
NorlundB2

Notations

Traditional name

Norlund polynomial

Traditional notation

Bn
HzL

Mathematica StandardForm notation

NorlundB@n, zD

Primary definition
05.16.02.0001.01

Bn
HzL � n! @tn D 

t

ãt - 1

z �; n Î N

Specific values

Specialized values

For fixed n

05.16.03.0001.01

B0
H0L � 1

05.16.03.0002.01

Bn
H0L � 0 �; n > 0

05.16.03.0003.01

Bn
H-1L �

1

n + 1

For fixed z

05.16.03.0004.01

B0
HzL � 1

05.16.03.0005.01

B1
HzL � -

z

2



05.16.03.0006.01

B2
HzL �

1

12
z H3 z - 1L

05.16.03.0007.01

B3
HzL � -

1

8
Hz - 1L z2

05.16.03.0008.01

B4
HzL �

1

240
z I15 z3 - 30 z2 + 5 z + 2M

05.16.03.0009.01

B5
HzL � -

1

96
z2 I3 z3 - 10 z2 + 5 z + 2M

05.16.03.0010.01

B6
HzL �

z I63 z5 - 315 z4 + 315 z3 + 91 z2 - 42 z - 16M
4032

05.16.03.0011.01

B7
HzL �

z2 I-9 z5 + 63 z4 - 105 z3 - 7 z2 + 42 z + 16M
1152

05.16.03.0012.01

B8
HzL �

z I135 z7 - 1260 z6 + 3150 z5 - 840 z4 - 2345 z3 - 540 z2 + 404 z + 144M
34 560

05.16.03.0013.01

B9
HzL � -

z2 I15 z7 - 180 z6 + 630 z5 - 448 z4 - 665 z3 + 100 z2 + 404 z + 144M
7680

05.16.03.0014.01

B10
HzL �

1

101 376
 z I-768 - 2288 z + 2068 z2 + 11 792 z3 + 8195 z4 - 8085 z5 - 8778 z6 + 6930 z7 - 1485 z8 + 99 z9M

General characteristics

Domain and analyticity

The function Bn
HzL is defined over N Ä C. For fixed n, the function Bn

HzL is a polynomial in z of degree n.

05.16.04.0001.01Hn * zL �Bn
HzL

� HN Ä CL �C

Symmetries and periodicities

Parity

No parity

Mirror symmetry
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05.16.04.0002.01

Bn
Hz�L � Bn

HzL

Periodicity

No periodicity

Poles and essential singularities

The function Bn
HzL is polynomial and has pole of order n at z = ¥� .

05.16.04.0003.01

SingzIBn
HzLM � 88¥� , n<<

Branch points

The function Bn
HzL does not have branch points.

05.16.04.0004.01

BPzIBn
HzLM � 8<

Branch cuts

The function Bn
HzL does not have branch cuts.

05.16.04.0005.01

BCzIBn
HzLM � 8<

Series representations

Generalized power series

Expansions at generic point z � z0

05.16.06.0001.01

Bn
HzL µ Bn

Iz0M
+

¶Bn
HzL

¶z
Èz�z0

 Hz - z0L +
1

2
 

¶2 Bn
HzL

¶z2
Èz�z0

 Hz - z0L2 + ¼ �; Hz ® z0L
05.16.06.0002.01

Bn
HzL � Bn

Iz0M
+ â

k=1

n 1

k !
 

¶k Bn
HzL

¶zk
Èz�z0

 Hz - z0Lk

05.16.06.0003.01

Bn
HzL � ∆n + â

k=0

n H-1Lk+n-1

k !
 â
i=0

n-k H-1Li Hi + 1Lk â
r=1

i+k

Sn+1
HrL â

j=1

n H-1L j jr-i-k-1 n

j
p j,n z0

i Hz - z0Lk �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N
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05.16.06.0004.01

Bn
HzL µ Bn

Iz0MH1 + OHz - z0LL
Expansions at z � 0

05.16.06.0005.01

Bn
HzL µ ∆n - n! â

j=1

n H-1L j+1

j
 

n

j
p j,n z -

n! â
j=1

n H-1L j

j

n

j
 

1

j
- Hn p j,n z2 + n! â

j=1

n H-1L j n

j

j
-

Hn

j
+

1

2
IHn

2 - Hn
H2LM +

1

j2
p j,n z3 + ¼ �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N

05.16.06.0006.01

Bn
HzL � ∆n - H-1Ln â

i=0

n â
k=1

i

Sn+1
HkL â

j=1

n H-1Li+ j jk-i-1 n

j
p j,n zi �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N

05.16.06.0007.01

Bn
HzL µ ∆n + z

∆n-1

2
+ Kn - 2 g n

2
w + 1O n! â

j=1

n H-1L j

j

n

j
 p j,n - Kn - 2 g n

2
wO n! â

j=1

n H-1L j

j

n

j
 

1

j
- Hn p j,n z  H1 + OHzLL �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N

Expansions at z � ¥

05.16.06.0008.01

Bn
HzL µ ∆n + H-1Ln 2-n zn 1 + 2n â

k=1

n-1

Sn+1
HkL â

j=1

n H-1L j+n jk-n n

j
p j,n 

1

z
- 2n â

k=1

n-2

Sn+1
HkL â

j=1

n H-1L j+n jk-n+1 n

j
p j,n 

1

z2
+ ¼ �;

H z¤ ® ¥L í p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N í n > 0

05.16.06.0009.01

Bn
HzL � ∆n - zn â

i=0

n â
k=1

n-i

Sn+1
HkL â

j=1

n H-1Li+ j ji+k-n-1 n

j
p j,n z-i �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N

05.16.06.0010.01

Bn
HzL µ H-1Ln 2-n zn 1 + O

1

z
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Other series representations

05.16.06.0011.01

Bn
HzL � HzLn+1 â

j=0

n H-1L j

j + z
 

n

j
 p j,n �; p j,0 � 1 í p j,k �

1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N

05.16.06.0012.01

Bn
HzL � â

k=1

n H-1Lk HzLkHn + 1Lk

 bk+n,k �;
Kbn,k � 0 �; k >

n

2
í k < 0O í b0,0 � 1 í bn,1 � 1 í bn,k � 1 í bn,k � Hn - 1L bn-2,k-1 + k bn-1,k í k Î N

Generating functions
05.16.11.0001.01

Bn
HzL � n! @tn D 

t

ãt - 1

z �; n Î N

Identities

Functional identities

Relations between contiguous functions

Recurrence relations

05.16.17.0001.01

Bn
HmL �

m - n - 1

m - 1
 Bn

Hm-1L - n Bn-1
Hm-1L �; n Î N ß m Î Z ß m > 1

05.16.17.0002.01

Bn
HmL �

n m

m - n
 Bn-1

HmL +
m

m - n
 Bn

Hm+1L �; n Î N ß m Î N ß m ¹ n

05.16.17.0003.01

Bn
Hn-zL �

H-1Ln

z

n

â
k=0

n n - z

k + n

n + z

n - k

k + n - 1
n

Bn
Hk+nL �; n Î N

Differentiation

Low-order differentiation

Forward shift operator:

05.16.20.0001.01

¶Bn
HzL

¶z
� -

n

2
 Bn-1

HzL - â
k=2

n

n

k
Bk

k
 Bn-k

HzL
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Pavlyk O. (2006)

05.16.20.0002.01

¶Bn
HzL

¶z
� H-1Ln-1 â

i=1

n

i â
k=1

i

Sn+1
HkL â

j=1

n H-1Li+ j jk-i-1 n

j
p j,n zi-1 �;

p j,0 � 1 í p j,k �
1

k
 â
v=1

k H j v + v - kL av p j,k-v í ak �
1

Hk + 1L !
í k Î N

05.16.20.0003.01

n Hn - 1L
4

 Bn-2
HzL + â

k=2

n-1 n

k

n - 1

k
Bk  Bn-k-1

HzL + â
m=0

n-2 â
k=2

m n! Bn-m Bk

k Hn - mL k ! Hm - kL ! Hn - mL !
 Bm-k

HzL

05.16.20.0004.01

¶2 Bn
HzL

¶z2
� H-1Ln-1 â

i=0

n-2 H-1Li Hi + 1L Hi + 2L â
k=1

i+2

Sn+1
HkL â

j=1

n H-1L j jk-i-3 n

j
 p j,n zi-1 �;

p j,0 � 1 í p j,k �
1

k
 â
v=1

k H j v + v - kL av p j,k-v í ak �
1

Hk + 1L !
í k Î N

Symbolic differentiation 

05.16.20.0005.01

¶m Bn
HzL

¶zm
� ∆m ∆n - H-1Ln+m â

i=0

n-m H-1Li Hi + 1Lm â
k=1

i+m

Sn+1
HkL â

j=1

n H-1L j jk-m-i-1 n

j
p j,n zi �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N í m Î N

Fractional integro-differentiation

05.16.20.0006.01

¶Α Bn
HzL

¶zΑ
�

∆n z-Α

GH1 - ΑL - H-1Ln â
i=0

n i!

GHi - Α + 1L  â
k=1

i

Sn+1
HkL â

j=1

n H-1Li+ j jk-i-1 
n

j
p j,n zi-Α �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N

Integration

Indefinite integration

Involving only one direct function
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05.16.21.0001.01

à Bn
HzL â z � ∆n z - H-1Ln â

i=0

n â
k=1

i

Sn+1
HkL â

j=1

n H-1Li+ j jk-i-1

i + 1

n

j
p j,n zi+1 �;

p j,0 � 1 í p j,k �
1

k
 â
m=1

k H j m + m - kL am p j,k-m í ak �
1

Hk + 1L !
í k Î N

Summation

Finite summation

05.16.23.0001.01

â
k=0

n H-1Lk n + 1

k + 1
Bn

Hk zL � Bn
H-zL

05.16.23.0002.01

â
k=0

n n - z

k + n

n + z

n - k

k + n - 1
n

Bn
Hk+nL � H-1Ln z

n
Bn

Hn-zL

Infinite summation

05.16.23.0003.01

â
k=0

¥ Bk
HkL zk

k !
�

z

Hz + 1L logHz + 1L
05.16.23.0004.01

â
k=1

¥ Bk
HkL zk

k k !
� -log

z

logHz + 1L

Representations through more general functions

Through other functions

05.16.26.0001.01

Bn
HzL � Bn

HzLH0L
Representations through equivalent functions

With related functions

05.16.27.0001.01

Bn
HmL �

Sm
Hm-nL

m - 1

n

�; m Î N+ ì n Î N ì n < m
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05.16.27.0002.01

Bn
H-mL �

Sm+n
HmL

m + n

n

�; m Î N ß n Î N ß n £ m
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