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Notations

Traditional name

Congruence function

Traditional notation

mmodn

Mathematica StandardForm notation

Mod [m, n]

Primary definition
04.06.02.0001.01

m
mmodn == m—n{—J
n

mmaod n is the remainder on division of m by n. The sign of mmodn for real m, n is always the same as the sign of
n.

Exampless 5mod2==1, 8mod3==2, -5mod3==1, (77)mod3==-21+7x, (27-3i)mod4=3+1,
frac(-m)=3-m,(27-3i)ymod5=2.7 + 21.

Specific values

Specialized values

04.06.03.0001.01
Omodn=0/;n+0

04.06.03.0002.01
mmodl==0/;meZ

04.06.03.0003.01
Imodn=n+1/;-neN*

04.06.03.0004.01
Imodn=1/;neZAn>1

04.06.03.0005.01
mmodn=m/;meNAneZAm<n
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04.06.03.0006.01
mmodn=m-n/;meN"AneN* Ansm<2n

04.06.03.0007.01
mmodn=m-kn/;meN*AneN* AkeN* Akn=m< (kk+1)n

04.06.03.0008.01
nmodn=0

04.06.03.0009.01
2nymodn==0

04.06.03.0010.01
(p-D!'modp=p-1/pelP

04.06.03.0011.01

2p-1 3
( p—1 )modp =1/,pePAp>3

04.06.03.0012.01

2n+l 1 2n 1
Bzl mod 1 == ‘Sﬂmodl,oJr(_l)n Z EXZ(k— 1]X[P(k)+ 2 mod1
2 k=3

Values at fixed points

04.06.03.0013.01
Omod1==0

04.06.03.0014.01
1mod2==1

04.06.03.0015.01
1mod3==1

04.06.03.0016.01
2mod3 =2

04.06.03.0017.01
3mod3==0

04.06.03.0018.01
4mod3==1

04.06.03.0019.01
5mod3==2

04.06.03.0020.01
12mod8=-4

04.06.03.0021.01
-3mod-2==-1

04.06.03.0022.01

27 23 19
——mod — = —
10 5 10

04.06.03.0023.01
2rymode ==2n—-2e¢
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04.06.03.0024.01
—-rmod2==4-1

04.06.03.0025.01
amode==m—e

04.06.03.0026.01
(-3+miymod(-2-3ie)=-3+(1+i)(-2-3ie)+in

04.06.03.0027.01
52mod3.1==2.1

General characteristics

Domain and analyticity
mmod n is anonanalytical function; it is a piecewise continuous function which is defined over C2.
04.06.04.0001.01
(mxn)—mmodn:: (CRC)—C
Symmetries and periodicities
Parity
mmod n is an odd function.

04.06.04.0002.01
—mmod —n == —(mmod n)

Mirror symmetry

04.06.04.0005.01
[zl =1z] - i (1 - xz(IM(2)))

Periodicity
mmaod n is a periodic function with respect to mwith period n.

04.06.04.0006.01
(m+n)ymodn = mmodn

04.06.04.0007.01
(m+knymodn==mmodn/; ke Z

Sets of discontinuity

The function mmodn is a piecewise continuous function with jumps on the curves
Re(7) = k\/ Im(%) =1/;k, | € Z. The functional property mmodn==n (5 mod1)==n(3 —|<|) makes the

behaviour of the mmodn similar to the behaviour of [%J

04.06.04.0003.01
DSm(mmodn) == {{{(nk—ioco, Nk+ic0), =1} /; ke Z}, {{ink— oo, ink + c0), =i} /; ke Z}}
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04.06.04.0004.01
m m

DS, (mmodn) == {{{m —1} /ike z}, {{m —i} fike z}}

04.06.04.0008.01

m
lim (m+e€)modn==mmodn/; Re(—)ez/\ne[R/\n>0
n

e—>+0
04.06.04.0009.01

m
lim (m—e)modn::mmodn+n/;Re(—)eZ neR /\n>0
"<z \nek \

e>+0
04.06.04.0010.01

m
lim (m+ie)ymodn==mmodn/ Im(—)ez/\ne[R/\n>0
n

e—>+0
04.06.04.0011.01

m
lim (m—ie)modn::in+mmodn/;Im(—)eZ neR /\n>0
"z Aner \

e—>+0

Series representations

Exponential Fourier series

04.06.06.0001.01

n nX1 2nkm m m
mmodn::———Z—sin[ )/;—e[R/\—eEZ
mia K n n n

Other series representations
04.06.06.0002.01

n 1" (2xkm rk m
mmodn==——-— > sin cotff —|/imeZ /\n-1eN" /\ —¢Z
s ) rmez An-ren AT

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

04.06.16.0001.01
(=m) mod (—n) == —(mmaod n)

04.06.16.0002.01

m
mmod —n == mmodn+/\gz(—)n—n/; meRAneR
n

o) -enlrel o)) o

m
—mmodn::n—mmodn/;me[R/\ne[R/\—séz
n

04.06.16.0003.01

e -n=mmodin- {1 x2{red ) |

"{2))
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04.06.16.0005.01
m

—mmodn == —XZ(—)n+n—mmodn/; meRANneR
n

“{)

04.06.16.0006.01

m
—mmodn=—-(mmodn)+n (1 - )(Z(Re(—))] sgn[
n

Jrenfo-xel () o

()

)

04.06.16.0007.01
(@ m)ymod (i n) == i (mmaod n)

04.06.16.0008.01

m
@mmodn=n- n)(z(lm(—)] + i (mmodn)
n

04.06.16.0009.01

m
(=imymodn==-in (XZ(Re(—)) - 1) — i (mmod n)
n

04.06.16.0010.01

mmod (i n) = mmodn + (XZ(Re(T)) - 1) n
n

04.06.16.0011.01

m
mmod (—i n) == mmodn+[XZ(lm(—))— 1)n'n
n

04.06.16.0012.01
m mmodn
—mod1=

n n

Argument involving related functions

04.06.16.0016.01
Lm|
lm/modn=|m|-n|—
n
04.06.16.0017.01
lmjmod1==0
04.06.16.0018.01
Lmi
[mlmodn==m]-n|{—
n
04.06.16.0019.01
[m]Jmod1==0
04.06.16.0020.01
rmi
[mjmodn=[m]-n|—
n
04.06.16.0021.01
[mjmod1==0

04.06.16.0022.01

int(m)
int(m)modn == int(m) — n l J
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04.06.16.0023.01
intftmymod1==0

04.06.16.0024.01

frac(m)
frac(m) mod n == frac(m) — n { J

04.06.16.0025.01
(mmod n) modn == mmodn

04.06.16.0026.01

m
(mmodn)modn==m- n{_J
n

04.06.16.0027.01

m 1m
quotient(m, n) mod n == {_J — n{— {_JJ
n nin

04.06.16.0028.01
quotient(m, 1)mod 1==0

Addition formulas

04.06.16.0029.01
(m+knymodn==mmodn/; ke Z

Multiple arguments

04.06.16.0013.01
k-1

m j
(km) modn==k(mmodn) — an 9[— — — — quotient(m, n)) (1—9(
n k

j=0

Related transformations

04.06.16.0015.01

a==bmodlcm(n, m| /;a=bmodnAa=bmodmAaecN* AbeN" AneN* AmeN*

Identities

Functional identities

04.06.17.0001.01
m mmodn
—mod1==

n n

04.06.17.0002.01

m

j+1 .
— — —— — quotient(m, n)
n k

))/;keN/\?e[R

(@a+c)ymodn=(b+d)ymodn/;amodn=bmodnAcmodn=dmodnAacRAbeRAceRAdeRANeR

Complex characteristics

Real part
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04.06.19.0001.01

Im(m) Re(n) — Im(n) Re(m) Im(m) Im(n) + Re(m) Re(n)
Re(mmod n) == Re(m) + l J Im(n) — { J Re(n)

Im(n)? + Re(n)? Im(n)? + Re(n)?

Imaginary part

04.06.19.0002.01
Im(m) Im(n) + Re(m) Re(n)

Im(mmodn) = Im(m) — l

{Im(m) Re(n) — Im(n) Re(m)
Im(n) — Re(n

Im(n)? + Re(n)? Im(n)? + Re(n)?

Absolute value

04.06.19.0003.01

\/[[ {Im(m) Im(n) + Re(m) Re(n)J llm(m) Re(n) — Im(n) Re(m)J )2
|[mmodn| = Im(m) — Im(n) — Re(n)| +
Im(n)? + Re(n)? Im(n)? + Re(n)?

ﬂ Im(m) Re(n) — Im(n) Re(m)

Im(m) Im(n) + Re(m) Re(n) J Ret )]2]
n
Im(n)? + Re(n)?

J Im(n) + Re(m) — l
Im(n)? + Re(n)?

Argument

04.06.19.0004.01

Im(m) Re(n) — Im(n) Re(m) Im(m) Im(n) + Re(m) Re(n)
arg(mmod n) == tanl(Re(m) + { J Im(n) — l J Re(n)

Im(n)? + Re(n)? Im(n)? + Re(n)?
{Im(m) Im(n) + Re(m) Re(n)J llm(m) Re(n) — Im(n) Re(m)J ]
Im(m) — Im(n) — Re(n)
Im(n)? + Re(n)? Im(n)? + Re(n)?

Conjugate value

04.06.19.0005.01

Im(m) Re(n) — Im(n) Re(m)J llm(m) Im(n) + Re(m) Re(n)J
Im(n) — Re(n) -

mmod n == Re(m) + {

Im(n)? + Re(n)? Im(n)? + Re(n)?
( llm(m) Im(n) + Re(m) Re(n)J llm(m) Re(n) — Im(n) Re(m)J ]
i Im(m) — Im(n) — Re(n)
Im(n)? + Re(n)? Im(n)? + Re(n)?

Signum value

04.06.19.0006.01
Im(m) Re(n) — Im(n) Re(m)

J llm(m) Im(n) + Re(m) Re(n)J
Im(n) + Re(m) — Re(n) +

Im(n)? + Re(n)? Im(n)? + Re(n)?
Im(m) Im(n) + Re(m) Re(n) Im(m) Re(n) — Im(n) Re(m)
i[lm(m) —l J Im(n) —{ J Re(n)]]/
Im(n)? + Re(n)?

sgn(mmod n) == ﬂ

Im(n)? + Re(n)?

[ \/ [[ llm(m) Im(n) + Re(m) Re(n) J Vm(m) Re(n) — Im(n) Re(m) J ]2
Im(m) — Im(n) — Re(n)| +
Im(n)? + Re(n)? Im(n)? + Re(n)?

ﬂ Im(m) Re(n) — Im(n) Re(m)

Im(m) Im(n) + Re(m) Re(n) J Ret )]2]]
n
Im(n)? + Re(n)?

J Im(n) + Re(m) — {
Im(n)? + Re(n)?
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04.06.19.0007.01
sgn(mmodn) ==sgn(n) /; me RAneR

Differentiation

Low-order differentiation

With respect tom

04.06.20.0001.01
d(mmod n)
aom
04.06.20.0002.01
9%(mmodn)

am?

In adistributional sensefor xe R .

04.06.20.0003.01
d(xmod n)

— ==X+ o(X—kn)
ax k:Z—oo

With respect ton

04.06.20.0004.01
d(mmaod n) {mJ

on

n

In adistributional sensefor xe R .
04.06.20.0005.01

d(mmaod x) m m & m
—— =gn(X) int(—) - — Z Oko 6(— - k)
ax )%\ = X

Fractional integro-differentiation

With respect tom

04.06.20.0006.01
d*(mmodn)  am™®  (mmodn)m®

+
om? re-a i-ow

With respect ton

04.06.20.0007.01
d*(mmodn) n*(mMmmodn) man™®

ane r2-a) T@2-a)

Integration

Indefinite integration
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Involving only one direct function with respect tom

04.06.21.0001.01

e
fmmod ndm==m(mmodn) — ?
Involving onedirect function and elementary functions with respect tom

Involving power function

04.06.21.0002.01

m?
fm‘”l (mmodn)dm== ((@+ 1) (mmodn) — m)
a(a+1

04.06.21.0003.01

mmod n
f dm==m(1 - log(m)) + log(m) (mmod n)
m

Involving only one direct function with respect ton

04.06.21.0004.01

1
fmmod ndn== 5 n(m+ mmaod n)
Involving one direct function and elementary functionswith respect ton

Involving power function

04.06.21.0005.01
ne

fn”’l (mmodn) dn == (M+ & (mmod n))

a(a+1)

04.06.21.0006.01

mmodn
f dn==(log(n) — 1) m+ mmodn
n

Definite integration
For thedirect function with respect tom
Inthefollowing formulasae R .

04.06.21.0007.01

a 1
f tmodndt == E((amod n)? - n(amod n) +an)
0

04.06.21.0008.01

/; Re(e) > -1

a o+l a+n—-amodn
f t*~1 tmodn)dt == —— - — | —(amodn) a® + a*** - n®** f(—a) + """ | —@y, —8
0 a+l «

04.06.21.0009.01

f "Lt mod n) dt = [—(a +1) @modnma’ +a"* +n"*t (@ + 1) ¢ [—w, /;Re(a) <0
a

a+n-amodn
a(a+1) ]]
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04.06.21.0010.01
. na+l {(—a)
f t“Ttmodn)dt=——"—"/;-1<Re(@) <0
0 a
04.06.21.0011.01

a
f tmodndt==an

a
For thedirect function with respect ton

Inthe following formulasae R .

04.06.21.0012.01

a 1 a+m-mmoda
f mmodtdt = E[—z//(l)(—)mz+am+a(mmoda))
0 a

04.06.21.0013.01

a
f 2t (mmodt) dt == /: Re(e) > -1

a+m-mmoda
ma® +a(mmoda)a® - e a+1, ——mM8
0 A +a

04.06.21.0014.01

f wt“’l (mmodt) dt = — /: Re(a) <0

a+m-mmoda
{a(mmoda) a”+m[a”+m"a§(a+1)—m"a{(a+l, 7)))
a a(a+1)

04.06.21.0015.01

o m+ fa + 1)
f ! (mmodt) dt = - ————— /; ~1 < Re(a) < 0
0 a+1l

Integral transforms

Fourier exp transforms

04.06.22.0001.01
T in > 1((2kn 2nk
Fltmodn] @ =n .| = 82 - Z—[é[——z]—&(—+z))
2 Var iak n n

Fourier cos transforms

04.06.22.0002.01
1 nz T
(nzcot(—)—2)+ — né
Vor 2 2 2

Fourier sin transforms

Fe[tmodn] (2) ==

04.06.22.0003.01

n n <1 2kn 27k
Fstmodn] (2) = - —[6[——z]—5[—+z))
Vor z 27 kK n n

Laplace transforms
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04.06.22.0004.01

1 nz
Litmodn] (2) == —(1— )/; Re(nz) >0
22 en?-1
Mellin transforms
04.06.22.0005.01
nZ+l g(_z)
Mtmodn](z2)== — /; -1<Re(2) <0
z
04.06.22.0006.01
el o(z+ 1)
Mi[mmodt] (2) = —71 /i-1<Re(2) <0
Z+

Representations through equivalent functions

With related functions

With Floor

04.06.27.0001.01

m

mmodn=m-n {—J
n

With Round

For real arguments

04.06.27.0008.01

m 1 m m+n
mmodn::m—n{———}/;—e[R/\ ¢z
n 2 n 2n
04.06.27.0009.01
m 1 m+n
mmodn::m—n—n{———w/; e”Z
n 2 2n
04.06.27.0010.01
m+n m 1 m
mmodn::m—n()(z( )+ ———D/;—e[R
2n n 2 n

For complex arguments

04.06.27.0003.01

a5 0o(5)-)

mmodn::m+n(

With Ceiling

For real arguments
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04.06.27.0011.01

rmy m m
mmodn=m+n-n —}/;—e[R/\—eEZ
n n n

04.06.27.0012.01

miy m
mmodn == m—n{— /i —eZ
n n

04.06.27.0013.01

m m m
mmodn=m+n-n —}—n@()(z(—)—l)/; —eR
n n n

For complex arguments

04.06.27.0014.01
rm m m

mmodn=m+n-n —}ﬂ'n/; Re(—)esl/\lm(—)ezz
n n n

04.06.27.0015.01

m m m
mmodn=m-n|—|+n/; Re(—)$z/\|m(—)ez
n n n

04.06.27.0016.01

1 m m
mmodn=m-n|—|+in/, Re(—)ez/\lm(—)el
n n n

04.06.27.0017.01

rmi m m

mmodn=m-n|—|/; Re[—) IS Z/\ Im(—) ez
n n n

04.06.27.0018.01

o= {2 o) {2

04.06.27.0002.01

r m
mmodn==m+n ——}
n

With I nteger Part

For real arguments
04.06.27.0019.01
my m m m
mmodn == m—nint(—)/; — e[R/\ — >0\/ —cZ
n n n n
04.06.27.0020.01
m m m m
mmodn::m—n(int(—)—l)/; — e[R/\— <O/\— ¢Z
n n n n
04.06.27.0021.01

oo ) {22 e

For complex arguments
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04.06.27.0022.01

m m m m im
dn=m-nintl —|/;Rg —|=z0/\Im[—|=0\/ —eZ\/ —eZ
mmodn==m nln[ )/ E{n) /\ m(n) \/ne \/ " €

n

04.06.27.0023.01
m m m m m m
mmodn::m—n(int(—)—l)/;—e[R —<0/\ —¢Z Re(—]<0 Im[—)>0
n n /\ n /\ n \/ n /\ n
04.06.27.0024.01
m im im im m m
mmodn::m—n(int(—)—u‘)/;—e[R —>0/\ — ¢z Re(—)>0 Im(—)<0
n n /\ n /\ n \/ n /\ n
04.06.27.0025.01

mmodn == m—n(int(T)— 1—i) /i Re(?) < O/\Im(;) <0

n

s )+ o ) {2 - ) )

With Fractional Part

For real arguments
04.06.27.0026.01
my m m m
mmodn::nfrac{—)/; —eR/\—>0\/ —eZ
n n /\ n \/ n
04.06.27.0027.01
m m m m
mmodn::n(frac(—)+l)/; — e[R/\— <0/\— ¢ Z
n n n n
04.06.27.0028.01

m m m m
mmodn == n[frac(—) - sgn()(z[ —) + 0(—)) + 1) /i —eR
n n n n
For complex arguments
04.06.27.0029.01
m m m m im
mmodn::nfrac(—)/; Re{—)zo Im(—)zo —eZ —eZ
n n /\ n \/ n \/ n
04.06.27.0030.01
m m m m m m
mmodn::n(fra({—)+1]/;—e[R —<0/\ —¢Z Re(—)<0 Im(—)>0
n n /\ n /\ n \/ n /\ n
04.06.27.0031.01
m im im im m m
mmodn::n(frac(—)ﬂ')/;—e[R —>0/\ —e¢Z Re(—)>0 Im(—)<0
n n /\ n /\ n \/ n /\ n
04.06.27.0032.01

mmodn == n(frac{?)+1+i) /i Re(;) < O/\ Im(?) <0

04.06.27.0005.01

=t 7).+ = in{ ) o m{ )| - s o 2) - (L 5)
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With Quotient

04.06.27.0006.01
mmod n == m- nquotient(m, n)

With elementary functions

04.06.27.0007.01

n n am m m
mmodn== — — —tan‘l(cot(—)) /i —eR /\ —¢Z
2 n n n

Zeros

04.06.30.0001.01
mmodn==0/;m=0An+0

Theorems

Linear congruential random number generator

A sequence of pseudorandom numbers ry is generated by r 1 =(arkx +c)ymodm, with a,c, meN,
m>0, O<a<m O0<c<mO=<rg<m

Chinese remainder theorem

Let my, my, ..., mbe pairwise relatively prime integers (gcd(my, my) == 1/; i # k). Then for given integers z, 2, ...

Z, there exists a unique (mod my) integer z such that zmod my == z.

Legendre theorem

If a, b, C€N+/\ ged(a, b) == ged(a, ©) == ged(b, ¢) ::O/\ va,vb,vVc ¢N |, then the equation
ax’+bx?+cZ2=0 has nontrivial solutions for x, y, z if and only if the equations
x> — bcmoda=0AYy?> - acmodb==0A 22 - abmodc == 0 are solvable.

Gauss' Easter formula
Easter Sunday isthei + j + 1 th day after the 21st of March, where

i =28 5h,29 + 27 (Shyzg fa— 11) +11 (1 - 5h,29) (1 — 6h,28 f(a— 11)), j == (2 b+4c+6i +g) mod 7,
h=(f + 19a) mod 30, a==year mod19, b == year mod 4, c == year mod 7,
g (8[year /100] + 13) {yeer J {year

_ year _J _2, f=(15+e—-d)ymod30, g==(6+ € mod7.
= 100 L 200

History

—C. F. Gauss (1801) introduced the symbol mod

Applicationsinclude pseudo-random number generation.
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