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Notations

Traditional name

Lucas numbers

Traditional notation

Ly

Mathematica StandardForm notation

LucasL[v]

Primary definition

04.22.02.0001.01
L, = ¢ + ¢~ cos(mv)

Specific values

Specialized values

04.22.03.0001.01

SR
L, = + /ineZ

2 2

04.22.03.0002.01

\/?]n [1—\/?]n
+(—1)n T /;nEZ

04.22.03.0003.01
Lh=1¢"1/;neZAn>1

[1+
I——n = (_1)n

04.22.03.0004.01
Li=¢"+A-9)"/;nez

04.22.03.0005.01
1
Ln+1={5((l+ V 5)Ln+1)J/;n€Z/\n>3

04.22.03.0006.01

L _ra-er
T p+(1-9)

/ine”Z
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Values at fixed points

04.22.03.0007.01
LO = 2

04.22.03.0008.01
L=1

04.22.03.0009.01
L,=3

04.22.03.0010.01
04.22.03.0011.01

04.22.03.0012.01
L =11

04.22.03.0013.01
LG = 18

04.22.03.0014.01
L;=29

04.22.03.0015.01
Lg = 47

04.22.03.0016.01
Ly =76

04.22.03.0017.01
LlO = 123

Values at infinities

04.22.03.0018.01

Lo =

General characteristics

Domain and analyticity

L, isan entire analytical function of v which is defined over the whole complex v-plane.

04.22.04.0001.01
v—L,::C—C

Symmetries and periodicities

Parity

04.22.04.0002.01
Lan=(-1D"La/;nez

Mirror symmetry
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04.22.04.0003.01
L=,

Periodicity

No periodicity

Poles and essential singularities
Thefunction L, hasonly one singular point at v = . Itisan essentia singular point.
04.22.04.0004.01
Sing (L) = {0, co}}
Branch points

The function L, does not have branch points.

04.22.04.0005.01
BP,(L,) = {}

Branch cuts

The function L, does not have branch cuts.

04.22.04.0006.01
BCV(LV) ={}

Series representations

Generalized power series

Expansions at generic point v == v

For the function itself

04.22.06.0001.01

1 , .
L, o Ly, + (¢Vo csch™'(2) + XA (¢ (i —csch™(2)) — e ™" (i + csch‘1(2)))) (v —vo) +

1 1 ) )
5 (qbvo CS(:hfl(Z)2 + E ¢ (@‘”0 (u’ - (:schfl(Z))2 +e (i T+ cschfl(Z))z)) v—- vo)2 +.../; (v v

04.22.06.0002.01
1 _ _
L, o Ly, + (¢Vo csch (2 + A (¢ (im - csch™(2) - e (im + csch‘l(z)))) v—vo) +
1 1
5 (¢Vo csch‘l(z)2 5 ¢ (e"ﬂm (in— csch‘l(Z))2 +e 0 (in+ csch_l(Z))z)) v =v0)? + O((v = vp)®)
04.22.06.0003.01
. #ocsh ) + 2g0 (e’””o (mi - csch™(2))" + (~ DK 0 (i + csch™(2))"

L, = v = o)
0 k!
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04.22.06.0004.01
Ly < Ly, (1+ O - vo))

Expansionsat v==0

04.22.06.0005.01

nz] 2 log(¢)
V2 +

|_Voc2+[|ogz(¢,)—E V4. [i(v>0)

04.22.06.0006.01

2 2 lo
Lyoc2+ ('092(¢) - %] V2 + 7199 V3 +0(v*)

04.22.06.0007.01

csch™ @) + > ((mz - csch‘l(z))k + (=D (mi+ Csch'l(Z))k) k

vai v

!
o k!

04.22.06.0008.01
L, o 2+ O(?)

Asymptotic series expansions

04.22.06.0009.01
L, ¢’ +cosvm) ¢~ /; (Iv| = o0)

04.22.06.0010.01
¢ Im(v) < OARe(y) —n [Im(v)| > 0

% VTV I my) < OARe(v) + 1 Im(v) < 0

L ., /i (vl = o)
3 e TS @Y Imy) > OARe(y) - Im(v) < 0
¢~ cos(vm) +¢” True

04.22.06.0011.01
L, oc ¢’ /; (v - o0)

Other series representations

04.22.06.0012.01
lony
— 92l-n .
=2y ()]s inen

k=0

Integral representations

On the real axis

Of thedirect function

04.22.07.0001.01
n-1

1,/3\*1 prl
Lonsg = Z[E) f [éﬁcos(tnl] (5n+\/€(n+ 1)cos(t)+3)sin(t)dt/; ne”Z
0
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Generating functions

04.22.11.0001.01

2—-t
n== ([t"] )/; nenN

1-t—t?

Differential equations

Ordinary linear differential equations and wronskians

04.22.13.0001.01
W) +log (@) W' () + (72 ~ log’ () W (v) - 10g(¢) (10g*($) + 72) W(¥) = 0 /; W(v) = 1 L, + G, F, + 3¢~ Sin(rv)

Transformations

Addition formulas

04.22.16.0001.01

1
me:E(SFan-J-Lan)/;neZ/\mEZ

04.22.16.0002.01

1
Linn = E(—1)”‘1(5Fnl:m—Lan)/; neZAmeZ

04.22.16.0003.01

1
Lv+1 = 5 6F +L)

Multiple arguments

04.22.16.0004.01

1
Ly, = c (3L2-2L,4 L, +2L2,, - 542" dn’(1v))

04.22.16.0005.01

1
Loysg = : (-L2+4L,4 L, + L2, +5¢72 sn’(nv))

04.22.16.0006.01

1
LZn:E(SFﬁ+Lﬁ)/;neZ

04.22.16.0007.01
Loy =3Lop-1 — Lo

04.22.16.0008.01
Lmy = L Lmg-1 — (= Hm Lmy-2 s meZ

04.22.16.0009.01
L
Lnn = 21*m2(2k)|:§k|_gk2k5k/; neN*AmeN
k=0



http: //functions.wolfram.com

04.22.16.0010.01

E m e
Linn =Z_(m k)(—l)k(”"l) Ly /ineZ AmeN*
m-k\ K

04.22.16.0011.01

m EJ 2|2 met m|_ m m
Lmn=LnW2bJZ(l) 2 [thJ k)(—l)k"slﬂ‘kFﬁlzjZk/;nezAn;eoAmeN+
o \m-k k

04.22.16.0012.01
m

m
Lmn=2(k)LkFﬁF'gﬁl“/;neZ/\nqeo/\nqel/\meN*
k=0

Products, sums, and powers of the direct function

Products of thedirect function

04.22.16.0013.01
Ll = L;% - 5cos(nv)
04.22.16.0014.01

I—ml—nz(_l)nl—m—n+|-m+n/;meZ/\nEZ

Power s of the direct function

04.22.16.0015.01
L2=1L, 4L, +5cos(nv)

04.22.16.0016.01
L2=L,,+2(-D"/;neZ

04.22.16.0017.01
L2=Lgn+3-D"Ln/;neZ

04.22.16.0018.01
Lt =Ly +4(=D"Lyn+6/,neZ

04.22.16.0019.01
L2=Lg,+5(-D)"L3,+10L,/;neZ

04.22.16.0020.01

1 m

m_ _ _1h\kn . .

L”_Zg( D (k)Ln(WZK)/yHEZ/\meN
Identities

Recurrence identities

Consecutive neighbors

04.22.17.0001.01
Ly=Lu2-Lmn
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04.22.17.0002.01
Ly=L2+L,1

04.22.17.0003.01
Lv+1 - \/g ¢y
1-¢
04.22.17.0004.01

L=-¢)L1+5 ¢

y =

Distant neighbors

04.22.17.0005.01

3 3
LV == im+1 UE(__) LI‘T‘H—V + ™ UTfl(_E) Lm+v+l /ime N*

2 2 2

04.22.17.0006.01

3 3
I—v = E.l_m Utl(_ E) Lv—m - (_E.)m U?—l(_ E] Lv—nkl /1 me N+

2

Functional identities

Functional equations
04.22.17.0007.01
W2 =wWz-2)+wWz-1)/;w@=c F;,+c L,
Relations of special kind
04.22.17.0008.01
Ls - Lv—l Lv+1 =5cos(nv)

04.22.17.0009.01
nC(=-D* Ry O (-DK

= — /ineZAmeZAnm>0
k=1 I-k I-k+m Fm k=1 Lk Lk+n

Complex characteristics

Real part

04.22.19.0001.01
Re(L.iy) = ¢* cos(ylog(4)) + ¢~ cos(x X) cosh(x y) cos(y log(¢)) — ¢~ sin(x X) sin(y log(¢)) sinh(z y)
04.22.19.0002.01

Re(Ly.y) = ¢* cosly csch"1(2)) + ¢ cos(r ) cosh(r y) cosy csch"1(2)) — ¢ sin(r x) siny csch"l(Z)) sinh(rr y)

Imaginary part

04.22.19.0003.01
IM(Lysy) = ¢* sin(yl0g(¢)) — ¢~ cos(z x) cosh(rr y) sin(y log(@)) — ¢ cos(y l0g(¢)) sin(x x) sinh(r y)
04.22.19.0004.01

IM(Lysiy) = ¢*sin(y csch’1(2)) — ¢ cos(r ) cosh(rr y) sin(y csch’1(2)) — ¢ cosly csch’l(Z)) sin(zr ) sinh(z y)
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Absolute value

04.22.19.0005.01

|Laeiy| = % \/((1+ \/E)_ZX(4XCOS(27TX)+
2[(3+ \/E)ZX +2728y (1+ \/;)Z(Hy) (cos(n (X=1iYy)) (1+ \/E)MV + 2% cos(m (X + iy))]) + 4 cosh(2yry)))

Argument

04.22.19.0006.01
arg(Ly,iy) = tan™(¢* cos(y log(¢)) + ¢~ cos(r x) cosh(r y) cos(y log(¢)) — ¢ sin(x x) sin(ylog(¢)) sinh(r ),
¢* sin(ylog(¢)) — ¢~* cos(m x) cosh(r y) sin(y log(¢)) — ¢~ cos(y l0g(¢)) sin(x X) sinh(x y))

Conjugate value

04.22.19.0007.01
Lytiy = ¢* cos(ylog(¢)) + ¢~ cos(z x) cosh(z y) cos(y log(¢)) — ¢~ sin(x X) sin(y log(¢)) sinh(r y) —
i (¢ sin(ylog(¢)) — ¢~ cos(z X) cosh(x y) sin(ylog(¢)) — ¢~ cos(y log(¢)) sin(z X) sinh(z y))

Signum value

04.22.19.0008.01
SON(Lriy) = ¢ costy log(¢)) +

[22X (1 + \/; )7X (u’ sin(ycsch™(2)) (1 + \/; )
[J(f+V5) " [eemann voffor s
z2r(ieys ) [aosr iy 15 )

2X

+ 4 cos( (x + i y)) (cog(y csch™(2)) — i sin(y csch‘1(2)))]] /

4iy

+ 2% cos(m (X + & y))]] +4*cosh(2n y)]))

Differentiation

Low-order differentiation

04.22.20.0001.01

aL,
o ¢"log(¢) — ¢~ cos(mv) log(¢) — ¢~ msin(m v)
v

04.22.20.0002.01
8L,

—=¢ log®(¢) + ¢~ cos(m v) 10g°(¢) + 2™ msin(x v) log(e) — ¢~ 2 cos(x v)
v
Symbolic differentiation

04.22.20.0003.01
oL,
ov"

1 . )
¢” log"(¢) + 5 ¢ (€ (wi—log@)" + (-1)"e ™ (wi+1og(¢)") sneN



http: //functions.wolfram.com

04.22.20.0004.01

L, n n rk+2v)
v n —v _1\yn-k Kk n-k .
=¢"log ($) + ¢ § )" x (k)cos(—z ]log (@) /;neN

n
123% ‘<o

n

Fractional integro-differentiation

04.22.20.0005.01

L,
P
- V? ((Q(—cx, (i - csch_l(Z)) v) - 1) plinesh™ @)y (v (n i— Csch_l(Z)))a + (Q(—a', —(rl T+ CSCh_l(Z)) v) - l) plimresh™@)y
(v(~iz - csoh @) +2(Q-e, v esoh (@) - 1) " =@ 7 csch ()’
Integration

Indefinite integration

Involving only one direct function

04.22.21.0001.01
¢~ (nsin(rav) —cos(rav)log(¢))  ¢*"
f'—av dv= +

a(log’(@) +7?) alog(¢)

04.22.21.0002.01

¢~ (msin(z v) — cos(r v) log(¢)) ¢
f |_y dv = +
log?(¢) + 72 log(4)

Involving onedirect function and elementary functions

Involving power function

04.22.21.0003.01

1
f YLy dy = =V (21 g2y ot @) + Euyfay (-im + oo (@) + Exyfav i+ o)

04.22.21.0004.01

1
f v L, dy = - > (2E1_o(~v esch™(2)) + Eg_(v (=i 7 + csth™(2))) + Eq_o(v (i 7 + csch™(2))))

Integral transforms

Laplace transforms

04.22.22.0001.01
z+csch (2) 1
LlLd @ = 2 + ” /; Re(2) > log(¢)
(z+csch™(2) +a%  Z-Ch ()

Summation
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Finite summation

04.22.23.0001.01

Li=Ln2-1

NgE

=
I
o

04.22.23.0002.01

M=

n
(k)Lk=LG/;neN

T
<)

04.22.23.0003.01
n

N
Z(k)z Ly=Lsn/ineN

=0

F3

04.22.23.0004.01
ZLln+ Ly 2"t +2-2

/ineN
k=0 Z+z-1

04.22.23.0005.01

n Lg— 2" Loy prg + (CDP 272 Lyprg — (-DP ZLgp
Z Lk p+q &=
k=0

04.22.23.0006.01

(-DPZ2-zlp+1

n
Dbk =Fa+(+2) Ly /ineN
k=0

04.22.23.0007.01
n

L2=LyLp1-2/;neN
k=1
Infinite summation

04.22.23.0008.01

°° -2
ZLka — e
k=0 Z+z-1

Operations

Limit operation

04.22.25.0001.01

lim i=\/g

V=00 Fv
04.22.25.0002.01

= ¢°

L(l+V

lim

y—00 I—v

/ipeZNqeZ AneN
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04.22.25.0003.01

. ZE:olLkJrv
lim —— =¢/;meN"

y—00 Lm+y — Lv

Representations through more general functions

Through hypergeometric functions

Involving »F,

04.22.26.0001.01
v v v 1 1 TV 1-v v+1 3 1
LV=2cosz(—)2F (——, - = ——J +vsin (—)2F1( 2. )
2 222 4 2
04.22.26.0002.01
v v+1

v 1 v
L, = cos(mrv) F(—, —;v+1;—4)+ F(——,———;l—v;—4)/;v¢z
N2 2 N2 2

04.22.26.0003.01

v TV vv 15 V5 i ) 1-v v+1 3
LV=2(CO§’(—)—isn (—))zFl —-— = = = |+ — ez vein(nv) ,F; ;
2 2 2 224 2 2 2

04.22.26.0004.01

1 1-n n 1
Ln= 2F1( y == —;5)/;neZ
on-1 2 2 2
04.22.26.0005.01
1-n n
I—n=2|:1( ,——;1—n;—4)/;neN+
2 2

Through Meijer G

Classical casesfor thedirect function itself

04.22.26.0006.01
ven(ry) ,.[1 %+1,1—%,%
L =— G3al - N hveZ
2\/7 4 0, A

04.22.26.0007.01

v Sin(rv) 22
v =" 33( 4

2\Vn

Generalized casesfor thedirect function itself
04.22.26.0008.01

v Sin(rv) 2ol 1
Lv=_ 3:3 E:
2Vn

NI -

Representations through equivalent functions
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With elementary functions
04.22.27.0001.01

L, = (cos(rv) + 1) cosh(v csch™(2)) - (cos(r v) — 1) sinh(v csch(2))

04.22.27.0002.01
L= (a1 5| + (145

04.22.27.0003.01

2 v TV iny ] 2
L, = 2cog vesc i — (cos?(—)—u’sm (—))+e 2 sin(rv)sin|vese | —
V5 2 2 V5
04.22.27.0004.01

Ly =1-¢)"+(cosirv) = (1)) ¢™" +¢"

With Fibonacci numbers

04.22.27.0005.01
L=F_1+F.

04.22.27.0006.01

(=D" Frn + Fren
Ln:F—/;meZ/\m:#O/\neZ
m

04.22.27.0007.01
F>, ¢’2V si n2(7T V)

Fv V5 F,

y =

History
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