
Log2

Notations

Traditional name

Logarithm

Traditional notation

logaHzL
Mathematica StandardForm notation

Log@a, zD

Primary definition
01.05.02.0001.01

logaHzL �
logHzL
logHaL

Specific values

Specialized values

For fixed a

01.05.03.0001.01

logaHãL �
1

logHaL
01.05.03.0002.01

logaHãnL �
n

logHaL �; n Î Z

01.05.03.0003.01

logaH0L �
-¥

logHaL
01.05.03.0004.01

logaH1L � 0

01.05.03.0005.01

logaH-1L �
ä Π

logHaL



For fixed z

01.05.03.0006.01

logãHzL � logHzL
01.05.03.0007.01

log0HzL � 0

01.05.03.0008.01

log1HzL � ¥�

01.05.03.0009.01

log-1HzL � -
ä logHzL

Π

Values at fixed points

01.05.03.0010.01

log1H1L � È

General characteristics

Domain and analyticity

logaHzL is an analytical function of a and z which is defined over C2. 

01.05.04.0001.01Ha * zL � logaHzL � HC Ä CL �C

Symmetries and periodicities

Mirror symmetry

01.05.04.0002.01

logaHz�L � logaHzL �; a Ï H-¥, 0L ì z Ï H-¥, 0L
Quasi-permutation symmetry

01.05.04.0003.01

logaHzL �
1

logzHaL
Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed a, the function logaHzL does not have poles and essential singularities.

01.05.04.0004.01

SingzIlogaHzLM � 8<
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With respect to a

For fixed z, the function logaHzLhas one simple pole at point a = 1with residue log HzL.
01.05.04.0005.01

SingaIlogaHzLM � 81<
01.05.04.0006.01

resaIlogaHzLM HΠ kL � logHzL
Branch points

With respect to z

For fixed a, the function logaHzL has two branch points: z � 0, z = ¥� .

01.05.04.0007.01

BPzIlogaHzLM � 80, ¥� <
01.05.04.0008.01

RzIlogaHzL, 0M � log

01.05.04.0009.01

RzIlogaHzL, ¥� M � log

With respect to a

For fixed z, the function logaHzL has two branch points: a � 0, a = ¥� .

01.05.04.0010.01

BPaIlogaHzLM � 80, ¥� <
01.05.04.0011.01

RaIlogaHzL, 0M � log

01.05.04.0012.01

RaIlogaHzL, ¥� M � log

Branch cuts

With respect to z

For fixed a, the function logaHzL is a single-valued function on the z-plane cut along the interval H-¥, 0L where it is continu-

ous from above.

01.05.04.0013.01

BCzIlogaHzLM � 88H-¥, 0L, -ä<<
01.05.04.0014.01

lim
Ε®+0

logaHx + ä ΕL � logaHxL �; x < 0

01.05.04.0015.01

lim
Ε®+0

logaHx - ä ΕL � logaH-xL -
1

log-1HaL �; x < 0
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01.05.04.0016.01

lim
Ε®+0

logaHx - ä ΕL � logaHxL -
2 ä Π

logHaL �; x < 0

With respect to a

For fixed z, the function logaHzL is a single-valued function on the a-plane cut along the interval H-¥, 0L where it is continu-

ous from above.

01.05.04.0017.01

BCaIlogaHzLM � 88H-¥, 0L, -ä<<
01.05.04.0018.01

lim
Ε®+0

logc+ä ΕHzL � logcHzL �; c < 0

01.05.04.0019.01

lim
Ε®+0

logc-ä ΕHzL �
log-1HzL

logzH-cL log-1HzL - 1
�; c < 0

01.05.04.0020.01

lim
Ε®+0

logc-ä ΕHzL �
log-1HzL

logzHcL log-1HzL - 2
�; c < 0

Analytic continuations

logaHzL is chosen to be the principal branch of the general logarithmic function log
�

aHzL which has double infinitely

many sheets: log
�

aHzL = HlogHzL + 2 þ ä kL � HlogHaL + 2 þ ä lL, k, l Î Z.

Series representations

Generalized power series

Expansions at a � 1

For the function itself

01.05.06.0001.02

logaHzL µ
logHzL
a - 1

+
logHzL

2
-

logHzL
12

Ha - 1L 1 -
a - 1

2
+

19

60
Ha - 1L2 - ¼ �; Ha ® 1L

01.05.06.0014.01

logaHzL µ
logHzL
a - 1

+
logHzL

2
-

logHzL
12

Ha - 1L 1 -
a - 1

2
+

19

60
Ha - 1L2 - OIHa - 1L3M

01.05.06.0002.01

logaHzL �
logHzL

2
+

logHzL
a - 1

- â
k=0

¥

GHkL Ha - 1Lk logHzL �;  a - 1¤ < 1 í GH0L � 0 í GHkL �
H-1Lk+1 k

2 Hk + 1L Hk + 2L + â
j=1

k H-1L j+1 GHk - jL
j + 1
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01.05.06.0003.02

logaHzL µ
logHzL
a - 1

+
logHzL

2
+ OHa - 1L

Expansions at z � 1

For the function itself

01.05.06.0008.02

logaHzL µ
z - 1

logHaL  1 -
z - 1

2
+

Hz - 1L2

3
+ ¼ �; Hz ® 1L

01.05.06.0015.01

logaHzL µ
z - 1

logHaL  1 -
z - 1

2
+

Hz - 1L2

3
+ OIHz - 1L3M

01.05.06.0009.01

logaHzL �
1

logHaL  â
k=1

¥ H-1Lk-1 Hz - 1Lk

k
�;  z - 1¤ < 1

01.05.06.0010.01

logaHzL �
z - 1

logHaL 2F1H1, 1; 2; 1 - zL
01.05.06.0011.02

logaHzL µ
z - 1

logHaL  H1 + OHz - 1LL
01.05.06.0016.01

logaHzL � F¥Hz, aL �; FnHz, aL �
1

logHaL  â
k=1

n H-1Lk-1 Hz - 1Lk

k
�

B1-zHn + 1, 0L + logHzL
logHaL í n Î N

Summed form of the truncated series expansion.

Expansions of logaH1 + zL at z � 0

For the function itself

01.05.06.0004.02

logaH1 + zL µ
1

logHaL  z -
1

2
z2 +

1

3
z3 + ¼ �; Hz ® 0L

01.05.06.0017.01

logaH1 + zL µ
1

logHaL  z -
1

2
z2 +

1

3
z3 + OIz4M

01.05.06.0005.01

logaH1 + zL �
1

logHaL  â
k=1

¥ H-1Lk-1 zk

k
�;  z¤ < 1
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01.05.06.0006.01

logaH1 + zL �
z

logHaL 2F1H1, 1; 2; -zL
01.05.06.0007.02

logaH1 + zL µ
z

logHaL + OIz2M
01.05.06.0018.01

logaH1 + zL � F¥Hz, aL �; FnHz, aL �
1

logHaL  â
k=1

n H-1Lk-1 zk

k
�

B-zHn + 1, 0L + logH1 + zL
logHaL í n Î N

Summed form of the truncated series expansion.

Asymptotic series expansions

01.05.06.0012.01

logaHzL µ
logHzL
logHaL �; Hz ® 0 È ¥L

01.05.06.0013.01

logaHzL µ
logHzL
logHaL �; Ha ® 0 È ¥L

Differential equations

Ordinary linear differential equations and wronskians

With respect to z

01.05.13.0002.01

z logHaL w¢HzL - 1 � 0 �; wHzL � logaHzL ì wH1L � 0

01.05.13.0003.01

z w¢¢HzL + w¢HzL � 0 �; wHzL � c1 + c2 logaHzL
01.05.13.0004.01

WzI1, logaHzLM �
1

z logHaL
Ordinary nonlinear differential equations

With respect to a

01.05.13.0005.01

a wHaL w¢¢HaL - 2 a w¢HaL2 + w HaL w¢HaL � 0 �; wHaL � logaHzL
Partial differential equations

01.05.13.0001.01

a
¶wHa, zL

¶a
+ z

¶wHa, zL
¶z

wHa, zL � 0 �; wHa, zL � logaHzL
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01.05.13.0006.01

a wH0,2LHa, zL wH1,0LHa, zL - wHa, zL wH0,1LHa, zL2 � 0 �; wHa, zL � logaHzL
01.05.13.0007.01

z wH0,1LHa, zL2
+ a wH1,1LHa, zL � 0 �; wHa, zL � logaHzL

01.05.13.0008.01

wHa, zL wH1,1LHa, zL - wH0,1LHa, zL wH1,0LHa, zL � 0 �; wHa, zL � logaHzL
01.05.13.0009.01

a wH0,2LHa, zL wH1,1LHa, zL - wH0,1LHa, zL3 � 0 �; wHa, zL � logaHzL
01.05.13.0010.01

2 a wH1,0LHa, zL wH1,1LHa, zL - wH0,1LHa, zL IwH1,0LHa, zL + a wH2,0LHa, zLM � 0 �; wHa, zL � logaHzL
01.05.13.0011.01

I2 z wH0,1LHa, zL + 1M wH1,0LHa, zL2
- z wHa, zL wH0,1LHa, zL wH2,0LHa, zL � 0 �; wHa, zL � logaHzL

01.05.13.0012.01

I2 z wH0,1LHa, zL + 1M wH1,0LHa, zL wH1,1LHa, zL - z wH0,1LHa, zL2
wH2,0LHa, zL � 0 �; wHa, zL � logaHzL

Transformations

Multiple arguments

01.05.16.0001.01

logaHc zL � logaHcL + logaHzL �; c > 0

01.05.16.0002.01

logaHz1 z2L � logaHz1L + logaHz2L �; z1 + z2 ³ 0

01.05.16.0003.01

loga

z1

z2

� logaHz1L - logaHz2L �; z2 - z1 ³ 0

01.05.16.0004.01

loga

z1

z2

� logaH-z1L - logaH-z2L �; z2 - z1 < 0

01.05.16.0005.01

loga

z1

z2

� logaHz1L + loga

1

z2

�; z1 + z2 ³ 0

Power of arguments

01.05.16.0006.01

logaIz2M � logaH-ä zL + logaHä zL
01.05.16.0007.01

logaI z N �
logaHzL

2

01.05.16.0008.01

logaHzcL � c logaHzL �; z > 0 ß c Î R
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Products, sums, and powers of the direct function

Products of the direct function

01.05.16.0009.01

logaHzL logzHwL � logaHwL
Sums of the direct function

01.05.16.0010.01

logaHz1L + logaHz2L � logaHz1 z2L �; z1 + z2 ³ 0

01.05.16.0011.01

logaHz1L - logaHz2L � loga

z1

z2

�; z2 - z1 ³ 0

Identities

Functional identities

01.05.17.0001.01

logaHzL � logaHbL logbHzL
01.05.17.0002.01

wHz1 z2L � wHz1L + wHz2L �; wHzL � logaHzL ì z1 + z2 ³ 0

Complex characteristics

Real part

01.05.19.0001.01

ReIlogaHzLM �
tan-1HReHaL, ImHaLL tan-1HReHzL, ImHzLL + logH a¤L logH z¤L

tan-1HReHaL, ImHaLL2
+ log2H a¤L

Imaginary part

01.05.19.0002.01

ImIlogaHzLM �
tan-1HReHzL, ImHzLL logH a¤L - tan-1HReHaL, ImHaLL logH z¤L

tan-1HReHaL, ImHaLL2
+ log2H a¤L

Absolute value

01.05.19.0003.01

¡logaHzL¥ �

tan-1HReHzL, ImHzLL2
+ log2H z¤L

tan-1HReHaL, ImHaLL2
+ log2H a¤L

Argument
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01.05.19.0004.01

argIlogaHzLM �

tan-1
tan-1HReHaL, ImHaLL tan-1HReHzL, ImHzLL + logH a¤L logH z¤L

tan-1HReHaL, ImHaLL2
+ log2H a¤L ,

tan-1HReHzL, ImHzLL logH a¤L - tan-1HReHaL, ImHaLL logH z¤L
tan-1HReHaL, ImHaLL2

+ log2H a¤L
Conjugate value

01.05.19.0005.01

logaHzL �

Itan-1HReHaL, ImHaLL tan-1HReHzL, ImHzLL + logH a¤L logH z¤L + ä Itan-1HReHaL, ImHaLL logH z¤L - tan-1HReHzL, ImHzLL logH a¤LMM �
Jtan-1HReHaL, ImHaLL2

+ log2H a¤LN
Signum value

01.05.19.0006.01

sgnIlogaHzLM �

Itan-1HReHaL, ImHaLL tan-1HReHzL, ImHzLL + logH a¤L logH z¤L - ä Itan-1HReHaL, ImHaLL logH z¤L - tan-1HReHzL, ImHzLL logH a¤LMM �
tan-1HReHaL, ImHaLL2

+ log2H a¤L tan-1HReHzL, ImHzLL2
+ log2H z¤L

Differentiation

Low-order differentiation

With respect to a

01.05.20.0001.01

¶ logaHzL
¶a

� -
logHzL

a log2HaL
01.05.20.0002.01

¶2 logaHzL
¶a2

�
HlogHaL + 2L logHzL

a2 log3HaL
With respect to z

01.05.20.0003.01

¶ logaHzL
¶z

�
1

z logHaL
01.05.20.0004.01

¶2 logaHzL
¶z2

� -
1

z2 logHaL
Symbolic differentiation 

With respect to a
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01.05.20.0013.01

¶n logaHzL
¶an

� a-n logHzL log-n-1HaL â
k=0

n H-1Lk k ! Sn
HkL logn-kHaL �; n Î N

01.05.20.0005.02

¶n logaHzL
¶an

� a-n logHzL â
k=0

n H-1Lk k ! Sn
HkL log-k-1HaL �; n Î N

With respect to z

01.05.20.0014.01

¶n logaHzL
¶zn

� ∆n logaHzL +
Sn

H1L z-n

logHaL �; n Î N

01.05.20.0006.01

¶n logaHzL
¶zn

�
H-1Ln-1 Hn - 1L ! z-n

logHaL �; n Î N+

01.05.20.0015.01

¶n logaHzL
¶zn

�
Hz - 1L1-n

logHaL 2F
�

1H1, 1; 2 - n; 1 - zL �; n Î N

01.05.20.0007.02

¶n loga
wHzL

¶zn
� z-n â

k=0

n Hw - k + 1Lk Sn
HkL log-kHaL loga

w-kHzL �; n Î N

01.05.20.0008.01

¶n logaH f HzLL
¶zn

�
1

logHaL  â
k=1

n H-1Lk-1

k f HzLk

n

k

¶n f HzLk

¶zn
�; n Î N+

Fractional integro-differentiation

With respect to a

01.05.20.0009.01

¶Α logaHzL
¶aΑ

�
ΘHReH-ΑLL a-Α-1 logHzL

GH-ΑL â
k=0

¥ HΑ + 1Lk EiHHk + 1L logHaLL a-k

k !
+

ΘH-ReH-ΑLL a-Α-1 logaHzL
GH1 - Α + dΑtL  â

k=0

¥ HΑ - dΑtLk a-k

k !
â
m=0

dΑt+1 dΑt + 1

1 - m + dΑt Hm - k - ΑL1-m+dΑt â
p=0

m-1 1

p!
 IH-1Lp p! + Hk + 1L logHaL

2F
�

2H1, 1; 2, 1 - p; Hk + 1L logHaLL M H-1Lm+p+1 Hm - 1L ! + â
h=0

m

log1-hHaL Sm
HhL p! â

j=0

p-1 H-1L j

j ! H1 - j + p - hL !

With respect to z

01.05.20.0010.01

¶Α logaH1 + zL
¶zΑ

�
z1-Α

logHaL 2F
�

1H1, 1; 2 - Α; -zL
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01.05.20.0011.01

¶Α logaHzL
¶zΑ

�
FClog

HΑL HzL
logHaL z-Α

01.05.20.0012.01

¶Α Izb logaHzLM
¶zΑ

�
FClog

HΑL Hz, bL
logHaL zb-Α

Integration

Indefinite integration

Involving only one direct function

01.05.21.0001.01

à logaHzL â z �
z logHzL - z

logHaL
01.05.21.0002.01

à zΑ-1 logaHzL â z �
zΑ HΑ logHzL - 1L

Α2 logHaL
Involving only one direct function with respect to a

01.05.21.0003.01

à logaHzL â a � logHzL liHaL
Involving one direct function and elementary functions with respect to a

Involving power function

01.05.21.0004.01

à aΑ-1 logaHzL â a � EiHΑ logHaLL logHzL

Representations through more general functions

Through Meijer G

Classical cases for the direct function itself

01.05.26.0001.01

loga HzL �
1

log HaL  G2,2
1,2 z - 1

1, 1

1, 0

01.05.26.0002.01

loga Hz + 1L �
1

log HaL  G2,2
1,2 z

1, 1

1, 0

Representations through equivalent functions
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With inverse function

01.05.27.0003.01

logaHazL � z +
2 ä Π

logHaL  
Π - ImHz logHaLL

2 Π

The left side of above formula corresponds to composition f I f H-1LHzLM �; f HzL � logaHzL, which generically does not

equal to z.

01.05.27.0002.01

logaHazL � z �; a Î R ß z > 0 ê a > 0 ì -Π < ImHz logHaLL £ Π

The left  side of above formula corresponds to composition f I f H-1LHzLM �; f HzL � logaHzL,  which equal to z  under

restriction -Π < ImHz logHaLL £ Π.

01.05.27.0001.01

alogaHzL � z

The left side of above formula corresponds to composition f H-1LH f HzLL �; f HzL � logaHzL, which generically equal to

z.

01.05.27.0006.01

logz1�a HzL �
a logHzL

2 a ä Π
Π-Im

logHzL
a

2 Π
+ logHzL

The left side of above formula corresponds to composition f I f H-1LHaLM �; f HaL � logaHzL, which generically does not

equal to a.

01.05.27.0007.01

logz1�a HzL � a �; -Π < Im
logHzL

a
£ Π

The left side of above formula corresponds to composition f I f H-1LHaLM �; f HaL � logaHzL,  which equal to a under

restriction -Π < ImJ logHzL
a

N £ Π.

01.05.27.0008.01

z

1

loga HzL � a

The left side of above formula corresponds to composition f H-1LH f HaLL �; f HaL � logaHzL, which generically equal to

a.

With related functions

01.05.27.0004.01

logaHzL �
logHzL
logHaL
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01.05.27.0005.01

zlogaHbL � blogaHzL

Zeros
01.05.30.0001.01

logaHzL � 0 �; z � 1

Theorems

Benford's law

The probability pn that the first digit in a large set of data is n Hn = 1, 2, ¼, 9L is given by  pn � log10I n+1
n

M.
The probability for the number n to occur in the normal continued fraction expansion

For almost all real numbers x , the probability pnof occurrence of the integer n in the normal continued fraction

expansion is given by pn � -log2J1 - 1Hn+1L2
N.

History

– J. Napier (1614) published the first tables and used word Log

– H. Briggs (1617) published the first tables in base 10 and found logarithms of the first 25 primes

– J. Burgi (1620)

– J. Kepler (1624)

– B. Cavalieri (1632)

– J. Gregory (1668) found series expansion for log

– N. Mercator (1668) used "Log naturalis"

– J. N. Lambert (1770) and J.-L. Lagrange (1776) found continued fraction representations for Log

– L. Euler (1749) found that log was multivalued

The function log is encountered often in mathematics and the natural sciences.
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