
LerchPhi

Notations

Traditional name

Lerch transcendent

Traditional notation

F Hz, s, aL
Mathematica StandardForm notation

LerchPhi@z, s, aD

Primary definition
10.06.02.0001.01

FHz, s, aL � â
k=0

¥ zk

IHa + kL2Ms�2 �; H z¤ < 1 Þ H z¤ � 1 ß ReHsL > 1LL ì -a Ï N

10.06.02.0002.01

FHz, s, -nL � â
k=0

n-1 zk

IHk - nL2Ms�2 + â
k=n+1

¥ zk

IHk - nL2Ms�2 �; H z¤ < 1 Þ H z¤ � 1 ß ReHsL > 1LL ß n Î N

10.06.02.0003.01

F
` Hz, s, aL � â

k=0

¥ zk

Ha + kLs
�;  z¤ < 1 Þ H z¤ � 1 ß ReHsL > 1L

10.06.02.0004.01

F
� Hz, s, aL � â

k=0

¥ zk

Ha + kLs
�; H z¤ < 1 Þ  z¤ � 1 ß ReHsL > 1L ì -a Ï N

10.06.02.0005.01

F
� Hz, s, -nL � â

k=0

n-1 zk

Hk - nLs
+ â

k=n+1

¥ zk

Hk - nLs
�; H z¤ < 1 Þ  z¤ � 1 ß ReHsL > 1L ß n Î N

10.06.02.0006.01

FHz, s, aL � F
� Hz, s, aL - â

k=0

d-ReHaLt zk

Ha + kLs
-

zk

IHa + kL2Ms�2 �; -a Ï N+



10.06.02.0007.01

FHz, s, -nL � F
� Hz, s, -nL - â

k=0

n-1 zk

Hk - nLs
-

zk

IHk - nL2Ms�2 �; n Î N+

In Mathematica for definition of function FHz, s, aL the relations Úk=0
¥ zk

IHa+kL2Ms�2 �; H z¤ < 1 ê H z¤ � 1 ì ReHsL > 1LL ì -a Ï N

and

FHz, s, -nL � Úk=0
n-1 zk

IHk-nL2Ms�2 + Úk=n+1
¥ zk

IHk-nL2Ms�2 �; H z¤ < 1 ê H z¤ � 1 ì ReHsL > 1LL ì n Î N 

were used. So the following identification holds:

10.06.02.0008.01

FHz, s, aL � F
� Hz, s, aL �; ReHaL > 0

Specific values

Specialized values

For fixed z, s

For FHz, s, aL
10.06.03.0041.01

FHz, s, nL � z-n LisHzL - H2 ΘHn - 1L - 1L â
k=1

 n¤-ΘHn-1L zH2 ΘHn-1L-1L k

ks
�; n Î Z

10.06.03.0001.01

FHz, s, -nL � zn LisHzL + â
k=1

n z-k

ks
�; n Î N

10.06.03.0002.01

FHz, s, -5L � z5 LisHzL + z4 + 2-s z3 + 3-s z2 + 4-s z + 5-s

10.06.03.0003.01

FHz, s, -4L � z4 LisHzL + z3 + 2-s z2 + 3-s z + 4-s

10.06.03.0004.01

FHz, s, -3L � z3 LisHzL + z2 + 2-s z + 3-s

10.06.03.0005.01

FHz, s, -2L � z2 LisHzL + z + 2-s

10.06.03.0006.01

FHz, s, -1L � z LisHzL + 1

10.06.03.0007.01

FHz, s, 0L � LisHzL
10.06.03.0008.01

FHz, s, nL � z-n LisHzL - â
k=1

n-1 zk

ks
�; n Î N+
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10.06.03.0009.01

FHz, s, 1L �
1

z
 LisHzL

10.06.03.0010.01

FHz, s, 2L �
1

z2
 HLisHzL - zL

10.06.03.0011.01

FHz, s, 3L �
1

z3
 ILisHzL - z - 2-s z2M

10.06.03.0012.01

FHz, s, 4L �
1

z5
 ILisHzL - z - 2-s z2 - 3-s z3M

10.06.03.0013.01

FHz, s, 5L �
1

z5
 ILisHzL - z - 2-s z2 - 3-s z3 - 4-s z4M

For F
� Hz, s, aL

10.06.03.0042.01

F
� Hz, s, nL � z-n LisHzL - H2 ΘHn - 1L - 1L â

k=1

 n¤-ΘHn-1L zH2 ΘHn-1L-1L k

HH2 ΘHn - 1L - 1L kLs
�; n Î Z

10.06.03.0043.01

F
� Hz, s, -nL � zn LisHzL + â

k=1

n z-k

H-kLs
; n Î N

10.06.03.0044.01

F
� Hz, s, -5L � LisHzL z5 + H-1L-s z4 + H-2L-s z3 + H-3L-s z2 + H-4L-s z + H-5L-s

10.06.03.0045.01

F
� Hz, s, -4L � LisHzL z4 + H-1L-s z3 + H-2L-s z2 + H-3L-s z + H-4L-s

10.06.03.0046.01

F
� Hz, s, -3L � LisHzL z3 + H-1L-s z2 + H-2L-s z + H-3L-s

10.06.03.0047.01

F
� Hz, s, -2L � LisHzL z2 + H-1L-s z + H-2L-s

10.06.03.0048.01

F
� Hz, s, -1L � z LisHzL + H-1L-s

10.06.03.0049.01

F
� Hz, s, 0L � LisHzL

10.06.03.0050.01

F
� Hz, s, nL � z-n LisHzL - â

k=1

n-1 zk

ks
�; n Î N+

http://functions.wolfram.com 3



10.06.03.0051.01

F
� Hz, s, 1L �

LisHzL
z

10.06.03.0052.01

F
� Hz, s, 2L �

LisHzL - z

z2

10.06.03.0053.01

F
� Hz, s, 3L �

-2-s z2 - z + LisHzL
z3

10.06.03.0054.01

F
� Hz, s, 4L �

-3-s z3 - 2-s z2 - z + LisHzL
z5

10.06.03.0055.01

F
� Hz, s, 5L �

-4-s z4 - 3-s z3 - 2-s z2 - z + LisHzL
z5

For fixed z, a

For FHz, s, aL
10.06.03.0014.02

FHz, -n, aL � H1 - H-1LnL
Hd-ReHaLt + dReHaLt + 1L ΘHImHaLL IHa + d-ReHaLtL2Mn�2

+ z Ha + d-ReHaLt + 1Ln + â
j=0

n n

j
Li- jHzL Ha + d-ReHaLt + 1Ln- j

ΘH-ReHaLL zd-ReHaLt + an + â
j=0

n n

j
Li- jHzL an- j H1 - H1 - H-1LnL ΘH-ReHaLLL �; n Î N

10.06.03.0056.01

FHz, -5, aL � ΘH-ReHaLL 2 z-`ReHaLp IHa - `ReHaLpL2M5�2 H-`ReHaLp + dReHaLt + 1L ΘHImHaLL -

1

Hz - 1L6
 Iz Ia5 Hz - 1L5 - `ReHaLp5 Hz - 1L5 - 5 a4 Hz - 1L4 + 5 Ha Hz - 1L - 1L `ReHaLp4 Hz - 1L4 -

10 Ia2 Hz - 1L2 - 2 a Hz - 1L + z + 1M `ReHaLp3 Hz - 1L3 + 10 a3 Hz + 1L Hz - 1L3 +

10 Ia3 Hz - 1L3 - 3 a2 Hz - 1L2 - z2 - 4 z + 3 a Iz2 - 1M - 1M `ReHaLp2 Hz - 1L2 - 10 a2 Iz2 + 4 z + 1M Hz - 1L2 -

5 Ia4 Hz - 1L4 - 4 a3 Hz - 1L3 + 6 a2 Hz + 1L Hz - 1L2 + z3 + 11 z2 + 11 z - 4 a Iz3 + 3 z2 - 3 z - 1M + 1M
`ReHaLp Hz - 1L - z4 - 26 z3 - 66 z2 - 26 z + 5 a Iz4 + 10 z3 - 10 z - 1M - 1MM -

1

Hz - 1L6
 IH2 ΘH-ReHaLL - 1L I-a5 Hz - 1L5 + 5 a4 z Hz - 1L4 - 10 a3 z Hz + 1L Hz - 1L3 + 10 a2 z Iz2 + 4 z + 1M Hz - 1L2 -

5 a z Iz4 + 10 z3 - 10 z - 1M + z Iz4 + 26 z3 + 66 z2 + 26 z + 1MMM
10.06.03.0057.01

FHz, -4, aL � -
1

Hz - 1L5
 Ia4 Hz - 1L4 - 4 a3 z Hz - 1L3 + 6 a2 z Hz + 1L Hz - 1L2 - 4 a z Iz3 + 3 z2 - 3 z - 1M + z Iz3 + 11 z2 + 11 z + 1MM
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10.06.03.0015.02

FHz, -3, aL � 2 IHa - `ReHaLpL2M3�2 H-`ReHaLp + dReHaLt + 1L ΘHImHaLL -

1

Hz - 1L4
 Iz Ia3 Hz - 1L3 - `ReHaLp3 Hz - 1L3 - 3 a2 Hz - 1L2 + 3 Ha Hz - 1L - 1L `ReHaLp2 Hz - 1L2 -

3 Ia2 Hz - 1L2 - 2 a Hz - 1L + z + 1M `ReHaLp Hz - 1L - z2 - 4 z + 3 a Iz2 - 1M - 1MM
ΘH-ReHaLL z-`ReHaLp +

H2 ΘH-ReHaLL - 1L Ia3 Hz - 1L3 - 3 a2 z Hz - 1L2 + 3 a z Iz2 - 1M - z Iz2 + 4 z + 1MM
Hz - 1L4

10.06.03.0016.01

FHz, -2, aL �
-a2 Hz - 1L2 + 2 a Hz - 1L z - z H1 + zL

Hz - 1L3

10.06.03.0017.02

FHz, -1, aL � 2 Ha - `ReHaLpL2 H-`ReHaLp + dReHaLt + 1L ΘHImHaLL -
z Ha Hz - 1L - `ReHaLp Hz - 1L - 1L

Hz - 1L2
ΘH-ReHaLL z-`ReHaLp +

H2 ΘH-ReHaLL - 1L Hz a - a - zL
Hz - 1L2

10.06.03.0018.01

FHz, 0, aL �
1

1 - z

10.06.03.0058.01

FHz, n, aL �

H1 - H1 - H-1LnL ΘH-ReHaLLL a-n
n+1FnH1, a1, a2, ¼, an; a1 + 1, a2 + 1, ¼, an + 1; zL + ΘH-ReHaLL H1 - H-1LnL zd-ReHaLt

z Ha + d-ReHaLt + 1L-n n+1FnH1, b1, b2, ¼, bn; b1 + 1, b2 + 1, ¼, bn + 1; zL +
Hd-ReHaLt + dReHaLt + 1L ΘHImHaLL

IHa + d-ReHaLtL2Mn�2 �;
bn � d-ReHanLt + an + 1 ì a1 � a2 � ¼ � an � a ì n Î N+

10.06.03.0059.01

FHz, 1, aL �

2
z

a - `ReHaLp + 1
 2F1H1, a - `ReHaLp + 1; a - `ReHaLp + 2; zL +

H-`ReHaLp + dReHaLt + 1L ΘHImHaLL
Ha - `ReHaLpL2

ΘH-ReHaLL z-`ReHaLp +

1 - 2 ΘH-ReHaLL
a

 2F1H1, a; a + 1; zL
10.06.03.0060.01

FHz, 2, aL �
1

a2
 3F2H1, a, a; a + 1, a + 1; zL

http://functions.wolfram.com 5



10.06.03.0061.01

FHz, 3, aL � 2
1

Ha - `ReHaLp + 1L3
 

Hz 4F3H1, a - `ReHaLp + 1, a - `ReHaLp + 1, a - `ReHaLp + 1; a - `ReHaLp + 2, a - `ReHaLp + 2, a - `ReHaLp + 2; zLL +

H-`ReHaLp + dReHaLt + 1L ΘHImHaLL
IHa - `ReHaLpL2M3�2 ΘH-ReHaLL z-`ReHaLp +

1 - 2 ΘH-ReHaLL
a3

 4F3H1, a, a, a; a + 1, a + 1, a + 1; zL
10.06.03.0062.01

FHz, 4, aL �
1

a4
 5F4H1, a, a, a, a; a + 1, a + 1, a + 1, a + 1; zL

10.06.03.0063.01

FHz, 5, aL �

2
1

Ha - `ReHaLp + 1L5
 Hz 6F5H1, a - `ReHaLp + 1, a - `ReHaLp + 1, a - `ReHaLp + 1, a - `ReHaLp + 1, a - `ReHaLp + 1; a -

`ReHaLp + 2, a - `ReHaLp + 2, a - `ReHaLp + 2, a - `ReHaLp + 2, a - `ReHaLp + 2; zLL +

H-`ReHaLp + dReHaLt + 1L ΘHImHaLL
IHa - `ReHaLpL2M5�2 ΘH-ReHaLL z-`ReHaLp +

1 - 2 ΘH-ReHaLL
a5

 

6F5H1, a, a, a, a, a; a + 1, a + 1, a + 1, a + 1, a + 1; zL
For F

� Hz, s, aL
10.06.03.0064.01

F
� Hz, -n, aL � an + â

j=0

n n

j
Li- jHzL an- j �; n Î N

10.06.03.0065.01

F
� Hz, -5, aL �

1

Hz - 1L6
 I-a5 Hz - 1L5 + 5 a4 z Hz - 1L4 - 10 a3 z Hz + 1L Hz - 1L3 +

10 a2 z Iz2 + 4 z + 1M Hz - 1L2 - 5 a z Iz4 + 10 z3 - 10 z - 1M + z Iz4 + 26 z3 + 66 z2 + 26 z + 1MM
10.06.03.0066.01

F
� Hz, -4, aL � -

1

Hz - 1L5
 Ia4 Hz - 1L4 - 4 a3 z Hz - 1L3 + 6 a2 z Hz + 1L Hz - 1L2 - 4 a z Iz3 + 3 z2 - 3 z - 1M + z Iz3 + 11 z2 + 11 z + 1MM

10.06.03.0067.01

F
� Hz, -3, aL �

-a3 Hz - 1L3 + 3 a2 z Hz - 1L2 - 3 a z Iz2 - 1M + z Iz2 + 4 z + 1M
Hz - 1L4

10.06.03.0068.01

F
� Hz, -2, aL � -

a2 Hz - 1L2 - 2 a z Hz - 1L + z Hz + 1L
Hz - 1L3

10.06.03.0069.01

F
� Hz, -1, aL �

-z a + a + z

Hz - 1L2
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10.06.03.0070.01

F
� Hz, 0, aL �

1

1 - z

10.06.03.0019.02

F
� Hz, n, aL � a-n

n+1FnH1, a1, a2, ¼, an; a1 + 1, a2 + 1, ¼, an + 1; zL �; a1 � a2 � ¼ � an � a ì n Î N+

10.06.03.0020.02

F
� Hz, 1, aL �

1

a
 2F1H1, a; a + 1; zL

10.06.03.0021.02

F
� Hz, 2, aL �

1

a2
3F2H1, a, a; a + 1, a + 1; zL

10.06.03.0022.02

F
� Hz, 3, aL �

1

a3
 4F3H1, a, a, a; a + 1, a + 1, a + 1; zL

10.06.03.0023.02

F
� Hz, 4, aL �

1

a4
 5F4H1, a, a, a, a; a + 1, a + 1, a + 1, a + 1; zL

10.06.03.0071.01

F
� Hz, 5, aL �

1

a5
 6F5H1, a, a, a, a, a; a + 1, a + 1, a + 1, a + 1, a + 1; zL

For fixed s, a

For FHz, s, aL
10.06.03.0072.01

FH-1, s, aL � 2-s ΖKs,
a

2
O - Ζ s,

a + 1

2

10.06.03.0024.01

FH0, s, aL � Ia2M-s�2
10.06.03.0025.01

FH1, s, aL � ΖHs, aL
For F

` Hz, s, aL
10.06.03.0073.01

F
` H-1, s, aL � 2-s Ζ

`Ks,
a

2
O - Ζ

`
s,

a + 1

2

10.06.03.0026.01

F
` H0, s, aL � a-s

10.06.03.0027.01

F
` H1, s, aL � Ζ

`Hs, aL
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For F
� Hz, s, aL

10.06.03.0074.01

F
� H-1, s, aL � 2-s Ζ

�Ks,
a

2
O - Ζ

�
s,

a + 1

2

10.06.03.0028.01

F
� H0, s, aL � Ia2M-s�2

10.06.03.0029.01

F
� H1, s, aL � Ζ

�Hs, aL
For fixed z

For FHz, s, aL
10.06.03.0030.01

FHz, 1, 1L � -
logH1 - zL

z

10.06.03.0031.01

F z, 2,
1

2
�

2

z
JLi2I z N - Li2I- z NN

10.06.03.0032.01

F z, 2,
3

2
�

2

z3�2 JLi2I z N - Li2I- z N - 2 z N
For fixed s

For FHz, s, aL
10.06.03.0033.01

FH1, s, 1L � ΖHsL �; ReHsL > 1

10.06.03.0034.01

F 1, s,
1

2
� H2s - 1L ΖHsL �; Re HsL > 1

10.06.03.0035.01

FH-1, s, 1L � I1 - 21-sM ΖHsL
For fixed a

For FHz, s, aL
10.06.03.0036.01

FH0, 1, aL �
1

a2

10.06.03.0037.01

FH1, 1, aL � ¥�

Values at fixed points
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Values at fixed points

For FHz, s, aL
10.06.03.0038.01

F -1, 2,
1

2
� 4 C

10.06.03.0039.01

FH1, 2, 1L �
Π2

6

10.06.03.0040.01

F
1 - ä

2
, 2, 1 � H1 - äL -

ä

8
log2H2L -

Π

8
logH2L +

5 ä Π2

96
+ C

General characteristics

Domain and analyticity

Domain and analyticity

For FHz, s, aL
FHz, s, aL is an analytical function of z, s, a which is defined in C3. For fixed a, z, it is an entire function of s.

10.06.04.0001.01Hz * s * aL �FHz, s, aL � HC Ä C Ä CL �C

Symmetries and periodicities

Mirror symmetry

For FHz, s, aL
10.06.04.0002.01

FHz�, s�, aL � FHz, s, aL �; z Ï H1, ¥L
Periodicity

No periodicity

Poles and essential singularities

With respect to a

For FHz, s, aL
For fixed z, s, the function FHz, s, aL does not have poles and essential singularities.
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10.06.04.0003.01

SingaHFHz, s, aLL � 8<
For F

` Hz, s, aL
For fixed z, s �; s Ï N+, the function F

` Hz, s, aL does not have poles and essential singularities.

10.06.04.0004.01

SingaIF
` Hz, s, aLM � 8< �; s Ï N+

For fixed z and positive integer s, the function F
` Hz, s, aLhas an infinite set of singular points:

a) a � -n �; s � 1 ì n Î N, are the simple poles with residues zn;

b) a � -n �; s > 1 ì n Î N, are the poles of order s with residues 0;

c) a � ¥�  is the point of convergence of poles,  which is an essential singular point.

10.06.04.0005.01

SingaIF
` Hz, s, aLM � 888-n, s< �; n Î N<, 8¥� , ¥<< �; s Ï N+

10.06.04.0006.01

resaIF
` Hz, s, aLM H-nL � zn ∆s,1 �; n Î N

With respect to s

For FHz, s, aL
For fixed z, a, the function FHz, s, aL has only one singular point at s = ¥� .  It is an essential singular point. 

10.06.04.0007.01

SingsHFHz, s, aLL � 88¥� , ¥<<
For F

` Hz, s, aL
For fixed z, a, the function F

` Hz, s, aL has only one singular point at s = ¥� .  It is an essential singular point. 

10.06.04.0008.01

SingsIF
` Hz, s, aLM � 88¥� , ¥<<

With respect to z

For FHz, s, aL
For fixed s, a, the function FHz, s, aL does not have poles and essential singularities.

10.06.04.0009.01

SingzHFHz, s, aLL � 8<
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For F
` Hz, s, aL

For fixed s, a, the function F
` Hz, s, aL does not have poles and essential singularities.

10.06.04.0010.01

SingzIF
` Hz, s, aLM � 8<

Branch points

With respect to a

For FHz, s, aL
For fixed z, s, the function FHz, s, aL does not have branch points.

10.06.04.0011.01

BPaHFHz, s, aLL � 8<
For F

` Hz, s, aL
For fixed z and noninteger s, the function F

` Hz, s, aL has infinitely many branch points: a � -n �; n Î N and a � ¥� . All these

are power-type branch points.

For fixed z and integer s, the function F
` Hz, s, aL does not have branch points. 

10.06.04.0012.01

BPaIF
` Hz, s, aLM � 88-n �; n Î N<, ¥� <

10.06.04.0013.01

RaIF
` Hz, s, aL, -nM � log �; n Î N ì s Ï Z ì s Ï Q

10.06.04.0014.01

RaIF
` Hz, s, aL, -nM � q �; n Î N í s �

p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

10.06.04.0015.01

RaIF
` Hz, s, aL, ¥� M � log �; s Ï Z ì s Ï Q

10.06.04.0016.01

RaIF
` Hz, s, aL, ¥� M � q �; s �

p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

With respect to s

For FHz, s, aL
For fixed z, a, the function FHz, s, aL does not have branch points.

10.06.04.0017.01

BPsHFHz, s, aLL � 8<
For F

` Hz, s, aL
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For F
` Hz, s, aL

For fixed z, a, the function F
` Hz, s, aL does not have branch points.

10.06.04.0018.01

BPsIF
` Hz, s, aLM � 8<

With respect to z

For FHz, s, aL
For fixed s, a, the function FHz, s, aL has two branch points: z � 1, z � ¥� .

10.06.04.0019.01

BPzHFHz, s, aLL � 81, ¥� <
10.06.04.0020.01

RzHFHz, s, aL, 1L � log �; s Ï Z ì s Ï Q

10.06.04.0021.01

RzHFHz, s, aL, 1L � q �; s �
p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

10.06.04.0022.01

RzHFHz, s, aL, ¥� L � log

For F
` Hz, s, aL

For fixed s, a, the function FHz, s, aL has two branch points: z � 1, z � ¥� .

10.06.04.0023.01

BPzIF
` Hz, s, aLM � 81, ¥� <

10.06.04.0024.01

RzIF
` Hz, s, aL, 1M � log �; s Ï Z ì s Ï Q

10.06.04.0025.01

RzIF
` Hz, s, aL, 1M � q �; s �

p

q
í p Î Z í q - 1 Î N+ í gcdHp, qL � 1

10.06.04.0026.01

RzIF
` Hz, s, aL, ¥� M � log
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Branch cuts

With respect to a

For FHz, s, aL
For fixed z and fixed s �; s

2
Ï Z, the function FHz, s, aL has infinitely many branch cuts parallel to the imaginary axis at

ReHaL = -n �; n Î N. In these cases the function FHz, s, aL is continuous from the left on the interval H-ä ¥ - n, -nL �; n Î N

and from the right on the interval H-n, -n + ä ¥L �; n Î N.

10.06.04.0027.01

BCaHFHz, s, aLL � 888H-ä ¥ - n, -nL, 1< �; n Î N<, 88H-n, -n + ä ¥L, -1< �; n Î N<<
10.06.04.0028.01

lim
Ε®+0

FHz, s, -n - ä x - ΕL � FHz, s, -n - ä xL �; n Î N ß x > 0

10.06.04.0029.01

lim
Ε®+0

FHz, s, -n - ä x + ΕL � FHz, s, -n - ä xL + 2 ã
ä Π s

2 ä sin
Π s

2
znI-x2M-

s

2 �; n Î N ß x > 0

10.06.04.0030.01

lim
Ε®+0

FHz, s, -n + ä x + ΕL � FHz, s, -n + ä xL �; n Î N ß x > 0

10.06.04.0031.01

lim
Ε®+0

FHz, s, -n + ä x - ΕL � FHz, s, -n + ä xL + 2 ã
ä Π s

2 ä sin
Π s

2
znI-x2M-

s

2 �; n Î N ß x > 0

For F
` Hz, s, aL

For fixed z, s,  the function F
` Hz, s, aL is a single-valued function on the a-plane cut along the interval H-¥, 0L,

where F
` Hz, s, aL  is continuous from above. This interval includes an infinite set of branch cut lines of power type

along H-¥, -nL �; n Î N.

 For integer s, the function F
` Hz, s, aL does not have branch cuts.

10.06.04.0032.01

BCaIF
` Hz, s, aLM � 88H-¥, 0L, -ä<<

10.06.04.0033.01

lim
Ε®+0

F
` Hz, s, x + ä ΕL � F

` Hz, s, xL �; x < 0

10.06.04.0034.01

lim
Ε®+0

F
` Hz, s, x - ä ΕL � F

` Hz, s, xL + Iã2 ä Π s - 1M â
k=0

d-xt zk

Hk + xLs
�; x < 0
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For F
� Hz, s, aL

For fixed z, s,  the function F
� Hz, s, aL is a single-valued function on the a-plane cut along the interval H-¥, 0L,

where F
� Hz, s, aL  is continuous from above. This interval includes an infinite set of branch cut lines of power type

along H-¥, -nL �; n Î N.

 For integer s, the function F
� Hz, s, aL does not have branch cuts.

10.06.04.0035.01

BCaIF
� Hz, s, aLM � 88H-¥, 0L, -ä<<

10.06.04.0036.01

lim
Ε®+0

F
� Hz, s, x + ä ΕL � F

� Hz, s, xL �; x < 0

10.06.04.0037.01

lim
Ε®+0

F
� Hz, s, x - ä ΕL � F

� Hz, s, xL + Iã2 ä Π s - 1M â
k=0

d-xt zk

Hk + xLs
�; x < 0

With respect to s

For FHz, s, aL
For fixed z, a, the function FHz, s, aL does not have branch cuts.

10.06.04.0038.01

BCsHFHz, s, aLL � 8<
For F

` Hz, s, aL
For fixed z, a, the function F

` Hz, s, aL does not have branch cuts.

10.06.04.0039.01

BCsIF
` Hz, s, aLM � 8<

For F
� Hz, s, aL

For fixed z, a, the function F
� Hz, s, aL does not have branch cuts.

10.06.04.0040.01

BCsIF
� Hz, s, aLM � 8<

With respect to z

For FHz, s, aL
For fixed  s, a, the function FHz, s, aL is a single-valued function on the z-plane cut along the interval 81, ¥<, where it is

continuous from below.
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10.06.04.0041.01

BCzHFHz, s, aLL � 8881, ¥<, ä<<
10.06.04.0042.01

lim
Ε®+0

FHx - ä Ε, s, aL � FHx, s, aL �; x > 1

10.06.04.0043.01

lim
Ε®+0

FHx + ä Ε, s, aL � FHx, s, aL +
2 ä Π x-a

GHsL  logs-1HxL �; x > 1

For F
` Hz, s, aL

For fixed  s, a, the function F
` Hz, s, aL is a single-valued function on the z-plane cut along the interval 81, ¥<, where it is

continuous from below.

10.06.04.0044.01

BCzIF
` Hz, s, aLM � 8881, ¥<, ä<<

10.06.04.0045.01

lim
Ε®+0

F
` Hx - ä Ε, s, aL � F

` Hx, s, aL �; x > 1

10.06.04.0046.01

lim
Ε®+0

F
` Hx + ä Ε, s, aL � F

` Hx, s, aL +
2 ä Π x-a

GHsL  logs-1HxL �; x > 1

For F
� Hz, s, aL

For fixed  s, a, the function F
� Hz, s, aL is a single-valued function on the z-plane cut along the interval 81, ¥<, where it is

continuous from below.

10.06.04.0047.01

BCzIF
� Hz, s, aLM � 8881, ¥<, ä<<

10.06.04.0048.01

lim
Ε®+0

F
� Hx - ä Ε, s, aL � F

� Hx, s, aL �; x > 1

10.06.04.0049.01

lim
Ε®+0

F
� Hx + ä Ε, s, aL � F

� Hx, s, aL +
2 ä Π x-a

GHsL  logs-1HxL �; x > 1
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Series representations

Generalized power series

Expansions at z � z0

For FHz, s, aL
10.06.06.0017.01

FHz, s, aL µ FHz0, s, aL +

z0
maxHd-ReHaLt,0LHFHz0, s - 1, a + maxHd-ReHaLt, 0L + 1L - a FHz0, s, a + maxHd-ReHaLt, 0L + 1LL + â

k=0

d-ReHaLt-1 Hk + 1L z0
k

IHa + k + 1L2Ms�2

Hz - z0L +
1

2
z0

maxHd-ReHaLt,0L-1HFHz0, s - 2, a + maxH0, d-ReHaLtL + 1L - H2 a + 1L FHz0, s - 1, a + maxH0, d-ReHaLtL + 1L +

Ha + 1L a FHz0, s, a + maxH0, d-ReHaLtL + 1LL + â
k=0

d-ReHaLt-2 Hk + 1L Hk + 2L z0
k

IHa + k + 2L2Ms�2 Hz - z0L2 + ¼ �; Hz ® z0L
10.06.06.0018.01

FHz, s, aL � â
k=0

¥ FHk,0,0LHz0, s, aL
k !

 Hz - z0Lk

10.06.06.0019.01

FHz, s, aL �

â
k=0

¥ z0
1-k+maxHd-ReHaLt,0L

k !
 â

j=1

k â
p=0

j

Sk
H jL j

p
FHz0, s - p, a + maxHd-ReHaLt, 0L + 1L H-aL j-p + â

j=0

d-ReHaLt-k H j + 1Lk z0
j

IHa + j + kL2Ms�2 Hz - z0Lk

10.06.06.0020.01

FHz, s, aL µ FHz0, s, aL H1 + OHz - z0LL
For F

` Hz, s, aL
10.06.06.0021.01

F
` Hz, s, aL µ F

` Hz0, s, aL +
F
` Hz0, s - 1, aL - a F

` Hz0, s, aL
z0

Hz - z0L +

1

2 z0
2

 IF
` Hz0, s - 2, aL - H2 a + 1L F

` Hz0, s - 1, aL + a Ha + 1L F
` Hz0, s, aLM Hz - z0L2 + ¼ �; Hz ® z0L

10.06.06.0022.01

F
` Hz, s, aL � â

k=0

¥ F
` Hk,0,0LHz0, s, aL

k !
 Hz - z0Lk
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10.06.06.0023.01

F
` Hz, s, aL � â

k=0

¥ z0
-k

k !
â
j=1

k â
p=0

j

Sk
H jL j

p
FHz0, s - p, a + maxHd-ReHaLt, 0L + 1L z0

maxHd-ReHaLt,0L+1 + â
i=0

d-ReHaLt z0
i

Ha + iLs-p
H-aL j-p Hz - z0Lk

10.06.06.0024.01

F
` Hz, s, aL µ F

` Hz0, s, aL H1 + OHz - z0LL
Expansions at z � 0

For FHz, s, aL
10.06.06.0001.01

FHz, s, aL µ Ia2M-
s

2 + IHa + 1L2M-
s

2 z + IHa + 2L2M-
s

2 z2 + ¼ �; Hz ® 0L ì -a Ï N

10.06.06.0025.01

FHz, s, aL µ Ia2M-
s

2 + IHa + 1L2M-
s

2 z + IHa + 2L2M-
s

2 z2 + OIz3M �; -a Ï N

10.06.06.0002.01

FHz, s, aL � â
k=0

¥ zk

IHa + kL2Ms�2 �; H z¤ < 1 Þ  z¤ � 1 ß ReHsL > 1L ì -a Ï N

10.06.06.0003.02

FHz, s, aL µ Ia2M-
s

2 H1 + OHzLL
For F

` Hz, s, aL
10.06.06.0004.01

F
` Hz, s, aL µ a-s + Ha + 1L-s z + Ha + 2L-s z2 + ¼ �; Hz ® 0L

10.06.06.0026.01

F
` Hz, s, aL µ a-s + Ha + 1L-s z + Ha + 2L-s z2 + OIz3M

10.06.06.0005.01

F
` Hz, s, aL � â

k=0

¥ zk

Ha + kLs
�;  z¤ < 1 Þ  z¤ � 1 ß ReHsL > 1

10.06.06.0006.02

F
` Hz, s, aL µ a-s H1 + OHzLL
Expansions at z � 1

For F
` Hz, s, aL

10.06.06.0027.01

F
` Hz, s, aL µ Ζ

`Hs, aL + Hz - 1L HΖHs - 1, a + 1L - a ΖHs, a + 1LL + ¼ �; Hz ® 1L ß Re s > 1

10.06.06.0007.01

F
` Hz, s, aL µ Ζ

`Hs, aL + Hz - 1L HΖHs - 1, a + 1L - a ΖHs, a + 1LL + OIHz - 1L2M �; Hz ® 1L ß Re s > 1
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10.06.06.0008.01

F
` Hz, s, aL µ GH1 - sL H1 - zLs-1 H1 + OHz - 1LL �; Hz ® 1L ß Re s < 1

10.06.06.0009.02

F
` Hz, 1, aL µ -logH1 - zL H1 + OHz - 1LL
Expansions at s � s0

For FHz, s, aL
10.06.06.0028.01

FHz, s, aL µ FHz, s0, aL + FH0,1,0LHz, s0, aL Hs - s0L +
1

2
FH0,2,0LHz, s0, aL Hs - s0L2 + ¼ �; Hs ® s0L

10.06.06.0029.01

FHz, s, aL � â
k=0

¥ FH0,k,0LHz, s0, aL
k !

 Hs - s0Lk

10.06.06.0030.01

FHz, s, aL µ FHz, s0, aL H1 + OHs - s0LL
For F

` Hz, s, aL
10.06.06.0031.01

F
` Hz, s, aL µ F

` Hz, s0, aL + F
` H0,1,0LHz, s0, aL Hs - s0L +

1

2
F
` H0,2,0LHz, s0, aL Hs - s0L2 + ¼ �; Hs ® s0L

10.06.06.0032.01

F
` Hz, s, aL � â

k=0

¥ F
` H0,k,0LHz, s0, aL

k !
 Hs - s0Lk

10.06.06.0033.01

F
` Hz, s, aL µ F

` Hz, s0, aL H1 + OHs - s0LL
Expansions at a � a0

For FHz, s, aL
10.06.06.0034.01

FHz, s, aL µ FHz, s, a0L + s HΖHs + 1, a0L - 2 ΖHs + 1, maxHd-ReHa0Lt + 1, 0L + a0LL Ha - a0L +
s Hs + 1L

2

zmaxIe-ReIa0Mu+1,0M FHz, s + 2, maxHd-ReHa0Lt + 1, 0L + a0L + â
k=0

e-ReIa0Mu zk

Hk + a0L2 IHk + a0L2Ms�2 Ha - a0L2 + ¼ �; Ha ® a0L
10.06.06.0035.01

FHz, s, aL � â
k=0

¥ FH0,0,kLHz, s, a0L
k !

 Ha - a0Lk
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10.06.06.0036.01

FHz, s, aL � â
k=0

¥ H1 - k - sLk

k !
zmaxIe-ReIa0Mu+1,0M FHz, k + s, maxHd-ReHa0Lt + 1, 0L + a0L + â

j=0

e-ReIa0Mu z j

H j + a0Lk IH j + a0L2Ms�2 Ha - a0Lk

10.06.06.0037.01

FHz, s, aL µ FHz, s, a0L H1 + OHa - a0LL
For F

` Hz, s, aL
10.06.06.0038.01

F
` Hz, s, aL µ F

` Hz, s, a0L - s F
` Hz, s + 1, a0L Ha - a0L +

1

2
s Hs + 1L F

` Hz, s + 2, a0L Ha - a0L2 + ¼ �; Ha ® a0L
10.06.06.0039.01

F
` Hz, s, aL � â

k=0

¥ F
` H0,0,kLHz, s, a0L

k !
 Ha - a0Lk

10.06.06.0040.01

F
` Hz, s, aL µ F

` Hz, s, a0L H1 + OHa - a0LL
Expansions at a � -n

For F
` Hz, s, aL

10.06.06.0010.01

F
` Hz, s, aL �

zn

Ha + nLs
+ â

k=0

n-1 zk

Hk - n + Ha + nLLs
+ zn LisHzL + zn â

j=1

¥ H1 - j - sL j Li j+sHzL
j !

 Ha + nL j �; n Î N

10.06.06.0011.01

F
` Hz, s, aL µ

zn

Ha + nLs
+ â

k=0

n-1 zk

Hk - n + Ha + nLLs
+ zn LisHzL  H1 + OHa + nLL �; Ha ® -nL ß n Î N

Expansions on branch cuts

For FHz, s, aL
10.06.06.0041.01

FHz, s, aL � ä-s H-ä Hn + a0LL-s ã
-ä Π s -

1

Π
 arg

a+n

n+a0
+argI-ä In+a0MM

zn â
k=0

¥ H-n - a0L-k HsLk

k !
 Ha - a0Lk +

â
k=0

n-1 zk

H-a0 - kLs
 â
j=0

¥ Hk + a0L- j HsL j

j !
 Ha - a0L j + FHz, s, a + n + 1L zn+1 �; Ha ® a0L ì ReHa0L � -n ì n Î N
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10.06.06.0042.01

FHz, s, aL � ä-s H-ä Hn + a0LL-s ã
-ä Π s -

1

Π
 arg

a+n

n+a0
+argI-ä In+a0MM

zn â
k=0

¥ H-n - a0L-k HsLk

k !
 Ha - a0Lk +

â
k=0

n-1 zk

H-a - kLs
+ FHz, s, a + n + 1L zn+1 �; Ha ® a0L ì ReHa0L � -n ì n Î N

10.06.06.0043.01

FHz, s, aL µ ä-s H-ä Hn + a0LL-s ã
-ä Π s -

1

Π
 arg

a+n

n+a0
+argI-ä In+a0MM

znH1 + OHa - a0LL +

FHz, s, n + a0 + 1L zn+1 + â
k=0

n-1 zk

H-k - a0Ls
H1 + OHa - a0LL �; ReHa0L � -n ì n Î N

For F
` Hz, s, aL

10.06.06.0044.01

F
` Hz, s, aL � zn+1 F

` Hz, s, a + n + 1L + znHn + a0L-s â
k=0

¥ Hn + a0L-k HsLk

k !
 Ha - a0Lk +

â
k=0

n-1

zk ã
-2 ä Π s -

1

2 Π
 argI-k-a0M+arg

a+k

k+a0 Hk + a0L-s â
j=0

¥ Hk + a0L- j HsL j

j !
 Ha - a0L j �; Ha ® a0L ì -n < a0 < 1 - n ì n Î N+

10.06.06.0045.01

F
` Hz, s, aL µ IznHn + a0L-s + zn+1 F

` Hz, s, a0 + n + 1LM H1 + OHa - a0LL +

â
k=0

n-1

zk ã
-2 ä Π s -

1

2 Π
 argI-k-a0M+arg

a+k

k+a0 Hk + a0L-s H1 + OHa - a0LL �; -n < a0 < 1 - n ì n Î N+

Residue representations

Residue representations

For F
` Hz, s, aL

10.06.06.0012.01

F
` Hz, s, aL � â

j=0

¥

rest GH1 - tL GHa - tL
GHa - t + 1L

s H-zL-t  GHtL  H- jL �; H z¤ < 1 Þ H z¤ = 1 ß ReHsL > 1LL ì -a Ï N

10.06.06.0016.01

F
` Hz, s, aL � â

j=0

¥

restIΠ Ha - tL-s H-zL-t cscHΠ tLM H- jL �; H z¤ < 1 Þ H z¤ = 1 ß ReHsL > 1LL ì -a Ï N

Allan Cortzen
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Other series representations

Other series representations

For FHz, s, aL
10.06.06.0013.01

FHz, s, aL � z-a GH1 - sL â
k=-¥

¥ H2 Π ä k - logHzLLs-1 ã2 Π k ä a �; Re s < 0 ß 0 < a £ 1

10.06.06.0014.01

F ã2 Π ä t, s,
p

q
� H2 q ΠLs-1 GH1 - sL â

k=1

q

Ζ 1 - s,
k - t

q
 exp

2 Hk - tL Π ä p

q
-

1 - s

2
Π ä +

â
k=1

q

Ζ 1 - s,
k + t - 1

q
exp

1 - s

2
 Π ä -

2 Hk + t - 1L Π ä p

q
�; p Î N ì q Î N+ ì p £ q

For F
` Hz, s, aL

10.06.06.0015.01

F
`

exp
2 Π ä p

q
, s, a � q-s â

k=1

q

Ζ
`

s,
a + k - 1

q
exp

2 Hk - 1L Π ä p

q
�; p Î N ì q Î N+ ì p £ q

Integral representations

On the real axis

Of the direct function

For FHz, s, aL
10.06.07.0001.01

FHz, s, aL �
1

GHsL  à
0

¥ ts-1 ã-a t

1 - z ã-t
 â t �; ReHaL > 0 ß ReHsL > 0 ß  z¤ £ 1 ß z ¹ 1 Þ ReHsL > 1 ß z � 1

10.06.07.0002.01

FHz, s, aL � à
0

¥Ha + tL-s zt  â t - 2 à
0

¥ sinJt logHzL - s tan-1J t

a
NN

Ia2 + t2Ms�2 Iã2 Π t - 1M  â t +
1

2 as
�; ReHaL > 0

10.06.07.0006.01

FHz, s, aL �
1

GHsL  à
0

1 H-logHtLLs-1 ta-1

1 - z t
 â t �; ReHaL > 0 ß ReHsL > 0 ß  z¤ £ 1 ß z ¹ 1 Þ ReHsL > 1 ß z � 1
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Contour integral representations

Contour integral representations

For F
` Hz, s, aL

10.06.07.0003.01

F
` Hz, s, aL �

1

2 Π ä
 à

L

GHtL GH1 - tL GHa - tLs H-zL-t

GH1 + a - tLs
 â t �; s Î N+

10.06.07.0004.02

F
` Hz, s, aL �

1

2 Π ä
 à

Γ-ä ¥

ä ¥+Γ

GHtL GH1 - tL GHa - tL
GHa - t + 1L

s H-zL-t  â t �; 0 < Γ < 1 ì ReHaL > Γ ì z ¹ 0 ì HargH-zL < Π ê ReHsL > 1L
10.06.07.0005.01

F
` Hz, s, a - nL �

zn

2 ä
à

Γ-ä ¥

ä ¥+ΓHa - tL-s H-zL-t cscHΠ tL â t �; n Î Z ì n < Γ < n + 1 ì ReHaL > Γ ì z ¹ 0 ì HargH-zL < Π ê ReHsL > 1L
Allan Cortzen

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

For FHz, s, aL
10.06.16.0001.01

FHz, s, a + 1L �
1

z
 FHz, s, aL -

1

Ia2Ms�2
10.06.16.0002.01

FHz, s, a - 1L � z FHz, s, aL +
1

IHa - 1L2Ms�2
10.06.16.0003.01

FHz, s, a + nL � z-n FHz, s, aL - â
k=0

n-1 zk

IHa + kL2Ms�2 �; n Î N

10.06.16.0004.01

FHz, s, a - nL � zn FHz, s, aL + â
k=0

n-1 zk

IHa + k - nL2Ms�2 �; n Î N
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For F
` Hz, s, aL

10.06.16.0005.01

F
` Hz, s, a + 1L �

1

z
 F

` Hz, s, aL -
1

as

10.06.16.0006.01

F
` Hz, s, a - 1L � z F

` Hz, s, aL +
1

Ha - 1Ls

10.06.16.0007.01

F
` Hz, s, a + nL � z-n F

` Hz, s, aL - â
k=0

n-1 zk

Ha + kLs
�; n Î N

10.06.16.0008.01

F
` Hz, s, a - nL � zn F

` Hz, s, aL + â
k=0

n-1 zk

Ha + k - nLs
�; n Î N

Multiple arguments

Argument involving numeric multiples of variable

For F
` Hz, s, aL

10.06.16.0009.01

F
` Hz, s, 2 aL � 2-s F

` Iz2, s, aM + z F
`

z2, s, a +
1

2

10.06.16.0010.01

F
` Hz, s, 3 aL � 3-s F

` Iz3, s, aM + z F
`

z3, s, a +
1

3
+ z2 F

`
z3, s, a +

2

3

Argument involving symbolic multiples of variable

For F
` Hz, s, aL

10.06.16.0011.01

F
` Hz, s, m aL � m-s â

k=0

m-1

F
`

zm, s, a +
k

m
zk �; m Î Z ß m > 1
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Identities

Recurrence identities

Consecutive neighbors

For FHz, s, aL
10.06.17.0001.01

FHz, s, aL � z FHz, s, a + 1L +
1

Ia2Ms�2
10.06.17.0002.01

FHz, s, aL �
1

z
 FHz, s, a - 1L -

1

IHa - 1L2Ms�2

For F
` Hz, s, aL

10.06.17.0003.01

F
` Hz, s, aL � z F

` Hz, s, a + 1L +
1

as

10.06.17.0004.01

F
` Hz, s, aL �

1

z
 F

` Hz, s, a - 1L -
1

Ha - 1Ls

Distant neighbors

For FHz, s, aL
10.06.17.0005.01

FHz, s, aL � zn FHz, s, a + nL + â
k=0

n-1 zk

IHa + kL2Ms�2 �; n Î N

10.06.17.0006.01

FHz, s, aL � z-n FHz, s, a - nL - â
k=0

n-1 zk

IHa + k - nL2Ms�2 �; n Î N

10.06.17.0012.01

FHz, s, aL � z-a+b-minH0,ReHb-aLL FHz, s, b - minH0, ReHb - aLLL + â
k=0

ReHb-aL-1 zk

IHa + kL2Ms�2 �; ReHb - aL Î Z ì ImHb - aL � 0
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For F
` Hz, s, aL

10.06.17.0007.01

F
` Hz, s, aL � zn F

` Hz, s, a + nL + â
k=0

n-1 zk

Ha + kLs
�; n Î N

10.06.17.0008.01

F
` Hz, s, aL � z-n F

` Hz, s, a - nL - â
k=0

n-1 zk

Ha + k - nLs
�; n Î N

10.06.17.0013.01

F
` Hz, s, aL � z-a+b-minH0,ReHb-aLL F

` Hz, s, b - minH0, ReHb - aLLL + â
k=0

ReHb-aL-1 zk

IHa + kL2Ms�2 �; ReHb - aL Î Z ì ImHb - aL � 0

Functional identities

Major general cases

For FHz, s, aL
10.06.17.0009.01

FIã2 ä Π x, 1 - s, aM � H2 ΠL-s GHsL Kãä Π J s

2
-2 a xN FIã-2 ä a Π, s, xM + ãä Π J2 a H1-xL-

s

2
N FIã2 ä a Π, s, 1 - xMO �; 0 < x < 1

For F
` Hz, s, aL

10.06.17.0010.01

F
` Hz, s, aL � 2-s F

` Kz2, s,
a

2
O + z F

`
z2, s,

a + 1

2

10.06.17.0011.01

F
` Hz, s, aL � q-s â

k=1

q

F
`

zq, s,
a + k - 1

q
 zk-1 �; q Î N+

http://functions.wolfram.com 25



Differentiation

Low-order differentiation

With respect to z

For FHz, s, aL
10.06.20.0015.01

¶FHz, s, aL
¶z

�

zmaxHd-ReHaLt,0LHFHz, s - 1, a + maxHd-ReHaLt, 0L + 1L - a FHz, s, a + maxHd-ReHaLt, 0L + 1LL + â
k=0

d-ReHaLt-1 Hk + 1L zk

IHa + k + 1L2Ms�2

10.06.20.0016.01

¶FHz, s, aL
¶z

� â
k=0

d-ReHaLt-1 Hk + 1L zk

IHa + k + 1L2Ms�2 - â
k=0

maxHd-ReHaLt,0L-1 Hk + 1L zk

Ha + k + 1Ls
+

GHa + 1Ls
s+1F

�
sHa1, a2, ¼, as, 2; a1 + 1, a2 + 1, ¼, as + 1; zL �; a1 � a2 � ¼ � as � a + 1 ì s Î N+

10.06.20.0017.01

¶2 FHz, s, aL
¶z2

� zmaxH0,d-ReHaLtL-1HFHz, s - 2, a + maxH0, d-ReHaLtL + 1L -

H2 a + 1L FHz, s - 1, a + maxH0, d-ReHaLtL + 1L + Ha + 1L a FHz, s, a + maxH0, d-ReHaLtL + 1LL + â
k=0

d-ReHaLt-2 Hk + 1L Hk + 2L zk

IHa + k + 2L2Ms�2

For F
` Hz, s, aL

10.06.20.0001.01

¶F
` Hz, s, aL

¶z
�

F
` Hz, s - 1, aL - a F

` Hz, s, aL
z

10.06.20.0002.01

¶2 F
` Hz, s, aL

¶z2
�

1

z2
 IF

` Hz, s - 2, aL - H2 a + 1L F
` Hz, s - 1, aL + a Ha + 1L F

` Hz, s, aLM
With respect to s

For FHz, s, aL
10.06.20.0018.01

¶FHz, s, aL
¶s

� -
1

2
â
k=0

¥ logIHa + kL2M zk

IHa + kL2Ms�2 �; -a Ï N ì  z¤ < 1 ì ReHsL > 1
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10.06.20.0019.01

¶2 FHz, s, aL
¶s2

�
1

4
â
k=0

¥ log2IHa + kL2M zk

IHa + kL2Ms�2 �; -a Ï N ì  z¤ < 1 ì ReHsL > 1

10.06.20.0020.01

¶FHz, s, a + 1L
¶s

�
1

z
 
¶FHz, s, aL

¶s
+

logIa2M
2 z Ia2Ms�2

10.06.20.0021.01

¶FHz, s, a + mL
¶s

� z-m 
¶FHz, s, aL

¶s
+

z-m

2n
 â
k=0

m-1 logIHa + kL2M zk

IHa + kL2Ms�2 �; m Î N+

10.06.20.0022.01

¶FHz, s, mL
¶s

�
¶LisHzL

¶s
z-m +

z1-m

2n
â
k=0

m-2 logIHk + 1L2M zk

IHk + 1L2Ms�2 �; m Î N

10.06.20.0023.01

¶FHz, s, aL
¶s

� z-a+b-minH0,ReHb-aLL ¶FHz, s, b - minH0, ReHb - aLLL
¶s

-
1

2
â
k=0

ReHb-aL-1 logIHa + kL2M zk

IHa + kL2Ms�2 �; ReHb - aL Î Z ì ImHb - aL � 0

10.06.20.0024.01

¶FHz, s, aL
¶s

� z-dReHaLt 
¶FHz, s, a - dReHaLtL

¶s
+

sgnHReHaLL
2

 z-ΘHReHaLL â
k=0

 dReHaLt¤-1 logKJk + 1

2
H1 - 2 aL sgnHReHaLL + 1

2
N2O z-sgnHReHaLL k

KJk + 1

2
H1 - 2 aL sgnHReHaLL + 1

2
N2Os�2 �;

Ø Ha Î Z ß a > 0L
For F

` Hz, s, aL
10.06.20.0003.01

¶F
` Hz, s, aL

¶s
� -â

k=0

¥ logHa + kL zk

Ha + kLs
�;  z¤ < 1 ß ReHsL > 1

10.06.20.0004.01

¶2 F
` Hz, s, aL

¶s2
� â

k=0

¥ log2Ha + kL zk

Ha + kLs
�;  z¤ < 1 ß ReHsL > 1

10.06.20.0025.01

¶F
` Hz, s, aL

¶s
� z-a+b-minH0,ReHb-aLL ¶F

` Hz, s, b - minH0, ReHb - aLLL
¶s

-
1

2
â
k=0

ReHb-aL-1 logIHa + kL2M zk

IHa + kL2Ms�2 �; ReHb - aL Î Z ì ImHb - aL � 0
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With respect to a

For FHz, s, aL
10.06.20.0026.01

FH0,0,1LHz, s, aL � -s â
k=0

¥ Ha + kL zk

IHa + kL2M s

2
+1

�; -a Ï N

10.06.20.0027.01

FH0,0,1LHz, s, aL � -s zmaxHd-ReHaLt+1,0L FHz, s + 1, a + maxHd-ReHaLt + 1, 0LL + â
k=0

d-ReHaLt zk

Ha + kL IHa + kL2Ms�2 �; -a Ï N

10.06.20.0028.01

FH0,0,2LHz, s, aL � s Hs + 1L â
k=0

¥ zk

IHa + kL2M s

2
+1

�; -a Ï N

10.06.20.0029.01

FH0,0,2LHz, s, aL � s Hs + 1L zmaxHd-ReHaLt+1,0L FHz, s + 2, a + maxHd-ReHaLt + 1, 0LL + â
k=0

d-ReHaLt zk

Ha + kL2 IHa + kL2Ms�2 �; -a Ï N

For F
` Hz, s, aL

10.06.20.0005.01

¶F
` Hz, s, aL

¶a
� -s F

` Hz, s + 1, aL
10.06.20.0006.01

¶2 F
` Hz, s, aL

¶a2
� s Hs + 1L F

` Hz, s + 2, aL
Symbolic differentiation 

With respect to z

For FHz, s, aL
10.06.20.0030.01

¶n FHz, s, aL
¶zn

� â
k=0

¥ Hk + 1Ln zk

IHa + k + nL2Ms�2 �;  z¤ < 1 ß n Î N

10.06.20.0031.01

¶n FHz, s, aL
¶zn

� zmaxH-n+d-ReHaLt+1,0L â
k=0

¥ Hk + maxH-n + d-ReHaLt + 1, 0L + 1Ln zk

Ha + k + n + maxH-n + d-ReHaLt + 1, 0LLs
+ â

k=0

d-ReHaLt-n Hk + 1Ln zk

IHa + k + nL2Ms�2 �;  z¤ < 1 ß n Î N
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10.06.20.0032.01

¶n FHz, s, aL
¶zn

� â
k=0

d-ReHaLt-n Hk + 1Ln zk

IHa + k + nL2Ms�2 - â
k=0

maxH-n+d-ReHaLt+1,0L-1 Hk + 1Ln zk

Ha + k + nLs
+

n! GHa + nLs
s+1F

�
sHa1, a2, ¼, as, n + 1; a1 + 1, a2 + 1, ¼, as + 1; zL �; a1 � a2 � ¼ � as � a + n ì n Î N ì s Î N+

10.06.20.0033.01

¶n FHz, s, aL
¶zn

�

z1-n+maxHd-ReHaLt,0L â
j=1

n â
p=0

j

Sn
H jL j

p
FHz, s - p, a + maxHd-ReHaLt, 0L + 1L H-aL j-p + â

k=0

d-ReHaLt-n Hk + 1Ln zk

IHa + k + nL2Ms�2 �; n Î N

10.06.20.0034.01

¶n FHz, s, nL
¶zn

� â
j=0

n â
p=0

j H-1L j+n Sn
H jL j

p
H1 - a - nLp

FHz, s - j + p, a + n + maxHd-ReHa + nLt, 0L + 1L zmaxHd-ReHa+nLt,0L+1 + â
k=0

maxHd-ReHa+nLt,0L zk

Ha + k + nLs- j+p
+

â
k=0

d-ReHaLt-n Hk + 1Ln zk

IHa + k + nL2Ms�2 - â
k=0

maxHd-ReHaLt-n,-1L Hk + 1Ln zk

Ha + k + nLs
�; n Î N

For F
` Hz, s, aL

10.06.20.0007.02

¶n F
` Hz, s, aL

¶zn
� â

k=0

¥ Hk + 1Ln zk

Ha + k + nLs
�;  z¤ < 1 ß n Î N

10.06.20.0008.02

¶n F
` Hz, s, aL

¶zn
� n! GHa + nLs

s+1F
�

sHa1, a2, ¼, as, n + 1; a1 + 1, a2 + 1, ¼, as + 1; zL �;
a1 � a2 � ¼ � as � a + n ì n Î N ì s Î N+

10.06.20.0009.02

¶n F
` Hz, s, aL

¶zn
� z-n â

j=1

n â
p=0

j

Sn
H jL j

p
zmaxHd-ReHaLt,0L+1 FHz, s - p, a + maxHd-ReHaLt, 0L + 1L + â

k=0

d-ReHaLt zk

Ha + kLs-p
H-aL j-p �; n Î N

10.06.20.0035.01

¶n F
` Hz, s, nL

¶zn
� â

j=0

n â
p=0

j H-1L j+n Sn
H jL j

p
H1 - a - nLp

FHz, s - j + p, a + n + maxHd-ReHa + nLt, 0L + 1L zmaxHd-ReHa+nLt,0L+1 + â
k=0

maxHd-ReHa+nLt,0L zk

Ha + k + nLs- j+p
�; n Î N
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With respect to s

For FHz, s, aL
10.06.20.0036.01

¶n FHz, s, aL
¶sn

�
H-1Ln

2n
 â
k=0

¥ lognIHa + kL2M zk

IHa + kL2Ms�2 �; -a Ï N ì  z¤ < 1 ì ReHsL > 1 ì n Î N

10.06.20.0037.01

¶n FHz, s, a + 1L
¶sn

�
1

z
 
¶n FHz, s, aL

¶sn
+

H-1Ln-1 lognIa2M
2n z Ia2Ms�2 �; n Î N

10.06.20.0038.01

¶n FHz, s, a + mL
¶sn

�
¶n FHz, s, aL

¶sn
z-m +

H-1Ln-1 z-m

2n
 â
k=0

m-1 lognIHa + kL2M zk

IHa + kL2Ms�2 �; m Î N+ ì n Î N

10.06.20.0039.01

¶n FHz, s, mL
¶sn

�
¶n LisHzL

¶sn
z-m +

H-1Ln-1 z1-m

2n
 â
k=0

m-2 lognIHk + 1L2M zk

IHk + 1L2Ms�2 �; m Î N ì n Î N+

10.06.20.0040.01

¶n FHz, s, aL
¶sn

� z-a+b-minH0,ReHb-aLL 
¶n FHz, s, b - minH0, ReHb - aLLL

¶sn
+

H-1Ln

2n
 â

k=0

ReHb-aL-1 lognIHa + kL2M zk

IHa + kL2Ms�2 �;
ReHb - aL Î Z ì ImHb - aL � 0 ì n Î N+

For F
` Hz, s, aL

10.06.20.0010.02

¶n F
` Hz, s, aL

¶sn
� H-1Ln â

k=0

¥ lognHa + kL zk

Ha + kLs
�;  z¤ < 1 ß ReHsL > 1 ß n Î N

10.06.20.0041.01

¶n F
` Hz, s, a + 1L

¶sn
�

1

z
 
¶n F

` Hz, s, aL
¶sn

+
H-1Ln-1 lognHaL

z as
�; n Î N

10.06.20.0042.01

¶n F
` Hz, s, a + mL

¶sn
� z-m 

¶n F
` Hz, s, aL

¶sn
+ H-1Ln-1 z-m â

k=0

m-1 lognHa + kL zk

Ha + kLs
�; m Î N+ ì n Î N

10.06.20.0043.01

¶n F
` Hz, s, aL

¶sn
� z-a+b-minH0,ReHb-aLL 

¶n F
` Hz, s, b - minH0, ReHb - aLLL

¶sn
+ H-1Ln â

k=0

ReHb-aL-1 lognHa + kL zk

Ha + kLs
�;

ReHb - aL Î Z ì ImHb - aL � 0 ì n Î N+
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With respect to a

For FHz, s, aL
10.06.20.0044.01

¶n FHz, s, aL
¶an

� H1 - n - sLn â
k=0

¥ zk

Ha + kLn IHa + kL2Ms�2 �;  z¤ < 1 ì -a Ï N ì n Î N

10.06.20.0045.01

¶n FHz, s, aL
¶an

� H1 - n - sLn zmaxHd-ReHaLt+1,0L FHz, n + s, a + maxHd-ReHaLt + 1, 0LL + â
k=0

d-ReHaLt zk

Ha + kLn IHa + kL2Ms�2 �;
-a Ï N ì n Î N

For F
` Hz, s, aL

10.06.20.0011.02

¶n F
` Hz, s, aL

¶an
� H1 - n - sLn F

` Hz, n + s, aL �; n Î N

Fractional integro-differentiation

With respect to z

For F
` Hz, s, aL

10.06.20.0012.01

¶Α F
` Hz, s, aL

¶zΑ
� â

k=0

¥ k ! zk-Α

GHk - Α + 1L Ha + kLs
�; H z¤ < 1 Þ H z¤ � 1 ß ReHsL > 1LL

With respect to s

For F
` Hz, s, aL

10.06.20.0013.01

¶Α F
` Hz, s, aL

¶sΑ
� s-Α â

k=0

¥ H-s logHa + kLLΑ QH-Α, 0, -s logHa + kLL zk

Ha + kLs
�; H z¤ < 1 Þ H z¤ � 1 ß ReHsL > 1LL

With respect to a

For F
` Hz, s, aL

10.06.20.0014.01

¶Α F
` Hz, s, aL
¶aΑ

�
GH1 - sL a-s-Α

GH1 - s - ΑL + â
k=1

¥

zk k-s
2F

�
1 1, s; 1 - Α; -

a

k
a-Α �;  z¤ < 1 ß ReHsL > 1

Integration
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Integration

Indefinite integration

Involving only one direct function

For F
` Hz, s, aL

10.06.21.0001.01

à F
` Hz, s, aL â z � â

k=0

¥ zk+1

Hk + 1L Ha + kLs
�;  z¤ < 1 Þ  z¤ � 1 ß ReHsL > 1

10.06.21.0002.01

à zΑ-1 F
` Hz, s, aL â z � â

k=0

¥ zk+Α

Hk + ΑL Ha + kLs
�  z¤ < 1 ë  z¤ � 1 ß ReHsL > 1

Involving only one direct function with respect to s

For F
` Hz, s, aL

10.06.21.0003.01

à F
` Hz, s, aL â s � -â

k=0

¥ Ha + kL-s zk

logHa + kL �;  z¤ < 1 Þ  z¤ � 1 ß ReHsL > 1

10.06.21.0004.01

à sΑ-1 F
` Hz, s, aL â s � -sΑ â

k=0

¥ GHΑ, s logHa + kLL zk

Hs logHa + kLLΑ
�;  z¤ < 1 Þ  z¤ � 1 ß ReHsL > 1

Involving only one direct function with respect to a

For F
` Hz, s, aL

10.06.21.0005.01

à F
` Hz, s, aL â a �

FHz, s - 1, aL
1 - s

10.06.21.0006.01

à aΑ-1 F
` Hz, s, aL â a �

aΑ

Α - s
 â
k=0

¥ zk

Ha + kLs J a+k

a
N-s

 2F1 s - Α, s; s - Α + 1; -
k

a

http://functions.wolfram.com 32



Summation

Finite summation

Finite summation

For F
` Hz, s, aL

10.06.23.0001.01

â
k=1

q

F
`

zq, s,
a + k - 1

q
zk-1 � qs F

` Hz, s, aL �; q Î N+

Operations

Limit operation

Limit operation

For F
` Hz, s, aL

10.06.25.0001.01

lim
z®1

H1 - zL1-s F
` Hz, s, aL � GH1 - sL �; Re s < 1

10.06.25.0002.01

lim
z®1

F
` Hz, 1, aL
logH1 - zL � -1

Representations through more general functions

Through hypergeometric functions

Involving pF
�

q

For F
` Hz, s, aL

10.06.26.0001.01

F
` Hz, s, aL � a-s GHa + 1Ls

s+1F
�

sH1, a1, a2, ¼, as; a1 + 1, a2 + 1, ¼, as + 1; zL �; a1 � a2 � ¼ � as � a ì -a Ï N ì s Î N+

Involving pFq

For F
` Hz, s, aL

10.06.26.0002.01

F
` Hz, s, aL � a-s s+1FsH1, a1, a2, ¼, as; a1 + 1, a2 + 1, ¼, as + 1; zL �; a1 � a2 � ¼ � as � a ì -a Ï N ì s Î N+

Through Meijer G
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Through Meijer G

Classical cases for the direct function itself

For FHz, s, aL
10.06.26.0003.01

FH1 - z, 1, aL �
1

G HaL  G2,2
2,2 z

0, 1 - a

0, 0

10.06.26.0004.01

F 1 -
1

z
, 1, a �

1

G HaL  G2,2
2,2 z

1, 1

1, a
�; z Ï H-¥, 0L

For F
` Hz, s, aL

10.06.26.0005.01

F
` Hz, s, aL � Gs+1,s+1

1,s+1 -z
0, 1 - a1, ¼, 1 - as

0, -a1, ¼, -as
�; a1 � a2 � ¼ � as � a ì s Î N+

Classical cases involving unit step Θ

For FHz, s, aL
10.06.26.0006.01

ΘH1 -  z¤L H1 - zLa FH1 - z, 1, aL � G HaL G2,2
2,0 z

1, a

0, 0
�; z Ï H-1, 0L

10.06.26.0007.01

ΘH z¤ - 1L Hz - 1La FH1 - z, 1, aL � G HaL G2,2
0,2 z

1, a

0, 0

10.06.26.0008.01

ΘH1 -  z¤L H1 - zLa F 1 -
1

z
, 1, a � G HaL G2,2

2,0 z
a + 1, a + 1

1, a

10.06.26.0009.01

ΘH z¤ - 1L Hz - 1La F 1 -
1

z
, 1, a � G HaL G2,2

0,2 z
a + 1, a + 1

1, a
�; z Ï H-¥, -1L

Representations through equivalent functions

Interrelations

10.06.27.0001.01

FHz, s, aL �

ãH2 ΘHImHaLL-1L Π ä s F
` Hz, s, aL + I1 - ãH2 ΘHImHaLL-1L Π ä sM zd-ReHaLt z F

` Hz, s, a + d-ReHaLt + 1L +
Hd-ReHaLt + dReHaLt + 1L ΘHImHaLL

IHa + d-ReHaLtL2Ms�2
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10.06.27.0002.01

FHz, s, aL � F
` Hz, s, aL �; -

Π

2
< argHaL £

Π

2

10.06.27.0003.01

FHz, 2 n, aL � F
` Hz, 2 n, aL �; n Î Z

10.06.27.0004.01

F
` Hz, s, aL � ã-ΘHd-ReHaLtL H2 ΘHImHaLL-1L Π ä s FHz, s, aL +

I1 - ã-H2 ΘHImHaLL-1L Π ä sM z FHz, s, a + d-ReHaLt + 1L +
Hd-ReHaLt + dReHaLt + 1L ΘHImHaLL

IHa + d-ReHaLtL2Ms�2 ΘHd-ReHaLtL zd-ReHaLt

History
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