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Notations

Traditional name

Multinomia coefficient

Traditional notation

Ny +Ny+...4+Nm; Ny, Ny, ..., NY)

Mathematica StandardForm notation

Mul tinom al [ng, Ny, ..., Ny]

Primary definition

06.04.02.0001.01

r(n+1) m
(M + Mg+ oo N M, Mg, M) == ————— e N [\ n="n,
[Tz T+ 1) k=1

06.04.02.0002.01

m
(M +No+...+Nm; N, Ny, .o, N =0/; —neN* /\n= ) n
1 2 1, 112 Kk
k=1

(n; ng, Ny, ..., Ny) is the number of ways of putting n==n; + Ny + ... Ny, different objects into m different boxes

with nginthekthbox, k=1, 2, ..., m.

Specific values

Specialized values

06.04.03.0001.01
(nny=1

06.04.03.0002.01
. N +ny
(nl + Ny, Nq, n2) =
17

Values at fixed points

06.04.03.0003.01
6;0,0,...,00=1
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General characteristics

Domain and analyticity

(N + Ny + ... + Nm; Ny, Ny, ..., Ny) isan anaytical function of ny, ny, ..., Ny, which is defined over C™.

06.04.04.0001.01
(N #Np s ... % Nm)—> (Mg + Ny + ...+ Nm; Ny, Ny, ..., N) 1 CT—C

Symmetries and periodicities

Mirror symmetry

06.04.04.0002.01

My+M+ ... +Nmyy N, My, e, M) = (N + Mo+ ..+ Ny Ny, Ny, .oy Ny

Permutation symmetry

06.04.04.0003.01
(g + N2 Ny, Np) == (N + Np; N, Ny)

06.04.04.0004.01

(N + M+ o+ N+ Ny Ny, Ny, o N, Ny D) ==

(N + M+ 4N+ o+ N+ N Ny, N, N, N e, M) /5 M #E N AKE |
Periodicity
No periodicity

Poles and essential singularities
With respect to ny

By variable ny, 1 < k < m, (with fixed other variables) the function (ny +ny + ... + Ny; Ny, Ny, ..., Ny) has an
infinite set of singular points:
a) n=-Ng—j/;jeN", ae the smple poles with residues

o fiRie= e+ 3oy /\ e
P(1- N ST+ D T T 1) -1 reL T A '

b) nk == o isthe point of convergence of poles, which is an essential singular point.

06.04.04.0005.01
Singnk((nl + Mo+ Ny Ny, Ny, e, ) = ({{(=Nk =, 1) /5 | e NP, (&, o))

06.04.04.0006.01
- -t
resy (g + Mo+ Nyt Ny, N,y M) (=N = ) == — — — /i
T(1=j = NI T + DI Ty + 1) (j - 1!

k-1 m
I\]k::an+ Z n,/\j eN*
r=1

r=k+1

Branch points
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With respect to n
Thefunction (ny + Ny + ... + Ny; Ny, Ny, ..., Ny) does not have branch poaints.

06.04.04.0007.01
BPn (N + Ny + .o+ Ny N, Ny, oo, M) ==} /; L<k<=m

Branch cuts

With respect to ny

Thefunction (ny + np + ... + Ny; Nq, Ny, ..., Ny) does not have branch cuts.

06.04.04.0008.01
BCh (N +Np+ ...+ Nmy Ny, Ny, ., M) ={} /; L<k=m

Series representations

Asymptotic series expansions

06.04.06.0001.01

gt © (-D¥(1-a) Bk a ayn®
(n1+n2+...+nm; Ny, n2,...,nm)oc m Z X
[T, Ty + 1) & k!

t@ @t z

(Ing| = oo)/\a::an+ 1/\ B(n, @, 2 =n! [[t”] " 1)0]/\ larg@+ny)| <
k=2 € -

06.04.06.0002.01

ngt (a-la 1 m
Ny + N+ ...+ Nm; Ny, Ny, ..., Ny) o< - 1+ +0Ol — |1/ (|nl|—>oo)/\a==an+l/\|arg(a+n1)|<7r
Hk:2 l_‘(nk + 1) 2 Ny n% k=2

Other series representations

06.04.06.0003.01

m n m
(n1+n2+ voo + Ny nl, n2, ey nm) = [[t;l, tgz, ceey tnmm [Ztk] ]/’ n== an
k=1 k=1

Identities

Recurrence identities
Consecutive neighbors
06.04.17.0001.01

m
Ny +Ny+ ...+ Nm; Ny, Ny, ..., N ==Z(n1+n2+ e+ =Lng, o, N, =1, 0, e D)
I=1

06.04.17.0005.01
m
2=y

n

N+ +...+nNm—=1,n, Ny, oo, Ny, =1, Npgq, ooy N

Ny +Np+...4+Nm Ny, N, ..., Ny) =
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06.04.17.0006.01
n+1

m
Zj:l nj +1

(NL+Np+ ... + Ny Ny, Ny, ..oy M) ==
Distant neighbors

06.04.17.0007.01

Ny +Np+...4+Nm; Ny, Ny, ..., Ny) =

06.04.17.0008.01
(n+1),

Ny +Np+...4+Nm Ny, N, ...y, Ny) =

Generalized Cauchy summation
06.04.17.0003.01

ko kg ky

j1=0jn=0  jn=0

(Ng+Mo+...+Np+1;n, Ny, ..

m
an—p+1

j=1

1
(-p+1),

mi(nl-i-nz-l— o+ N+ PN, Ny,
(B + 1)p

SN, N+ 1, N1y ooy Nm)

m

SN, N+ P Ny, -

DD IR DE(- B AR PR I [:E T Py P Ry P kn—jn] ::[p+q+2kh; ke, ko, s K|/
h=1 h=1

kieNAk eNA...AkeNApeNT AgeN* AneN*

06.04.17.0004.01
ko kg ky

SIS S D (g, e ) = 1= Sz /s MEN AN Ape N

j1=0jn=0  jn=0

Functional identities

Relations of special kind

06.04.17.0002.01
n n

)

k;=0k,=0

Differentiation

Low-order differentiation

06.04.20.0001.01

O+ Ny + ...+ Nm; Ny, Ny, ..., Ny)
== (nl +No+ ..
oNm
06.04.20.0002.01
0Ny + Ny + ...+ N Ny, Ny, <., N)

2
ong,

Z 5n-zfilkj,o(k1+k2+ oo+ Ky ke, Ko, ..
kn0

. M)(nl—k1+n2—k2+...+nm—m; nl—kl, nz—kz,

T Ny, N, ) G+ 1) = Y+ 1) /5 == )y

k=1

] Ny +Np+...+Nm—P; N, Npy o, NZg, M= P, Mgy -

» Nm)

» Nm)

» N — Km)

(N + Mo+ o+ Ny g, N, e, ) (W + D% = 20(Ng + D0+ 1) + (e + D? + BP0+ 1) =y Py + D) /; n = an

Symbolic differentiation

k=1
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06.04.20.0003.02
Mg+ N+ ...+ Ny Ny, Ny, Loy DY)

u
ong,

(=D u! T(s+ 1)+t

— woFui(@, @, oo 8y, S—Mm+ L+ 1L, & +1, .., a1+ 1 1)/
[T T+ D IT(Nm—9)

a1::a2::...::aml::s+1/\s::ink/\ueN/\s—nme§N
k=1

Summation

Finite summation

06.04.23.0001.01

o] (0] m
Z Z ]—[(ki,1+...+lq,n; K1 ..o kip) = (by + ... + by by, ..., by /;

Ki=0  Kmn=0i=1
n m m n
Zki,j =g /\Zki,,- =b /\Za. ==ij /\o: Max(Ky 1, ..., kmn)
j=1 i=1 i=1 j=1

06.04.23.0002.01

j1=0¢ jo=01

In n _yn-1
Z (— 1Pkt (0n; o0 =Koy Kn = 011, et = Koot Koot = Ongs ooh 0gez = Kguos Koz = 0gets Tgrn — Kg, o)

jn=0p_1
n
(00q; g = Kas Ky = Tq-1, Tg1 = Kge1, Kgo1 = 02, s 02— ko, ko — 07y, 071 — Ko, 0-0)1_[6rrj_1,(rj /;
j=1
coeNAc eNA ... AoneNAopg<oi=<...<0p1<0nAGeANA O=<g=nAneN*
06.04.23.0003.01
o1 (%) on
1ok =SheaTh (- -
Z Z Z (=1)=10 = (O'nxo'n—kn,kn_o'n—ll 01— K1, kn—l_a'n—21~~~yo'q+2_kq+21 kq+2_0'q+1y
1= p=01  n=0n1

o-wl_l(qu—Q)(O'q;O'q_qu kC]_O-q—lx O-q—l_kqflx kqfl—a'q,g, veey 0'2—k2, kz—(Tl, 0'1—k0, 0’0) =
297790 (0 On — Opet1y Ol — One2y -0y 02— 01, 01— 00, 09) ;00 ENAoieNA...AoneNA
og=o1=<...<0p1=0nANgeNAO=g=nAneN*

Representations through equivalent functions

With related functions

06.04.27.0001.01

n!
(N +Ny+ ...+ Ny Ng, Ny, ..y Ny ==

/i n==Zm:nk

m
[ Tieeq ! k=1
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06.04.27.0002.01

(nm+1)n_nm m
(M +Ny+ ..+ N Ny, Ny ooy M) == ————————— nzzznk
[T T + 1) pacy
Theorems
The multinomial expansion
n m
n
@ +ap+... +an) "= > Snngengeene (60 o, ) [ [&
ny,Ny,...,NK=0 k=1

The derivative of product

[[wa= 3 15
— f(2) = On, ny+np+...+np (N N1, N2, ooy Niy) f(2)
oz k=1 ng,Ny,...,NKp=0 k=1 az%

The expected value of the number of real roots of a system of n sparse polynomial
equations in n variables

The expected value of the number of rea roots of a system of n sparse polynomial equationsin n variables can be
expressed in multinomials and the volume of the corresponding Newton polytopes.

Generalized multinomial theorem

n

n
An(XL X2, ooy Xmy p11 p21 [EXY} pm) ::Z(k)k!(k+X)An,k(Xl+k, X2, oty Xmy p1_11 er [EXY} pm)/,
k=0

n

An(X1, X2, ...y Xm,y P1s P2y .-y Pm) == Z On, ky o+ +k (K + Ko + ..+ K
ky.Kos..., km=0

m
K +D:
kl, k21 ERRE] km)l_[(xj +kj) 7P /1 nEN/\ plr p21 (X ] pl’\’leZ
j=1

The volume of the d-dimensional region

The volume V of the d-dimensional region Yi_; Ixd™ < 1isV =24 /(S5 pics prt, pats -0 pgl).

History

—C. F. Hindenburg (1779)
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