | o _, 1)+ @x+ G2 0, )| @07+ 0(@%)| /i xeRAX>
07.08.06.0049.01
sin(zv) ] T2 #
Pi@=- e {5 J(><+1)2(1 x) 2

al(—u—)TrA-pu+v)

o ki CDTHH(-G) (F) L @-0 (xr 1)]

I(_V)(z—x)"/;xe[R/\x>1

2,2(X+1 i—k+v+1,i-
22\ 5 0,i—-k-pu

k=0i=0 j=0 i-prjtkk—=i

07.08.06.0050.01

s'n CSC _7” ag(x-2) i 1]2I -k o )
PIVI(Z) o (7 v) esc(m p) u{ o J(X+1)2 1-x"z ZZZ =D (_ﬁ) (ﬁ) 1-x7 (x+ 1)
F(—u—V)F(l—/HV) ko0 joo (= DHjlk=DIL 2/512/i;
) ) _ X+1
[2*'*‘”# X+ D)= =) F(l—u+v)2Fl(—y —v, —u+v+li-k—p+1; T)—r(—i +k-v)
_ X+1
F(l—i+k+v)2F1(—i+k—v,—i+k+v+1;—i+k+,u+1; T))(z—x)k/;ysél/\xe[l{/\x>1
07.08.06.0051.01
sin i | T X+1 -
P(2) = - (V) ”[ J(l X) 2(x+1)“/ZG (— vl V)+O(z—x)/;xe[R/\x>1
al(—u—»TA-p+v) 2 0, —p

Expansion at a point at the left half-plane branch cut
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07.08.06.0052.01
sin(rv)

P2 = (1-%77 (x+ 12
al(—u—-MIT(-p+v+1)

P pakid) Ling| T | arg(z-X) . x+1
e ﬂ[ 2n J[ana’e M[ 2n J {7J CSC(ﬂV)ZFl[—V, v+ 1 u+1, T]_

2n
e_zm"rng_X)J ng(x+ - + _ e_zmﬂrrg(:X)J(Zeinﬂﬁg;w i CSC(nv)rrg(z_X)J
2 2n

N Xx+1 ~ X+1
((xz—l)szl(l—v, V2 u+2; T)+2u(v+1)2F1(—v, v+ 1 p+1; TD+

) 2o X+ 1| v, —v-1 X+1|v+1, -v .
(¥ -1)G33 — |0 -u-1 +2uGo5l —— 0 —u Z-X +...|/iz->XNAxeRAX< -1
07.08.06.0053.01
1 s
Pl = sin(rv) (L-x) 2

al(—u—MT(-p+v+1)

u . |agzx | oo i 1 k—j 2| k N .
x+Dze " W5 JZZZ S (_ﬁ) (ﬁ) (1— % (x4 1))
koicojoo (= Djlk=DrY 2/j1 2/

e rrg(z— X)

. JF(—i+k—v)F(i+v+l)2l31[—i+k—v, —i+k+v+l i+ k+p+1;
n

[2mz(-1)k “”‘{

X+1 C opin]¥E® X+1]|ij- i—k—
—)—(—1)'«3 2 “{ 2n JGzz( ‘I k+v.+l’| k V)](Z—X)k/;xe[R/\x<—1
0,i—k-u
07.08.06.0054.01
sin u " Clagzx| o ki 1 j 2| k . A
P)(2) == 7v) (1-x"7(x+Dze " { JZZ b [_ﬁ) (ﬁ) A-x"x+1n™!
F(—p=-NT(-p+v+1) k=00 j= o (i=Prjtkk=ir\ 212/
—irn agzd | arg(z— X Coni ag(z-x)
[[Zie “{ 2n J{%Jr(i+v+1)l"(—i+k—v)+csc(7r;¢)<e 2 #{ 2n JF( i+k+v+D)T(-i+k-v)
Fis

N X+1 ) )
zFl(—i +k—v, —i+k+v+1 —i+k+pu+1; T)—Z"*k*“ ese(m ) (X+ 1) K H T (= =) T(—p+v+1)

ag(z-x)

J . ) X+1 ‘
2x 2Fl(—p—v,—,u+v+1;|—k—;1+1; - ))(z—x) LHneEZ AxeRAXx<-1

—2niu{
e

07.08.06.0055.01
PIVI(Z) ==

1 - T ] Cing| TR |AOZ-X) | x+1
1-x2x+Dze" W% J[znzm | J{—JzFl(—v,Hl:wl: — )+

2n

CAT(-p - T(—p+v+1)

. ag(z—x)
e

J v+1, -v
21 Gzz

X+1
( 0, —H

. -2
sin(rv) e

))+O(z—x)/;xe[R/\x<—1

Expansionsat z==0

07.08.06.0001.01
o o o (VO +Dy(5 k)m(_g)j (-1l Z*m

Po=>>> . /<1

k=0 m=0 j=0 T(k—pu+Dk!m!j1k
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07.08.06.0002.01
o o o (= V)k(v+l)k( +1)m(1_%)k(_g)j (= 1)i+k Z+kemel

Pl(2) = ZZZ _ +

2 om0 m Tk =+ Dk j1 2K

o o o (Vim0 + Digm (M=% +1), (_g)l_ (—2)i*k

»» _ /il <1

koo m=0 =0 F(k+m—p+1)(k+m! k! jr2ksm

07.08.06.0003.01

HZ & M M . M z
P)(2) = — (k+1)!(—+1) va F(——;;—z) F (—v,v+l,1——;k+2,1— ;——)+
T é 2 hS T 2 "2

Boa..
Hy (M kg3 1x0 -vv+lL1-21L1 2z
Mi-—- Z - &2"Fa.1.0 u PRt
25\ 2k Lil-pl-3 2 2

07.08.06.0004.01

27
Py (2 o (1+0() /; (z- 0)

r( 1"2”) r(1-27)

07.08.06.0005.01
P = (-)"(1-2)" 2" Z( 1)k( )(2" 2k)(n—m—2k+1)mz"‘m‘2k/;meN/\neN

07.08.06.0006.01

P o (-)™ 7 20 [L&J][Z“'zl?J)(n_m_z{n;mJu)mz" ™2 %1+ o) /;

2 n

(z->0AmeNAneNANn=m

Expansionsat z==

07.08.06.0007.01

(1+ 2#2 [ 1 )+ E-1) EA-ME+D)+2)(z-1)72 ] 1-z
P/ (2 == - + S I pu— |
A-2#2\I'A-pw 2r2-p 8I(3—-p) 2
07.08.06.0008.01
1+2M2 & (- + Dy (1-2\¢ |1-2z
Pl = (—) — ]
Q-2 i3 Tk-pu+Dk\ 2
07.08.06.0009.01
L+2H2 1-2
Pl(2) = gFl(—V, v+1,1-pu; T]

(1-2+?

07.08.06.0010.01

e o k CD(=Z) (MDD
Pl(2) = . — T
1-2"21%%  TG-u+Dk-jrjr 2

<1

07.08.06.0011.01
212

Pl (@) (1-27"21+0z-1)/;z>DApeN

1-w
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07.08.06.0012.01

© (M=) (M+v+ 1) (1-2z\K
PM(2) == (1—22)m/22_m(—v)m(v+1)mz « k[—) imeN
o Tk+m+1k! 2

07.08.06.0013.01
272 T(m=v) T(M+ v + 1) sin(r v)

PM(2) o« — (1—2);(1+O(z—1))/; Zz->1)AmeN
am!

07.08.06.0014.01

L+2M2 &, (=N (+ 1)y (1-z\

Ph@ == (_) finen
Q-2 i Tk—pu+Dk\ 2
07.08.06.0015.01

@A+2"2 =2 A=)y (1-2\
Pl—ln(Z) = ( ] /sine Nt
(1-22 3 Tk-p+ Dk \ 2

Expansionsat z== -1

07.08.06.0016.01
22T (—p) (z+ DM

I—u—-mIr@d-u+v)

P{,‘(Z) ==

H@d+w-2v({L+v) L UA+ QR+ > -4R+uR+w)v-41+ w2 +8v3 + 4y
41+ e RA+p)2+p

242 sin(zr v) T(w) (Z + 1)’2 [ ul=—pw+2v@d+v)
1+ (z+D+

Vi 4(-1+p)

S5+ A+ A1+ v A+ R+ v) =42 (=24 v+ V) + (4 + 8y (1+V))

...]/;

07.08.06.0017.01

(Zz+ 1%+

32(-2+wW(-1+p

z+1

<1/\ps§l

Pl(2) = [(=p) (L+22 & (=) v+ D) (z+ 1)“
T DT —p+ D) A- g2 S Dkt L2
2 sin(zv)T S =+ D (=) (z+ 1\ jz+1
(7 v) (ﬂ)(l—zz) #/22 k k(;) : L<l/\,u$Z
T o (1- ) k! 2
07.08.06.0018.01
e I'(—p) (1+2)H2 F( L L zZ+ 1)
v (2) == -v,v+Lu+l, —|-
=Ty -p+l) (1742 2t a 2
24 sin(zv) T(u) z+1

—p/2
(1-2)" zFl(v—;Hl. —pu=v; 1= T)/;u$l
Ve

Z+1D% +...|-
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07.08.06.0019.01

I H —k k
e 22 w k (5). (j+D;2%@z+D)
PIVI(Z == ( IJ) ’ (Z+ 1)”/222 27 - - _
[(—u-MTy-u+1) 00 (u+Djt k=D
2472 §in( v) T() v ok (Ghe Cr=w -+ Dy 27K 2+ D
—————— @y Y — Luez
k=0 j=0 (1_ﬂ)j jrk=p!
07.08.06.0020.01
27121 (- 22 8in(mv)T
P)(2) o M (z+ D2 (1 + Oz + 1))—M(z+ D2 1+0z+1)/;z->-DApueZ
I—pu-vriyv-u+1 T
07.08.06.0021.01
T(—p) (z+ D2 -1 (—n), (N+ D)y (z+ 1)<
P LTS e
F-n—-wWrih-p+A-2? o  (+Dk! 2
07.08.06.0022.01
(-p™? z+1) (1+2™? z+1
Pl(2) = Iog(—) ZFl(—v, v+1,m+1; —) -
m!T(-m-v)T(y —m+1) 2 )1z 2
2"sin(rv) (m-1)! L 22)_m/zm—l (=M= ) (v = m+ 1), (Z+1)k (" (1+2M?
- +
b ( e k! (1 - m), 2 F(m-v)I(-m+v+1) (1-z7m?
2 (=) (v + D) z+ 1)K jz+1
> Wkt D+ gk me D gk v+ 1)—1//(k—v))(—) il—|<1/\meN* A\vez
k! (k+m)! 2
07.08.06.0023.01
Cpmiz z+1
P{,“(z) o (z+ 1)'"/2 [Iog(—) —YyMm+D+y(—v)+yY(v+1)+ y) 1+0(z+1)-
mI'(-m-v)I'(v—-m+1) 2

22 gin(rv) (m—1)!

(z+1)"?(1+0(z+ )/ :;z--DAmeNAvez
T

07.08.06.0024.01

sin(rv) z+1 z+1

Pl = |09(—) zFl[—v, v+ 11 —) -

b/g 2 2

® (=M (v + D Quk+1) —(k+v+1) —(k—v)) (z+ 1)k \

2,

2
T ko k!

sin(v) z+1

2

<1/\veEZ

07.08.06.0025.01
sin(mrv) z+1
log] —

2

sin(rr v)
)(1+O(z+ 1) + (—rcotmv)+2¢(—v)+2y) 1+ 0(z+ 1) /; ( z-» -DAveZ

T

P2 «
T
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07.08.06.0026.01

27 (=D)"sin(rv) z+1 z+1
PP@=——— |OQ(T)(1—22)W2 2F1(m+v+ 1, m-v;m+1 T] +

m!
(m-1)! (1-2M2 L (—v) (v + D) [z+ 1]k 2™ (=)™ sin(rv) L2
Lm=-v)I(M+v+1) (14+2™2 {75 k! (1-m) 2 b ( )

© (M=v)(M+v+ 1) z+1

k
Wkk+1) +¥(k+m+ 1)—w(k+m+v+1)—w(k+m—v))(7] /imeN"Avez

e Kl (k+m!

07.08.06.0027.01

2W2 (m—1)! m =pm 2‘2 sin(rv)
P;™(2) o Z+D)2(1+0zZ+D) + ——————(z+ HM?
I'(m-y)I'(m+v+1) am!

1
(Iog(z%)—w(m+ 1)+ Y(M=v) + y(m+v + 1)+)y] 1+0z+1) ) 2z -DAMEN AveZ

Expansionsat z== oo

07.08.06.0028.01

1 (1+z)“/2[ 2 (z- 1) 1 u-v A=-MNu-nA+u-v)
PY(z) == —— F(v+—)[l+ + +...]+
Vr @-22\Tv—p+1) 2 1-z 1-2v(1-2?
27 tz-1pt 1 1 2 1 2 1-
Ll‘(—v——)[l+ +,u+v+( +V) A+ u+v)( +ll+V)+m]]/; i >1/\2V¢_Z
T(—p—v) 1-z (3+2v)(z- 1) 2
07.08.06.0029.01
1 A+2*2( 2 @z-1 1\ & =) (2 \¢
Pl I P () E 2 )
Vi @=-2#2(Tv-pu+1) 2/i35 (F2yk! \1-z
27t (z-1t & +Du+v+D 2 \¢) j1-z
_r(_y__) —(—) [i|l— >1/\2vs€Z
I(—p-v) 2i30 @Rv+2)k! 1-z 2

07.08.06.0030.01

1 QA+2"?( 2 (@z-1 1 2
P‘V‘(z) = F(v+ —] zFl(ﬂ -V, -V, =2V, —) +
vV Q-2 \Tv—pu+1 2 1-z

271zt 1 2
—r(-v- —)ZFl(V+l, H+v+12v+2 —) Lze (-1, DA2veZ
[(=pu-v) 2 1-2z

07.08.06.0031.01

1 7?2 27 1 1 2l 1 1
P)(2) « — F(v+ —)(1+O(—])+ _ F[—v— —)(1+O[—)) /i(Z > c0)\2ve¢Z
vV -2 \ITv-p+1 2 z I'(—u-v) 2 z

07.08.06.0032.01
(-D"2" @+27? N 2n-K!(-n) ( 2 K

—) /ineN
1-z

F’lrJ](Z) ==

n! L=z i KIT(N—K—pu+1)
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07.08.06.0033.01

2*tsin(r(u—-v)T(u+v+1) z-1\ (1+2*?
Pl(2) = (z—1r“1k@(———) ZF{
al(—v)T2v+2) 2 ) (1-zH?

2
v+l u+v+1,2v+2 —]+
1-z

27 (z-1" L+2M2 2v 2v-K!(-v) ( 2 )k 2"’Sin(7r(v—,u))sin(ﬂv)l“(u+v+1)( b 1(1+z)“/2
+ z-1)7" —

Fv+1) @-2t2 k! Tv—pu-k+H\l-z 232 F(v+ g) (1- ¥

© (V+Dy(u+v+1),

k=0 k! (2V+2)k

07.08.06.0034.01

pid ]"(V + %) Zﬂ/2+v 1 2v+l r(/J v+ 1) sin(7r (ﬂ _ V))
(1 + O(—)) +
Vi Tov-pu+1) Q-24? (=) T2v+2)

Z,u/Z—v—l

P{/I(Z) o

4

z 1
(Iog(—)—dl(—,u—v)—w(v+ 1)+l//(21/+2)—j>’)(1+0(—)) [i2veNAv—uegZ
1- Z),u/2 2 z

07.08.06.0035.01

V2 cosrpT(u+3) /5 1 1 1
10022 —y| = —u|-y|[1+0|=||fu+ = ez
32 (1_2);1/2(09( 2 w(z “) 1)( ’ (z))/’lee

07.08.06.0036.01
D2 (u+ - D)7 L+ 2 2
P/ (2 == 2I:1(v+1,,u+v+1;21/+2;—)/;2v+leN/\,u—veN+
v+D!T(-v) (1— 242 1-z

PL@ e

s

07.08.06.0037.01
(_l)y—v—l 2v+1 (“ +9)! Zp/Z—v—l

1
PY(2) « (1+O[—))/;(|Z|—>oo)/\2v+1eN/\,u—veN+
@v+DIT(-y)  (1- "2 z

07.08.06.0038.01

" 1
B 2 F(V+ 5)(2—1)V (1+ 212 V# (u—V)k(—v)k( 2 )k ()" H 2" T(u+v+1)(@z-17 1t
v Z) == _— —
\/FF(V—M+1) (]__z)l‘/2 p k! (=2v), 1-z I'-v)IT2v+2
1+ 22 2
zFl(v+1,,u+v+1;2v+2; —)/;2v+1eN/\v—,ueZ/\—vs,usv+l
(L-2+? 1-z
07.08.06.0039.01
2V F(V+ %) 124V 1
P (2) « (1+O(—])/;(|Z|—>oo)/\2v+1EN/\v—ﬂeZ/\—vsysv+l
z

Vi Tv-pu+1) Q-2

2 k
(xp(k+1)—zﬁ(k+v+l)+(//(k+2v+2)—w(—k—y—v))[—l ) [i2v+1leNAv—ue¢Z
A
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07.08.06.0040.01

(=% 22+ sin(rv) (1 - %) (1+ 2" 5
Pg(Z):: Z—l)#*l 3F2(1, 1,1-#;1—/,[—1/,2_“_’_‘,; _)+
alTA-pu-Ty-u+2 (1_2);4/2 1—5
pid F(V + %) (1 + Z)ﬂ/z 2y (/1 - V)k (—V)k 2 k (_1)2v+l 2v+1 (1 + Z)”/Z
— - (—) + z— 1)1
Va Tv-pu+1) A-22 & K(=2v) \1-2)  (cu—v-DIT(-v) PR

L v+ D (u+v+D), o 2 K z-1
(=) (el

o Klk+2v+D! \1-z 2

)+w(k+1)—w(k+v+1)+w(k+2v+2)—w(—k—p—v))/;2v+

leNAv—pueZAu+v=<0

07.08.06.0041.01

(_1)2V+l 2v+1 z /2—v-1 1
P(2) (log(—)—(//(—,u—v)—w(v+ 1)+¢/(2v+2)—7/) (1+ o(—)) +
(—u—v-D!IT(—T2v+2) 2 (1 - 2)H2 z

ZVT(“%) /2 1\ ¥ 2v#sn@Ev)T(d-p Z2H2t 1

[r+tz)- [tz
Va Tv-p+1) -2

(1Z>0)A2v+1eNAv—ueZ ANu+v=<0

z nF(l—y—v)F(Z—,u+y) (1_2);1/2 z

07.08.06.0042.01
2 log22) - ¢(% — )~y zE 1 1
PlL@o. |- (2 ) : (1+O(—D/;(|z|—>oo)/\—,u——eN
-3 bl F(% —,u) (1-2H2 z 2

Asymptotic series expansions

Expansionsat v == — 3 + i oo

07.08.06.0056.01

P

(x+1

w2 1
T) ™ ,(rV2x-1) )(1+o(—))/; (t> o) AXeRAL<x<3
T
07.08.06.0057.01

2 1 X+1y?2 1 1 1 T 1
P‘_‘ () | — [—) 7 zcos(—n(u——)+—+Tlog(2(x—1)))(1+0(—))/;(T—>oo)/\xe[R/\x>3
it-> T x—-1 Xx-1 2 2 Xx-1 T

07.08.06.0058.01

2 1 1
P Q|- rﬂz"’EJ_H(rx/2)(1+o(—))/; (to> o) Au<0
Ty s T

2

Integral representations

On the real axis

Of thedirect function

07.08.07.0001.01
(=1)7 2x-2v (1 + 2)"? fl (t-1 ( z+3
t_
(=T +1) 1-zH2rJ-

P{,l(z) ==

) dt/; -1 < Re(v) < —Re(w)

l(t + 1);1+V+1 z—-1
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07.08.07.0002.01

(V)m  mni fﬂ cos(mt)
0

e 2
v+1
(z+ VZ2-1 cos(t))

Pl =

dt/;meNARe?2) >0
T

07.08.07.0003.01

1 1
Pl =—— (12" [ P27 at/; Re <0
(=) z

Integral representations of negative integer order

Rodrigues-type formula.

07.08.07.0004.01
0MP,(2)

P = (-)"(1-A)™" fimeN

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

07.08.13.0001.01
2

- 22]w(z =0/, WD = Pi@+cQ©

(1-Z)W@-2zw @) + [v v+1)-

07.08.13.0002.02

INu+v+1
WP} (2), Qi) =

(1-2)T(-p+v+1)

07.08.13.0003.01

2929 (22 (P -v+D(1-92?)9@*
QW' - [72 + g”(Z)] W(2) - . W(2) =0/, W2) = ¢; PY(g(2) + ¢, Q(9(2)
1-9@ (1-9@?)
07.08.13.0004.01
Tp+v+1)g@

W,(PY(0(2)), Q(9(2) == >
(1-9@*)TA-p+v)

07.08.13.0005.01
2909 @’

d@h2*w' (2 - [[
1-9(2)?

+ g"(z)] h@*+2¢@ N @ h(z)] W2+

h@?g@°+2N@°g @ +h@) [h’(z) [

w2 =v(v+1)(1-92?)
1-92

(1-9@?)’
0/; W2 = ¢, h(2) Py (9(2) + ¢, h(2) Q“(9(2)

07.08.13.0006.01
Tu+v+DHh@2’g@

W(h(2) P/(9(2)), h(2 Q(9(2) = >
(1-9@?)TA-p+v)

2009@* o
5 9 @|-g@n'@||w> =
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07.08.13.0007.01

r(@22"+1) a2r2(u+ (@2 -1)v(v+1) 2 rs(@z"+1)
2W(@2 -z|2s+ —————~ —1|{w@ +|- +2+ W2 =0/
1-a22' (1—a222')2 1-a22'
W2 =¢ Z2P/(aZ)+c, 2 Q4 az)
07.08.13.0008.01
arz*2sIr(u+v+1
W,(ZP/(@Z), 2Q@az)) = (eved
(1-a2Z")T(-u+v+1)
07.08.13.0009.01
a2 (log(r) — 21og(s)) r2 + log(r) + 2log(s
W@ (log(n g(s)) r<* +log(r) + 2log( )V\/(Z)+
1_a2r22
a®(u? - (1-a%r??)v(v+1)) log?(r) r2? , (a?r22+ 1) log(r) log(s)
- +log(s) + W(2) =
(1—a2r22)2 1_a2r22

0/;W2) =c; $°Pl (ar?) +c, s Q4(ar?)

07.08.13.0010.01
ar’s2r(u+v+1)log(r)

Wy(s'Py(@r?), s Qj(ar?) = (1-a@r?)M-p+v+1)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
07.08.16.0001.01

P, @=P®

07.08.16.0002.01

=DM (v -m!
P,"(2 = ——  P(@/;meZ
(m+v)!

07.08.16.0004.01

1
P/(@ =~ =T(=p - T (v~ p+ 1) (sin(vm) Py (2) +sin(un) P (-2)
T

07.08.16.0003.01

PY(-2) = — csc(r ) [Sin(rv) PY(2) + i P (@
[(~u—WIy-pu+1)

07.08.16.0005.01

2
P} (=2) == cos((u + v) m) Py (2) — — sin((u + v) 1) Q“(2)
Ve

Identities

Recurrence identities
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Consecutive neighbors

07.08.17.0001.01
2v+3)z

u—-v-2

Pi(2) = P12+ P22
u+v+1 v+ 1
07.08.17.0002.01
2v-1z u+v-1
P/ (2 == PL@- P,
V—u V—u
07.08.17.0003.01
2z(1 1
Pf,l(z) == d+ ‘u) Pf,Hl(Z) + ﬁ P¢+2(Z)
LA+ m-vA+)Y1-2 ArD=-v+D
07.08.17.0004.01
21-wz _,_ _
P2 = Pl @+(u-Du-2-vi+1)Pi 2@

1-2

Distant neighbors

07.08.17.0009.01

PI;(Z) =Cnh(v, 1, 2 Plxj+n(z) + -

2v+3)z

Ci(v, u, 2 ==
i +v+1

07.08.17.0010.01

PY(2) = Ca(v, 1, D PYon(2) —

-v-n-1
Coa s 1, D P 1@/ Colv 1 D =1 [\
nN+up+v
z2n+2v+1) H—-v-n
NGty 1,9 = ——————Cosv, 1,9+ —————Coav, 1,2 \neV*
n+u+v n+u+v-1

u+v-n
— Coa0 1 DPL @ [ Gl 1 D=1 f\

v—u-n+1
c 2v- l)z/\c z(2n-2v - 1)C u+v-— n+1C /\ N
1(v, 1, 2) == n(v, 4, 2) == 1 n-1(vs i, 2) — m n—20, 1, 2 [\ ne
07.08.17.0011.01
+n 1 +Nn+
Pl(@ = Cav, 1, P ") + Coav, 1, 2PN D)
MN+u-H(n+p)-vy+1
2(u+1)z
CQ(V, M, Z) == 1/\Cl(V, M, Z) == /\CH(V! M, Z) =
Hup+D-vA+v)y1-7
2z(n+ p) 1
Cnav, 1, D+ Cnoo(v, t, 2 /\ neN*

1-Z (n=1+p)(

07.08.17.0012.01

N+ 1) — v (L+v)) M=-2+w=1+w-v(L+v)

Pﬁ3=ﬂ%W4LDP$%D+«u—n—1ﬂu—m—vw+1»6mﬂwu,anm%D/x%wdhazl/\

21-wz

Cl(V, M, Z) ==
Vi-2

Functional identities

2z(n—p)
/\Cn(V: M, 2) = Coaa i, D+ (- (p—-n+1H-v¥+1)Cro(v, 4, 2 /\ neN*
1-7

Relations between contiguous functions
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07.08.17.0005.01
U+VPL @+ -p+DHP (2= Q2v+1)zP/ (@

07.08.17.0006.01

AP @+ -p+DHP, (2
P2 =

2v+1z
07.08.17.0007.01

P @ -uu--v+ )P @+ Pi@ =0

Vi-2
07.08.17.0013.01
zu+v+ DPL@+Vi-z Vz+1 P @ - (—u+v+ DP (2 =
Pavlyk O. (2006)
07.08.17.0014.01
Pl @-zP i@ -Vi-z Vz+1 (—u+v+ 1P’ (2 =
Pavlyk O. (2006)

Additional relations between contiguous functions

07.08.17.0008.01
P @ P @ - PLL@ P @+ = 1) 01 - i) PY@ PR @ = (u+v) (ua +v1) P @ P, @) =0

Differentiation

Low-order differentiation

With respect to v

07.08.20.0001.01

P2 L+2M2 & (—v) (v + Dy _y
= cot(r v) Pl(D) - W k=v) =k + v+ 1))( ) P
v (1-2/2 & Tk-p+Dk!

<1/\ve;€Z

07.08.20.0002.01

Py (L+2H2 1 1_ 7K
()::( + ) ( )Zéj)VJZ( 1)r r)(J+—)(y+l)"/
dv (1-2M2 3 Tk-p+ Dk \ 2 &

=1

07.08.20.0003.01
IPY(2) 2v+1  (L+2H7 2><1><3[1 v,v+2, 151, -v,v+1 1-2 1—2]
o 2T(2-p) (1-zp/21 2202\ 2, 2—pv+2,1-; 2 ' 2
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07.08.20.0004.01

P2

V2

L+ 22 2 (=) (v + D)

(wk=v)? = 2(rcot(mv) + Yk + v + 1) Yk —v) + Yk + v + 1) + 21 cot(mv) Yk +v + 1) +
1-2"2 (g KIT(k—pu+1)

k

1-2z 1-z
YOk =v) +y Pk +v + 1))[7) -n*Pl(2/, ‘T <1

07.08.20.0005.01
PPl QA+2M? 1 (l—z)k

2

2 (1-2H2 2 T(k—p+ k!

k

o 1-z
VRSN Y v+ DR (- DA+ R+ D+ @r-Dyv-Div+ 1) S /; ‘T

i=1 r=1

<1

With respect to u

07.08.20.0006.01
PV (L+2M2 =, (=v) (v + D)

—7\K
: sl
ou (1_Z)u/2k:01"(k—,u+l)k!¢( #th 2

1 1-z
+E(Iog(1+z)—Iog(l—z))P’v’(z)/; ‘T <l/\,u¢N+

07.08.20.0007.01

AP (2 1
[w<1—u) -5 (log(1-2) - log(1 + 2)) ) PY(2) -
v(v+1) 1+ 242 lexz(l—v,v+2;1; Ll-y; 1-2 5)
2A-WTR-p @-zgpet 0N 22-mi2-m 2 g

07.08.20.0008.01

PP L+ & (v v+ D) (1—2

k
T) (Wk-p+ 1%+ (log(L+2) - logl - 2) (k- + 1) — Pk — p+ 1) +

a2 (1-2? S KITK=p+1)

1 1-z
Z(Iog(1+z)—log(l—z))2P’V‘(z) /i ‘7 <1f\pen

With respect to z

07.08.20.0009.01

P (2)
0z 2-1

(zvPi@ - (u+ V) PI_,(2)

07.08.20.0010.01

PP 2z(u+v) Pff_l(z)+(,u2+((v—1)22—v— 1) v) Py (2)
oz (2-1)

Symbolic differentiation

With respect to v
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07.08.20.0011.02
Pl L+ & 1 (1—2)k m (m)
v (- ETk-p+ k2 ) S

k k
ZS(') (| - J + 1)] Vi’j Z(—l)r S(r) (J —Mm+r+ 1)m—J v+ 1)j—m+r /’

j i=1 r=1
1-z
“—<1/Amen
2
With respect to z
07.08.20.0012.02
Py (2)
o
D"(@+2"? (u momy . pou z+1y _ 1-zy(z-1Y
7r(—+1)2( : )zFl(—j, — =i+ —)3F2[1, —v,v+Lj-m+1,1-y —)[—) imeN
(1 - pH/2m 2 e J 2 2 z-1 2 z+1

07.08.20.0014.01

. ) m
u m (-1} 221*kk!( )F(—k+m—y+v+1)
P (2) _ (1-3)Tu+v+D) m K k 2ik (1_22)%(—2j+k—m) P 1
az" Tep+v+D) S0 k=)@ -R!IT(1-j - 5)Tk=m+pu+v+1)

meN

07.08.20.0015.01

P2 Mk kmm _ pl-k k2 i
azm :ﬁé(—l) 4 (1—22) 2 (k)(—ﬂ—v)m_kgl:z[l,—k, E, 7,1—5, Z (1—[1+V)m_kpv (Z)/,
meN

Fractional integro-differentiation

With respect to z

07.08.20.0013.01

FP@D u > H _1eaxs(k+2 -8 oy v+1,1-£; z
’ ::—zl*“Z(k+1)!(—+1) Fixéxi( 2" ? —z.——]+
0z = 2 k K—a+2;k+2,1-pu; 2

—v,v+1, 1—%;1;k+1; 1 z]

H (M _3x1x1
T
2 kzzc; 2k et l,l—,u;l—%;k—a+l; 2 2

Integration

Indefinite integration

Involving only one direct function

07.08.21.0001.01

T u . k+2 -5 —v,v+1,1-%; z
fP’V’(z)dz: —£Z(k+1)!(—+1) Fiiéig[ 2 " 2 _, __)+
2 i 2 k k+3;;k+2,1—y; 2

By (Y e v Ll-giLk+l 1z
(1 )oS() corelt R
2) i\ 2k Ll-ml-5k+2 2 2
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Definite integration

Involving the direct function

07.08.21.0002.01

1 ) 2(m+ny!
fPr”,“(t) dt=————— //meNAneNAm=n
-1 2n+1)(n—-m)!

Orthogonality:

07.08.21.0003.01

1 2(m+n)! oy
f PRt Pt dt==———— /;leNAmeNAneN
-1 2n+1)(n-—m)!

Summation

Finite summation

07.08.23.0001.01

> CYmPI@ P @ =1/neN

m=-n

07.08.23.0002.01
5 (n—mlcosm(d —¢1) " Lo
D Pr(cos(9)) Py'(cos(61)) == Pn(cos(6) cOS(61) + COS(¢ — 1) SIN(G) SiN(61)) /;

(m+n)!

m=-n

0<9<g/\0<61<g/\0<¢<g/\0<¢1<g/\neN

Operations

Limit operation

07.08.25.0001.01

lim y# P’V’(cos(f)) =J,2
Vo0 v

Representations through more general functions

Through hypergeometric functions

Involving oF1

07.08.26.0001.01

L+2M2% 1-z
Pl(2) = 2Fl(_Vv v+ 11— —)
(1-22 2
07.08.26.0003.01
1+2"m? B -
PN(2) == 27 (=) (v + 1)m2Fl(m— v, m+v+1,m+1, 7) /;meN*

(1-2™?
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07.08.26.0032.01
24 sin(rv)

p
P)(2) = ——— 1—z2)’52F1(—y+v+1, —pu-v; -y -~

sin(r )

7 (z+ DH?

z+1)

z+1

A-2"2sin(r ) T(-p - (= +v+1)

07.08.26.0004.01

(1 + Z)p/2+v _
Ph@=2" —, 1(
(1-2?

07.08.26.0033.01

21 F(—v - %) r2v+2) (z-1)""1z+ "2

2'21(—)/,)/+1;/.l+1; T)/,,Lléz

=

Fo|=v, —u—vi 11—y, —

z+1

Pl@=

2 r(v + %) [(=2v)(z+ V2 z- 1)

Va D -» (1-2?

Va Tv-pu+1)@1-2"?
07.08.26.0034.01

u
2

1

. 2
zFl(v+1,u+v+ 12v+2 —)+
1-z

. 2
2F1(_V‘ u=v,=2v, 1—)/; z¢(-1L, DA\2ve¢Z
—-Z

cEueren e 2
Rl = (—pu+v+ ),—E(,U‘FV), > )"

Pl@=2'n(1-2)

z

r(% (—p— v)) r(% (—p+v+ 1))

07.08.26.0035.01

r(% (—p—-v+ 1)) r(% (—p+v+ 2))

_(1 1 3
2F1(_(_ﬂ_v+1): 5(—#+V+2); E; 22]

2773 (coS(2 71 1) — CO(2 71 V) SEC(rr v) "
- (1-7) 2

Pl@ =
Vr

(37

Mu+v+1)
z

csr{l ) V-7 ser{l ) : 1 L 1 o
Eﬂ(ﬂ—V) ST, Eﬂ(#—V) 2 1(5(—/1+V+ ),5(—u+V+ ),V+2

1 v -2 1
22" 1P (u—-v) [CSC(Eﬂ(,u+v))— _— %C(Eﬂ'(,u+v))]
z

o (1 1
2 o

Involving »F;

07.08.26.0005.01
1 (1+2H?

FA-p 1-2#2

P{f(z) ==

1

1
—(—pu=v), = (~u-v+1; ——v, —||/; -1,0
2(# V)Z(u V+)2v22]]/2$( )

1-z
ZFl(_Vv v+1 1y T)/?#$N+
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07.08.26.0006.01

[(—p) 1+ 2#? z+1
Pl(2) = 2F1(—V. v+Lpu+1 —)—
=Ty -p+l) (1742 2
24 sin(v) T'(u) _ z+1
—(1-7) H/zzFl(V—lHl, —p=v;1l-p —)/;/JeEZ
T 2
07.08.26.0036.01
u
27 (z+ 12" z-1
P@=—— 2F1(_Vy —u—-v;l-y —) lineZ
(u) (1 - 242 z+1
07.08.26.0007.01
—y— 1
27 (- -3) (1+2)472 2
Pl2=——-—(z-1* 2F1(v+ Lu+v+12v+2 —] +
Vr T(=p-v) (1-2H? 1-z

2 F(v + %) 1+ Z)#/Z z-1)
Va Tov-pu+1 (1-2M2

07.08.26.0037.01

2
zFl(—v, u=v,=2v, n ] hze(-1L, DA2veZ

-z

’ 1
Plg=2Vr (1-2) 2

1 1 1
ZFl(_(—ﬂ+V+ D, —= (u+v); —;22)—
F(%(—,u—v+1))F(%(—u+v+2)) 2 2 2

2z

1 1 3
2F1(— (~u=v+1), = (~u+v+2); = 22)
(3 r-n)r(3peven) 12 2 2

07.08.26.0038.01

Pl@= 2772 (cos(27 ) - cos(27 V) (1-2 -5 T(u+v+1) F(% —V)
b z@v+1)

R )

2)7 F ! 1 ! 2); 5.2 22T r[ 1)
(— ) 2 1[5(—/J+V+ ),5(—ﬂ+v+ ),V+E, ;]‘F (IU—V) V+E

V-2 1 1
. SQC(EF(#+V))—CSC(E7T(H+V))

Through Meijer G

zzﬂ F ! ! 1-1 =l 1,0
-2)z , 1[5<—u—v>,5(—y—v+ >,5—v, ;] /;z¢& (-1, 0)

Classical casesfor thedirect function itself

07.08.26.0008.01

sin(xv) (1+ 242 z-1|y+1, -
Pi2) = - i G“(— Y V] Lvez
Pis (1- Z)#/2 2 0, u
07.08.26.0009.01
1 (1+2H? +1, -
Ph(2) = —— Iimsin(nv)G%’g[— Y V)/;neZ
(1220 2 0.

Classical casesinvolving algebraic functions
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07.08.26.0010.01

“ sin B
(z+1) 2P2z+1) == - ﬂ (—2) K2 G%g(z’ v, V+ 1)
s

07.08.26.0011.01

w742 sin(ry) ( 1\#? 1,1-pu
—7_1)2 —_ __ _ o\ H2 21
A o R 0 I G (e
07.08.26.0012.01
1-z 1 1-24v, L4yt
(z+ 1)V Pf,'[ ) == ;‘g z 2 u 2# /; Z2¢ (—oo, _1)
1+2) T(-p-WI(=» ° -5
07.08.26.0013.01
z-1 1 21 %+v+l,l—%+v
z+1) Pﬁ[ ) Gyalz P /i 2¢ (=00, 0)
z+1 r-u-vwrvy - >3
07.08.26.0014.01
21 vy
(z+ 1)V’2P’v‘( ]:: ez * L0,
Vvz+1 \/;F(—p—v) 313
07.08.26.0015.01
z 21 AR |
(z+ 1) P‘V‘( | — ]:: ————clz| 2 P |hze(-,0
z+1 ) Nar(-u-v 0,3
Classical casesinvolving unit step 6
07.08.26.0016.01
- 20 —%—v,1—§+v
0(1-12)(1-2 7z PY(2z-1) = G3}|z v /;z¢ (-1, 0)
22
07.08.26.0017.01
(2 1,1-pu
002 - 1) (z- 1)z Pé’(; - 1) = Ggﬁ(z . 1)/ Z¢ (—o0, —1)
07.08.26.0018.01
v—u + 1-p—v
H . ]
01-12h(1-2 2 P’v’(x/?) =2Gyylz| ? z ]/; z¢(-1,0
"2
07.08.26.0019.01
1-p H
/ 1 —+£1-£
004-1)(z-1 = P‘v‘[ ) =2Gylz| * MZ]
z _Ey T
07.08.26.0020.01
1
6(1-12) ou+l v
(PU(-VI=Z)+PI(VI-2))= - - Golz| % 2 |hze(-1,0
1-z F(E(l—y—v))F(E(Z—u+V)) -5 3
07.08.26.0021.01
e<|z|—1)[ [ z-1 ]+Pﬂ[ z-1 ]) 24in w7, -5
V[T T v - 22 v v+l
Vz-1 z z F(%(—,u—v+l))l"(%(—u+y+2)) -5 5

]/; Z¢ (—o0, -1
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Classical casesinvolving sgn

07.08.26.0022.01

1 3
(z-Dsgn (12 - 1) [ 2Vz J 27z 22[ v+l v Z]
Py 2 == GY z
1 2,2 1
VZ 41 Vz +1 ﬂF(—Zv—E)F(—V) 0,3
07.08.26.0023.01
_ 1 1-p4 1-3pu
(1-2)sgn(1—|2) " Z-6z+1) I(z-# A
Pﬂ == (2 )G%:%Z 2 p 5 /;Z%(—OO, O)
z+1 T (z+ 17 2\ -5 5
07.08.26.0024.01
1
—p—= 1
(1-2)sgn (L 2 2-6z+41) 2" ET(u+gjoostrp (| at L
F}u1 — 5 == 1 62:2 z uou /1Z$(_001_1)
z+1 i\ @Z+D 7T (3 -2p) -5 5
Generalized casesinvolving algebraic functions
07.08.26.0025.01
N z 21 1] 241, 224
(Z+1)" P = Galz-| ° ° |iRe@>0
V241 \/;F(—y—v) 2 3
Generalized casesinvolving unit step 6
07.08.26.0026.01
V—u 1-p—v
_ 1| —+1,
o1-12)(1-2) 2 Pl@=2"Goolz = | 2 2
12 ol
12
07.08.26.0027.01
e o 1] 515
012 -1) (2 -1) 2 P’J(—) =2/ G5z — /;14 <0VRe2 >0
z B D A
>
07.08.26.0028.01
1-p p+l
6(12 - 1) V2A-1 Z-1 21+l g 1| 5 5
P P - =— Galz =| °, A |/i1d<0VRe>0
—u—v y— VAR
NA2-1 z z F( 121 )F(Tﬂ +1) T
Generalized casesinvolving sgn
07.08.26.0029.01
vl 3
(sond-1(Z-1)"2 ,,i(2vz 2773 of L]v+lves
P, 2 == G35z 1 /i12 <0VRe&2 >0
z+1 241 ) xr(-2v-3)rey ¥
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07.08.26.0030.01

(san (-1 (1)) Pv;[zﬁ]

z+1

z+1

rv+1) 1 1| v+l v+- 1 1 v+§,v
_ t [cos(n (v + —)) Géé[z, - ] 4] + sin(n (v + —)) G %[z - @
PARRYES ! 2l @ A
Through other functions
I nvolving some hyper geometric-type functions
07.08.26.0031.01
rv+1) @A+24%
Plg)= — ( P ()
Fv—pu+1) (1-2m?
Involving spheroidal functions
07.08.26.0039.01
P2 =PS,(0,2
Representations through equivalent functions
With related functions
Involving Gegenbauer functions
07.08.27.0001.01
21 T(2 - ) T(u+v+1) 1
Pl = -] (1-2)"ci@
v TA-p+v)
Involving L egendre functions
07.08.27.0002.01
(z- 12
P@= Pl
a- Z)#/Z
07.08.27.0013.01
(—z— 12 T (z+1H?
P} (2) = —csc(u ) | Sin(y 1) ————— PH(—2) + P (-2
(z+ D2 =T -p+1) (—z- 12

07.08.27.0003.01

2
P2 = CSC(p )

(costum Q@ - (v —p+1),, Q") ineZ

07.08.27.0004.01
2cse(r
F’IVI(Z) ==

T

07.08.27.0005.01
mip
Pi)=e2 Iim0 PL(2 /i x<-1

ZoX+i

+1
]]/; Re(2 >0

) _
(costrr (u+v) Sin(m (u =) T =) T(u+v+1) QH(-2) —mcosmv) Qi(-2) [ p ¢ Z
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07.08.27.0006.01
mip
Pi=e 2 lim P2 /;x>1
z-X+i 0
07.08.27.0007.01
mip
Pl =ez Ph(x/;x<-1
07.08.27.0008.01
mip
Pl =e2 PY(x/x>1
07.08.27.0009.01

mip

Ph=e 2 lim P/2/-1<x<1
z-X-i 0
07.08.27.0010.01
nip
P =e2 PL(X)/; -1<x<1
07.08.27.0011.01

1 . mip mip
P{f(x)::—.e”””(eT lim Q'@ -¢ 2 lim Q’V‘(z))/;—1<x<l

i z-x-i0 Z-X+i 0

Involving spherical harmonic functions

07.08.27.0012.01
2Vr VT(u+v+1)
P/ (2 == Y/ (cos™(2), 0)

V2v+1 A TA-—pu+v)

Theorems

One infinite sum

- d (n-m! N
Z(Z n+ 1" Z (2-6m) cos(p — @) Pri(cos(B)) Pricos() J_ +(1Kk|Ir[)=e"™"/;
=0 0 (n+m)! >

r=|r [{cos(e) Sin(¢), sin(p) Sin(¢), cos($} A k =k | {cos(a) sin(B), sin(a) sin(B), cos(pB)}

Eigenfunctions of the Schrddinger equation

Legendre functions Py’ are eigenfunctions of the Schrodinger equation with reflectionless, shape invariant, super-

()
ax?

symmetric potential:— —(nn+1) sechz(x)) Y(X) == —m2 Y(X).

The solution of Dirichlet problem for Laplace equation in spherical coordinates
The solution of the Dirichlet problem (1, ¢, &) == ¥ (¢, &) for the Ay(¢, &) == 0 on unit spherein spherical coordi-
natesis given by:
N 2n+1 (n

b 0= 23 i im0 [ [ o)l ) ) )

n=0 m=0
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History

—D. Bernoulli (1748)

—A. M. Legendre (1782)

—E. Heine (1842)

—F. Neumann (18438)

—L. Schi&fli (1881) used complex u, v
—E. Hobson (1896)



http: //functions.wolfram.com

36

Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.

© 2001-2008, Wolfram Research, Inc.



