
LogIntegral

Notations

Traditional name

Logarithmic integral

Traditional notation

liHzL
Mathematica StandardForm notation

LogIntegral@zD

Primary definition
06.36.02.0001.01

liHzL � à
0

z 1

logHtL  â t

Specific values

Values at fixed points

06.36.03.0001.01

liH0L � 0

06.36.03.0002.01

liH1L � -¥

Values at infinities

06.36.03.0003.01

liH¥L � ¥

06.36.03.0004.01

liH¥� L � ¥�

General characteristics

Domain and analyticity

liHzL is an analytical function of z which is defined over the whole complex z-plane. 



06.36.04.0001.01

z� liHzL � C�C

Symmetries and periodicities

Mirror symmetry

06.36.04.0002.01

liHz�L � liHzL �; z Ï H-¥, 0L
Periodicity

No periodicity

Poles and essential singularities

The function liHzL does not have poles and essential singularities.

06.36.04.0003.01

SingzHliHzLL � 8<
Branch points

 The function liHzL has three branch points: z � 0, z � 1and z = ¥� .

06.36.04.0004.01

BPzHliHzLL � 80, 1, ¥� <
06.36.04.0005.01

RzHliHzL, 0L � log

06.36.04.0006.01

RzHliHzL, 1L � log

06.36.04.0007.01

RzHliHzL, ¥� L � log

Branch cuts

The function liHzL is a single-valued function on the z-plane cut along the interval H-¥, 1L. It is continuous from above

along the interval H-¥, 0L and it has discontinuities from both sides along the interval H0, 1L.
06.36.04.0008.01

BCzHliHzLL � 88H-¥, 0L, -ä<, 8H0, 1L, 8<<<
06.36.04.0009.01

lim
Ε®+0

liHx + ä ΕL � liHxL �; x < 0

06.36.04.0010.01

lim
Ε®+0

liHx - ä ΕL � EiHlogH-xL - ä ΠL �; x < 0

06.36.04.0011.01

lim
Ε®+0

liHx + ä ΕL � liHxL + Π ä �; 0 < x < 1
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06.36.04.0012.01

lim
Ε®+0

liHx - ä ΕL � liHxL - Π ä �; 0 < x < 1

Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

06.36.06.0010.01

liHzL µ liHz0L +
z - z0

logHz0L -
Hz - z0L2

log2Hz0L z0

+
logHz0L + 2

log3Hz0L z0
2

 Hz - z0L3 + ¼ �; Hz ® z0L
06.36.06.0011.01

liHzL µ liHz0L +
z - z0

logHz0L -
Hz - z0L2

log2Hz0L z0

+
logHz0L + 2

log3Hz0L z0
2

 Hz - z0L3 + OIHz - z0L4M
06.36.06.0012.01

liHzL � liHz0L + â
k=1

¥

z0
1-k â

j=0

k-1 H-1L j j ! Sk-1
H jL

log- j-1Hz0L Hz - z0Lk

06.36.06.0013.01

liHzL µ liHz0L H1 + OHz - z0LL
Expansions at z � 1

For the function itself

06.36.06.0001.02

liHzL µ
1

2
logHz - 1L - log

1

z - 1
+ ý +

z - 1

2
 1 -

z - 1

12
+

Hz - 1L2

36
+ ¼ �; Hz ® 1L

06.36.06.0014.01

liHzL µ
1

2
logHz - 1L - log

1

z - 1
+ ý +

z - 1

2
 1 -

z - 1

12
+

Hz - 1L2

36
+ OIHz - 1L3M

06.36.06.0015.01

liHzL �
1

2
logHz - 1L - log

1

z - 1
+ ý + â

k=0

¥ H-1Lk

Hk + 1L !
â
j=1

k+1 B j Sk
H j-1L
j

 H1 - zLk+1

Eric Weisstein
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06.36.06.0016.01

liHzL �
1

2
logHz - 1L - log

1

z - 1
+ ý + â

j=1

¥ H-1L j

j j !
â
h=0

¥

ph, j Hz - 1Lh+ j + â
j=1

¥ H-1L j-1

j
â
k=0

¥

qk, j Hz - 1L j+k �;

ph, j �
1

h
 â
i=1

h H-1Li H-h + i + i jL
i + 1

 ph-i, j í p0, j � H-1L j í qk, j �
2

k
 â
i=1

k H-1Li H j i + i - kL
i + 2

 qk-i, j í q0, j � -
1

2

j

06.36.06.0004.02

liHzL µ
1

2
logHz - 1L - log

1

z - 1
+ ý +

z - 1

2
 H1 + OHz - 1LL

Expansions on branch cuts

For the function itself

06.36.06.0017.01

liHzL µ
argHz - xL

2 Π
+ 1 liHxL + EiHlogH-xL - ä ΠL -

argHz - xL
2 Π

+
z - x

logHxL -
Hz - xL2

x log2HxL + ¼ �; Hz ® xL ß x Î R ß x < 0

06.36.06.0018.01

liHzL � ä Π
argHz - xL

2 Π
-

argHz - xL + Π

2 Π
- -

argHz - xL
2 Π

+ liHxL +
z - x

logHxL -
Hz - xL2

x log2HxL + ¼ �; Hz ® xL ß x Î R ß 0 < x < 1

06.36.06.0019.01

liHzL µ
argHz - xL

2 Π
+ 1 liHxL + EiHlogH-xL - ä ΠL -

argHz - xL
2 Π

+
z - x

logHxL -
Hz - xL2

x log2HxL + OIHz - xL3M �; x Î R ß x < 0

06.36.06.0020.01

liHzL � ä Π
argHz - xL

2 Π
-

argHz - xL + Π

2 Π
- -

argHz - xL
2 Π

+ liHxL +
z - x

logHxL -
Hz - xL2

x log2HxL + OIHz - xL3M �; x Î R ß 0 < x < 1

06.36.06.0021.01

liHzL � -2 ä Π
argHz - xL

2 Π
 â
k=1

¥ Hz - xLk x1-k

k !
 â
j=0

k-1 H-1L j j ! Sk-1
H jL

Ilog2H-xL + Π2M j+1
 â

h=0

f j+1

2
v

j + 1

2 h + 1
log j-2 hH-xL Hä ΠL2 h -

argHz - xL
2 Π

 EiHlogH-xL - ä ΠL +
argHz - xL

2 Π
+ 1 liHxL + â

k=1

¥ Hz - xLk x1-k

k !
 â
j=0

k-1 H-1L j j ! Sk-1
H jL

log- j-1HxL �; x Î R ß x < 0

Pavlyk 0. (2006)

06.36.06.0022.01

liHzL � ä Π
argHz - xL

2 Π
-

argHz - xL + Π

2 Π
- -

argHz - xL
2 Π

+ liHxL + â
k=1

¥

x1-k â
j=0

k-1 H-1L j j ! Sk-1
H jL

log- j-1HxL Hz - xLk �;
x Î R ß 0 < x < 1

06.36.06.0023.01

liHzL µ
argHz - xL

2 Π
+ 1 liHxL + EiHlogH-xL - ä ΠL -

argHz - xL
2 Π

+ OHz - xL �; x Î R ß x < 0

http://functions.wolfram.com 4



06.36.06.0024.01

liHzL � ä Π
argHz - xL

2 Π
-

argHz - xL + Π

2 Π
- -

argHz - xL
2 Π

+ liHxL + OHz - xL �; x Î R ß 0 < x < 1

Expansions at logHzL � 0

For the function itself

06.36.06.0002.01

liHzL �
1

2
logHlogHzLL - log

1

logHzL + ý + â
k=1

¥ logkHzL
k k !

06.36.06.0003.01

liHzL � logHzL 2F2H1, 1; 2, 2; logHzLL +
1

2
logHlogHzLL - log

1

logHzL + ý

Asymptotic series expansions

06.36.06.0025.01

liHzL µ ä Π
argH-zL + Π

2 Π
+ 2 -

argH-zL
2 Π

+ 1 +
z

logHzL 1 +
1

logHzL +
2

log2HzL + O
1

log3HzL �; H z¤ ® ¥ Þ z ® 0L
06.36.06.0026.01

liHzL µ ä Π
argH-zL + Π

2 Π
+ 2 -

argH-zL
2 Π

+ 1 + z â
k=0

¥

k ! log-k-1HzL �; H z¤ ® ¥ Þ z ® 0L
06.36.06.0005.01

liHzL µ
z

logHzL 2F0 1, 1; ;
1

logHzL +
1

2
logHlogHzLL - log

1

logHzL - logH-logHzLL �; H z¤ ® ¥ Þ z ® 0L
06.36.06.0027.01

liHzL µ
z

logHzL  â
k=0

¥ k !

logkHzL +
1

2
-log

1

logHzL + log -
1

logHzL - logH-logHzLL + logHlogHzLL �; H z¤ ® ¥L
06.36.06.0006.01

liHzL µ
1

2
logHlogHzLL - log

1

logHzL - logH-logHzLL +
z

logHzL  1 + O
1

logHzL �; H z¤ ® ¥ Þ z ® 0L
06.36.06.0028.01

liHzL µ ä Π
argH-zL + Π

2 Π
+ 2 -

argH-zL
2 Π

+ 1 +
z

logHzL  1 + O
1

logHzL �; H z¤ ® ¥ Þ z ® 0L
Residue representations

06.36.06.0007.01

liHzL � ý -
1

2
log

1

logHzL - logHlogHzLL - â
j=0

¥

ress

GH-sL2 H-logHzLL-s

GH1 - sL2
 GHs + 1L  H- j - 1L

06.36.06.0008.02

liHzL � -logH-logHzLL -
1

2
log

1

logHzL - logHlogHzLL - ress H-logHzLL-s 
GHsL

s
 H0L - â

j=1

¥

ress

H-logHzLL-s

s
 GHsL  H- jL
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Other series representations

06.36.06.0009.01

liHxL � -x â
k=0

¥ LkH-logHxLL
k + 1

�; 0 < x < 1

Integral representations

On the real axis

Of the direct function

06.36.07.0001.01

liHzL � à
0

z 1

logHtL  â t

Contour integral representations

06.36.07.0002.01

liHzL � ý -
1

2
log

1

logHzL - logHlogHzLL -
1

2 Π ä
 à

L

GHs + 1L GH-sL2

GH1 - sL2
 H-logHzLL-s â s

06.36.07.0003.01

EiHzL � ý -
1

2
log

1

logHzL - logHlogHzLL -
1

2 Π ä
 à

Γ-ä ¥

Γ+ä ¥ GHs + 1L GH-sL2

GH1 - sL2
 H-logHzLL-s â s �; -1 < Γ < 0 í  argH-logHzLL¤ <

Π

2

06.36.07.0004.01

EiHzL � -logH-logHzLL -
1

2
log

1

logHzL - logHlogHzLL -
1

2 Π ä
 à

L

GHsL2

GHs + 1L  H-logHzLL-s â s

06.36.07.0005.01

liHzL � -logH-logHzLL -
1

2
log

1

logHzL - logHlogHzLL -
1

2 Π ä
à

Γ-ä ¥

Γ+ä ¥ GHsL2

GHs + 1L  H-logHzLL-s â s �; 0 < Γ í  argH-logHzLL¤ <
Π

2

Differential equations

Ordinary nonlinear differential equations

06.36.13.0001.01

z w¢¢HzL + w¢HzL2 � 0 �; wHzL � liHzL
Complex characteristics

Real part
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06.36.19.0001.01

ReHliHx + ä yLL �

1

2
log tan-1Hx, yL2

+
1

4
log2Ix2 + y2M + â

k=1

¥ 2-k

k k !
cos k tan-1

2 tan-1Hx, yL
logIx2 + y2M

4 tan-1Hx, yL2

log2Ix2 + y2M + 1

k�2
logkIx2 + y2M + ý

06.36.19.0002.01

ReHliHx + ä yLL �
1

2
log tan-1Hx, yL2

+
1

4
log2Ix2 + y2M + â

k=1

¥ â
j=0

f k

2
v H-1L j 22 j-k

k k !
 

k
2 j

tan-1 Hx, yL2 j logk-2 jIx2 + y2M + ý

06.36.19.0003.01

ReHliHx + ä yLL �
1

2
li x + x -

y2

x2
+ li x - x -

y2

x2

Imaginary part

06.36.19.0004.01

ImHliHx + ä yLL �
1

2
tan-1

1

2
logIx2 + y2M, tan-1Hx, yL - tan-1

1

2
logIx2 + y2M, -tan-1Hx, yL +

â
k=1

¥ 2-k

k k !
 

4 tan-1Hx, yL2

log2Ix2 + y2M + 1

k�2
logkIx2 + y2M sin k tan-1

2 tan-1Hx, yL
logIx2 + y2M

06.36.19.0005.01

â
k=1

¥ â
j=0

f k-1

2
v H-1L j 22 j-k+1 tan-1Hx, yL2 j+1

logk-2 j-1Ix2 + y2M
k H2 j + 1L ! Hk - 2 j - 1L !

+

1

2
tan-1

1

2
logIx2 + y2M, tan-1Hx, yL - tan-1

1

2
logIx2 + y2M, -tan-1Hx, yL

06.36.19.0006.01

ImHliHx + ä yLL �
x

2 y
 -

y2

x2
li x - x -

y2

x2
- li x + x -

y2

x2

Absolute value

06.36.19.0007.01

 liHx + ä yL¤ � li x - x -
y2

x2
li x + x -

y2

x2

Argument

06.36.19.0008.01

argHliHx + ä yLL � tan-1
1

2
li x + x -

y2

x2
+ li x - x -

y2

x2
,

x

2 y
 -

y2

x2
li x - x -

y2

x2
- li x + x -

y2

x2
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Conjugate value

06.36.19.0009.01

liHx + ä yL �
1

2
li x + x -

y2

x2
+ li x - x -

y2

x2
-

ä x

2 y
 -

y2

x2
li x - x -

y2

x2
- li x + x -

y2

x2

Signum value

06.36.19.0010.01

sgnHliHx + ä yLL �
ä

y
 -

y2

x2
x li x - x -

y2

x2
- li -

y2

x2
x + x + li -

y2

x2
x + x + li x - x -

y2

x2
�

2 li x - x -
y2

x2
li -

y2

x2
x + x

Differentiation

Low-order differentiation

06.36.20.0001.01

¶ liHzL
¶z

�
1

logHzL
06.36.20.0002.01

¶2 liHzL
¶z2

� -
1

z log2HzL
Symbolic differentiation 

06.36.20.0006.01

¶n liHzL
¶zn

� ∆n liHzL + z1-n â
k=0

n-1 H-1Lk k ! Sn-1
HkL log-k-1HzL �; n Î N

06.36.20.0003.01

¶n liHzL
¶zn

� ∆n liHzL + Boole n ¹ 0, z1-n â
k=0

n-1 H-1Lk k ! Sn-1
HkL log-k-1HzL �; n Î N

06.36.20.0004.01

¶n liHzL
¶zn

� z1-n â
k=0

n-1 H-1Lk k ! Sn-1
HkL log-k-1HzL �; n Î N+

Fractional integro-differentiation
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06.36.20.0005.01

¶Α liHzL
¶zΑ

�
ΘHReH1 - ΑLL z-Α

GH1 - ΑL  â
k=0

¥ HΑLk EiHHk + 1L logHzLL z-k

k !
+

ΘH-ReH1 - ΑLL z-Α

GHdΑt - Α + 1L logHzL  

â
k=0

¥ HΑ - dΑtLk z-k

k !
 â

m=0

dΑt+1 dΑtdΑt - m
Hm - k - Α + 1LdΑt-m â

p=0

m-1 1

p!
 IH-1Lp p! + Hk + 1L logHzL 2F

�
2H1, 1; 2, 1 - p; Hk + 1L logHzLLM

H-1Lm+p+1 Hm - 1L ! + â
h=0

m

log1-hHzL Sm
HhL p! â

j=0

p-1 H-1L j

j ! Hp - h - j + 1L !

Integration

Indefinite integration 

Involving only one direct function

06.36.21.0001.01

à liHa zL â z � z liHa zL -
EiH2 logHa zLL

a

06.36.21.0002.01

à liHzL â z � z liHzL - EiH2 logHzLL
Involving one direct function and elementary functions

Involving power function

Involving power

Linear argument

06.36.21.0003.01

à zΑ-1 liHa zL â z �
zΑ Ha zL-Α HHa zLΑ liHa zL - EiHHΑ + 1L logHa zLLL

Α

06.36.21.0004.01

à zΑ-1 liHzL â z �
zΑ liHzL - EiHHΑ + 1L logHzLL

Α

Power arguments

06.36.21.0005.01

à zΑ-1 liHa zrL â z �
zΑ

Α
 liHa zrL - Ha zrL-

Α

r Ei
Hr + ΑL logHa zrL

r

Involving logarithm
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Involving log

06.36.21.0006.01

à logHb zL liHa zL â z �
1

2 a
 H2 EiH2 logHa zLL HlogHa zL - logHb zL + 1L - a z Ha z - 2 HlogHb zL - 1L liHa zLLL

Involving logarithm and a power function

Involving log and power

06.36.21.0007.01

à zΑ-1 logHb zL liHa zL â z �

1

Α2 HΑ + 1L  HzΑ Ha zL-Α HHHΑ + 1L HΑ logHb zL - 1L liHa zL - a z ΑL Ha zLΑ + HΑ + 1L EiHHΑ + 1L logHa zLL HΑ logHa zL - Α logHb zL + 1LLL
06.36.21.0008.01

à z logHb zL liHa zL â z �
1

12 a2
 Ia2 HH6 logHb zL - 3L liHa zL - 2 a zL z2 + EiH3 logHa zLL H6 logHa zL - 6 logHb zL + 3LM

06.36.21.0009.01

à z2 logHb zL liHa zL â z �
1

36 a3
 Ia3 H4 H3 logHb zL - 1L liHa zL - 3 a zL z3 + 4 EiH4 logHa zLL H3 logHa zL - 3 logHb zL + 1LM

06.36.21.0010.01

à z3 logHb zL liHa zL â z �
1

80 a4
 Ia4 H5 H4 logHb zL - 1L liHa zL - 4 a zL z4 + 5 EiH5 logHa zLL H4 logHa zL - 4 logHb zL + 1LM

06.36.21.0011.01

à zΑ-1 lognHa zL liHa zL â z �

H-ΑL-n zΑ Ha zL-Α GHn + 1, -Α logHa zLL liHa zL
Α

- H-ΑL-n-1 zΑ Ha zL-Α n! â
k=0

n GHk, -HΑ + 1L logHa zLL Αk HΑ + 1L-k

k !
�; n Î N

Definite integration

Involving the direct function

06.36.21.0012.01

à
1

¥

tΑ-1 liHtL â t �
logH-Α - 1L

Α
�; ReHΑL < -1

Representations through more general functions

Through hypergeometric functions

Involving pFq
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06.36.26.0001.01

liHzL � logHzL 2F2H1, 1; 2, 2; logHzLL +
1

2
logHlogHzLL - log

1

logHzL + ý

Through Meijer G

Classical cases for the direct function itself

06.36.26.0002.01

li HzL � ý -
1

2
log 

1

log HzL - log Hlog HzLL - G2,3
1,2 -log HzL 1, 1

1, 0, 0

06.36.26.0003.01

li HzL � -log H-log HzLL -
1

2
log 

1

log HzL - log Hlog HzLL - G1,2
2,0 -log HzL 1

0, 0

Through other functions

06.36.26.0004.01

liHzL � -GH0, -logHzLL +
1

2
logHlogHzLL - log

1

logHzL - logH-logHzLL
06.36.26.0005.01

liHãzL � -GH0, -zL +
1

2
logHzL - log

1

z
- logH-zL �; -Π < ImHzL £ Π

06.36.26.0006.01

liHzL � -E1H-logHzLL +
1

2
logHlogHzLL - log

1

logHzL - logH-logHzLL
06.36.26.0007.01

liHãzL � -E1H-zL +
1

2
logHzL - log

1

z
- logH-zL �; -Π < ImHzL £ Π

Representations through equivalent functions

With related functions

06.36.27.0001.01

liHzL � EiHlogHzLL
06.36.27.0002.01

liHãzL � EiHzL �; -Π < ImHzL £ Π

06.36.27.0003.02

liHzL � CiHä logHzLL - ä SiHä logHzLL -
1

2
log

1

logHzL - logHlogHzLL - logHä logHzLL
06.36.27.0004.01

liHzL � ChiHlogHzLL + ShiHlogHzLL -
1

2
log

1

logHzL + logHlogHzLL

Theorems
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The prime number theorem

Π HxL ~
x®¥

li HxL + Úk=2
n Μ HkL

k
 li J x

k N.

History

– L. Euler (1768)

– L. Mascheroni (1790)

– T. Caluso (1805)

– J. von Soldner (1809) introduced the notation li

–  C. A. Bretschneider (1837)

– A.de Morgan (1842)

–  H. Amstein (1895) introduced branch cut for complex argument
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