
Multinomial

Notations

Traditional name

Multinomial coefficient

Traditional notation

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL
Mathematica StandardForm notation

Multinomial@n1, n2, ¼, nmD

Primary definition
06.04.02.0001.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL �
GHn + 1L

Ûk=1
m GHnk + 1L �; -n Ï N+ í n � â

k=1

m

nk

06.04.02.0002.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL � 0 �; -n Î N+ í n � â
k=1

m

nk

Hn; n1, n2, ¼, nmL is the number of ways of putting  n � n1 + n2 + ¼ nm  different objects into m different boxes

with nk in the kth box, k � 1, 2, ¼, m.

Specific values

Specialized values

06.04.03.0001.01Hn; nL � 1

06.04.03.0002.01

Hn1 + n2; n1, n2L �
n1 + n2

n2

Values at fixed points

06.04.03.0003.01H0; 0, 0, ¼, 0L � 1



General characteristics

Domain and analyticity

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL is an analytical function of n1, n2, ¼, nm which is defined over Cm.

06.04.04.0001.01Hn1 * n2 * ¼ * nmL �Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL � C
m �C

Symmetries and periodicities

Mirror symmetry

06.04.04.0002.01Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL � Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL
Permutation symmetry

06.04.04.0003.01Hn1 + n2; n1, n2L � Hn1 + n2; n2, n1L
06.04.04.0004.01In1 + n2 + ¼ + nk + ¼ + n j + ¼ + nm; n1, n2, ¼, nk, ¼, n j, ¼, nmM �In1 + n2 + ¼ + n j + ¼ + nk + ¼ + nm; n1, n2, ¼, n j, ¼, nk, ¼, nmM �; nk ¹ n j ì k ¹ j

Periodicity

No periodicity

Poles and essential singularities

With respect to nk

By  variable  nk, 1 £ k £ m,  (with  fixed  other  variables)  the  function  Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL  has  an

infinite set of singular points:

a)   nk � -Nk
�

- j �; j Î N+,  are  the  simple  poles  with  residues

H-1L j-1

GJ1- j-Nk

� N Ûr=1
k-1GHnr+1L Ûr=k+1

m GHnr+1L H j-1L!
�; Nk

�
� Úr=1

k-1 nr + Úr=k+1
m nr í j Î N+;

b) nk � ¥�  is the point of convergence of poles, which is an essential singular point.

06.04.04.0005.01

Singnk
HHn1 + n2 + ¼ + nm; n1, n2, ¼, nmLL � 999-Nk

�
- j, 1= �; j Î N+=, 8¥� , ¥<=

06.04.04.0006.01

resnk
HHn1 + n2 + ¼ + nm; n1, n2, ¼, nmLL I-Nk

�
- jM �

H-1L j-1

GI1 - j - Nk
� M Ûr=1

k-1 GHnr + 1L Ûr=k+1
m GHnr + 1L H j - 1L !

�;

Nk
�

� â
r=1

k-1

nr + â
r=k+1

m

nr í j Î N+

Branch points
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With respect to nk

The function Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL does not have branch points.

06.04.04.0007.01

BPnk
HHn1 + n2 + ¼ + nm; n1, n2, ¼, nmLL � 8< �; 1 £ k £ m

Branch cuts

With respect to nk

The function Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL does not have branch cuts.

06.04.04.0008.01

BCnk
HHn1 + n2 + ¼ + nm; n1, n2, ¼, nmLL � 8< �; 1 £ k £ m

Series representations

Asymptotic series expansions

06.04.06.0001.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL µ
n1

a-1

Ûk=2
m GHnk + 1L  â

k=0

¥ H-1Lk H1 - aLk BHk, a, aL n1
-k

k !
�;

H n1¤ ® ¥L í a � â
k=2

m

nk + 1 í BHn, Α, zL � n! @tnD 
tΑ ãt z

Hãt - 1LΑ
í  argHa + n1L¤ < Π

06.04.06.0002.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL µ
n1

a-1

Ûk=2
m GHnk + 1L  1 +

Ha - 1L a

2 n1

+ O
1

n1
2

�; H n1¤ ® ¥L í a � â
k=2

m

nk + 1 í  argHa + n1L¤ < Π

Other series representations

06.04.06.0003.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL � At1n1 , t2
n2 , ¼, tm

nm E â
k=1

m

tk

n �; n � â
k=1

m

nk

Identities

Recurrence identities

Consecutive neighbors

06.04.17.0001.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL � â
l=1

m Hn1 + n2 + ¼ + nm - 1; n1, n2, ¼, nl-1, nl - 1, nl+1, ¼, nmL
06.04.17.0005.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL �
Új=1

m n j

nl

 Hn1 + n2 + ¼ + nm - 1; n1, n2, ¼, nl-1, nl - 1, nl+1, ¼, nmL
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06.04.17.0006.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL �
nl + 1

Új=1
m n j + 1

 Hn1 + n2 + ¼ + nm + 1; n1, n2, ¼, nl-1, nl + 1, nl+1, ¼, nmL
Distant neighbors

06.04.17.0007.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL �
1

Hnl - p + 1Lp

 â
j=1

m

n j - p + 1

m

Hn1 + n2 + ¼ + nm - p; n1, n2, ¼, nl-1, nl - p , nl+1, ¼, nmL
06.04.17.0008.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL �
Hnl + 1Lp

IÚj=1
m n j + 1M

p

 Hn1 + n2 + ¼ + nm + p; n1, n2, ¼, nl-1, nl + p, nl+1, ¼, nmL
Generalized Cauchy summation

06.04.17.0003.01

â
j1=0

k1 â
jn=0

k1

¼ â
jn=0

k1 Hp; j1, j2, ¼, jnL q + â
h=1

n

kh; k1 - j1, k2 - j2, ¼, kn - jn � p + q + â
h=1

n

kh; k1, k2, ¼, kn �;
k1 Î N ì k2 Î N ì ¼ ì kn Î N ì p Î N+ ì q Î N+ ì n Î N+

06.04.17.0004.01

â
j1=0

k1 â
jn=0

k1

¼ â
jn=0

k1 H-1LÚh=1
p j2 h  Hm; j1, j2, ¼, jnL � 1 - ∆n mod 2 �; m Î N+ ì n Î N+ ì p Î N+

Functional identities

Relations of special kind

06.04.17.0002.01

â
k1=0

n â
k2=0

n

¼ â
km=0

n

∆n-Új=1
m k j ,0

Hk1 + k2 + ¼ + km; k1, k2, ¼, kmL Hn1 - k1 + n2 - k2 + ¼ + nm - km; n1 - k1, n2 - k2, ¼, nm - kmL

Differentiation

Low-order differentiation

06.04.20.0001.01

¶Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL
¶nm

� Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL HΨHn + 1L - ΨHnm + 1LL �; n � â
k=1

m

nk

06.04.20.0002.01

¶2 Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL
¶nm

2
�

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL IΨHn + 1L2 - 2 ΨHn3 + 1L ΨHn + 1L + ΨHnm + 1L2 + ΨH1LHn + 1L - ΨH1LHnm + 1LM �; n � â
k=1

m

nk

Symbolic differentiation 
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06.04.20.0003.02

¶u Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL
¶nm

u
�

H-1Lu u! GHs + 1Lu+1

Ûk=1
m-1 GHnk + 1L GHnm - sL u+2F

�
u+1Ha1, a2, ¼, au+1, s - nm + 1; a1 + 1, a2 + 1, ¼, au+1 + 1; 1L �;

a1 � a2 � ¼ � au+1 � s + 1 í s � â
k=1

m

nk í u Î N í s - nm Ï N

Summation

Finite summation

06.04.23.0001.01

â
k1,1=0

o

¼ â
km,n=0

o ä
i=1

m Hki,1 + ¼ + ki,n; ki,1, ¼, ki,nL � Hb1 + ¼ + bn; b1, ¼, bnL �;

â
j=1

n

ki, j � ai í â
i=1

m

ki, j � bi í â
i=1

m

ai � â
j=1

n

b j í o = MaxHk1,1, ¼, km,nL
06.04.23.0002.01

â
j1=Σ0

Σ1 â
j2=Σ1

Σ2

¼

â
jn=Σn-1

Σn H-1LÚh=10
n kh-Úh=1

n-1Σh IΣn; Σn - kn, kn - Σn-1, Σn-1 - kn-1, kn-1 - Σn-2, ¼, Σq+2 - kq+2, kq+2 - Σq+1, Σq+1 - kq, ΣqM 

IΣq; Σq - kq, kq - Σq-1, Σq-1 - kq-1, kq-1 - Σq-2, ¼, Σ2 - k2, k2 - Σ1, Σ1 - k0, Σ0M ä
j=1

n

∆Σ j-1 ,Σ j
�;

Σ0 Î N ì Σ1 Î N ì ¼ ì Σn Î N ì Σ0 £ Σ1 £ ¼ £ Σn-1 £ Σn ì q Î ì N ì 0 £ q £ n ì n Î N+

06.04.23.0003.01

â
j1=Σ0

Σ1 â
j2=Σ1

Σ2

¼ â
jn=Σn-1

Σn H-1LÚh=10
n kh-Úh=1

n-1Σh IΣn; Σn - kn, kn - Σn-1, Σn-1 - kn-1, kn-1 - Σn-2, ¼, Σq+2 - kq+2, kq+2 - Σq+1,

Σq+1 - kq, ΣqM IΣq; Σq - kq, kq - Σq-1, Σq-1 - kq-1, kq-1 - Σq-2, ¼, Σ2 - k2, k2 - Σ1, Σ1 - k0, Σ0M �

2Σn-Σ0 HΣn; Σn - Σn-1, Σn-1 - Σn-2, ¼, Σ2 - Σ1, Σ1 - Σ0, Σ0L �; Σ0 Î N ì Σ1 Î N ì ¼ ì Σn Î N ì
Σ0 £ Σ1 £ ¼ £ Σn-1 £ Σn ì q Î N ì 0 £ q £ n ì n Î N+

Representations through equivalent functions

With related functions

06.04.27.0001.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL �
n!

Ûk=1
m nk !

�; n � â
k=1

m

nk
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06.04.27.0002.01

Hn1 + n2 + ¼ + nm; n1, n2, ¼, nmL �
Hnm + 1Ln-nm

Ûk=1
m-1 GHnk + 1L �; n � â

k=1

m

nk

Theorems

The multinomial expansion

Ha1 + a2 + ¼ + amLn � â
n1,n2,¼,nm=0

n

∆n, n1+n2+¼+nm  Hn; n1, n2, ¼ nmL ä
k=1

m

ak
nk .

The derivative of product

¶n

¶zn
 ä
k=1

m

fkHzL � â
n1,n2,¼,nm=0

n

∆n, n1+n2+¼+nm Hn; n1, n2, ¼, nmL ä
k=1

m ¶nk

¶znk
 fkHzL

The expected value of the number of real roots of a system of n sparse polynomial 
equations in n variables

The expected value of the number of real roots of a system of n sparse polynomial equations in n variables can be

expressed in multinomials and the volume of the corresponding Newton polytopes.

Generalized multinomial theorem

AnHx1, x2, ¼, xm, p1, p2, ¼, pmL � â
k=0

n K n
k

O k ! Hk + xL An-kHx1 + k, x2, ¼, xm, p1 - 1, p2, ¼, pmL �;
AnHx1, x2, ¼, xm, p1, p2, ¼, pmL � â

k1,k2,¼, km=0

n

∆n, k1+k2+¼+km Hk1 + k2 + ¼ + km;

k1, k2, ¼, kmL ä
j=1

m Ix j + k jMk j+p j �; n Î N ì p1, p2, ¼, pm Î Z

The volume of the d-dimensional region

The volume V  of the d-dimensional region Úk=1
d  xk¤pk < 1 is V = 2d � sIÚk=1

d pk
-1; p1

-1, p2
-1, ¼, pd

-1M.
History

– C. F. Hindenburg (1779)
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